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ON THE INTERMEDIATE ORBITS OF TEE EARTH'S- 
ARTIFICIAL SATELLI!FES* - - - - _- -_ - 

Vestnik Moskovsko go Universi t e  t a 
Ser iya  111.- Fieika i Asronomiya 
No. 3 ,  36 - 4-4, Moskva, 1965 

by E, P, Bksenov 

S U M N A R  Y 

T h i s  paper provides new forms for the so lu t ion  of the problem 
of construction of in t s rnedia te  o rb i t e ,  which m y  be more p r a c t i c a l  
for the  calculation of satellite's coordinates and more assfpl drtrhg 

t he  indispensable elcpansion in s e r i e s  of the perturbation function. 

* 

IHTRODUCT ION. - 
A t  construction of the  ana ly t i ca l  theory of AFS motion it is 

i n t e r e s t i n g  t o  take f o r  the intermediate o r b i t  ins tead  of the  Esplerian 
e l l i p s e  a more complex curve, t ha t  would include the most s u b s t a n t i a l  
per turbat ions conditianed by the d i s t inc t ion  between the Ea r th ' s  @a- 
v i t a t i o n a l  f i e l d  and the central. Such an o r b i t  can be constructed on 
t3e basis of the genera l i tes  theory of two f ixed centers,  inammach aa 
t h e  force function of t h a t  problem d i f f e r s  from the t e r r e s t r i a l  gravita- 
t i o n  po ten t i a l  only by the  terms of second order of smallnes8 r e l a t i v e  
t o  Earth 's  contraction and admits a s t r i c t  in tegra t ion  of the differen-  
t i a l  equations of motion [1,2]. 
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Fornulzs, Cescribing such an intermediate o rb i t ,  w e r e  obtained 
bp us e a r l i e r  133. They eqnxss the  sa te l l i t e ' s  conical  coordinates as 
e x p l i c i t  functions of a cer ta in  intermediate variable,  which is, i n  its 
turn,  l inked with time. However, t he  method of calculat ion of satellite 
coordinates by such formulas is not  unique, and possibly not  t he  most 
convenient, That is why ue have decided t o  provide in the  present work 
other forms of s o l u t i o n o f t h e  problem considered. On the  one hand, these 

forms of so lu t ion  may in sone cases r e s u l t  more p r a c t i c a l  for the  calcu- 
l a t i o n  of sa te l l i t e  coordinates, and they w i l l ,  on the o ther  hand, be 

more use fu l  at  expansion of the per turbat ion function i n  series, which 
must necessar i ly  be ca r r i ed  out when accounting the per turbat ions from 
other  perturbing fac tors -  

1. -STAYEKENT OF THE PROBLEI;. -------- 

Let us s e l e c t  a rectan..ular system of coordinates O x y ~  Kith 
o r i w  a t  ma68 center of the Earth in such a way t h a t  the axis 0s be 
di rec ted  a t  the  c e l e s t i a l  pole, and the  axis xy coincide with the Sarth 's  
equa to r i a l  plane. Then the d i f f e r e n t i a l  eqxation of satell i te 's  hiterme- 
Ciate motion w i l l  be wri t ten  : 

where the force function U i s  r i v e n  3y the forrula 

i n  which 9 is the gravi ta t iona l  constant, is the  Earthis m s ,  m, 
- c is a ce r t a in  cocstant,  numerically equal t o  -210km, 

As already noted, t h e  equations (1) with the  force function (21-e 

r igorous ly  
it is ap-nropriate t o  pass t o  new variables E ,  q, w, 

by the cor re la t ions  

in tegra ted  in quadratures, When inte-ating these equations,  
l i nked  with x, y, z 

x = lfg + 2) (1 - q~)cosror, 
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Moreover, instead of t h e  time t i t  is a y g o p i a t e  t o  is t roduce a new 
vsr ia5 le  - T according t o  the  equality 

tit = (E' +- cya)  dr. (4) 

Formulas, expressizq the spheroidal coordinates E, q, w throu@ L, 
and the relatgonship between the var iab le  L and the  tine 2 w e r e  obtained 
by us in C33. i n  the same work w e r e  introduced the elements of the  in t e r -  
mediate orbi t .  Before bringing f o r t h  al l  the formulas necessary here, l e t  
us b r i e f l y  recall  the  qua l i t a t ive  pa t te rn  of satellite notion and the 
geometrical meaning of some of the orbit elements. 

The motion of the  s a t e l l i t e  takes  place i n  mch a fashion that  

where a, e , s  are constants, determined br t h e i n i t i a l  conditions. The 
region, i n  which the satellite moves, cons t i tu tes  a certain t o r o i d a l  
space, bounded by two ellipsoids of revolution with minor semi-axes 
a (1 - e) and  a (1 + e) and a hyperboloid of revolution, whose equation is 

*'+@ - - = I .  zr 
cs (1 - s') c*s' 

n i h e  majcm seTi-axes of t % c  k,our_21_~?- ellipsoids are respect ively equal to 
1/ uL(l--e)z+cZ and VaZ(l+e)z+cZ. The constants a, e, S, thus define 
fully the  region of s a t e l l i t e  motion, and therefore ,  it is p r a c t i c a l  

t o  use them f o r  o r b i t  elements. 
Accordint: t o  the work [37, the  variables E, 7, 091 a re  expressed 

throush f: i n  the following fashion : 

+ 
where F, x, e, c,, c,, c,, c,, c,, c,, C, 

a, e, 6 , and c5 is ,an a rb i t r a ry  in tegra t ion  constant. 

sin 39 +T4 sin 4g + c,, - - - - - -  m e  constants, depending on the  elements 
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Tie: us introduce the  parameter e accorciing to f w m u l a  

E 
E -  

n(1-@) * 

Inasmuch as a (1- e> is greater than the  Earth's radius €< - 
why a l l  the  ConstarAs, enterin? i : t o  the fornula ( 6 ) ,  may be expanded in 
series by poxers E .  Rejectiq iz the e x p x i o n  the teras of the order  
we f i n d  t33 

That Fs 

6 

30 

, 
- - 
p=a(l-ee), 

e = e (1 + e'( 1 -ez) (1 -29) + er (1 -ez) [3 - 16s' + 14s' -2es( 1 - s')']}* 
x=eze{(l-22s2)+e2 [(3-169+ 14s')-e2(1-22s')l}, 

- 

d 
2 8 

c,=-- ezcos i [ 1 - - [(30-359) + P (2 + w)]] (1 -8, 

3 
22 

c, = - e4 (1 - e2)*s* cos i, 

c, = - Ze*ecosi [ 1 + - [(4-28s')-ed(6 + 7sz)l}, e' 
8 

- 

e4 - 
c4= ---e4cosi(2+fl, 61 

where i = arc sins. 

As t o  the  variables and 9 , theg are linked w i t h  t h e  variable T - 

where c3 and c4 are still two more arb i trary  integration constants and 
the modules kl, k a?d t he  constants  61 and 62 are determined from the 
ecualities 

2 



4 

e* 
2 

a; = .c/fmrr (1 - ez) (1 - - (3 - 4s'- e') - 
- 2!. r(9 - 7%' + 64s') + el (2 - 40s' + 48s4) + e4] 

8 

5. 

Therefore, t3e coori2-1, .t,-.; 0 2  the sa te l2 i te  are cer -a in  con.,ina- 
t i o n s  of e l l i p t i c a l  functions of 5 with s m d l  modules (of t he  order  1/30). 

we find a formula, by which may be computed for any given moment of time 
- t. Indeed, i f  the elements of s a t e l l i t e ' s  o r b i t  &e known, and if t is 
known for the  given 2, 3, '1, w can be found with the  a i d  of t ab l e s  f o r  
e l l i p t i c a l  functions, arld then, t he  rectangular coordinates of t he  satell i te 
can be cowuted w i t h  t he  help of formula (3) .  

Formulas ( 3 ) -  ( 9 )  w i l l  f u l l y  resolve t h e  s t a t e d  problem provided 

However, f o r  t h i s  purpose i t  is useful  t o  have o ther  formulas. Here 
we shall take advantage of the circumstance, t ha t  for e l l i p t i c a l  functions 
there  e x i s t  t r iyononetr ic  se r ies ,  very rapidly converging f o r  s u f f i c i e n t l y  
s n a l l  values of t h e i r  modules. 

2. - EXPANSIONS FOR CP AND V-. 

For am ( x ,  k) we have the  fo1lowhT well known expression 

where 

&a 21 ka 
4=16(1+1+64r+ ... 

6 RejectinE t h e  tPrns v i % h  k , w e  &all f ind  from formulas (10)- (12) 

../.. 



where 

6 .  

where 

x 1  
2 8  

q=u+ --- - z ( 8  - 9s' .+ ez9)] sin 2u, (15). 

3 
2 $ = u 4- eat? (s' - - (2 - 20.9 + 22.9 - sin 20, ( 1 6) 

n, =I/fm(l-e2){l  + ~[(6-79)+c'(2-9)]- 

n z = I / f m a ( l - e 2 )  1 -  -[(6-8s~-ea(2-9)]- el 

[(9 - 72s2 + 64s:) -e2 (233 - 309) + c' (1 + sa 

{ 4  

-2- 8 31. 1 - 
8 

Note, that in formulas (15) a i d  (16) a l l  terns w i t h  amplitudes 

order loo8 and above were rejected. of the 

For Jacobi e l l i p t i c a l  f u n c t i o n s  we have 

sin(%--)--, Irx 
2u 

n=1 

n-- I m 

cos. (3n - 1) - a - -  
cnh = - 

RY 2K' 
n=l 

where K and q axe Setermined by .the equal i t ies  (11) and (12). 
T h a t  is why, preserving only the terms with amplitudes, greater 

than we shall find 
0 o/o  0 



where u anC V are e v e n  by fornulzs (17). 
Subsequently, we have 

. A 2  + cos 2v + - cos 40 + . . ., 4 cos 29 = - - 
8 a 

cos 39 = cos 3v + . . ., 
sin29 = sin2v+-sin4u+ . . ., 

sin39 = sin3v + . . ., 
sin 49 = sin 4v + .,. . . 

G 
8 

From the first formula ( 6 )  w e  find 

(29) 

1 1 
2 2 

Aa = - - e2eL (1 -2') - -e4e3((3 - 1W+ 149) - e*(l-w)], 

1 
4 

A* = - 8 4 9  (1 -&:)a. 

6 We rejected in fornula (29 )  all the terms with amplitudes of the order € 
and higher. 

Substituting the equalit ies  (231, (24) and (25) into ( 2 9 ) .  we 
s h a l l  f i n a l l y  find 

where E* ao= 1 + Tez(l - 2 9 ) +  *,ea[(24- 128sz+112s')-ee'(8fs'-118s')], 
16 

. e/.. 



wfiere 

where 

(33) 9 = bl COS u + ba COS 3 4  

b, = s {l + - d (1 - ez) Sg - -(1 d -ea) sz[64 (1 -9) -7S.(1 -e2)]}, 
16 256 

E4 

32 
ba = - 9 (5 ( I  - ez) - - (1 - ez) - [S (1 -sa) - sa (1 -@)I. (34) 

;;e nay axalozously obtain the following formula for a 
= Q + dl s inv + da sin2vf d,sin 3v4- d4 s i n k +  &sin2u, 

Q = w + 4, (35) 

d8 = 5 cos i (4 - 3s'). (36) 

d4=-c0si(2-ss3, e'@ 

ci2=-- (l-e*)asacosi, 

64 

Ea 

32 

3 (37) n, = - - 
4. - EWRESSIOIJS ~ - - ---_- FOR RECTANGULAR C O O R D I N A W  

[(6 + s') -es (4 - 26~')l). 
2 

Frorr the third fornula ( 6 )  we f i n d  

j / l c o c o s  w = cos cpcos H -msi sinp sing, 
1 / 1 m s i n  w = cos cp sinH + cos isinpcos H. 

* 

(38) 
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That is why we s h a l l  have f o r  sa te l l i t e ' s  rectCmcalar coordinates  

XVY, = t h e  following formulas: 

x = V E ~  -i- cs (cos cp cos i2 - cos i sin cp sin a), 
y = V m  (cos cp sin H + cos i sin cp cos a), (39) 
z =  f-sssincp. 

Foraulas (39) nay serve for the cm-i :~~+,at io~  of satel~ite's recta-- 
Glar coordinates in s t ead  of formulas (3).  They may?found t o  be more pra:- 

t i c a l ,  f o r  examTle, in the  case when 6 is near  the  uni ty ,  t h a t  is,  in the 

case of nearly polar orb i t s ,  when the t h i r d  fornula  (6) is of l i t t l e  con- 
veniecce f o r  the ca lcu la t ion  of QI, 

b 

5. - CORRELATION BETWEEN tY AND t - -- 
From the e q u a l i t i e s  (17) and (35) we have 

P = (1 + v) u + 0, 

sz = yu + 8 0 ,  (40) 
where 0,  anC Qo :?re cocstants ,  l inked  w i t h  t h e  cor-stants c 3 ,  c4 and c5 

by t h e  co r re l a t ions  
ll 

0 0  - n,c, - - - c,n,, 

Qo = CS - w 4 ,  

2 

while t h e  constants  J and p are determined from the  fo rau la s  

l + v = - ,  nl p=-!k 
n¶ h 

or 
Y =  ( 1 2 - 1 ~ + ~ [ 2 8 8 - 1 1 2 9 ~ 1 + 1 0 3 5 ~ - ~ ( 1 4 4 f 2 ~ - 5 1 a s ' ) J .  (41) 

4 64  

(42) 
3 
2 16 

p = --ccosi- 3(6- 17s1-24es~)cosi. 

Evidently, w e  may take fo r  the inaependent va r i ab le  d i n s t e a d  of e. 
Let u s  esttzblish the  r e l a t ionsh ip  between V and  t ,  Since 

we have, on t h e  basis of (17) 
dt = (Ea + c%f) dr,  

dt E' + fl9' 
do n' 
-I (43') 
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i‘ iic then 

where 

rr;. t i o n  

w h r e  

- 

Let us  express the  rizht-hand p a r t  of t h i s  e q z a l i t y  throv.& ty. 
shall Oeve 

(43) 

(44) 

In foriiiula (43) we r e j ec t ed  a l l  t h e  terms wkich provide at i n t e -  

Feriodical  t e rns  w i t h  an31itufcs of the order E 4  

Intet-ratinp (43’1, we find 
and higher. 

ele ( 1 - e+ 
(1 +rcosup 

+ ea (1 - ea)’f4, sin 2u + (Po + & cos v)  sin rr, (45) 

No bein- accenta’cle for the  s i x t h  a r b i t r z r y  c o n s t a t  i n  place  of c4. 

as was done i n  the  work C33, we may express V‘ as a funct ion of t. We 
shall forego here the  d e t a i l s  of operations,  and we s h a l l  bring f o r t h  all 
f o r a l a s  for t he  ca l cu la t ion  of IJ‘ as a funct ion of t. 

AD--Y.:riny the  same a q r o a c h  f o r  the so lu t ion  of t h e  equation (45) 

ir = e - e*~, ( l  + e m  e)’sin 2 (9 + 0) - e2e(&, + me) sine, (47) 

(48) 
where 

0 = ve + Oo, 
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and 8 is  determined from the  follov.%g equations : 

tg - = - tg-• 2 1-e 2 

E -;sin E = M, 
M = n(t - t,,) + M,,, 

- 

(49) 

Therefore, the relat ionship between 0 and t does not p rac t i ca l ly  
d i f f e r  from the correlation between the t rue  anomaly and the t h e  in the  

iieplerian motion. &?.owing 6 ,  we may eas i ly  f ind  4' by formula (47). 

i c a l  terms proportional t o  E4, and a l l  the term of hfgher order. Although 
for most of p rac t i ca l  problems the precision obtained here is quite  snffi- 
c ien t ,  we s h a l l  point out, however, t ha t  i f  a higher precision is required, 
we may use t h e  fororulas (133) of [3],where the  relat ionship between (y and 
t is  w e l l  esta3lished ( in  131 the  denotation 4' w a s  used instead of 9 ) .  

llote t h a t  i n  deriving the foraula (47) we re jec ted  all the period- 

And U'caz always be coEputed by the given 1y using the formula 

The las t  term i n  (53) was nearly always rejected,  f o r  i t  has the 
8 order 10' . 

C 0 NC LU S I O N S  

In the present work we found all t he  formulas dessribing the  in- 
termediate motion of the s a t e l l i t e .  These formulas depend on six a r b i t r a r y  
constants a, e ,  P (or i), 00, Qo, Mo. .;%en deriving a l l  the formulas we 

conducted the expansions only?ig noxers of s m a l l  magnitude L 2 ,  but nowhere 

d i d  we expand by powers e or 8 ,  so t h a t  the obtained for ru las  are va l id  
for any eccen t r i c i t i e s  and orb i t  inclinations.  Wherever we conducted these 

expansions, we u t i l i zed  series converging absolutely f o r  any moments of time. 
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Note t h a t  nunerous formulas were derived with a g rea t  reserve  of preci-  

sion, inasmuch as all per iodica l  terms, propor t iona l  t o  E4 may, 86 a rule, 
by e u i e t l y  dropped. 

A s s u m e  now t h a t  the numerical values  of elements a, e, S, 00, Qo, & Me, 
are known t o  us ( they  may be found from observat ions or conputed according 

to t he  i n i t i a l  data)  and t‘nat we are required t o  compute the  coordinates  

of t he  satell i te for any moment of time. \de s h a l l ,  first of al l ,  compute 
all t h e  constants  z,g, V ,  p ,  etc... Then w e  f i n d  M by the  given t, 
using the  equation (51). The so lu t ion  of the  equation (50) w i l l  give us E, 
after which u t i l i c i n y  formula (49)  we s h a l l  f i n d  6. Eaving found t b e  l a t t e r  
from formula (471, we s”r1-I cw1mte d .  Then, from co r re l a t ions  (40) we 

we s h a l l  determine u ~ z i :  R ,  
The subsequent C3i,iv1ltntions may be conducted according t o  var ious  

sctez~es.  Le t  us i nd ica t e  some of them: 

1.- UsinF: the formulas (151, (31) and (35) we s h a l l  f i n d  9, 9. a 
ard then, u t i l i z i n g  the  e q u a l i t i e s  (381, we w i l l  be i n  a poe i t ion  t o  compute 
the  r e c t a n p l a r  coordinates of the  satell i te.  

2. -Ye s h a l l  f i nd  q. 9, G, by the  formulas (15)r (16) and (35). 
After t h a t  the  e q u a l i t i e s  (6)  will give us E ,  q, m, and t h e  formulas (3) - 
t h e  r e c t a n m l a r  coordinates. 

3.- Knowinr \I, we nay f ind t from the  second equa l i ty  (17). and 
then, making use of t:;c tables for e l l i ; ? t i c a l  functions, .  we w i l l  be ab le  t o  

f i n d  eitfier 9, E .  3 o r  E ,  q. W ,  and then x, y, c also.  
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