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I. SUMMARY 

An analysis of nonlinear, longitudinal mode oscillations in 

a rocket combustor with a combustion time-lag has been performed. 

presence of a shock-wave is considered and in this first attempt the 

time-lag is chosen to be one-half of the period of oscillation in order 

to simplify the analysis. A new technique of ordering the terms in the 

perturbation analysis is employed. 
for certain values of the interaction index. ( I I I - B )  

The 

The waveforms have been predicted 

The operation of acoustic liners has been analyzed from a 
fluid mechanical point of view. 

viously considered only in an empirical manner have now been shown to be 

related to the jet formation at the exit of the orifice connecting the 

combustion chamber and the resonator cavity. The theory indicates certain 
errors which have been made in scaling the empirical results. The compar- 

ison between theory and experiments is rather good. 

The nonlinear losses which were pre- 

(III-C) 

Certain preliminary tests have been performed on the transverse 
mode test stand to provide background data for design of the acoustic 

liner now in fabrication. Adjustable volume in the individual resonator 

cavities is the cornerstone of this design. 

verse mode tests as well as axial amplitude distribution of the spinning 

first tangential instability have been investigated prior to liner testing. 

Effects of L/D in the trans- 

(IV-A) 

Interest in the quasi-steady model of droplet burning has been 

predicted a combustion time-lag 
In their linearized approach certain 

9,11 revived since Heidmann and Wieber 

behavior on the basis of that model. 

valiiable coefficients in differential equations were considered as constant. 

This has been corrected and the variability is shown t o  have an importance 

with respect t o  the vaporization rate response and the droplet lifetime. 

(Appendix A). Also further work is continuing which is intended to make 

the model somewhat more realistic and to extend the analysis to nonlinear 

order by means of a perturbation technique. (Appendix B) 
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A series of tests have been conducted on quarter-size square- 
motor hardware for the purpose of cross checking previous data. 
appears that wall effects, especially prevalent in limited element de- 

signs, constitute a means of triggering spontaneous instability. (IV-B) 

Tests in the pseudo-rocket motor to investigate the vapor dis- 

placement mechanism of transverse mode instability now utilize capillary 

tubes externally vibrated to produce tiniform s i z e  dmpl-et arrzys. Tests 
on droplet size variations under conditions of rapid vaporization and 

tangential mode gas oscillations are currently in progress. 

It 

(IV-C) 

The relationship between intermediate frequency phenomena and 
variations in the droplet population density resulting from impinging jets 

has been shown in preliminary correlations. Increasing the pressure level 

has-been shown to decrease the frequency of the droplet population oscil- 

lations. Current tests are seeking the quantitative relationship of fluid 

properties such as surface tension, viscosity and density. (IV-D) 

Tests in the square-motor using the initial shock wave (gener- 
ated by the nozzle-end pulse gun)as a tracer to determine the trends in 

local gas conditions, i.e., speed of sound and temperature, have revealed 

marked decreases in these parameters near the injector-end with distributed 

combustion designs. 

istics provide a measure of the energy addition and dissipation at key 

locations in the chamber. These data indicate differences between the 

initial shock wave passage and the subsequent instability. 

Shock wave amplitude variations and decay character- 

(IV-E) 
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11. INTRODUCTION 

This is the sixth yearly report on the research at Princeton 

University on the problem of combustion instability in liquid-propellant 

rocket motors. These investigations have been sponsored by the National 
Aeronautics and Space Administration under NASA Contract NASr-217 and, 

in the past, under NASA Grant NsG-99-60. The nonlinear aspects of the 

problem have been emphasized in both the theoretical and experimental 

portions of the program. Presently, the theoretical research primarily 

involves studies of possible mechanisms o r  forcing functions of the insta- 

bilities, the nonlinear gasdynamic oscillations associated with instability 

in rocket motors, the effect of the exhaust nozzle on the stability, and 

the effect of damping devices on the stability. In conjunction with the 

theoretical program, an experimental program of an equally broad range is 

being conducted. This program includes basic experiments both with rocket 

motors and "cold" chambers which have been designed to study various com- 

bustion processes in order to provide understanding which would be useful 

in the construction of a theoretical model. It also includes studies of 
the effects of exhaust nozzles and damping devices upon the instability as 

well as controlled testing of liquid rocket motors with parametric varia- 

tions intended t o  determine the factors which strongly influence the inci- 

dence of nonlinear combustion instability. 

In the theoretical study of mechanisms of combustion instability, 

the greatest difficulty involves the construction of the model or models 

which contain the essential physical aspects of the phenomena. 
respect the basic experiments are extremely useful. The theoretical study 

of the nonlinear gasdynamic oscillations presents another type of difficulty. 

Generally, mathematical techniques for the treatment of nonlinear partial 

differential equations are not well-developed and, in most cases, they are 
undeveloped. Therefore, the theoretician must develop techniques as he 

works with the physical problem as will be exemplified later in the report. 

Often, linear mathematical approaches have proven extremely helpful in ef- 

fecting a better understanding of the nature of the instability. 
a most important result of past nonlinear analyses has been that a "continuity" 

In this 

Note that 
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exists between linear theory and nonlinear theory. 
report linear treatments as well as nonlinear treatments are used to 

analyze the general problem. 

Therefore in this 

A s  is the norm for any status report, a considerable amount of 
the material discussed herein is in the state of active investigation. 

Thus, only tentative conclusions or observations are sometimes possible. 
A t  least a mention of one example of each type of work being conducted has 
been made so that this report would prove to be of maximum benefit to those 

readers working in similar areas. 

During the next year, the following publications will appear: 

"Effect of the Transverse Velocity Component on the Nonlinear 
Behavior of Short Nozzles", L.  Crocco and W. A. Sirignano 
(accepted for publication in the AIAA Journal). 

"A Theoretical Study of Nonlinear Combustion Instability in 
Liquid Propellant Rocket Engines", B. T. Zinn (to be presented 
at the XVIIth International Astronautical Congress). 

Also, an AGARD monograph authored by L. Crocco and W. A. Sirignano present- 
ing the report of the work on oscillatory flow in nozzles will appear shortly. 

The following papers and reports were published during the past 

year : 
"Relevance of a Characteristic Time in Combustion Instability", 
L. Crocco, The Second ICRPG Combustion Conference, 1-5 November 
1965, Aerospace Corp., Los Angeles, California, CPIA Publication 
No. 105, May 1966, pg. 115. 

"Nonlinear Aspects of Combustion Instability in Liquid Propellant 
Rocket Motors", L. Crocco, D. T. Harrje and W. A. Sirignano, ibid, 
pg. 63. 

"A Theoretical Study of Nonlinear Transverse Combustion Instability 
in Liquid Propellant Rocket Motors", B. T. Zinn, Department of 
Aerospace and Mechanical Sciences Report No. 732, May 1966. 

"A Study of Injector Spray Characteristics in a Simulated Rocket 
Combustion Chamber Including Longitudinal Mode Pressure Oscillations", 
D. A. Gary, Department of Aerospace and Mechanical Sciences Report 
No. 730, June 1966. 
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Additional background and history of the research on combustion 

instability at Princeton University may be found in References 1-8, 1 2 ,  18, 
21-23. 

reports on earlier work primarily concerned with the linear type of combus- 
tion instability. 

In addition, Reference 20 represents one of an extensive series of 

It should be acknowledged that this work made use of computer 
facilities supported in part by National Science Foundation Grant NSF-GP579. 

. 
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111. THEORETICAL STUDIES 

A.  GENERAL 

The theoretical effort in combustion instability at Princeton 

has been directed into four areas: nonlinear stability, acoustic liner 

studies, oscillatory flow in nozzles, and unsteady droplet burning. 

Portions of that work are presented in this report. 
1 F-ievloiis eiiorts on nonlinear stabiiity by Sirignano and Crocco 

Sirignan~~’~ and Zinn4 at Princeton had dealt with the problems of longitu- 

dinal shock wave instability with no combustion time-lag and with very small 

time-lag, longitudinal instability with no shock waves and with a combustion 

time-lag, and transverse instability with no shock waves and with a time-lag. 

Presently, studies are being performed to determine the nature of oscillations 

where both shock waves and time-lags of the order of the period of oscillation 

occur. Both longitudinal oscillations and transverse oscillations (in thin 

annular chambers) are being considered. In Section B, a discussion of an 
analysis of the longitudinal mode by Mr. C. E. Mitchell is presented. 

Since acoustic liners are topics of a large amount of current 

interest, theoretical programs (as well as experimental programs) have been 
initiated to develop an understanding of the fluid mechanical phenomena in- 

volved in their operation and of their effect upon combustion chamber oscilla- 

tions. An analysis for the case of not-too-large pressure amplitudes is pre- 
sented in Section C.  

The results of the work on oscillatory flow in nozzles will be pre- 

sented in a forthcoming AGARDograph by Crocco and Sirignano so that no dis- 

cussion of that work will be presented here. 

Earlier work by Strahle and Crocco had indicated that quasi- 

steady droplet burning could not produce a time-lag behavior. 

S t rahle 6y7’8indicated that the time-lag behavior might be produced from the un- 
steady droplet burning (where time derivatives are not negligible). 

Later work by 

9 Recently, however, Heidmann and Wieber have performed a numerical 

analysis of the frequency response characteristics of propellant vaporization 

in the presence of transverse oscillations. They found a peak in the response 
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in the region where the droplet lifetime approximately equals the cycle 
time. Their numerical results were shown to indicate a time-lag behavior 

which is different from the results of Strahle who found no such behavior 

with his quasi-steady model of vaporization. 

The main physical difference between the model of Strahle and 

that of Heidmann and Wieber involves the behavior of the droplet temperature 
under oscillatory conditions. Strahle assumed the droplet temperature oscil- 
lated only in some small layer near the surface and while the surface temper- 

ature varied considerably, the variation of the average droplet temperature 

was negligible. Heidmann considered the temperature to be uniform through- 
out the droplet even under oscillatory conditions so that surface temperature 

and average temperature were essentially equivalent. 

This means that at high frequencies, Heidmann obtains that the sur- 

face vapor pressure cannot vary resulting in a negative response. 
however, allows the vapor pressure to vary at high frequencies and obtains 

a positive response in the high frequency range, 

which model applies best to which situations. Clearly, this can only be 
determined by solving the unsteady equation in the droplet. 

Strahle, 

It remains to be determined 

Heidmann and Wieber based their quasi-steady analysis upon the 
10 steady-state rocket propellant vaporization analysis by Priem and Heidmann 

More recently the same authors using the same equations as a base have per- 

formed a linearized analysis 

. 

11 resulting in closed-form solutions. 

In the linear treatment, they assumed certain coefficients in their 
differential equations to be constant with time. Actually, these coefficients 

are not constant with time. The variation of these coefficients with time 

would actually produce certain significant changes such as: 
droplet lifetime under oscillatory conditions and changes in the value of 

the interaction index n . The variability of these coefficients are con- 

sidered in the linearized treatment presented in Appendix A and the results 
are discussed there. 

changes in the 

A nonlinear treatment is being developed by Mr. Pier Tang which 
hopefully will improve upon the work by Heidmann and Wieber. 

of that effort is presented in Appendix B. 
A discussion 
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B .  LONGITUDINAL SHOCK WAVE COMBUSTION INSTABILITY 

It is well known that in certain ranges of mixture ratio and 
for certain injector configurations a type of longitudinal combustion 

instability exhibiting shock waves may occur in liquid propellant rocket 

engines. 

In order to understand this kind of instability the wave shape 

and the dependence of the amplitude of the shock wave on combustion para- 

meters (such as mixture ratio, injector etc.) must be determined. In 
particular it is of interest to find the wave form and the relationship 

between the combustion parameters (in this work represented in a gross 

way by the interaction index n , and the time lag T ) and the amplitude 
of the wave when the shock wave is periodic because, for given combustion 

parameters, the amplitude of the shock will in general grow or decay to 

the value given by this relationship. 
2 Sirignano treated the case of gas rocket shock wave instability, 

where the effect of combustion was represented principally by a gain factor, 

w .  
to exist to first order in the wave amplitude. The amplitude of the peri- 

odic shock wave, determined by the condition of periodicity to first order, 

was found to be proportional to the excess of over unity. The decay 

in pressure after the shock was found through the use of a second order 

analysis to have an exponential form. Later Sirignano treated the case 

where a time lag was present but was of the same (small) order of magnitude 

as the amplitude of the wave. 

When *b was equal to unity a neutrally stable condition was found 

In both developments the assumptions of short (zero length, con- 

stant Mach number) nozzle and concentrated combustion were employed. 

treatment of liquid rocket shock wave instability,on the other handyit is 

necessary first of all to consider time lags which are of the same order 
as the wave travel time. Also, it is desirable to relax the concentrated 
combustion assumption and consider arbitrarily distributed combustion. A 

final, most difficult refinement should be the improvement of the nozzle 

boundary condition. 

For a 
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An analysis which considers time lags of order one and distri- 

buted combustion is being attempted at the present time. 

in this direction a rocket model incorporating the simplifications of con- 
centrated combustion and short nozzle but considering time lags of the 

order of  the wave travel time has been employed. 

section will be devoted to the presentation of a stability analysis of such 
a system. 

As a first step 

The remainder of this 

As a first guess it might seem that an analysis exactly similar 
to Sirignano's should be applicable since the only change from his model 

is the appearance of  a significant phasing effect in the combustion boundary 

condition. This, however, is not the case. Indeed, such an analysis leads 

to the unacceptable conclusion that any shock wave must be followed by an 

expansion shock. This will be shown in the development which follows. 

If the equations (one dimensional) describing the conservation of 
mass and momentum in the combustion chamber are combined, using the further 

assumptions of 

fect gas, then 

a homentropic flow field and a thermally and calorically per- 

the following two equations are obtained: 

A d U p a , +  

U 

Where u and 

h 

2 a  - ) = 0 (2) 
0 a $ -  1 a 

2 a  U U -- 
0 0 0  

2 -  1 a 

a are, respectively, the gas velocity and local sonic speed, 
and the subscript zero signifies steady-state quantities. (Note that uo 

and a are constants in the present model.) 
0 

u and a are now expanded in a power series in E , an amplitude 
parameter which is unspecified at present. 

u = u  + u  + u  + . . .  0 1 2 

a = a  + a  + a  + . . .  0 1 2 

where u1 is 0(6> u2 is o(&~) etc. 

V 
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If these expansions are substituted in Equations (1) and (2), 
then to first order those equations became 

. 

. 

U 
where M = - * is the Mach number at the nozzle entrance. 

0 a 

The solution of this linear system of first order partial differ- 

ential equations is 

a 
X + -- t 

aO(l + MI 2fr( t - 1 U - 
a 0 'd- l a 0  

1 x a u1 2 1  
2fs( - ao(M - 1) - - -- = 

a 0 7 -  1 a0 

(3) 

( 4 )  

( 5 )  

f and fs are arbitrary functions of their arguments and represent, 

respectively, disturbances propagating in the positive x and negative x 
directions with velocities aO(l -F M) and ao(M - 1). 

r 

The boundary condition at the nozzle end of the chamber x = L is, 
due to the zero length nozzle, simply a constant Mach number condition: 

l (x  = L) 
0 

U a 

a a 
- L, = M -  
0 

(7) 

At the injector (x = 0) the boundary condition is dependent upon 

the combustion assumed to be concentrated there. Following earlier work by 

Crocco12 the change in mass burning rate is related directly t o  the rate of 

change of the sensitive time lag: 
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If the injection rate is taken to be constant then 

or, equivalently, 

In the same analysis Crocco developed the following expression 
d t  for - * dt ' 

PO 

i 

is discontinuous. P1 This expression can be shown to be valid even when 

The relationship between the mass flow perturbation and pressure 
thus becomes (to first order) 

P p  - Pl(t -2) 
J Q O U 1 + U f  0 1  - 1  = n[ 

Po 

' Po 

] 
2'21 - 2 

P =  If the substitutions 

are made, then the combustion boundary condition takes the following form: 

Using Equations (5) and (8) one finds 
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I 

# 

a 
and a into (7), the nozzle boundary 1 Substituting these values for - 

0 0 
condition, yields 

U 

a 

where )? = M . 

This is equivalent to 

represents the wave travel time to zeroth order. 2L 
2 where To  = 

aO(l - M 1 

If the definition f(t) = (1 - 3 )  fr(t) is mode, and Equations 

( 8 ) ,  (9 ) ,  (10) and (11) are combined one obtains the following expression for f : 

It is clear that if u1 and- a are to be periodic, then f 

The period of a travelling wave is the same as its 
1 

must also be periodic. 

wave travel time. The wave travel time is . Hence to first order 
f(t) = f(t +To). 

Making this substitution in Equation (12) yields the following 

requirement for a periodic solution: 

(2Vn - 8  - 1) f(t) = 2 3 n  f(t -I) 

or 
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= e 1  - 2’1Jn 
2tfn -8 - 1 It is obvious that a contradiction occurs unless 

for, were this not the case, then f at time t would be larger (or 

smaller) than f at time t - and growth (or decay) in time would be 

indicated. 

The quantity goes to unity only as n be comes 

infinitely large, which is physically unreasonable. 

possibility is 

Hence the only real 
- x + *  

4 6  
1 , which implies n - - - -  2 3 n  

2x11 -2- 1 

cfo (k an 2k Another requirement is that ? = !hfi  , .... 
integer), otherwise the solution could not be periodic since it would only 

be true at best that f(t) = I f(t - ‘f o)l . 
The important result of the preceding analysis is that for a 

periodic solution to exist: 

t + 1  
4 8  

f(t) = - f(t -t) ? = p J n  = 

Under the above conditions, no discontinuity in f can be 

tolerated. This is because a positive jump in f at time t , corresponding 
to a shock wave, would be followed by an expansion shock at time t -F . 
Thus one finds himself in the uncomfortable position of predicting that no 

shock wave instability is possible in a rocket engine which has combustion 

exhibiting a reasonable phase lag, while knowing that such instability is 
indeed observed. 

Here it should be pointed out that Sirignano found no such 

difficulty in the case of no phase lag or vanishingly small phase lags. The 

reason for this is that to first order, in his treatment, the boundary con- 

ditions were the same at x = 0 and x = L if (20 - l )dG.  To first 
order, then, he found no requirements on f were necessary for periodicity, 
only that e o( CW- 1) . 

In the present case, the appearance of f(t -e) in the com- 
bustion boundary condition makes it necessary to place restrictions on 
and “T/ as well as n in order to have the boundary conditions the same at 

f 
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x = 0 and x = L and therefore to have a periodic solution. These 

restrictions do not destroy the possibility of some kind of nonlinear 
wave form; they only exclude discontinuous solutions, 

In the preceding analysis as well as in Sirignano's work, 

the Mach number was treated simply as a parameter, large compared withe , 
so that terms of O(€.M) 

of order e . This is clearly the correct assumption when one considers 

the application of an infinitesimal perturbation to a rocket chamber oper- 

ating under steady conditions with the size of its mass flow characterized 

by the nozzle entrance Mach number. 

were of the same order of magnitude as terms 

, then, according to the above T O  If n 7  4 and '2 = 

analysis the original perturbation will grow in amplitude. Since a travel- 

ling wave is being considered and 

will be oscillatory in nature with the oscillations having a characteristic 

time approximately equal to T 0 , the zeroth order wave travel time. Adher- 

ing to the results of the foregoing analysis, the waveform must be continuous 

at least in this regime of initial growth. 

is very small, the kind of growth 

- - 

1(+1 and z = To - , then the On the other hand, if n = 2k 
first order analysis predicts no growth. This suggests that the amplitude 

of a periodic wave solution which has grown from an infinitesimal perturba- 

tion must in some way be dependent on n so that when n is equal to 

the amplitude is zero. In this connection it is to be noted that a +  1 
4'6 

from the first order analysis above, the excess of energy input from combus- 

tion over energy loss at the nozzle is of order M.H(n) , where H(n) is 

some function of n vanishing when n = . Because of this, it 
seems that a reasonable estimate of the amplitude of periodic solutions 
which have grown from the perturbation of a steady operating condition would 

be that their amplitude is of order M.H(n) . If this is a good assumption 

then it is certainly justifiable to require that the amplitude parameter e , 
unspecified to this point, be given by the expression t M-H(n) . H(n) 

is an unknown and not necessarily simple function of 

tant characteristic is, as stated above, that it vanishes when n = 
n , whose most impor- u. 

4'21 
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However, since the form of H(n) is not known instead of taking e = M.H(n) , 
the reasonable assumption is made that H(n) is of order unity or less. ‘1 

This then implies an expression for that is less strict, namely that 

e = O(M) . 
If this assumption, E = O(M) , is made, then, to first order 

in , one finds that the problem has the same boundary condition at both 
ends of the chamber, u = 0 . This, of course, ensures a periodic solu- 

tion with no constraints on the form of the arbitrary (periodic) function f . 
Both H(n) and the form of f are then to be found from a second order 

analysis. Thus the assumption e = O(M) removes the difficulty encoun- 

tered when & was taken simply as an unknown amplitude parameter that was 
independent of M . 

e 
1 

In effect, taking = O(M) converts the problem to first 
order into a wave propagation problem in a chamber closed at both ends with 

no mean flow, where the wave form and dependence of amplitude on n are to 

be determined from a nonlinear analysis which must take into account the 

combustion, the nozzle, the mean flow and nonlinear wave effects. . 
The following analysis uses the condition = O(M) . Note 

that it should be valid for waves which have grown from small perturbations, 
if the above argument is valid, and in any event it should be valid if a 
rocket is triggered by a finite disturbance of O(M) . 

Power series expansions for u and a are again employed. 

u = u  + u  + u  + . . .  0 1 2 

a + a + a + ... 0 1 2 
a =  

is O(G) = O(M) u2 = 0 ( g 2 )  = O ( G M )  . 
substituted into Equations (1) and (2) and yield the following first order 
equations: 

These power series are u1 
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(15) 
2 a 

1 ')=O+O(e)+O(Mt] -&a+-- a 2 l)-ao&(r--- Y - l a o  
a U 

0 6- l a 0  0 

Where advantage has been taken of the fact that 

1 + O(M2) a 
a- 
0 

- =  

I The solutions of (14) and (15) are simply 

a 
X = 2f (t - --) 2 1  4- -- u1 

0 f- 1 a0 r 0 a 

' r .  where, again, fr and fs are arbitrary functions of their arguments repre- 

senting disturbances propagating in the + x and - x directions respectively. 
u, I The first order boundary condition at x = L is - - - 0 , which 

0 
a 

implies: 

fr(t - a) L =-  f s ( t  + a) L 
0 0 

u1 The injector-end boundary condition ~ ( x  = 0) = 0 yields 
0 

fr(t) =-fs(t) . (19) 

Combining (18) and (19) 

. 
X X - =  u1 f ( t  - --) - f(t .f --) 

aO 0 0 
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(22) 1 X f ( t  - a) + f ( t  + I) 
0 0 

2 
- -  al - 

0 
a 

Thus t o  f i r s t  o rde r ,  one f inds  (as expected) t h a t  f i s  pe r iod ic  and t h a t  

no requirements on the  wave form are  imposed. 

The second order  equations are 

2 a 2 2 U 4 ( - + - -  I =  2 2 +-- 
a a u2 - 

a t ( ;  y - l a o  ) + a ~ L ; x  a. V - l a  0 

1 (24) 
a 2 - 1  1 j  - a o ( M + 2 - -  a ) $k ( - a. 

U a 

a 
0 0 

Using expressions (21)  and (22) t h e  r i g h t  hand s i d e s  of (23) and (24) can be 

w r i t  t en  : 

X X 

a -&L.? f ( t + g )  + M )  f ' ( t  --) r . h . s .  (23) = 2 (  7 f ( t  - B) + 8+1 
0 0 

2 
0 

Y - 1  4 - 1  f ( t  +a) X 4- M )  f ' ( t  +$) r . h . s .  (24) = 2(  2 f ( t  - a) - 
0 0 0 

The general  so lu t ions  of Equations (23) and (24) are found by s tandard methods 

t o  be 

. 

a 
-+ - -  = 
a 3 - l a  a 

0 
a 

2 2  X 

0 0 
2Fr(t - a) $. 2 f ' ( t  - u2 

0 
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a 
2 U 

a0 11-1 

and Fr and F are arbitrary functions of their arguments. 
S 

The second order boundary condition at x = L is 

2 u1 U - = M -  
0 a 

0 
a (27) 

U 
If (25) and (26) are solved for 

along with expression (22) the folyowing relationship results: 
7 and the result substituted in Equation (27) 

L L 

0 0 
Fr(t - F) + Fs(t +a) + f'(t - 

= ( 8 -  1) M f(t -a) L 
0 

at x = 0 the following boundary condition is applied: 

u1 This is to be recognized as the same boundary condition (with - substituted 
2 for - )as was used in the analysis in which M was considered large com- 
0 

pared with 6 
0 a 

U 

a 

(i.e., Equation (8) ). 
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L Substitution of the expression for - from Equations (25) and 
aO (26) yields 

F (t) + Fs(t) = 2M (Zn - 1) f(t) - $n f(t - 2 )  1 r 

Using (28) in (29): 

Recall that our purpose is to find periodic solutions. Thus we now 

require that the overall solution be periodic and attempt to determine what 
wave form and H ( ' h )  results. 

where T is the (unknown at present) period. 

r (t) = - 2f(t) + 2f'(t) ( 7 3 -I '  )d( (t) + 2Fs(t) . 
(x = 0 )  

( x = 0) 
(t +v) = - zf(t -FT)  + 2f'(t +?) +&t +T) + 2~ S (t +7') 

(33) 

Now we say that T = To  +T, where T is o ( & )  and represents the 

first order correction to the wave travel time, It is clear that 

. 
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Expression (31) then becomes with the aid of (32) ,  (33) and (34) : 

Fs(t) - Fs(t +To) = - f(t +?) + f(t) - f'(t) +To) (35) 1 
Due to the periodicity of f(t) : 

Equation (35) may now be rewritten: 

The assumption is now made, following Sirignano , that f(t iT)  
can be expanded in a Taylor series around f(t +To) . If this is done, then 

T, is found, by following the method used by Sirignano to be 

2L f(0) and f(-) represent respectively the values of 

before the discontinuity. 

f immediately after and 
aO 

Crocco has shown that in order to have a periodic solution it is 

f(O) f- f(7) = 0 . Using this fact Equation (38) 
2L 0 1 necessary for 

reduces to 
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Substituting (39) in (37)  and (37) in (36) yields 

2L r -  

Finally, substituting Equation (40 )  into Equation (30) one obtains the 

following equation for f(t) : 

f(t - T )  
f(t) 

df = - M(x(2n - 1) - 1) + M  2'2111 
at 0 

a 

or 

a M a. 2;6 n 
M(ZI2n - ( 8 . f  1) b = l)L (a+  1)L a =  f(t - Y )  

f(t) 
- =  df a + b  dt 

This is a nonlinear first order differential equation with a re- 

tarded variable. In general there are no "ready-made"methods for solving 
this type of  equation. However, when 

the above equation may be represented by a system of j 

equations in a single variable, This is accomplished by breaking f(t) up 

into fl(t) , f2(t) . . . . f. (t) , where f (t) represents f (t) between 

t = O  and t =  - 
etc. If one pursues this course of action the j equations f o r  the jfj quan- 

tities will contain a single independent variable, say e where 0 will 

= 'To where j is an integer, 
j 

first order nonlinear 

1 
TO J 

and 2 - 
j y  

, f2(t) represents f(t) between t = 'T 0 
j j 

run from zero to . The kth equation will then be of the form: 
j 

l t k k  j fk-l a + b -  
fk 

dfl - =  
de 

The first equation will be: 

dfl f .  

fl 
- = a + b L  
d e  
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i .  

I . .  

. 

When one attempts to solve the system of j equations for one 

of the j functions he will obtain a jth order very nonlinear equation. 

This kind of equation inherently presents great, if not insuperable diffi- 

culties in finding the analytical solution. 

At the present time only the case j = 2 has been treated to any 
extent and for this value of 

cal solution has been found only for the case a = - b . Unfortunately, 

a = - b 
considered of interest only as a limiting case. When a = 0 , corresponding 

2 to n = 

essential features of the solution may be inferred. 

j , corresponding to 2 = T 0 / 2  , an analyti- 

occurs only in the limit of large n so that the solution can be 

, a somewhat simplified equation is obtained from which the 

Consider the following pair of equations: 

x = f2(t) 

- =  dx a + b Y  
d e  X 

--) a =  - b(n--+aO) , We will treat the three cases; a = b(n - 
a = O(n =?I . 

4 8  ’ 

If a = b ,  
X 2 2 A Y = -  and y - x = C1 

dx Y 

If a = - b  

X 2 2 2 9 = - and y + x  = C2 
dx Y 

If a = O  

* = -  X and y 3 - x 3 = C 3  2 

dx 2 
Y 

2 2  Take first the case a = b . If y - x = C1 then 

2 2 2 2 = C1 and y1 - x1 = C1 . The boundary condition for the yo - xo 
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Application of this condition yields the following 1 '  X - - 
YO equation is 

relations 
2 2 2 2 - xo = Y1 - Yo = c1 1 X 

2 2 2 
2Yo = xo + Y1 

Combination of these two equations gives 

= 2 5  y1 - xo 
2 2 

(45)  

It is necessary to recall here that e , the independent variable, 
coincides with time only for the function y . For the function x , it corresponds 
to t + T 0 / 2  . This means that y(@ = 1) and ,(e= 0) are the values of the 

two functions at time t = ' f 0 / 2  . 
The governing equations when a = b are: 

In order to restrict the problem to the case where no expansion shocks 
occur, yo must be positive or zero. But inspection of (46)  and (47)  shows that 

unless x is negative the slopes of y and x will always be positive. This 

would render the satisfaction of the boundary condition impossible, hence 

must be negative. Since x is negative, y1 must be negative and greater than 

or equal to x in absolute value, otherwise an expansion shock would occur at 

t = T 0 / 2  . 
positive or zero accordingly. Since y at 8 = 0 is positive and is negative 

at 8 = 1 , y must pass through zero at some 8 between zero and one. At 

0 

xo 

0 

0 
Now from ( 4 5 )  it is clear that if I yll zIxo\ then C1 must be 

2 2 2 this point, since y - x = C1 , x = - C1 . This implies that, when Y 
passes through zero, x is imaginary. An imaginary x (recall that this corres- 

ponds to f in the time interval ( T 0 / 2  -5 t I ,  0 ) is unacceptable on physical 

grounds. Hence C > 0 is ruled out and C1 must be identically zero. 1 
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2 x 2 o r y = + x .  I f y =  x then (46) For C1 = 0 , y = - 
and (47) predict always positive slopes, so that this alternative is not 

viable. The only remaining possibility is y = - x . From (46) and (47) 

this implies that y = constant , x = constant . The only constant 
that allows satisfaction of the boundary condition yo = - x1 is, of 

course, zero. Thus for the case a = b , n = 

the only possibility is a zero amplitude solution. This of course agrees 

with the earlier arguments presented which required that H(n) = 0 when -* , is the same result that was obtained in the 
4Y 

n =  

f o r 6  = 0 ,  n = 

first analysis considered here, where was taken to be infinitesimally 

small and independent of Mach number. Thus it seems that the present non- 

linear analysis gives indications of converging to the linear analysis at 

the stability limit. 

, it is found that 
4'21 

. It is interesting t o  observe that the condition y = - x , 

e 

, the governing 2 Whenever a = 0 , which corresponds to n = 

pair of equations is 

(b 7 0 )  

This set of equations was combined and solved above to yield 

= c3 3 3 
Y - x  

It must be true then that 
3 
1 '  - x  3 -  3 

0 - y1 - x  3 
YO 

0 = - y 1 -  Using the boundary condition, x1 - - - Yo , then implies x 

(Recall xo = f2(t = T O / 2 )  y1 = fl(t =  TO/^) ). It is physically im- 
possible for xo to be negative, for then the condition x = - yl would 

imply an expansion shock at 
0 

t = T 0 / 2  . 
The condition x = - yl combined with Equation (50) yields 

0 
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This substituted into the expression obtained by combining (49) and (50) 
gives . 

3 3 dx - x  1 - x 3 + x  0 

At x = x then 
0 

is positive. Inspection of 

= xo 

, and since x must be negative 
1 

(48)  and (49) indicates that if 

is positive, then - dx 
de is always positive. This would make it 

0 
x = x  

impossible for x 

shocks. Hence x cannot be positive. The only alternative is to take 
to be non-positive, which it must be to exclude expansion 1 

0 
= 0 .  0 = - y l  

Inspection of (48) and (49) under the 
reveals that f(t) must have an infinite slope 

through zero there. Also, from inspection, the 

t = O  and t=TO. 

condition xo - - - y l  = 0 

at t = T 0 / 2  and pass 

slope of f(t) is zero at 

2 
X into Equation (51) at x = 0 yields 9 =  2 The substitution 

- 
1 = - b x  d o  

de 
Integrating this it can be seen that x "starts out" from @ = 0 like 

x - 2 v 9 '  (recall x1 negative). 

The final special case to be considered is a = - b . This corres- 
ponds to n W for the present model. The three relevant equations are 

3 = a(1 - 2) 

dx = a ( 1  - 1) 
d B  

Y 

X - ( 5 3 )  

. 
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Equation (54) says that the solution to (52) and (53) traces out a circle 
of radius C2 in x , y space. Because of physical restrictions it 

is possible to rule out most of the circle as representing no real solution. 

First it is clear that the point 

y C 0 because this would be an indication of an expansion shock at t = 0 . 
Similar arguments rule out the possibility of 

first quadrant , y 2 0 x *;7 0 and the second quadrant y 2 0 x < 0 , 
leaving as the only possibility that xo , yo is to be found at x = 0 ,  

direction to the point 

may not occur in the half plane "0 ' yo 

being found in the "0 ' yo 

= k .  As increases the circle is traced in a counter-clockwise YO 
= 0 .  Y1 

= - k  
x1 

After inspection of (52) and (53) it is seen again that the slope 

of f(t) is infinite at t =7'0/2 , where f(t) passes through zero. 

For, a = - b , however the slope of f(t) at zero and T 0 is negative 

and equa to a , rather than zero. (a f i  - 2 Y n  , n-00) . 
An exact solution to the system of Equations (52) and (53) can be 

It is given below as an indication of the complication to be expected found. 

in solutions of equations of this type even for a special, simplified case 

- 2\J  k2 - y2 + k/2 sin -' - sin-'(*) + g(k) 
C k  

- K(k) is the right hand side of the above equation with y replaced by k . 
- - -  x must be determined by the conditions found above, namely k =  

that x = yl = 0 . 
YO 1 

0 

For general values of a and b , that is, for general values of n 

numerical techniques are presently being attempted. Here also difficulties are 

incurred because of the boundary condition f(0) = - f(F) and the physical 

requirement of no expansion shocks. 

2L 

0 
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It was a stated purpose of the present investigation to find 

the dependence of the amplitude of the wave on n . 
only after several values of n have been tried for given M and bc . 
Hopefully then one will be able to plot a curve of vs. n and find 

eventually the H(n) belonging in the equation 6 = MH(n) . In this 

connection note that Sirignano found for his model = 

where %k corresponds in a general way to n . For the present work, due 

to the different approach used, there is no guarantee of a similar simple 
expression for H(n) . 

This will be possible 

M(e- 1) 
2 

In summation, this investigation has led so far to the following 
conclusions: 

1) No shock wave instability seems possible when the n , com- 
bustion model is employed, as long as the combustion perturbation terms 

O ( M . 6 )  are of the same order as the wave amplitude. That is when is 

not dependent on Mach number. 

2 )  When the amplitude of the wave phenomena can be considered 

large compared with the combustion and nozzle d.mping effects, (as may occur 
through growth of a small perturbation or through a triggered wave) then it 

appears that periodic shock wave solutions are possible using the 
combustion model. 

n , 'r 
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a 

b 

7 
H 
k 

i 
t 

U 

ZL‘ 
X 

Y 
E 

€a 
? 

P 
Subscripts: 

0 

1Y2 

Superscript : 

speed of sound 

parameter defined after Equation ( 4 2 )  

constants introduced after Equation (44)  

arbitrary functions of their arguments which are 
solutions to Equations ( 3 ) ,  ( 4 )  and (161, (17) 

quantity defined after Equation (26) 

quantity defined in the text following Equation (13) 

quantity defined after Equation (54 )  

constant defined in text following Equation (54) 

pressure 

quantity defined in Equation (31) 

time 

period 

vel oc i ty 

quantity defined in the first page of the text 

dependent variable defined after Equation (43 )  

dependent variable after Equation (43)  

amplitude parameter 

dummy variable of integration 

independent variable introduced in text after Equation (42)  

density 

zero order steady-state quantity 

first and second order quantities 

primes represent differentiation with respect to the 
functions argument 
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C. NONLINEAR DISSIPATION IN ACOUSTIC LINERS 

An important flow phenomenon with acoustic liners is the non- 

linear dissipation or "loss" of energy. Even for very small amplitudes 

this dominates over the linear dissipation (which is related to the fric- 

tion at the walls of the orifice). Therefore, this nonlinear dissipation 

effects the damping of oscillations in those combustors where liners have 
proved useful. 

13,14 
Prior to this presentation, investigators have determined this 

nonlinear l o s s  by empirical means only. That method will be shown herein 

to be unsatisfactory since errors occur whenever the cold-air experimental 
results are scaled to actual motor operations. 

Acoustic liners are in reality a combination of many Helmholtz 

resonators each of which consists of a small cavity connected to the com- 

bustion chamber by means of an orifice tube . The fact that, in most 

practical designs, the cavities of all resonators are not separated does 

not add any essential complexity to the problem provided that the cavity 

dimensions are negligibly small compared to the wavelength of the oscilla- 
tion o f  interest. 

i/ 

The resonator has a natural frequency which can be determined to 
a good approximation from the statement of conservation of energy ; i.e., 

the sum of kinetic energy plus potential energy in the system remains con- 

stant with time (with conditions in the combustion chamber considered to 

be stationary for the purpose of this calculation). With little l o s s  of 

accuracy, it can be said that all of the kinetic energy in the system is 

associated with the flow within and very near to the orifice and all of the 

potential energy is associated with the compressible gas medium in the 

cavity. 

sions, the cavity volume and the gas properties. When conditions in the 

combustor are oscillatory, the flow in the resonator will oscillate at the 

same frequency as the chamber flow. 

15 

The natural or resonant frequency depends upon the orifice dimen- 

A s  the chamber frequency approaches 

This orifice tube usually has a circular cross-section in practice and 
will be considered so in the following discussion and analysis. 
the extension to general cross-section is trivial. 

However, 
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c 

the natural frequency of the resonator the amplitude of the resonator 

oscillations increases. Since all losses are proportional to amplitude, 

it is desirable to design the resonator so that its natural frequency is 

very close to the frequency of the most common mode of oscillation in the 

chamber in order to achieve maximum damping. 

. 

The direction of the flow through the orifice and the pressure 

v gradient there are oscillating with time since for half of the cycle the 
# chamber pressure is higher than the cavity pressure and for the other half 

cycle the cavity pressure is higher. For not-too-large velocity amplitudes 

the flow separates near the entrance 

a few diameters downstream. Then the flow separates at the exit again 

forming a jet. Typically, the per cent loss of kinetic energy due to sepa- 

ration at the entrance of the orifice tube is not very large. However, 

the exit loss is essentially equal to the total kinetic energy of the flow 

which is converted to turbulence in the jet breakup. It is this exit jet 

loss which is conjectured to be the primary nonlinear loss in acoustic 

liner operation. 

## ### of the orifice with reattachment 

Although previous paper~l~~~make a vague connection between the 

occurence of turbulence and nonlinear losses, they give neither a physical 

description of the actual phenomenon nor an analysis of the situation but 

rather only certain empirical correlations which are misleading. In this 

presentation the flow in and near the resonator is analyzed with proper 

account of the primary nonlinear losses taken. 

The analysis is based upon the following simplifying assumptions. 

1) The loss due to separation at the orifice tube entrance 

is neglected while the exit loss is set equal to the kinetic energy of the 

flow in the jet. 

11 Here we mean the pressure in the chamber near the orifice. 
dimensions are assumed small compared to the wavelength so that pressure 
in the cavity may be considered to be uniform. 

Note that the entrance and exit locations are interchanged every half 
cycle as the flow direction changes. 
Here we are considering orifices with not-tooosmall length to diameter 
ratios. 

The cavity 

## 

### 
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2) There is no mean flow through the orifice. 

3) One-dimensionality may be assumed for the flow through 

the orifice with shear in the boundary layer averaged over the cross-section. 

4 )  The unsteady boundary layer is small compared to the 

diameter of the orifice so that flat-plate results may be used to calculate 

the friction on the orifice wall. 

5) The length-to-diameter ratio of the orifice is sufficiently 

high to consider the flow just outside the orifice (at both the entrance and 

the exit) to be quasi-steady. 

6 )  The amplitude of the velocity oscillations is sufficiently 

higher than the critical velocity for separation and jet formation so that 

the portion of time in the cycle when potential flow occurs as the velocity 

goes through zero is negligible compared to the period of the cycle. There- 

fore, it is reasonable to consider that the flow is always separated. 

7) The orifice length as well as the cavity dimensions are 

considered very small as compared to the wavelength of the oscillation. 

8) The entropy and mean temperature of the cavity gas remains 

constant with time even though dissipation in the jet occurs. This is rea- 

sonable if the chamber volume is much larger than the product of some mean 

flow rate (say an RMS value) and a characteristic observation time of interest 

(say a damping time). Also, of course, the portion of heat transferred to 

the walls due to the oscillations must be negligible. 

about entropy and mean temperature can be made for the cavity gas, they 

should a l s o  be reasonable for the gas in the much larger combustion chamber. 

If these assumptions 

9) Only the oscillating pressure in the chamber is considered. 

This analysis can only be considered as a first step since oscillating velocity 

in the chamber is not considered. Neither is the effect of a mean flow in 
the chamber past the orifice considered. 

10) The amplitude of the oscillations are not so large as to 

cause choking of the flow through the orifice at any instant of time. 

Consider subscripts 1 and 2 to denote conditions at the chamber-end 

Also subscripts I and I1 denote and cavity-end of  the orifice, respectively. 
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i 
I =  

stagnation conditions several diameters from the orifice in the chamber 
and cavity, respectively. 

Whenever the flow is positive in direction which (by definition) 

means from the chamber to the cavity we have through assmuption 5 that 

d - 
PI = P1(l + 2 5  8 -  1 2)- ; pII = P2 

and when the flow is negative in direction which means from the cavity to 

the chamber we have 

- i f -1  2- PI - P1 ; PII = P2(1 f 2 M 2  1 

Employing the concept of conservation of momentum developed for a 

control volume which includes only the fluid in the orifice, one finds that 

-&,ffudx = P l - P 2 + - +  7 2 2 
A flU1 - p2"2 

0 

where 1 is the orifice length, A is the orifice cross-sectional area 

and is the total force due to friction on the orifice walls. 

Relating the pressure in the cavity to the mass in the cavity and 

further relating that to the mass flux through the orifice we find that under 

assumption ( 8 )  
1 

where bar superscripts denote steady-state quantities and 

of the cavity. 

V is the volume 

It is convenient to obtain the solution by a method of successive 
approximations. The first approximation would be correct to O(c ) where c 
is an amplitude parameter, the second approximation would be correct to 2 o(c ), 
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. '  
and so forth. The parameter is determined by the amplitude of the 

chamber oscillations by setting = cos Ut . Note that here PI 
is only the perturbation in chamber pressure. Since the linear PI 

damping due to the friction will actually be smaller than the nonlinear 

damping effects, ? will be considered with the second order terms. The 

order of the approximation for a quantity will be denoted by the numeral 

in the superscript. 

Combination of Equations (l), (2), and (3) yields the following 

to first order 

, e  
= L cos id t - PII (1) f & u(') dx = pI - pII 4 

0 

These relations hold for both positive and negative flow direction. 

One can show by means of the linear wave equation applied to a 
tube which is much shorter than the wavelength of the oscillation that the 

density gradient, the pressure gradient and the velocity are constant over 

the length of the tube at any instant of time. This means that Equations 

( 4 )  immediately become the following 

- 
where c is the steady-state speed of sound. 

Note that Equations ( 4 )  and (5) would have resulted to all orders, 
not just linear order, if the incompressible assumption were made since those 

equations do not assume anything about the continuity of mass. It is there- 

? 
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I 

I 

I fore quite fortuitous that previous investigators lY ' have obtained the 
correct linear approximation by incorrectly. assuming incompressibility. 

Actually at each instant of time there is a linear variation in density 

through the tube. 

For similar reasons one can use the incompressible results for 
f the friction force and be accurate 

So we have 
to linear order for a compressible gas. 

where /L is the dynamic viscosity, w is the angular frequency, and d 
is the orifice diameter. 

I To second order, we have for positive flow direction 

While for negative flow direction we have c- 

Equation ( 8 )  holds for negative flow as well. 

The solutions of Equations (7) and ( 8 )  for pII (2) and u (2) con- 
tain particular solutions of two types: 

terms on the right-hand sides of Equation (7) and Equation ( 8 )  and those 

related to the dissipative effects represented by the friction term 

and the exit loss + (1(:/2) (u(')/S) in Equations (7). The particular 

those due to the last inhomogeneous 

/ Z / A  
2 

- 

f This is true only in a case such as ours where the mean flow is zero. 
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f solutions 
harmonics or constants other than the harmonic obtained in the linear 

solution so that they are unessential and disregarded for our purposes 

here. 
obtained from the linear solution and are most important. The solutions 

of the first type merely modify the solution by producing 

The particular solutions of the second type do modify the harmonic 

$2) I /  (2) which exclude the higher harmonics are denoted as and PI1 
Note that since the inhomogeneous terms of the second type are independent 

of position in the tube, ~ ( ~ 1  u is a function of time only. NOW from 

Equations (7) and (8) we see that 

where the plus sign is used for u(')< 0 and the negative sign is used for 
U (l) 7 0 . 

Equations (5) have the solution 

where 

2 
w O  Ac2/ p V 

These results may be used to calculate the inhomogeneous part of Equation (9 ) .  

# In order to actually obtain these solutions, the continuity equation must 
be employed. 
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One finds by Fourier expansionft that 

plus terms containing higher harmonics which are neglected here for our 

purposes. Also substituting into Equation ( 6 ) ,  one obtains 

Now by substituting (10) and (11) into (9), pII (2) and u 

determined. Doing so, one obtains 

may be 

where 6< (2) and f(2) are determined from the relationship 

The definition 

has been employed in order to denote the nonlinear damping effect. 

kinematic viscosity. Note that O( (2) replaced d(') and 9 (2) replaced 

4 (') = 0 with no loss of accuracy when Equations (10) and (11) were used to 
substitute for the inhomogeneous terms in Equation (9). 

f is the 

# Of course, as already noted,the plus sign is used whenever u(')c 0 and 
the negative sign is used whenever u(l)~ 0 . 

I 
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The above equation is readily solved to yield 

.. 

.. 

L 
(2) This equation for (2) is actually a fourth order polynomial since QL 

However, since the coefficient of the highest degree appears in A 
term is smaller than the others, it is quite accurate to solve for OL 

by an iterative technique employing the above form. 

(2) nQ- * 

Actually the nonlinear exit loss does not depend upon viscosity 

will depend upon viscosity 
n Q  and frequency but the defined quantity b 

and frequency. This means that the value of A 
in one gas medium at one frequency must be scaled by the square root of the 
product of the frequency ratio and the kinematic viscosity ratio in order to 

have the value of A nP in another gas medium at another frequency. Since 

Reference 2 does not scale in this manner, their approach is in serious error. 

determined experimentally n L  

The predicted dependence of bne /d upon the velocity agrees with 

experimental results'') as shown in Figure 1 

were performed in air at a frequency of oscillation of 234 cycles per second. 
On the basis of the agreement between theory and experiment, one may conclude 

that the exit loss is the most important phenomenon in the nonlinear operation 

of resonators and the nonlinear l o s s  may accurately be predicted by the theory 

outlined above. 

. In that case, experiments 

In order to have a complete theory of acoustic liner operation, it 

still remains t o  determine the effect of flow past the orifices in the chamber 

and the integrated effect of many resonators in the wall of the chamber. 
c 
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NOMENCLATURE 

. 
A 

C 

d 

P 
M 

P 
t 

U 

V 
X 

cx 
8 

€ 
A n t  

r 
L' 

P 
# 
z 

ld 

orifice cross-sectional area 

speed-of-sound 
orifice diameter 

orifice length 

Mach Number 

pres sure 
time 

gas velocity in orifice 

volume of cavity 

axial position in orifice 

velocity amp1 itude 

ratio of specific heats 

effective length correction for nonlinear loss 

pressure amplitude 

dynamic viscosity 

kinematic viscosity 

density 

friction force 

phase angle 

angular velocity 

Subscripts: 

1 conditions at chamber end of orifice 

2 

I conditions in chamber 

conditions at cavity end of orifice 

I1 conditions in cavity 

Superscripts: 

bar indicates steady-state quantity 

1,2 indicates order of approximation 
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IV. NONLINEAR COMBUSTION INSTABILITY MECHANISMS: EXPERIMENTAL 

A. TRANSVERSE MODE NONLINEAR ROCKET MOTOR STUDIES 

In preparation for the testing with the acoustic liner, the 
theoretical liner studies having been described in Section 111-C, a 

number of tests were performed on the transverse mode hardware. 

of these tests were attempts to ascertain the environment within a proto- 
type resonator cavity when both stable and unstable conditions existed 

within the combustion chamber. Temperature measurements for speed of 

sound estimates were made with .005 inch diameter bare wire thermocouples 

placed near the far end of the acoustic resonator cavity while others were 

placed in or near the connecting orifices from the chamber. These measure- 

ments revealed temperatures of approximately 900 F during steady-state 
operation. Upon the initiation of first tangential mode combustion insta- 

bility an instantaneous rise to approximately 1800'F was exhibited followed 

by a rapid decline toward an asymptotic value of roughly 1200 F . The latter 

description applied to the thermocouple at the orifice-end whereas the tem- 

perature excursions further back in the resonator cavity were less pronounced. 

Certain 

0 

I 0 

Such temperature data, together with the modified acoustic liner 

theory (111-C), provide the design background for the acoustic liner now in 
fabrication. The design consists of 56 individual resonator cavities (60 

nominal, but placement of the pulse gun, transducers, TEAL jets, etc., neces- 

sitated the elimination of four) and allows for individual resonator volume 

adjustments. Each resonator cavity has six connecting orifices to the cham- 

ber so spaced as to minimize interaction between each other or with the 

cavity walls. The resonator cavity is internally threaded so that the mov- 

able plug may be moved in or out appropriately to accurately size the chamber 

and hence its characteristic frequency. Initially, the resonator lengths 

will be based upon the temperature data just discussed, assumed gas composi- 

tion, and the knowledge of the fundamental mode within the combustion chamber. 

However, realizing the difficulty of precise tuning, variations about the 
mean will be tried in the early tests using flush-mounted Kistler transducers 

at the far end of several resonators to determine which resonator cavity best 

# Order of 1 second. 

c 



I -  
I 

" 

1 -  

- 42 - 

achieves the proper resonant condition (registering maximum pressure oscil- 

lation amplitude). In addition, further temperature measurements are con- 
templated. The screw-type plug design also allows blockage of the resona- 

tor cavity by moving the plug to the orifice-end. 

I 1  open" resonator cavities can be regulated. 

investigations into the most effective locations for the open resonators, 

e-g., it might be possible to achieve similar stability benefits with cer- 
tain circumferential groupings of open resonators, much like baffle place- 

ment. 

Thus, the number of 

This capability will allow 

16 
Axial placement has already been investigated at Pratt and Whitney . 

To catalog the axial variation in amplitude of the first trans- 
verse mode, another important factor to consider in resonator cavity place- 

ment, a number of variable-length tangential tests were run. The standard 
cylindrical length was 4 inches (effective length 6 inches) or a L/D of 

approximately .7 (with the standard 9-inch diameter hardware) while the 
maximum length tests was 10 inches {effective length 12  inches) and the 

L/D was- 1.3. 
tests with the sodium seeding jet (see Section I V - C ) .  

The tests were made with the 16-spud injector and included 

In the L/D tests, variations in the pk-pk pressure amplitude at 
the 3-inch axial location were compared as shown in Figure 2. 

is seen to reach a minimum in the vicinity of an L/D of 1 (7-inch cylindrical 
length or a 9 inch equivalent length when the reflecting point in the nozzle 

17 is taken into account). 

in transverse mode tests with gas rockets and was attributed to interaction 

between the longitudinal and transverse modes. No evidence of either com- 

bined mode tendencies or phase changes were observed in the current tests. 
Measurements closer to the injector face are necessary before final conclu- 

sions, which must be based on axial phase comparisons near L/D values of 1, 
can be drawn. 

The amplitude 

This same effect was noted by Osborn and Bonnell 

m e  values of the amplitudes recorded at 4 axial stations for the 

The average pk-pk pres- 10-inch cylindrical chamber are shown in Figure 3. 

sure amplitude values at 3, 5, 7 and 9 inches from the injector are 
204 + 17, 179 + 0 ,  151 f 12 and 131 ,+ 6 psi. 

A steady falloff in amplitude is indicated as the nozzle is approached. 

The best linear fit is shown. - - - 
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Still higher amplitudes have been observed in past tests at the 1-inch 
axial location. 

Phase comparisons were made for the 10-inch hardware and varia- 
tions of only a few degrees existed between upstream and downstream trans- 
ducers. 

lag (-45') was shown when the pressure records from the downstream trans- 

ducers were compared to those upstream. 

RogeroL9 reported a 49' phase lead. 
on testing with LOX-on-Ethyanol doublets, which exhibited rapid completion 

of combustion (within 3 inches from the face2'), the present test series 

uses like-on-like injector designs which spread the combustion further from 

the injector face2' and finally the JPL study; although using corporal pro- 

pellants with direct impingement, the orifice sizes were much larger (.0986" 

and 0.173'' versus .059") and the longer chamber length and lower contraction 

ratio would also tend to indicate an axially distributed combustion situation. 

Such factors may well be responsible for the phase differences exhibited. 

The JPL data did show a similar loss in pk-pk pressure amplitude as the 
nozzle was approached. 

the actual magnitudes must remain somewhat in question in the JPL tests. 

In certain tests at Princeton in the past'' a noticeable phase 

On the other hand, Clayton and 

The early Princeton data was based 

Because of the shock-type nature of the waves observed 

Another study which is directly related to previous transverse 

test results should be mentioned here. These previous data (Figures IV-1 

and IV-2 of Reference 1) indicated opposite spin direction tendencies for 
LOX/ALC versus LOX/RP-1 with identical injector configurations. The current 

investigation concerns early combustion phenomena with emphasis on chemical 

kinetic factors. Using the low pressure chemical kinetics device developed 
by Glassman and Sawyer3', alcohol and kerosene-type fuels are being tested. 
Preliminary results indicate that a slow chemical kinetic reaction is ime- 

diately initiated in the case of alcohol, while for the kerosene-types a 
sizable delay is observed followed by a more rapid reaction rate. 

work in this area will be continued this fall when undergraduate help is 

available. 

Further 
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B. LONGITUDINAL NONLINEAR ROCKET STUDIES 

In the comparisons of square-motor stability behavior previously 
B 

To briefly re- 
reported 3y21y22 certain differences exhibited by the 2 x 2 
compared to the 4 x 4 types were difficult to understand. 

view the situation: the coarse 2 x 2 pattern (2 like-on-like fuel elements 
and 2 similar oxidizer elements placed 1.34 inches apart) was spontaneously 

unstable above certain lengths; while the 4 x 4 type employing 4 times as 
many elements (8 fuel, 8 oxidizer with 1/2 the spacing, .67 inches, and 1/2 
the orifice diameter, .059 inch) required pulsing to drive it unstable under 

identical operating conditions. Still finer patterns (the 6 x 6 for example) 

in general followed the 4 x 4 behavior. 

type injectors 

As mentioned in the last yearly reportY2l the role played 
by the chamber wall in the combustion instability phenomena was a prime ques- 

tion that needed to be answered. An approach was outlined which involved 

the use of any of the typical injector elements (pairs of 0.040, 0.050 or 
0.120 inch diameter orifices) with spacing held constant in the 4 ,  16 and 36 

number arrays. 

cross-sectional areas to cross check the previously obtained stability data. 
A l l  four elements in the 2 x 2 case have contact with chamber walls on two 

sides, contrasted to the 4 x 4 design where 4 have two-wall contact, 8 have 
one-wall contact and 4 have no wall contact whatsoever. The 6 x 6 design 

stands 4 ,  16, and 16. 

Such tests would involve square-motor hardware of different 

It was decided that the tests would proceed based on a quarter-size 
Thus, a quarter-size 4 x 4 injector was used chamber and injector design. 

which retained 2 elements of each propellant and resembled a scaled down 

2 x 2 type. The spacing between elements remained at 0.67 (the 4 x 4 standard). 

Chamber and nozzle sections were cast in copper with appropriate transducer 

pulse gun and ignitor ports. 

The test data resulting from the first series of tests are illus- 

trated in Figure 4 .  

4 x 4 and 6 x 6 tests using standard size chambers are also plotted against 
mixture ratio in the same figure. Failing to follow the previous 4 x 4 

For reference Purposes, representative data from 2 x 2, 

Figures illustrating the injector designs are found in References 3, 21 or 22. t 
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# (or 6 x 6) results, the quarter-size tests were spontaneously unstable in 
much the same fashion as the previous 2 x 2 tests. The spontaneous insta- 
bility characteristically occurred 100 millisec. or so after ignition. 

The quarter-size injector was then placed in the standard-size 

chamber hardware (retaining the same nozzle-end arrangement) and promptly 

responded with a return to the pulsed-type instability characteristic of 

4 x 4 and 6 x 6. 
15 grains of pistol powder. The pulse gun was located near the nozzle. 

Pulsing was supplied by bursting a 15,000 lb. disk with 

This same test is replotted in Figure 5 as a reference for the 

additional tests in the investigation into the influence of the placement 

of the propellants near the chamber wall as a triggering mechanism for com- 
bustion instability. 

gaseous hydrogen and oxygen) is present in the first square-motor chamber 

section, effects were rechecked on the opposite wall as well. The quarter- 
size injector was moved so that the fuel orifices were in the same relative 

position to the wall as in the conditions present in the 4 x 4 full-size 
hardware or the 1/4 ( 4  x 4 )  in the quarter-size hardware (see sketch below). 

Because the gaseous ignition system (a spark plug with 

P t > 
I 
! ( 4 )  

I 
I 
I 

ignitor standard-size 

( 2 . 6 6  inches) 
on one wall &chamber out1 ine 

(1) thru ( 4 )  represent four 
positions of the quarter-size injector 

The central position, away from the walls, is shown as ( 2 )  and 
has a vertical cross-hatch. 

zontal-hatch, and ( 3 ) )  diagonal-hatch. Both fuel and oxidizer jets are 
moved toward the wall in position ( 4 ) .  

The near-wall positions are shown as (11, hori- 

If Maximum amplitude was reached in a few cycles similar to Figure 31,  Ref. 22.  - 
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In Figure 5 the data with the fuel orifices moved to the igni- 
tor wall or opposite wall ( (1) or (3) ) show the same lower stability- 

limit as in the central location (based on mixture ratio) with more stable 

operation at higher mixture ratios. 

stability over the central location with instability occurring at high 

mixture ratios when the LOX orifices were placed adjacent to the ignitor 
wall. 

as well as a very slow damp in another test. 

The LOX orifice tests also improved 

Two spontaneous instability blips did occur at lower mixture ratios 

When both fuel and LOX orifices were moved adjacent to the wall 
(position ( 4 )  ), the full range of pulsed instability associated with the 

central position returned although at a lower amplitude (75 psi vs. 123 psi). 
Also present was one spontaneously unstable test. It is difficult to gener- 

alize from such limited data that enhanced triggering is shown in this case. 

However, when two walls are exposed to the propellant sprays from the LOX 
and fuel orifices, as in the quarter-size chamber tests and in the full- 

size 2 x 2 testing one would expect additional wall-effects. 
pellant case appears to represent an addition of the instability zones de- 

termined from wall tests with the individual propellants. 

The mixed pro- 

In summary, wall-effects seem to play a definite role in sponta- 

neous instability initiation based on the tests just described. To fairly 
evaluate stability behavior of an injector design care must be taken so 

that such effects will not overshadow the test objective. 

oxidizer orifices located near baffle surfaces have also been shown to play 

a role in the damping rates21 of tangential mode instability. 

in the tests described is that pulsing the spontaneous instability in the 

quarter-size hardware in a number of instances stabilized the motor. 

within 100 millisec or so retriggering occurred. This triggering is believed 
to be due to the proximity of the wall and the effect on the local combustion 

process - with a local "pop" reinitiating instability. 

Tests on fuel and 

Of interest 

. However, 
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c .  NONLINEAR DISPLACEMENT EFFECTS 

The purpose of this study is to attempt to understand more 

fully the effects of oscillatory gas motion on the displacement of liquid 

and vapor from an evaporating fluid in a pseudo rocket motor. The results 
of this study would hopefully lead to a better understanding of parametric 

relationships involved in droplet and jet breakup, droplet evaporation and 

the displacement of vapor of the injected propellants in an actual rocket 
motor, under conditions of transverse combustion instability. 

23 
In the past the injected fluid, Freon 114, was steadily intro- 

duced through a cylindrical tube into the chamber resulting in a turbulent 

jet of size comparable to that of a typical shower head injector (orifice 

diameter "N .120"). 

of nitrogen gas. 

core and vaporized Freon could be observed using a spark shadowgraph tech- 

nique. Little in the way of quantitative data, however, could be gained 

from these tests. Oscillatory conditions persisted only for a few milli- 

seconds which severely limited any experimental observations. Due to the 

nature of the experiment, reproducibility was a problem particularly as 

far as the velocity fluctuations were concerned. Perhaps more important 
is the fact that one could not readily distinquish between the effects of 

the acoustic field and those of the externally introduced nitrogen gas 

pulse. In this regard the system was redesigned as follows. 

The jet was disturbed by a tangentially directed pulse 

Under these conditions the displacement of the liquid 

In place of the nitrogen pulse gun a 60 watt Universal horn driver 
unit was installed. An oscillatory signal is supplied to the driver from 

a Knight audio generator via a Bogen 100 watt amplifier. 
intensities of up to 165 db are attainable with this apparatus. Velocity 

fluctuations of up to 100 feet per second have been measured. The pressure 

oscillations are measured with a Barium Titanate probe which was calibrated 

with a General Radio sound level indicator. Unfortunately limited range 

of the calibration instrument (135 db) necessitates extrapolation to the 
higher field intensities. 

through the use of a Giannini pressure transducer, the time response of 
which is well-known. 

Acoustic field 

Attempts are underway to improve the calibration 

Velocity measurements are made with a Thermo Systems, 
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constant-temperature hot wire anemometer system. Again, limited facil- 

ities do not permit accurate calibration over the full-range required 

for this experiment. 

variety of chamber pressures under consideration. 

performed using a simple Reynold's number correlation and incorporating 

the change into the mathematical description of the rate of heat transfer 

from a Eixie  %ire (bzser! "II Ki-ng's law). 

ables one to subject the chamber and the injected fluid t o  a variety of 
imposed steady and oscillatory pressures. 

Corrections had to be made for measurements at the 

This correction was 

The use of the above system en- 

The technique by which the fluid is introduced into the system 

has also been drastically altered. 

Nicholls et a124 , a droplet generator was designed. 
Figure 6 .  

injected simultaneously into the pseudo rocket. Currently, however, only 

one such stream is being observed because of photographic clarity consid- 

erations. 

Through the use of another audio oscillator and a 20 watt amplifier the 

generator can be made to vibrate at any desired frequency. 

ting capillary devices for producing a stream of uniform liquid drops, the 

operation of this generator is based on Rayleigh's analysis of the insta- 
bility of capillary jets.25 By considering a cylindrical liquid jet whose 

surface is perturbed, Rayleigh has shown, by calculating the change in po- 

tential and kinetic energy from the unperturbed condition, that the fre- 

quency of maximum instability of the jet is 

Based on the method suggested by 

This is shown in 
The device allows a maximum of four fine liquid streams to be 

The generator is attached to the voice coil of a 20 watt speaker. 

Like all vibra- 

- uj 
4.508 d f -  

C 
j 

where u is the jet velocity and d the jet diameter. When the jet is 

mechanically disturbed at such a frequency, droplets of uniform size are 

formed. 

quencies can result in uniform drop sizes. This fortunate situation allows 

the production of a variety of droplet sizes and spacings without changing 

j j 

However, it has been observed by this writer that a range of fre- 
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the injector needle diameter or the injection velocity. 
will of course depend upon the driving frequency and, as can be shown 

from conservation of volume, the initial drop size D (ignoring the 

vaporization prior to the droplet formation) is related to the initial jet 

diameter by: 

The droplet size 

The selection of drop diameter D is not as flexible, however, 
26 

as is indicated by the above. Schneider has shown that in order to produce 
a smooth capillary jet a minimum pressure head exists. 

the liquid forms a small drop which is attached to the exit surface by the 

action of surface tension. The drop grows and when it reaches a size such 

that its weight can overcome the surface tension, it detaches from the 

surface and falls. Droplets formed in this way are usually very large. 

If the liquid head is increased above this limiting value a smooth liquid 
jet of diameter equal to the tube diameter is formed. The minimum velocity 
of a smooth jet exiting from a capillary tube is dependent on the surface 

tension, the density of the fluid and the tube diameter. Schneider's analy- 
sis shows that 

Below this value 

-2  86 
m > dje (3)  

therefore jet velocities below this value cannot be attained. 

the driving frequency (Equation 1) is limited which in turn restricts the 
droplet size (Equation 2). 

Consequently 

Another consideration with regard to the droplet generator is the 

terminal velocity of the droplets formed. By equating buoyancy and gravity 
forces this terminal velocity, when the droplet is falling through a quies- 
cent atmosphere, may be expressed by: 
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where the drag coefficient has been chosen equal to - 24 
flow. 
initial droplet velocity must be equal to the terminal velocity. 

the initial velocity is less than this value (but higher than that 

specified by Equation 3) the droplet spacing will increase as the drops 

proceed through the chamber. 

terminal velocity coalescence of the droplets will occur. 
Figure 7 , which represent the terminal and minimum velocities as a 
function of tube diameter, shows that a minimum tube diameter exists below 
which the droplet generator cannot function. 

being used is .012” in diameter. This unfortunately produces relatively 

large droplets; (at the critical driving frequency it can be shown that 

the droplet diameter, D = 1.89 d , equals 576 microns for this case). 
However, the droplets are not so large that accurate experimental obser- 

vations cannot be made. 

duced by this generator is shown in Figure 8 . This picture and those 

that follow were taken with the existing spark system modified somewhat 

for conventional photography (versus the previous shadowgraph arrangement). 

for laminar Re 
Therefore, in order to produce droplets of uniform spacing the 

If 

If the initial velocity is higher than the 
The curves of 

The tube size currently 

j 

A photograph of a typical stream of droplets pro- 

When the generator is stationary and the chamber is not resonated 
the jet appears as is shown in Figure 9a . 
place some distance from the injector unit. 
and in the absence of any externally applied disturbance is due to surface 

tension forces causing localized necking and subsequent breakup of the 

liquid jet. 

however, the time to breakup and the size and shape of resultant ligaments 

is altered considerably. Breakup 

distance as a function of acoustic field strength has been measured but 

the results are not yet finalized due to the previously discussed calibration 

inaccuracies. Generally, the breakup time (distance) decreases with increas- 

ing field intensity. 

breakup is enhanced b the transverse flow of gas. This effect has been 

investigated by Clark for the case when the transverse gas flow is steady. 

Breakup is observed to take 

This behavior is well known 

When the chamber is resonated (using the horn driver unit), 

These details are seen in Figure 9b. 

1 Again this result is not unexpected since the jet 
I 

3; 1 

Perhaps more interesting is the trend toward more regularity in 

droplet (ligament) size and spacing when the chamber is resonated. The 

d 
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effect may be seen in Figure 9b 

This effect has been observed in the past by MiesseZ8 in 1955 and Reba 

and Brosil~w~~ in 1960. Whether such droplet grouping can be directly 

related to high frequency combustion instability, longitudinal o r  trans- 

verse (as contrasted to droplet population effects related to buzz phenom- 

enon as covered in Section IV-D) is unknown at this time. 

interest here is the use of this breakup mechanism in the study of trans- 

verse vapor displacement effects. 

which can be compared to Figure 9a . 

The principle 

When the flow of liquid is disturbed by either or both of the 

above mentioned mechanisms the droplets that are fonned permit a detailed 

examination of the way the droplets move, are distorted and the rate at 

which they evaporate. 

(their terminal velocity) the distance from the injector exit is directly 

proportional to the time that the droplets have been evaporating. Hence 

when the chamber is resonated the distance from the injector is indicative 

of the number of acoustic cycles the droplets have been subjected to. 

will permit the determination of droplet size as a function of the number 

of the number of acoustic cycles and thence the evaporation rate under 

oscillatory conditions. 

examine the applicability of the quasi-steady evaporation rate theory under 
violently non-steady conditions. 

Since the droplets are moving at a known velocity 

This 

With this technique it should be possible to 

By utilizing a shadowgraph technique in which pictures are taken 

at distinct intervals during an acoustic cycle it is possible to observe 

the direction of vapor and liquid displacement (Figure 10 ) and hence to 
evaluate the importance of any gas motion, either cyclic or unidirectional, 

which may be present. Also the manner by which the vapor production influ- 
ences jet breakup may be examined. 

to a limited extent. 

chamber and the chamber pressure is below the vapor pressure of the fluid 

at its injection temperature, as is often the case in an actual rocket motor, 

jet breakup is very rapid and the resulting array of droplets, ligaments 
and vapor is widely dispersed. This is illustrated in Figure 11 . The pre- 

dominant mechanism for this type of disintegration is that the large quantities 

of vapor being produced throughout the jet as the liquid boils causes a 

This effect has already been observed 

For example when the liquid is injected into the 
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violent eruption of the liquid core. 

I -  
As a corollary to the cold flow studies, attempts have been made 

recently to observe via high speed photography the processes occurring 
near the injector face of the 9" diameter transverse rocket hardware. 

purpose of such tests is to examine to what degree there exists, if any, 
bulk tangential gas motion in the region of the injected propellants. 

date, emphasis has been on developing the technique to an extent whereby 

these observations can be made with some assuredness. 

to inject a tracer stream of fuel which has been seeded with a sodium salt. 

The intense sodium D line radiation accompanying the combustion of this 
tracer stream permits the photography of the stream and the subsequent 

observation of the flow of combustion gases. 

as opposed to black and white, has lead to a distinct improvement over 

earlier pictures where lack of contrast was the prime difficulty. 

accurate data can be given in this phase of the overall study additional 

testing is necessary. These tests will hopefully provide higher amplitude 

spinning tangential mode oscillations, while improved timing, aperture 

setting and filters will further improve photographic clarity. These tests 
are now in progress and the results are expected shortly. 

The 

To 

Current practice is 

The recent use of color film, 

Before 
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wavelength of driving force 

surface tension 
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D. DROPLET DISTRIBUTION STUDIES 

In last year's progress report2'under the subject of "Droplet 

Distribution Studies'' it was pointed out that variations in droplet pop- 

ulation densities were observed in both streak and still photography. 

These tests were performed using like-on-like doublet injectors in the 

cylindrical-shaped resonating chamber apparatus. 

at that time had been taken at only the standard test Condition (i.e., 
P 

responding to a 1500 psi LOX/RP-1 hot firing). 

droplet population changes was approximately 100 cps or 1/5 the first 
longitudinal natural frequency based on the chamber length then in use. 

In addition, the still photographs, which provided data for droplet size 

distribution counts, indicated 2 and 3 to 1 variations in the count depen- 
ding on whether the photos were taken in the high or low population regions. 

The streak photographs 

= 100 psig in the nitrogen-filled chamber - a gas density roughly cor- 
C 

The frequency of the 
f 

Further studies of these effects have been undertaken with a 

goal of explaining the mechanisms responsible for the experimentally 

observed data. Historically, such droplet population variations have been 
observed by a number of investigators, e.g., Heidmann, Priem and Humphrey 

noted a grouping frequency of about 2000 cps under atmospheric conditions 

with similar type impinging liquid jets. Riebling and Powell3' recently 
reported similar variations using sheets formed by liquid jets on curved 

surfaces. 

30 

Since an order of magnitude increase in pressure apparently de- 
creased the observed frequency an approximately similar amount, it was felt 

that any systematic testing should initially involve pressure as the 
variable. 

Prior to the initiation of these tests several modifications of 
the experimental apparatus have been introduced. The chamber itself has 

been lengthened to 20 inches with two more widows added at downstream 

locations. The longer length places the natural acoustic frequencies in 

a range that could easily be duplicated by the observed frequencies under 

appropriate chamber conditions in order to check "resonance" effects. The 

11 These data were generally based on only three cycles and thus were 
considered preliminary. 
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additional windows provide the necessary access to droplets resulting 

from ligament as well as initial impingement type breakup. Also the 

siren assembly has been modified slightly to facilitate keeping the 

nitrogen flow circumferentially uniform (a problem in the past due to 

a small number of exit orifices). 

reported in Reference21)was taken using a 30-inch,continuous film loop, 
streak camera it was decided that a longer loop (and hence larger camera) 

was necessary to improve the accuracy of the frequency data. A new camera 

was designed and built, employing an 80-inch continuous loop of 35 IIPP film 
(Royal X-Pan Recording film was used). 
approximately tripled with a sufficient number of cycles recorded on each 

film. A mercury arc light source is being used in conjunction with the 

same lens system as employed in taking still pictures. This system pro- 

vides a magnification of 5.2. With these modifications completed, a 

systematic survey of the phenomenon was undertaken. 

After the preliminary data (as 

Thus the observation time was 

The primary variables to be examined were the frequency, chamber 

pressure, injector velocity (AP) , injector diameter (drop size), and 

fluid properties such as surface tension, viscosity and density. Also 

important would be the gas viscosity but at present there seems to be no 

feasible means of varying this parameter.'' Also examined was the ratio 

of the number of droplets in the wave maximum to that in the minimum, 

specifically to check for the existence and magnitude of any possible reso- 

nance effect. 

Initial tests were conducted with water using a spud with a ,040 
0 inch, 90 impinging jet injector. Both A P and chamber pressure were 

varied to get preliminary data on the shape of the frequency-chamber pres- 

sure curve. Figure(12) illustrates this power law curve (solid line) for 

50 psiA P . 
frequency, though similarly shaped curve, was found for 150 psi A P  
(dashed line). Next a .059 inch, 90 injector was used and again provided 

similar data with lower frequencies evident. 

For the same range of chamber pressures a somewhat higher 

0 

Then the fluid properties were varied, with a mixture consisting 

of 50% methyl alcohol and 50% water being used to vary the surface tension, 

# N2 , Air and He differ in viscosity by only about 10% within the tem- 
perature ranges normally encountered in the apparatus. 
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v i s c o s i t y  and density.'' Data f o r  each of these  tests can be seen i n  

Figure12 a s  represented by a square symbol (double-dashed l i n e ) .  It 

might be noted t h a t  i f  t he  da t a  from Reference 30 were a l s o  p l o t t e d  i n  

t h i s  f i g u r e  i t  would f i t  i n  w e l l  wi th  the  poin ts  discussed.  

fu ture ,addi t iona l  t e s t s  are planned t o  f u r t h e r  s epa ra t e  the  e f f e c t s  of 

the  physical  p roper t ies .  

employed f o r  t h i s  purpose i n  one tes t  s e r i e s ,  thus changing the  sur face  

tens ion  while maintaining the  v i s c o s i t y  and dens i ty .  

I n  the  

A su r face  tens ion  reducing agent i s  being 

After ob ta in ing  these  da t a  i t  was decided t o  formulate an 

empir ical  r e l a t i o n ,  through the  use of nondimensional ana lys i s ,  i n  order  

t o  f i t  t he  observed po in t s .  The approach was a s  follows: 

assuming t h a t  frequency = = f(DO ' 4 

e f  P o r  f = mOa6  b ~ C q  d ,u. 

Mb L c  Md Me Mf 1 / T  La ----- 
2d e e f 2f consider ing dimensions 

L3b TC T L T  L T  

balancing dimensions 
M :  0 = b + d + e + f  

L :  0 = a - 3 b + c - e - f  

T :  - 1  = - c - 2 d - e - 2 f  

o r  a = - ( l + d + e )  

b = - ( d + e + f )  

c = 1 - 2 d - e - 2 f  

2 C 

c1 v2 
thus f = A I  (%) (p 1 Do 4 C 

f D O  o r  - = A ( ,, T, v 
" 

r 
C 

~~~~ ~ 

f This decreased sur face  tens ion  by 50%, v i s c o s i t y  increased by 30% 
and dens i ty  decreased by 6%. 

. 
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Now using the test data to get c and c , one first 1 2 

plots logarithmically those data points where /&V were constant. 
Doing this one obtains c = -84 as seen in Figure13. Similarly, one 

determines c s 2.5 as seen in Figure 14. However, in Figure 14 it 
must be noted that there are three separate and distinct curves each 

with slope 

and a t h i r d  for alcohol as used in the hot firings (this third group will 

be discussed later). 
stant which seems to depend on the physical properties of the liquid. The 

basis for the separation of curves should be clarified when the physical 

properties are individually varied, specifically the surface tension in 

the next test series. 

ical solutions are: 

2 

1 

c1 , one for water, a second for the alcohol-water solution 

Thus each curve has a different proportionality con- 

Prior to that determination, the preliminary empir- 

.84 2.5 

- .071 ( ) ( water: - - fDO 

4 Z v  V 

and 

The third curve in Figure14resulted from an analysis of inter- 
3,21,22 

mediate frequency data as observed in the transverse rocket tests . It 
can be seen that these data result in a curve which has a slope of about 

2.5 and it's position falls at the location one would expect for 100% 
alcohol. 

droplet grouping can be a cause of combustion instability in the intermediate 

frequency range. 

to confirm the location of this curve based on test stand results. 

This fact seems to lend some evidence to the postulate that the 

Future cold flow tests will be made with 100% alcohol 

Before leaving the subject of combustion instability, as it is 
involved in this particular study, the subject of longitudinal resonance 

should be discussed. With the 20-inch long cylindrical chamber the first 

longitudinal mode is approximately 340 cps . In the tests previously de- 

scribed the siren was not utilized but rather the droplet variations were 
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self-generated by the liquid jets. 

the chamber pressure based on the individual curves as shown in Figure 12 
resonance could be achieved in the chamber in concert with the natural 

breakup phenomena. However, such testing failed to indicate noticeable 

improvement in the ratio of droplets in the high versus the low population 

regions and hence one would conclude that such oscillations are not gener- 

ated by the acoustic modes or acoustic environment. 

consider, however, is whether or not the phasing of the intermediate fre- 
quency oscillations might not be influenced by such acoustic factors. 

That is, phasing in the sense that all jets would have a common time base. 

Looking to the Visicorder traces from the test firings, a typical example 

is shown in Figure 15, definite phase relationships are found between the 
two circumferential locations for the intermediate frequency. In this 
case no explanation is apparent since acoustic propagation should be found 

for any pressure variation whether generated by factors related to the 

sensitive time lag (i.e., times small compared to the acoustic wave periods) 

or factors based on lower frequency mass fluctuations (the effective mecha- 

nism in the case of droplet population variations). Returning to consider- 

ations in the longitudinal case and the cold flow study, the ability to 
observe phasing effects, which might be viewed as a weak interaction phenom- 

enon, will be enhanced through the use of photo conductive cells (discussed 
in the following paragraph) rather than streak film records. This is based 

on a necessity for observing simultaneously the fluctuations of pressure 

(generated by the siren) and the droplet population fluctuations (a function 

of the impinging jets) over a number of cycles rather than ten or-so cycles 
as would be evident from film data. 

Using the siren and properly adjusting 

Another point to 

Returning to the discussion of additional tests to separate vari- 
ables and probe phase dependencies, etc.,the use of photoconductive cells 

as the primary measurement technique becomes increasingly desirable. The 

bulk of the data reduction time is currently spent in developing and analyz- 
ing the streak film loops. Furthermore, direct phase comparisons (as pre- 

viously discussed) could result from the success of such a system. Prelim- 

inary results using this technique, which employs the 1620 IBM computer for 
data interpretation, offers some encouragement. The principle problem 
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I .  

remaining involves the sensor response. Should this problem prove 

insurmountable a return to the more tedious methods will be necessary 

to complete the study. 

this technique could provide droplet size data as well as the droplet 

density data currently sought. 

However, if the desired goals were attained, 

NOMENCLATURE 

a - f - exponents 

- diameter of orifice DO 
f 

L 
M 
P 

A P  
T 
v 

C 

4 

frequency 

length units 

mass units 

chamber pressure 

pressure drop across orifice 

time units 

velocity 

viscosity of liquid 

- density of liquid 

- surface tension of liquid 
fi 
% 

t 
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E. EXPERIMENTAL TECHNIQUES FOR INVESTIGATING THE COMBUSTION PROCESS 

To study the nature of the environment within a liquid rocket 

motor, with special reference to the distributed combustion designs (the 
like-on-like injector approach, for 

initially attempted. Passing a 1/8 
3 of a square-motor chamber section, 

stream of flowing combustion gases, 
of heat transfer nonuniformities to 

example) certain probing studies were 

inch diameter tube through the walls 

and thereby crossing the center of the 

allowed certain qualitative measurements 
be made. This was possible because the 

thermocouple measurements within the water-cooled tube were made over a 

rather short portion of the exposed length (see Figure 16). 
fer variations were indicative of the transverse mixture ratio variations 

associated with the injector. 

to be followed by gas samples along the same transverse line. The design 

of the sampling probe is such that this feature can be added using an inter- 

nal tube. 

The heat trans- 

These preliminary measurements were scheduled 

In the process of considering other methods of attacking the prob- 
lem of rocket combustion property measurements, it was felt that direct 

measurements of the speed of sound might be attained. Rather than using 

ultrasonic measurements across the flow at different axial locations, an 

approach followed by Hersh 

it moved axially through the combustion region. 

near the nozzle, moves toward the injector and thus surveys the speed of 
sound axially. 

a point which will be discussed later. Since the shock wave has a finite 

amplitude, the speed of sound is always less than the shock velocity. 

32 , an attempt was made to follow a shockwave as 
The shock front, generated 

In addition,data is supplied based on the local wave-shape, 

Using this method it was felt that undisturbed combustion and 

Subsequent waves flow processes would be surveyed by the initial wave. 

would constitute longitudinal mode combustion instability, which normally 
would result from the initial disturbance, and would provide data on com- 
bustion conditions existing under an instability environment. 

Again using the square-motor hardware, and the chamber sections 

which provide for transducer insertion, it was possible to spread the Dynisco 

transducers at roughly three-inch intervals starting near the injector face. 

. 
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ions of the transducers fo the initial series f tests 
t 

were 1, 4 ,  7, 11, 13 1/2, and 16 1/2 inches in a 70 inch nominal length 
chamber. In later tests points 14 1/2, 19 1/2, 25 1/2, 33 1/2, 45, 55 
and 65 inches have been examined. 

located 6 4 . 6  inches from the injector, provided a more than adequate dis- 

tance for the shock to become planar - disregarding boundary layer inter- 
action effects which would be present in any case. 

The long chamber, with the pulse gun 

Experimentally, the problem focused on the ability of both the 

instrumentation and recording system to provide measurements in error less 

than - + 5 microseconds (since the speed of sound is roughly 3500 ft/sec in 
the rocket motor, and the distances between transducers is e 3 inches, the 

elapsed time is therefore “H 70 microseconds, where 5 microseconds repre- 

sents a 7% error). To ascertain the capability of the experimental arrange- 
ment, tests were performed with the chamber filled with helium which closely 
approximates the sound speed associated with the hot firings. Several 
factors were evident from these helium tests and associated system checkouts. 

The seven-channel tape recorder exhibited tape skew in a random fashion such 

that the 5 microsecond criterion could not be met from that source of error 

alone. 

fiers, necessary on each transducer output, introduced significant errors. 

1HF 

The variations between head stacks and variations between a.c. ampli- 

### To improve the time resolution between channels a 10 KC sinusoidal 
The amplitude oscillation was superimposed on the recorded transducer data. 

was such that the peaks were clearly evident in the presence of combustion 

or electronically originated noise. 

further time breakdown was possible through superposition of a 5 KC sine wave 

during data playback. This later time reference was not an integral part of 

the original recorded data and thus the phase varied from channel to channel 

between the 1004second time reference and these 10,u second oscillations 

(the 1 0 ~  second period resulted from 5 KC oscillations superimposed during 

With this 1 0 0 ~  second time reference, 

# 

/%# 

##HI 

Actually the length to the nozzle entrance is 68.6 -reflection occurring 
in the subsonic portion of the nozzle adds another inch or so. 

The chamber pressure was adjusted to duplicate the density associated 
with the hot firings as well. 
A sharply peaked wave shape would have been more appropriate but this 
was not possible because of the flat frequency response limitation of 
10 KC on the tape recorder. 
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a 2 0 / 1  time expansion playback). What the 5 KC did accomplish was the 
limiting of the error through the pinpointing of shock wave arrival to 

a portion of the 1 0 s  second time interval. 

The next problem involved the response of the transducers them- 

selves. 

of similar construction, the maximum pressure ratings were 1000, 1500 and 

2000 psi with two transducers in each pressure category. For evaluation, 

the transducers were placed in groups of three in a special test section 

and, with a helium-filled chamber, were subjected to a standard pulse. 
All recorded the shock passage within 5,a seconds of one another. 

these same transducers were used in the locations where "hot" data would 

be gathered (1, 4 ,  7, 11, 13 1/2 and 16 1 / 2  inches). Based on a constant 
speed of sound in the helium, calculations were also made of the time inter- 

a vals expected. The actual data, because of the rise rate considerations, 

had to be corrected slightly depending on where in the 100,~ second refer- 

ence time interval the shock wave actually occurred. The extent of the 
correction is seen in Figure 17. 

Although each of these strain gauge-type design instruments was 

Next 

Turning our attention to the actual rocket motor firings, the 

choice of LOX and ethyl alcohol was made based on previous testing experience. 
The 4 x 4 like-on-like type injector design was used with the mixture ratio 

close to stoichiometric on the majority of the tests. 
operation at 70 inches with the possibility of pulse initiation of longitu- 
dinal mode combustion instability. Following the procedures previously des- 

cribed (time references, corrections, etc.) the resulting data on shock wave 

velocities is presented in Figure 18. 

This allowed stable 

The data from three tests are shown 

The negative slope following each sine wave peak, which initiates the 
time reference interval, is in opposition to the pressure rise indicative 
of the passing shock. 
slope which aids the pressure rise. Thus, detection of the wave passage 
tends to be delayed slightly in some regions (former case) while detection 
is aided in others (later case). 
significant factor in these measurements since the slope on the time refer- 
ence sine wave, based on the necessity of maintaining reasonable amplitudes, 
is roughly half that of the maximum rise rate based on the tape recorder 
limitations. 

Prior to the sine wave peak there is a positive 

The toe on the wave front shape is a 
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together with error bars. Clearly, 
shock wave (incident wave) is shown 

combustion is approached. Based on 

the velocity of the injector-bound 

to decrease as the region of early 

the gas velocities generated by the 

combustion process (order of 170 ft/sec for these 900 psi chamber pressure 
tests with Ac/AtZ 12.2) the shock velocity would be expected to increase 

approaching the injector if uniform temperature gases existed throughout 

the chamber. Since the velocity is found to decrease, the indications are 

that temperatures are depressed considerably near the injector face. This 

could result from limited gas recirculation associated with the closely 

spaced injector grid pattern tested (fuel and oxygen elements .67 inches 

apart). The lack of noticeable recirculation of the hot combustion pro- 

ducts in the case of the 4 x 4 grid versus that of 2 x 2 pattern was evi- 

dent from static pressure surveys as well. *' It should be noted that the 
spacing between fuel and oxidizer pairs for the 4 x 4 design is quite repre- 
sentative of the dimensions associated with conventional ring-type designs 
that emphasize relatively high mass flow per unit cross-sectional area of 

the injector. 

Another item of some importance results from these interpretations 
In the transverse mode case again the region of maximum energy of the data. 

release occurs characteristically within a few inches of the injector face. 

Thus, the speed of sound data in this location would provide a better means 

of accurately calculating mode frequencies and one would expect the resultant 

frequency to also be depressed. 

thrust rocket hardware with complicating features such as baffles which are 

also a factor in frequency depression. 

at Princeton, as the amplitude is increased (resulting in an acceleration 

of the combustion process) the first tangential mode frequency has been 

found to increase in value from a low of2500 cps to a maximum of 3100 cps 
in the 9-inch diameter hardware. Such data have been obtained from individ- 

ual tests (i.e., increasing amplitude and frequency with time) as well as 

compilations of rocket test data. 

Such effects have been observed on high 

Based on the transverse mode studies 

- In the longitudinal mode case, velocity decreases near the injector 

end often go unnoticed when averaged with increased velocity due to the 

finite amplitude of the shock waves encountered as well as uncertainties in 
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the speed of sound. 

The effect of finite amplitude waves on the shock wave velocity 

as well as the effect of the local gas velocities is clearly brought out 

in Figure 19. In these tests the mass flow has been kept constant with 

changes being made at the nozzle-end. The chart below illustrates the 

ranges covered for these three variables: 

Pressure 
(Psia) 

Contraction 
Ratio (Ac/At)" 

Nozzle Entrance 
Velocity (ft/sec) 

150 

300 
900 

2.02 

4.13 
1 2 . 2  

1095 

507 

168 

Looking at the incident waves for the three test series shown in 
Figure 19, the effect of the gas velocity is most evident in the 150 psia 
test. Here the measured velocity (local slope at.33.3 inch station) was 

2780 ft/sec versus a calculated value of 2900 ft/sec. The 300 and 900 psia 

tests fall on a common line with a slope of 3470 ft/sec (calculated value 

3520 ft/sec). 

shock velocity increase in the 300 psia case (as compared to the 900 psia 

case) was such as to compensate for the higher gas velocities encountered. 

The higher pressure ratio across the shock and resultant 

Taking into account the reflected wave at the injector-end provides 

an additional basis for the conclusions previously drawn concerning the de- 

pressed shock wave velocity and hence reduced sound speed and temperature 

near the injector-end. The measured slope in the first two inches from the 
injector is approximately 2500 ft/sec compared to a sound speed of approxi- 

mately 3500 ft/sec. 

In the reflected wave regime, separation of the three curves is 

somewhat less than would be expected even though the final slopes represent 

the calculated spread in velocities. The 150 psia test is hampered in that 

the shockwave amplitude is steadily decreasing (complete damping occurs in 

# Measured values after testing. 



1 -  - 64 - 

c 

5 to 10 cylces). Also, as pointed out later, the maximum waveshape ampli- 
tudes on the reflected waves are reached only after 10 or so inches have 

been traversed. Improved early rates of steady-state combustion at the 

higher pressure would also tend to merge the three curves. 

Besides the measurements of the velocity near the injector-end 
of the rocket, it is of interest t o  observe the differences between the 

waveshapes encountered at the various axial locations for helium and 

LOX/ALC tests. 

amplitudes have been equalized for convenience of waveshape comparisons. 

These are not the first waves but rather the second incident waves in both 

cases since the nozzle reflection from the triggering pulse (4 inches to 
the nozzle plus 4 inches return, or a wave more than 8 inches behind the 

incident wave initially with the spacing narrowing with time) has coalesced 

by the second wave. 

Figure 20 makes such a comparison where the incident wave 

It should be noted that,in Figure 20, the characteristic exponen- 
tial falloff behind the incident and reflected waves with helium is only 

found on the reflected wave in the hot firing. 

follows the helium traces after the passage of incident wave and then the 

pressure is seen to increase prior to the arrival of the reflected wave. 

Possible causes for these waveform differences will be discussed next. 

The LoX/ALC data initially 

To present these pressure waveform data more graphically, the 
atnplitude ratio is plotted versus axial position in Figures 21 and 22. 

The amplitude ratio is defined as the shock wave amplitude of the reflected 

wave compared to that of the incident wave. Based on the data collected on 

incident wave amplitude pressure variations along the chamber, this compari- 

son amplitude is assumed constan2' (arrowed line at ratio 1). Also in the 

graphs shown is the base of the reflected wave which is also plotted as an 

amplitude ratio. 

The first point to note in Figure 21 is the characteristic form 

of the helium run data. 

the incident wave travels toward the injector-end with a uniform amplitude 

(actually a very slight decrease occurs with time because of frictional 

The sequence of events depicted is as follows: 

f Near the injector face,at the 1" station,this point is difficult t o  
document because the reflected and incident wave amplitudes merge as 
one because of insufficient time separation. 
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l o s s e s  - even with the  more energy consuming r e f l e c t i o n  l o s s e s ,  20 waves 

o r  so occur before complete damping takes  place) ;  then,  a t  t h e  i n j e c t o r -  

end, t he  amplitude approximately doubles with r e f l e c t i o n ;  moving back 

toward the  nozzle we f ind  t h a t  a t  each s t a t i o n  a t  t he  i n s t a n t  of r e f l e c t e d  

wave a r r i v a l  evidence of the  inc ident  wave remains i n  the  form of an expo- 

n e n t i a l l y  decaying l o c a l  pressure ,  t h i s  pressure  is  noted a s  the  "base of 

t he  r e f l e c t e d  wave"; and f i n a l l y  the  peak of t h e  r e f l e c t e d  wave, f o r  the  

helium case ,  remains roughly one u n i t  amplitude above the  base,  i . e . ,  t he  

shock wave i s  r i d i n g  on top of a chan ing  pressure  base,  a base t h a t  would 

disappear a t  the midlength o r  sooner. 
B 

Looking now a t  the  LOX/Ethanol case ,  having a b e t t e r  idea  of  t h e  

cold flow so lu t ion ,  severa l  d i f f e rences  a r e  evident .  F i r s t ,  the  base 

of t he  r e f l ec t ed  wave rises a t  the  4 and 7-inch s t a t i o n s  while  f a l l i n g  

more r ap id ly  than the  helium case a t  the  s t a t i o n s  t o  follow. This  po in t  

was previously pointed out  i n  re ference  t o  F igure  20 . 
under discussion poin ts  ou t  t h a t  t he  maximum change from t h i s  source occurs  

approximately 6 inches from t h e  i n j e c t o r  face .  One explanat ion i s  t h a t  

add i t iona l  combustion ( i . e .  a r a t e  increase)  takes  p lace  following t h e  

s h o r t  t i m e  delay a f t e r  t he  passage of the  shock. This  might be i n t e r p r e t e d  

a s  d i r e c t  evidence of t he  ex is tence  of t h e  s e n s i t i v e  t ime-lag a s  r e l a t e d  t o  

the  nonl inear  case.  

The cu r ren t  f i g u r e  

The r e f l e c t e d  wave peak a l s o  depa r t s  markedly from the  helium 

da ta .  A t  t h e  4-inch s t a t i o n  the  po in t s  a r e  co inc ident .  Beyond t h a t  po in t  

t he  peak climbs t o  a maximum near  the  11-inch s t a t i o n .  Looking a t  t h e  

"hot" r e f l ec t ed  shock wave amplitude,  one notes  t h a t  near  the  4-inch s t a t i o n  

only one quarter  amplitude i s  present  and t h i s  va lue  cont inues t o  inc rease  

u n t i l  a t  16 1 / 2  inches the  f u l l  amplitude i s  ev ident .  

of t h i s  s e r i e s  of events  i s  t h a t ,  un l ike  t h e  helium case ,  cons iderable  

energy (and hence shock amplitude) i s  l o s t  i n  t h e  f i r s t  few inches of t h e  

chamber because of  t h e  presence of d rop le t s  and l igaments and the  l ack  of  

a p e r f e c t  r e f l e c t i n g  sur face .  

energy t r a n s f e r  t o  t h e  shock wave i n  t h e  p r i m e  combustion region.  

combustion, a s  i n  the  inc iden t  wave, would appear  t o  be p re sen t  s i n c e  t h e  

# 

One i n t e r p r e t a t i o n  

The rega in ing  of the  amplitude could i n d i c a t e  

No delayed 

I f  t h e  wave shape decays r a p i d l y  t o  a cons t an t  p re s su re  p r i o r  t o  the  
following wave, then the  "base" of zero could be reached p r i o r  t o  
the  midlength of t he  rocke t .  
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back side of the shock shows the characteristic exponential falloff. 

One interpretation of this portion of the wave travel is that 
the previously disturbed combustion process is now capable of adding energy 

instantaneously. 

cally described the phenomenon associated with combustion instability in 

the gas rocket. 192 
with later phases of the combustion process, i.e., primarily the gaseous 

phase. 
type phenomenon based on the velocities observed in the reflected waves of 

Figure 19 (the experimental velocities were within a few percent of the 
values calculated based on pressure ratio across the shock, speed of sound, 

and the gas velocities present). 

This would follow the "no time-lag case" which theoreti- 

The late peaking (11 inches) might well be associated 

This energy addition does not indicate the presence of a detonation 

A comparison between Figure 21 and Figure 22, second wave to 

fiftieth wave, would tend to indicate that once the longitudinal mode insta- 

bility has been fully-established the primary change noted is the higher 

peak" values in the prime combustion zone. 

Figures 21 and 22 are approximately the same. 

peak as a more rapid restoration of energy, then one would conclude that 

this energy balance has been noticeably changed in the presence of combustion 

instability. Three tests are shown in Figure 22 and agreement is good near 
the peak. 

tude ratio values approaching the midlength. 

The "base" values recorded in 

If we interpret the higher 

I 1  

No explanation is currently available for the spread in the ampli- 

In the hot firings (Figures 21 and 22) the "base" curve is not 
asymptotic to 0 at the midlength nor is the "peak" curve asymptotic to 1. 

The reason is the nozzle loss which, due to its magnitude, necessitates the 

reflected wave to have "extra" energy. 

where the nozzle-end loss was simulated by a flat plug which extended to a 

point 1/3 of the subsonic length downstream of the nozzle entrance. 

the flowing case, no substantial loss resulted. 

This was not true in the helium case 

Unlike 

To evaluate the meaning of changes to the shock wave amplitude as 
a measure of the energy addition or subtraction to the system, tests are 

currently in progress emphasizing the nozzle-end. Using the same techniques, 
but armed with an exact theory of nozzle losses due to finite amplitude wave8 
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12 (the theory applies to the "short" nozzle 

should be clarified. 
), some of these vital points 

Until these tests are completed, together with certain associated 

theoretical studies, energy relationships as interpreted from shock ampli- 

tude variations can only be considered tentative. 

technique will shed considerable light on the processes taking place in 

rocket combustors before and after the onset of combustion instability. 

It is hoped that this 
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APPENDIX A 

A LINEARIZE3 TREATMENT OF QUASI-STEADY DROPLET BURNING 

The problem of quasi-steady d rop le t  burning i n  a convective 

flow f i e l d  has been t r ea t ed  by a l inear ized  method," 

conanents about that work may be found i n  Sect ion 111-A and i n  Appendix B. 

I n  t h i s  appendix, t he  same problem w i l l  be t r e a t e d  employing the  same 

basic assumptions except t h a t  t h e  ac tua l  time-dependent d rop le t  s i z e  

w i l l  be considered i n  t h e  formulation r a t h e r  than some t i m e - w i s e  mean 

s i z e  , 

Cer ta in  general  

I f  M is  t h e  d rop le t  mass and w i s  t h e  mass vaporizat ion 

r a t e ,  w e  have 

dM 
d t  

w = - -  

and i f  superscr ip t  bars  denote mean-flow q u a n t i t i e s  and primes denote 

per turba t ion  q u a n t i t i e s ,  t he  following r e s u l t s  

The l a s t  term i n  t h e  above equation was omitted i n  Ref. 11. 

w a s  considered a s  constant  there .  

Also %/; 

The vaporizat ion r a t e  i s  given by 

where t h e  Nusselt  number f o r  mass t r ans fe r  i s  given by 

= 2 + 0.6 ( S ~ ) l / ~ ( R e ) l ' ~  Num 

For Reynolds number s u f f i c i e n t l y  grea te r  than un i ty  and assuming n e g l i g i b l e -  f 

v a r i a t i o n  i n  the  r e l a t i v e  ve loc i ty  between gas and d rop le t ,  we may approxi- 

mate t h e  Nusselt  number a s  being proport ional  t o  the  square root  of pressure 

f This is not t r u e  a c t u a l l y  and t h e  va r i a t ion  of t he  ve loc i ty  should 
be considered i n  a complete 'analysis.  
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t i m e s  d rop le t  radius.  So considering p D equal t o  a constant  and 

not ing t h a t  droplet  radius  i s  proport ional  t o  d rop le t  mass t o  t h e  one- 

t h i r d  power, we have following Heidmann 

I I 

g l =  f E ’  +b- pL - (4- 4) - pC 

pL PC W M 

where 

A s  shown by Heidmann, t h e  vapor pressure may be w r i t t e n  as 

where b i s  a cons tan t .  

The droplet  temperature i s  given by 

[ 2 k 7 Nuh r (Tg - TL) z - A  W] 
dTL 1 - =  
d t  c M  

P 

where the Nusselt number f o r  hea t  t r a n s f e r  i s  given by 

Nu h = 2 + 0 .6  ( € ’ I - ) ~ ’ ~ ( R ~ ) ~ ’ ~  

Considering the  temperature d i f f e r e n c e  (T - T ) and t h e  c o r r e c t i o n  fac- 

t o r  f o r  simultaneous heat  and mass t r a n s f e r  Z t o  be cons t an t ,  we may ob- 
g L  

t a i n  the  following equation 
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Now, Heidmann and Wieber solved the  system of equat ions (A-1) 

through (A-4) assuming ;/; was time independent. Therefore ,  they had 

only t o  solve a simple system of l inear  d i f f e r e n t i a l  equat ions wi th  con- 

s t a n t  c o e f f i c i e n t s  and s ince  

were obtained as so lu t ions .  Actually,  s ince  ;/; is time-dependent, t he  

so lu t ions  a r e  not  merely tr igonometric funct ions but a r e  s l i g h t l y  more 

complex. 

' w a s  s inuso ida l ,  t r igonometr ic  func t ions  PC 

Vl-A--  LL- 1 7  
u L ~ ~ ~ ~  CLW assumption t h a t  Nu = kl \ rpc wi th  kl a cons tan t ,  

m 
one can show t h a t  

where 

Noting t h a t  

- 3/2 w = kr 

and 

one can show f u r t h e r  t h a t  

and 

- 
where 

a t  t h e  i n i t i a l  t i m e .  

a = 8 'Ipr ro 3/2 / 3k and the subsc r ip t  zero  denotes condi t ions 

(A-5) 
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Equations (A-1) through (A-4) and (A-7) may be combined t o  give 

the  following equations 

TL' 

P C  L 

I P d M' - [ ( a  - t ) F ]  = (24 - 1 ) +  - 2p b d t  

and 

With pc ' /  bc = cos (w t +# ) 
obtain 

the  above equations may be in tegra ted  t o  

where B = 2 &bb /cp  TL. 
pearing above. 

So now it remains t o  eva lua te  the  i n t e g r a l s  ap- 

In Eq. (A-9) the  denominator of t he  integrand and the  f a c t o r  be- 

f o r e  the  in t eg ra l  a r e  expanded as a power s e r i e s  i n  t. 

by p a r t s  y i e lds  

Then i n t e g r a t i o n  

cos (W t + # )  [ r0 + Yl (i) + v2 (y + ----I (A- 10) 

where 
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with c = (1-B) (2-B)------- (n-B)/n! Of course,  t he  series converges most 

r ap id ly  f o r  la rge  

can t ly  longer than the  period of o s c i l l a t i o n .  

n 
w a ;  t h a t  is, whenever the  d rop le t  l i f e t ime  is s i g n i f i -  

In t eg ra t ing  (A-10) by pa r t s  and s u b s t i t u t i n g  i n t o  (A-8) we f ind  

t h a t  

aW c T  
P L  

(A- 11) 
Now combining ( A - l ) ,  (A-5), (A-6), and ( A - l l ) ,  t he  per turba t ion  i n  t h e  

vapor iza t ion  r a t e  is found t o  be the folluwing 
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- (a - t )  cos (@t  + # )  3 s i n  ( W t  + q )  
w r (8- %) w' = 3k2 

8 b p* 

c 

So (A-12) shows t h a t  t h e  vaporizat ion r a t e  per turba t ion  i s  not  

pe r iod ic  even though the  pressure and temperature i n  t h e  ambient gas are 

per iodic .  This implies t h a t  t h e  d r o p l e t  l i f e t i m e  changes under o s c i l l a t o r y  

condi t ions.  Equations (A-3) and (A-10)  i n d i c a t e  t h a t  d r o p l e t  temperature 

and vapor p r e s s u r e  are not pe r iod ic  e i t h e r .  I n  order  t o  include a l l  m e w  

ber s  i n  an a r r ay  of d r o p l e t s  we must allow t h e  phase 4 t o  vary between 

0 and 2 ? r  . Therefore, i n t e g r a t i o n  over t h e  

the  average d rop le t  l i f e t i m e  f o r  an a r r a y  should not change under o s c i l -  

l a t o r y  conditions.  

i j  

0 - dimension shows t h a t  

A quant i ty  of i n t e r e s t  f o r  combustion s t a b i l i t y  s t u d i e s  is  the  

response f a c t o r  defined f o r  a s i n g l e  d r o p l e t  as follows: 

1 

d t  
r w f  P C  

P P, p2I2 d t  

i/ A t  t h e  in s t an t  t=O when t h e  d r o p l e t  of r a d i u s  r i s  introduced, 
-0 t he  pressure o s c i l l a t i o n  could be a t  any phase. 

(A- 12) 

. 
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- .  
where T is the  period of t he  osc i l l a t ion .  

f o r  the  drople t  over t he  a r ray ;  

by 2 7r . 
f u l  i n  combustion s t a b i l i t y  analyses, t he  last r e s u l t  should be divided by 

the  average burning rate of a droplet  over i ts  l i f e t i m e  ( for  n o w o s c i l l a t o r y  

condi t ions) .  Therefore we have 

I n  order t o  obtain an average 

N1 must be in tegra ted  over 4 and divided 

Furthermore, t o  obta in  the nondimensional quant i ty  which i s  use- 

I which by use of Eq. (A-12) r e s u l t s  i n  the  following 

/- 

T 
+yo- P 1 ’ T  

2p2 - Yo) + (-* 2 y 2  - - Y 1  
(ab 1 a w  + 3 2  a @  

This last r e s u l t  is  s u b s t a n t i a l l y  d i f f e r e n t  from t h a t  obtained by Heidmann 

so it is  seen t h a t  the v a r i a b i l i t y  of the  c o e f f i c i e n t s  i n  the d i f f e r e n t i a l  

equat ion should not be neglected. 
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NOMENCLATURE 

a 

b 

B 
C 

C 
n 

P 
D 
k 

kl 
M 
N 

N1 

Nyn 
Nu 

P 
Pr 

r 

r 

Re 

sc 

t 

T 

m 

0 

T 

P 

y ,f 
P 
P L  

W 

Z 

A 

droplet lifetime 

proportionality constant defined in Equation (A-3) 
constant defined after Equation (A-9) 

constants defined after Equation (A-10) 
specific heat at constant pressure 

molecular diffusion coefficient 

constant defined after Equation (A-5) 

constant defined before Equation (A-5) 
droplet mass 

response factor defined in equations 
response factor defined in equations 

Nusselt number 

Nusselt number 

pressure 

Prandtl number 

droplet radius 

initial droplet 

Reynolds number 

Schmidt number 

time 

temperature 

€or heat transfer 

€or mass transfer 

radius 

period of oscillation 

mass vaporization rate 

correction factor for heat transfer 

quantity defined after Equation (A-2) 

latent heat of  vaporization 

constants defined after Equation (A-10) 

gas density 
liquid density 

Subscripts: 

c combustion chamber conditions 

L liquid condition 

Super s c rip t s : 
bar denotes mean-flow quantity 

prime indicates perturbation quantity 
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APPENDIX B 

DISCUSSION OF NONLINEAR QUASI-STEADY DROPLET VAPORIZATION ANALYSIS 

A theory for describing the rocket combustion process has been 

derived by Priem and Heidmann . In that theory, the evaporation of the 

propellant drop is assumed to be the rate-controlling combustion process. 

The histories of the droplet, i.e., the variations of drop size, drop tem- 

perature, drop velocity and combustor gas velocity, are considered. By 
using this model, Heidmann and Wieber ’ l1 calculate drop vaporization in 
a rocket combustor with superimposed acoustic oscillations. 

10 

In their analysis, the acoustic field contains pressure, tempera- 

ture and velocity perturbations and affects the drop dynamics, heat and mass 

transfer processes. Under certain conditions, the assumed rate-controlling 

process exhibits dynamic behavior which may cause instability in the combustor. 

Detailed discussions on frequency response and boundary conditions are pre- 

sented in their works. 

However, a more strict analytical study of this problem is necessary. 

In the linear analysis by Heidmann and Wieber, the validity of several assump- 

and N% are assumed proportional tions is questionable. For instance, 

to (r Pc> 1’2 with no variability due to velocity where Num and Ny, are 
the Nusselt numbers of mass transfer and of heat transfer respectively, 

the drop radius and P is the chamber pressure. This is acceptable if the 

Reynolds number is large compared to unity and if the relative velocity be- 

tween gas and drop is constant. Furthermore, the temperature difference be- 
T ) and the correction factor for simultaneous tween gas and droplet 

heat and mass transfer Z are assumed constant but actually do vary. By 

making use of the vaporization model of Prim and Heidmann a quasi-steady 
linear analysis of a single drop vaporization is underway at Princeton. 

equations derived for the steady case are assumed to be valid in the unsteady 
case and a set of linear equations for perturbations in the vaporization pro- 

cess is developed. It is noticed that all perturbation quantities are not 
equally important; comparison of order of magnitude of each term would hope- 

fully simplify the equations and effort is being made to form analytical 
expressions. 

NUm 

r is 

C 

(*g - L 

All 
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3 

Two different cases will be studied in the linear analysis: 

1) Transverse mode: With the assumption of small perturbations, no veloc- 

ity effect appears in the first order analysis and only pressure perturba- 

tion affects the evaporation rate. Because all perturbed terms appear in 

ratios with the steady-state quantities, it should be noted that the velocity 

perturbation terms cannot be neglected in comparison with other terms in the 

region where the difference between the mean drop and gas velocities is small. 

Nevertheless, if the region is small and contributes very little to the whole 

process the assumption remains reasonable. 2) Longitudinal mode: Both 

pressure and velocity perturbations enter into the problem and a more compli- 

cated analysis is expected. 

transverse analysis. 
Proper assumptions should be made as in the 

Further, a nonlinear analysis will be conducted. In the work of 
droplet evaporation was considered in the presence Heidmann and Wieber 

of acoustic oscillations of the combustion gas. 

a first order acoustic field is questionable for the nonlinear case. The 

reason is that whenever higher order equations are being studied, the associ- 

ated higher order boundary conditions should be considered too. 
problem, the oscillation of the gas in the chamber is thought to provide a 

boundary condition for the infinity of the droplet field. So a more correct 

analytical study up to second order will be developed. 

The validity of using such 

In this 

Two points will be clarified by this study. The first point con- 

A s  reported in Reference 11, cerns the initial temperature of the droplet. 

heating of the drop from an initial temperature apparently introduces an 
effect that results in the increase of the peak value of the response factor. 

Second, the importance of the double-frequency component as shown in Figure 3 

of Reference 11 will be determined. 
the pressure and velocity perturbations and also gives higher order effects 

for the transverse case. 

Higher order evaporation rate affects 
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Terminal and minimum velocities for Freon 114 
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