


poras

< ]

' -

THE APPLICATION OF PERTURBATION THEORY TOWARD THE DETERMINATION
OF MOLECUIAR ENERGIES AND PROPERTIES™
by

Robkert L. Matcha

University of Wiscomsin Theoretical Chemistry Imstitute

Madison, Wisconsin E;d
' ABSTRACT @ 'QOC‘

The ground state energy cf the hydrogen molecule is accurately
determined with the aid of Rayleigh Schroedinger perturbation theory,
treating the electronic interaction as a perturbation to the remaining
Hamiltonian., Techniques are developed for evaluating integrals
containing zeroth order H§+ wave functions. A generalized Hylleraas
variational method is used to determine wave functions beyond zeroth
order,

The perturbation energy through fifth order at the equilibrium
separation is found to be comparable in accuracy to the most accurate

variational calculations.
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CHAPTER I

INTRODUCTION

In principle, the time-independent Schroedinger equation
combined with the Pauli exclusicn principle is capable of
describing most molecular systems. In practice, mathematical
difficulties associated with its solution have, until quite
recently, been practically insurmountable. The changing
complexion of the problem is attributable tc the rapid

development of high speed electronic computors.

A. Approximate Solutions tc Schroedinger FEquation

‘ Various approximate methods for the solution of the
Schroedinger equation have been deviced. These may be divided
roughly into two broad categeries: the variational method

and perturbation thecry.

1. Variation Method

The variational method depends upon the fact that

the expression

F = LFIHIT> (A1)
{&| &>

where

LEIHI¥)= ‘/dt@*q/dt (1.A.-2)




is an upper limit to the lcwest eigenvalue or ground state
solution EO . Thus, cne can substitute a trial function
SE(d,,g-— -J) into Eq. (L a-1} and minimize E with respect to
each of the parameters lX,/S,--"J‘ to get an approximation

to Eo .

2. Perturbation Theory

1
According to the perturbation method, the Hamiltonian

H is regarded as consisting of an unperturbed Hamiltonian Ho,
whose solution is ideally known, and a perturbation A V== Ho.

The energy and wavefunction are expanded in a power series in /\:

E= €, +AE, + A€+ - - (1.A-3)

g‘.‘—» gpo 4—-/\ ¢|+AZ¢L+ - - 7 (I.A—Zi—)

and substituted into the Schrcedinger equation. The parameter A
may or may not have physical significance; its essential role
is defining the various orders of perturbation. If physically
insignificant, it is eventually replaced by unity.

Collecting in powers of ;\ and equating the coefficient
of each individual power to zero results in the Rayleigh

Schroedinger perturbation equations:




U\ = Go“//o (1.A-5)

(H, —€ = -(V-€1)Y, (1.4-6)

with the general nth order equation given by

, A
(H,—€0) 4/,,, = —(\/—6:)4;_‘ +2, éxq:,_,( (1.A-7)
K=2
Ideally, the solutions to the zeroth order equation are known

exactly.

B. Historical

Quantum mechanical perturbation theory was originally
developed by Schroedinger2 in the last of a series of three
papers in 1926. Many early attempts were made to apply
perturbation theory to atomic and molecular energy
calculations, but these were limited by a lack of adequate
computational techniques.

One of the earlier and more successful examples of its
application to atomic systems was the classic work of Hylleraas3.

Using the reciprocal of the nuclear charge, 1/Z, as an expansion



parameter, he determined an energy for He through third order
which wag in error by less than .0OleV.

Per turbation theory was first applied to molecules by
Heitler and London4 in their famous calculation on the hydrogen
molecule. Their zeroth order wave function for the singlet

ground state was given by
C= ) Up(2) + Ualz) Lpli) (1.B-1)

where u represents a 1ls orbital on nucleus a . With the
aid of degenerate perturbation theory, they showed that this
function was correct in the limit of infinite separation. Using
the electronic repulsion as a perturbation, they determined a
dissociation energy of 3.14 eV, which is in error by approximately
1.6 eV.

The Heitler-London calculation was ideally suited to
describing the hydrogen molecule at large separation since the
corresponding zeroth order wavefunction dissociated to the
exact solution. A perturbation calculation which gave the
correct solution in the limit of small R was that of Coulsons.

His zeroth order wave function was given by

Xy K2) =L U+ U ) JL UG + Uy (1.B-2)




where the molecular orbital :le) is a good approximation to
+

the //z, eigenfunction. Using the electronic repulsion as a

perturbation, he determined a dissociation energy of 2.381 eV.

In general, the results of the molecular energy calculations
were not particularly encouraging; It was apparent that the
perturbation treatment would have to be extended to higher orders
before accurate energies could be obtained. This extension,
however, was precluded by the lack of high speed computors and
adequate molecular integration techniques.

On the other hand, the variation method was demonstrably
capable of high accuracy. James and Coolidge6 per formed a
variational calculation on H2 using a wave function which
explicitly contained the interelectronic separation Tio -

The dissociation energy they obtained was in error by less
than 0;02 eV. Thus, primary emphasis was placed on the

variational method for determining molecular energies.

C. Recent Developments

A rejuvenation of interest in perturbation calculations
has been sparked by recent new developments in perturbation
theory;1 Among these developments are improved methods for
d etermining the perturbed wavefunctions. The classical method

of solving for the first order wave function is to expand it in




terms of a complete set of zeroth order functions. However,
.7 ‘ .
as shown by Dalgarno and lewis , a closed form solution may

often be determined by substituting
¢ = F Y (1.6-1)

into the first order equation, Eq. (I.A-6), leading to a new
differential equation for F which is often more easily
solved than the original equation. For problems in which the
perturbation is not separable, such as l/r12’ there has been
increased awareness of the fact that satisfactory results for
high order wave function and energies can be determined using
a variational technique such as that developed by Hylleraas?
It is also possible to combine the Dalgarno form of the
wavefunction with the Hylleraas principle. These techniques
are detailed in Chapter II.

The recent perturbation calculations have been primarily
on atomic systems? Many of these are outgrowths of Hylleraas's
He calculation. Scherr and Knight9 have extended his
calculation to 15th order in the energy and obtained results
comparable in accuracy to the best variational calculations;
Linderberglo and Coulson11 have solved the Hartree Fock equation

of He through third order also using 1/Z as an expansion

12
parameter. Hall and Rees ~ have treated diatomic hydrides using




hydrogenic atomic orbitals as zeroth order wavefunctioms.

D. Purpose of Present Investigation

Recent calculations on the hydrogen molecule ion
have demonstrated that highly accurate values for molecular
energies can be obtained using perturbation theory. See
Appendix’ I. Motivated by these results we have determined the

ground state energy of H treating the electronic interaction

2 2
as a perturbation to the remaining Hamiltonian. The energy
expansion is extended to a high enough order to give results
comparable to the most accurate variational calculations.

The first order wave function is determined by using the

Hylleraas variational principle which states that

A

2 € (1.D-1)

7 A

where

~ ~ -~ -~
€. = <4, [CHo=€N ¥ >+ 24, IV-€,l4y
~ (I.D=2)
with the trial functioms (47 being arbitrary. The proof of

this principle and extensions to higher orders are given in

Chapter II.



Two types of basis sets are used in the expansion of the
trial function. One is of the Dalgarno form, Eq. (I.D-1),
the other is similar to the James and Coolidge trial function6.
A comparison of the two basis sets is given in Chapter IV.

The unperturbed wave function is taken to be the product
of two hydrogen molecule ion wavefunctions with the spin portion
factored out and neglected. Since the solutions of the hydrogen
molecule ion wave equation are known in analytic, but not closed,
form, efficient procedures for evaluating integrals containing
the H.T functions are difficult to obtain. Such procedures,

2

however, are essential to the calculation.

1. Comparison with He Isoelectronic Sequence

The present calculation is very similar to the He
calculation of Hylleraas. 1In order to compare the two
calculations, we consider the Schroedinger equation for hydrogen

like motecules omitting internuclear repulsion:

{Z}?[V ‘Z—(—* +-L- )]-4— e }SE_CZ?)ZRR)‘;RR)(I.D-@

o Iy
Here, E 1is the electronic energy, T2 is the distance

between the two electrons, L is the distance from nucleus a

to electron i , and Z is the charge on either nucleus.




Equation (I.D-3) is expressed in atomic units where the unit of
o

length is the bohr (0.52917/A), the unit of energy the hartree

(27.20974eV), and the unit of charge, that of the electron, e~

Scaling the electronic cocrdinates by a factor Z allows

us to write Eq. (I.D-3) as follows:

(_,Yi"__', _/_7:_/_)+_L_ | €wY)

—
AN

~ ECrR/ / D-4
= £ ) T(rRY) (1.D-4)

Ve 4
where IQ/:‘ZR with /77, /7, and /7 defined in an
d(' s (-4 Iz

2
analogous manner. Expanding E/Z in inverse powers of Z gives

ECRY) = Y+ L Nl € R)+- ;
1 Tz_g_) = Eo(R)+ 3 €, (R I35 € R+~ (1.3-5)

Following Hylleraas, we expand the He energy W in the form

/
W — <o +é_w‘ _,_,;;__zod,_—n- - - - (1.D-6)
Z

. where Z 1is the charge on the He nucleus. The essential
difference between the twc; expansions Eq';(I.D‘,-S) - (1I.D-6) is
in the Z dependence of the energy coefficients. The Gn are
functions of R' and hence implicit functions of Z , while,

in contrast, the Wy are independent of Z .




In the limit of small R, the electronic energy of the

hydrogen molecule becomes equal tc that of helium, thus;
Eco) =W (1.D-7)

Noting that Z=- % , we find

& = CIn (1.D-8)

2. Mathematical Justification of Perturbation Expansion

The question arises as to whether there is any

mathematical justification for the energy expansion, Eq. (I.D-5).

13,%
The answer is found in the important theorem by Rellich® ’

which states that the Rayleigh-Schroedinger perturbation
series converges for sufficiently small values of the
expansion parameter if the unperturbed Hamiltonian is self-

adjoint and if two constants, a and b can be found such that

V‘# and %%satisfy the inequality

<V‘~P)V¢> £ o <Hoq;/-/o¢> +6<</3 &>  (1.0-9)

14
for all functions SL/ in the domain of Ho . Kato

has shown that this theorem is satisfied for atoms and

molecules if the perturbation V is the electron repulsion

part of the total potential.
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The method used ia the present investigation of determining
the ground state energy of H2 by treating the electronic
repulsion energy as a perturbation to the remaining Hamiltonian
is by no means original. The very first quantum mechanical
calculations on this system were of a similar nature. However,
none of the earliier calculations were carried out to a high
enough order tec actually determine the rate of convergence of
the energy expansion. Unless the energy coefficients are
calculated to at teast third order, erroneous conclusions may
be reached conceruing the convergence of the series. In this
chapter, the formalism required for a highly accurate determination
of expansion coefficients is developed. Many of the equations
are similar to those of Scherr and Knight since this problem has

much in common with theirs.

A, Perturbation Formalism

In this sectisn, the usual Rayleigh Schrodinger perturbation
equations are derived and the generalized Hylleraas variational
. th s .
method for determining the = order perturbation wavefunctions

is discussed.

1. Perturbaticr Fguatioms

As shown in the introduction, the hydrogen wave equation



may be put into the form

2
2
[ (-4 -2 )r L ]ER)=E(R)F(RD. araD
/76- Z'ﬂ/z 2*
3
Now, identifying //ﬂ,’z as a perturbation,

I/ = s ) (I1.A-2)
71

to the zeroth order Hamiltonian
A .
o~ L - - -
2

L
(=/ ﬂa‘- 7.

) (II;A—B)

«

allows us to write Eq. (II.A-1) in the form

(Hy ¢ L V)E= £ & (1144
Z ZZ
Let us assume that EZ; and Zé; may be expanded in inverse

powers of Z :

VA AV AR SV /SR
S.L = o T Z f 4-2 A t (I1.A-5)
and
£ L L - ]
—Z—é = 6‘0 + 2 é/ + 2 62 + (I1.A-6)

12




[»m:r,—mm SRR

Substituting these power series expansions into Eq. (II.A-4),

and ordering in powers of 1/Z, results in the expression

Wb+ £ H e V%)
tH (L4 -4 %) +---

where //a/://o——éo and V/: V—- 6/ -

(I1.A-7)

13

If this series is properly convergent, in order for it to equal

zero for all values of 1/Z, the coefficients of powers of 1/Z

must vanish separately.

leads to the Rayleigh Schrodinger Perturbation equations

H ¥ =0

and in general

p :
/L/o (p,, + l// %_, - 2 é/( %._K::O (11.A-11)

n

K=z

Equating the coefficients to zero

(11.A-8)

(I1.A-9)

(I1.A-10)



2. Variational Solution to Perturbed Equations.

The first order wave function, % , may be determined by

using the variational principle developed by Hylleraas. He

pointed out that

A\

, ; éZ (I1.A-12)

where
é:: <L’I:: , (Ho"éo) ’(L;/)"’ 2<CL:] V,l%> (II;A’13)

“~
and % is arbitrary. We can prove this principle by

substituting

c.;; — q; ~ ¢ (I1.A-14)

into Eq. (II.A-13) giving

N

E.-e, = 2<3 [(H-&)¥r vk

+ <c?(/;/ (H,-€,) S(z,:' > (I11.A-15)

The term in g vanishes because of Eq. (IL.A-9) and the term

2
in S is positive because eo is the lowest eigenvalue of /-4,.

4
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Variational principles for the higher order corrections
may be determined conveniently using the method of Scherr and
Knight. We substitute the perturbation expansions for QZ; and

E into the variational expression

<‘le () —-ECEIE)Y 20 (1.a16)

and order in inverse powers of Z resulting in

<Q’:IHJ!@>+§-C2<@|Ho/l@>+2<\’/’:l V1&7]
fm G IHIE S +2 KB IVI%
—e, (Kl E] e
¢35 L2 <RI 1T w2 CBIVI6)
+ IV 26 <H1Er-6<EIE)]
ke (CENHAE Y+ 28IV 26 <T1R)

~ & E>-26, (L IE> - € LEIEY]+- 20



Assuming that we know the exact solution to the zeroth order
equation the coefficient of z° vanishes by Eq. (I1.A-8) and
that of 1/Z2 by Eq; (II;A-9); Now, if we let Z go to
infinity, the coefficient of Z-2 becomes dominant leading to

the variational expression

é:_<q’o/‘/‘o> = 4:‘;( (441{4\;>+Z<¢:/\/I(‘J’o> (II.A-18)

. N .
with é;z 2; 6%1 . Similarly, if (#7 is known exactly, the
3 -2

coefficients of z" and Z vanish and the coefficient of

Z  becomes dominant giving

r Kbl Ly =< E | H Gy e 241V 14>
~2 €, Rl Gyl 26, Kby ara)

WIS

with

€ 2 €4

(I1.A-20)

L d

Minimization of 6%4 results in an approximation to $e£

In general

16°

-



1

& iy = LBy + 2 0v 140

2h-{
Z 6 Z" <¢I (11.A-21)
=2 ‘_,h_.P
with
é:n ) ézh (11.A-22)
and

Ly = LY IVIEY

Ead N
_}:”zz & Z AR D) (11.A-23)

l =N#I‘/> ZLH-I-'f—C

where terms with negative indices are ignored. From these

equations, it is clear that the energy through

order can be obtained knowing the wavefunction through nth order.

3. Normalization

Normalization conditions are required to completely
specify the wavefunction. We require that both the total

wavefunction \;D_, and the zeroth order function \Lo be

17



normalized to unity. This leads to the following condition

on the various orders of perturbed wave functions:

n

Z;<L//K‘%-K>:O n=42,.-" (I1.A-24)

K=

B. Solution of Zeroth Order Equation

Since the variational expressions (Eqs; (II;A-IS) - (1I1.A-23)
for determining the higher order corrections to the wave
function depend upon an exact knowledge of the zeroth order
function, the solution of the zeroth order equation must be
determined with a high degree of accuracy. A primary source
of error in the earlier calcylations mentioned in the intro-
duction was the use of inaccurate zeroth order wavefunctions.
We have expended considerable time and effort in an attempt
to completely eliminate this error.

Consider the zeroth order perturbation equation

/L/O (po - 60(//0 (I1.B-1)
where

2
Ho:‘ Z (— ch__ L --—-L-) (11.B-2)

18




Letting (é:X(I) X(z) leads to two equations of the form

(‘gz - L "5’;)7( :WX (II.B-3)

Mo

where ra and rb are the distances from the two nuclei and

w= 6—29- . Equation (IL1.B-3) is the Schrodinger equation
17

for the hydrogen-molecule ion. Burrau first pointed out that

this equation is separable in confocal elliptic coordinate g R

7 and ¢ . The coordinates § and ‘7 are given by the

equations

§ = naRJ-ﬂb , h= {Q/;ﬂb (II.B-4)

and (P is the angle about the internuclear axis. The range
of the variable § is from 1 to ©° while 7 goes from
-1 to 1.

Inverting Eqs. (II.B-4)leads to the relationships

- K (%4—?)) , M= 5(%—9) (11.3-5)

VR

il

[ — 4+ gj’—,)—] (11.3-6)

- 3

2z

R
<4
R

o

+

3
N

19
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The Laplacian in confocal elliptic coordinates is given by

2) 2
-1 59? ]4-;%[(/-—})))—6}

V 2: + { 9
Rz(§z__ 71) ag

2
[(g I 91) 5@]} (I1.B-7)

Substituting Eqs. (II.B-6) and (II.B-7) into Eq. (IT.B-3) and

multiplying by
2 ( g.Z. %)2:>

gives

2 2 2 | 2
§-§-[(§~:)_§_§_] 2 [()- 9)97(-]+(~§—’ ))1)5)(?)5-

+ [RzW(%z—bz) +2R % ]X=o

4 (11.B-8)

It is seen that by replacing X( §) V)) CP) by the

product function

L’L( ’s') ) @) = Sf?) H(‘)) é(cp) (11.B-9)

Eq. (II1.B-8) is separable into the three one-dimensional equations:

20"




d z§ _ ,,,,,7—§ (I1.B-10)

?(l- z)d;{ +[-C+p*n*- ]H—o

(I1.B-11)

and

(g—l)d,u f[C#—ZR%— gz—ﬁ'ﬁ']g —O (11.B-12)
ag g

{ . .
where e = -—ZR V\/ and C 1is a separation constant.

The solution of the familiar § equation is
*(my
§(Cf) - € Mz0o,0,2,- - (11.B-13)

To determine a solution to Eq. (II.B-11), following Hyllerala.s,]'9
we expand the function H in terms of the associated Legendre

Polynomials:

lml |

(ol im
(7) (/— ) 57“’ 5(‘7} (11.B-14)

where the legendre Polynomial /? is defined by

21



22 °

d'e ( A2 (I1.B-15)
/ﬁ%ﬂ 2/7d%£// X)/

The expansion of H takes the form

= Im,
H = Z;/ J,g 5 /(7) (11.B-16)

A=Iml
where the coefficients'jg are constants. Substituting this
expression into Eq. (II.B-11) and simplifying with the aid of
the differential egquation
2
(/—7)a’ﬁ (7) 27 L )

’7 oy (ot (11.B-17)

we obtain

Oa

ml .
ﬂ-‘//n/ {F 7 B C—/([H)} (7) =0 (11.B-18)

By successively applying the recursion formula

C+Imi) ’ 2
2L+1 At 2+
Eq. (II.B-18) becomes a simple series in the functions
whose coefficients must vanish due to the orthogonality of

these functions. We thus obtain a three term recursion relation




| U, Jfﬂ_ -2, ;z + ¢, L -0 (I1.B-20)

with
Uy = Letmit)(L-iml) p* (1I.B-21)
(zx£-3)(24-1)
Wy, = (L+tmi+2)(L+Iml+1) IOZ (11.B-22)
(24+3)(2L+5)
and

Ve ~Rp#kt) +C — (’z (L—~(mi+1) (fIml+1) + = Im] )4+ Imi)
(2L+00(2L+3) (20-1)(2.8+1)
(I1.8-23)

It follows from Eq. (II.B-20) that

g =

(11.B-24)

e
%2

where 42 is the continued fraction

01, = ._&_ = e U g Wea w, (11;3-25)
O, - u,LQe-n_ e — 25— Yy “sy
242 — Voey —--

The roots of Eq. (II.B-24) for a given f’ and m are the
eigenvalues C .

3 H £ 1 (3 . 3
The solution to the ,—, equation proceeds in a similar




20
fashion. It has been discussed by Jaffe and his derivation

sketched by Bates, Ledsham. and Stewart. The solution is

expressed in the form
5= T e exp-e3) 0, 4, (3) anaeas)
3 +

where

g =K —m - | (11.8-27)

,O

Substituting this expression into Eq. (II.B-12) leads to a

three-term recurrence relation for the g's :
X¢ ?cw —/3¢ g'r; + & gc—l—'-'a (I11.B-28)

where

Ay = (€+0) (E+m+1) (11.B-29)

Be = 2¢% + (4.p- 207t—C~P2:-ZfU"—(m+l)(mf0‘) (11.B-30)

and

e =(t-1-0)(t-1-T=m) (11.3-31)

2% -
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It follows that

I - E (I1.B-32)
—_ - T
G-

where lz&? is the continued fraction

F = dc Ar Vers  Kewr Yeww (11.3-33)
foe - Bere = S —

whose roots for a given (’ ; my and C are the eigenvalues

The relationship, Eq. (I1.B-27),is then used to determine R

and hence W .

Bates, Ledsham and Stewart have tabulated ground state
solutions to the H2+ equation for a large number of R's;
Unfortunately, their calculation is accurate to only five places
in the energy. We estimate a minimum of nine place accuracy
is necessary to completely eliminate any errors which might
result from the use of an inaccurate zeroth order wavefunction.
Therefore, we have written a program which is capable of this
accuracy and have used it to evaluate the H2+ energy for
selected values of R . 1In Tables I, II, and III, we have
listed the energy to nine significant figures along with accurate

values for the parameters <J |, (9 , C, h, and £f. Only the

ground state solution, where m = 0 , has been tabulated.
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C. First Order Energy

The first order energy is determined from the expression

Y lvid) (11.C-1)

2
Substituting for 945 and noting that in confocal elliptic

coordinates,
JT= R(3Z97)dV
&
where
a/\/: d§a/i7c/</
we find

-2f(3+%.)

¢, @‘/ /c/svz/z/?/c@ /6/7//‘/726

y [Z LA P n)]

;2'"0

[24 71 ;1 (§/;//J Sl /]?- (11.C-2)

’él,(]:a ‘ %}_‘f’/

X e (?/ - ‘?/2} ( 522" 7: )

7,




o

c, = R

The evaluation of this integral is complicated by the presence
of the factor 1/r1‘,2 in the integrand,which must be expanded in
a complete set of orthogonal polynomials, and by the complex
functional form of the zeroth order wave function.

Since methods for evaluating integrals of the form

are well-known, it was reasoned that if % could be expanded in

a power series in ? and ‘7 without loss in accuracy, the

first order energy could be expressed in terms of the G's which

could then be evaluated by any of a number of methods. This

approach was attempted. The function % was first approximated
21

by a series of Chebyshev polynomials which was then ordered

in powers of £ and ‘7 resulting in:
-F5 v
%0 (51 h)= & 24 CnCm §m}7n (I1I.C-4)
ym

where Cr) and (—n-, are expansion coefficients. This series
was subsequently substituted into Eq; (I1.C-1) leading to the
expression for the first order energy

Jra’f, ekl

Z CmC,.,r(...C,/CJ CJ/ C‘(CK’ I: G‘"‘

éd- ”‘h;m'”‘lljlgiﬁ('

é

smt2, nene

3942 ) kKt f SJ"J H ekt (;ﬂ" 42) kel
memnen memtz) Nen’ * Mmen’, hen' ]

(1I1.C-5)
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However, when this method was programmed, it was found that
the sum in Eq. (IL.C-5) took far too long to evaluate. This
was due partly to the slow convergence of the sum and partly to
the necessity of evaluating a large number of G's.

Searching for a more efficient approach, numerical
integration scheme for determining é;y was devised. Part
of this scheme followed closely a method which Ruedenberg
used for evaluating the G's. (We will not consider this
approach in detail since it is a specific case of still a
more general scheme which was consequently developed.) Using
this numerical integration method, it was now possible to
determine é;i quickly and efficiently. However, there was
dissatisfaction in the fact that a separate program was needed
for its determination.

The method which was eventually used for determining
the first order energy was based on the development of a

generalized procedure for determining the primitive integrals

L, = (2-2)X(E,+5;)
M Gpgrapm) = [[dde (592 "e

A Bl LZ, o (B2 (B2
LIZ £k £y Bty 87 8. F yn? nl o

x L0800~ n2-nD]™ cog (0, -0,

_6)



Note that the zeroth order wave function is incorporated into
this definition. This fact is of key importance since it leads
to extreme simplifications in the organization of the overall
problem. One simplification is immediately obvious. The

first order energy may be written trivially as

€, = M; (Z_ooo,-/)v-M;(oozo)—z) (11.C-7)

The details of the evaluation of the primitive integrals are
given in Chapter III.

At this point, it is convenient to give the expression
for the zeroth order normalization integrals in terms of

primitive integrals. We have

<flh?= M;(Z‘oooo) —M, (00200) (11.c-8)

D. Determination of Higher Order Wave Functions

In this section, generalized matrix equations for determining
corrections to the zeroth order wave function are presented.
Two possible choices of basis sets for substituting into these

equations are considered.

29



1. General Formalism

The initial step in the determination of the high order
corrections to the wavefunction is to expand them in terms of

a complete set of basis functions { Q?é § :
n)
('Dn = Z C‘: & (11.D-1)
L

Substitution of this expansion into the generalized nth order
variational expression, Eq. (II.A-21), leads to the matrix
equation:

/' _(n)

~ (n)
éz,u :@ f”‘/@

/ (n—l)

z2¢tve

f-‘é. 2 () f‘ (‘Ln-f—z )
. Cp Z @ \S C (II.D-2)

= =hp

where

(M):; = g 1H 145

= “‘J — €&, ch (I1.D-2)

(3)‘.2. = <@ | gp}.) = S‘J (11.D-4)
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(\V/)L‘a' = <(Q¢ )V/\(O<j> = \/(3' — €, Sga‘ (II.D-5)

<§@<O));J’ = (@(OH- S
= %) = Moo .06

and

WE®): = (C97Ty); = < v/ S

=\, — &N (I1.D-7)

Partial differentiztion of Eq. (1I1.D-2) with respect to the

(nly
C 7/ results in the matrix equation:

(n-1)

HC™” 4y’

{

n—
- Z éf S @(“’FH) (I1.D-8)
Pz

/

Assuming that M is non-gingular, we may solve for the

th ..
n order coefficients:

(n)

@ = [H,”' U\A(“) (11.D-9)
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where

h-1 (h—F‘f‘/)

[Mcm: ——W/@(’M) + Z ép S@ (11.D-10)
f:2

The energy of order 2n is determined by substituting Eq. (I1.D-9)
into Eq. (IL.D-2). To determine the odd order energies we use

the expression:

N n .
wf o F t+¢i) (2n+1- p-C)
ezNH: " N _Z GFZ@ »SS@ F (1I1.D-11)
p:z c:MH7p

The library subroutine Matinv was used to perform the matrix
inversion in Eq. (II1.D-9). It uses the Jordan method to
reduce the matrix ﬂ”4 to the identity matrix I[. through

a succession of elementary transformations. A search is made
to maximize the pivot element, and rows are interchanged to
put the pivot element on the diagonal. Equations (11.D-2)

to (II.D-11) 'were programmed in general, allowing the deter-
mination of the energy coefficients to as high an order as

desired.

2. Choice of Basis Set

Two types of basis sets iﬁQ(i have been investigated.
We refer to these as the H set and the F set and to their

use as the H method and the F method. Briefly, elements
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of the H set are composed of powers of confocal elliptic

coordinates and r

12 multiplied by an exponential factor.

In the F set, the exponential is replaced by the zeroth

order wave function. It is feit that the second choice has
certain advantages over the first in perturbation calculations

of this type. The equations relating to these particular choices
are derived in the next two sections. Their relative merits

are discussed in Chapter IV.

E. Evaluation of Matrix Elements

A major advance in the treatment of the hydrogen molecule
23
was made by James and Coolidge when they introduced the

interelectronic separation r explicitly into the variation

12

function. Their trial function is given by

= CPi % (¢ 4o pi) +(Gi po A /76/4') (II;E-l)

/ .
= /\.C + AL (I1.E-2)

with

—d(il‘" gz)
n 4' /“-

(logﬂdf/k)z e 7, Do 1 (11.E-3)



1. Basis Set H

These functions are used in Eg. (II.D-1) as a basis set,
the H set, for expanding the nth order wave functions. The
matrix elements resulting from their substitution into the
variational expressione for the higher order per turbation
corrections must be expressed in terms of the primitive integral

R

Mg .

The first element evaluated is H, ..

i

Expanding Eq. (II.D-3)

with the use of Eq. (II.E-2) gives

He =<hilHol l\37+<k1\ Hel Wy 2 +<h{ [ Mol k3‘7+<k(m°|hé) (11.E-4)

In the evaluation of<:A‘H°'kc>)the derivation of K.o]os24 and
Roothaan who calculated accurate eiectronic wave functions for
the hydrogen molecule by extending the work of James and
Coolidge is followed closely. To begin with, consider the

zeroth order Hamiltonian
(I1.E-5)

/_/o - .L/o(’)‘/— uo('l—)

where

(11.E-6)

3



Since the wave function 'is symmetric with respect to electrons

one and two, the Hamiltonian, Eq. (1I.E-5), may be written as

«a)
H - 2H (11.E-7)

L4 (-

Thus:

LI Holh'> :<P%n'ﬁ'/1k‘uo|f/?,n’,4//‘4’>
- v L ‘7
=<pgrapd =0 - 2 Py A

The contribution of the Laplacian to the integral is given by:

_<103,HA-/LIV,2 [p'e’n'a'pm'>
- [d 9,0 4@

X /dz;[ V¢, fZ,M]- [v, @t n,';"]

(II.E-9)

where

C‘P/,n («)=¢e 5 Y (I1.E-10)
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Let us denote the zecond integral in Eq. (II.E-9) by
— AL - AA’
L :/dz:l [ VI Cppn ()7, ]° [VI Cpfln’ ) /712, ] (II.E-11)

Following Koiog and Rocothzan, the integral is transformed in the
following mauner :

/

T = /d—c—, { [ ﬁcppn(‘)] .[ ﬁ CQPIHI (i)] nl{‘:*M
~+ q)Pn ) CPp’n’(l) ["71 ﬂ,/:]‘[ ‘7’ n": ]

— - / _—
+ LG V9 ] [0S T 0]

- —_ ,14/
F L OV G-l ¥ M1 answ

Continuing,
—a o~ MM
I = JOIUI { LV Q?fn C‘)] - LV, (Ppln’ (')] M-

4—/“/“/(an (1) C?P’n’ o ”.f:hu/-?-
(e L Gy 03 T, Gpayr (1)

—t{,u’ Cypln’ )V, (.an (;)7- [—\7\} n‘_':ﬁu } (11.E-13)
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By Green's theorem,
mrpnd 2
ij', Cpfn (1) [712_ Vl CPP’,.,'(!) =

/

— ij: V., CQP/,,,(.)."UA(LPP"(.) n,:“'“ ) (1T.F-14)

/
Mt =
where the surface integral of C?P%_(()ﬂn. V CPP’%’ {() vanishes.
Application of this equation to I results in, after some

manipulation,

T-= /q’z:, {/&/&’C,DP”(.)C,OP,,,/(.) n.fh“

-

_..(/44—/44’)" [/LL C’e’n (l) V’quln/ (l)

/

/ 1z At
‘*/* qfo',,/ QR Cg,n ()] 1., (I1.E-15)
This expression is valid for the cases where either/u._ on /UL/

equals zero. Where both parameters vanish the interpretation

Vot — ! (II.E-16)
St

by
}\
N~

is made. The other contribution to <If\ l l""o ] L\/> is

simply evaluated. By Egq. (II.B-6),



<L\l_z _2 “,(> 8 <L‘l }L\/> (11.E-17)
@) ﬁb, g p]l

Combining Eqs. (IL.E-17) and (IIsE 15)and applying the formula
for the Laplacian in confocal elliptic coordinates given in

Eq. (II1.B-7) results in the final expression:
Chl Holh'>==a4R “[«* LM, (Fr2, § A5 5)
—MFg A )] 244 ‘Ji*—'ﬂg&ﬂ [ME e, § 5 7)

—

_M:(p‘ ;ﬁ/)ﬂ)]+2M(/)+:7—,ﬁ /«)g

+ Lot pu ) (pr0)—pp’ ILM (P T 7.5 f3)

SA

~MS(p-2, g7 )] -1 @u’g g ) (G0 —g¢ )

— o — —

x LM, (,orgn/}/%)—-Mo X /fr‘—/ﬁ')]

——

+2 Qu/pr pmpr) My (p-2, § M7 42)
yn

.-chul#t.%_’&)__ d MOO(F%—,}H—Z,Z/‘I)]
o

rpp LM (P 3 A7 A0 -MI P, -2, 8,42

-1 o — - (L1.E-18)
-8R M, (/JJ— i /—c

%, .



: ', — / — — —
with /“‘—-/47"/& D) /D:P-F/O; /7:f7+/‘7/)?_:?+}/
and ,9—:4--/-0/

The evaluaticn c¢f the remaining matrix elements is

straightforward. Substituting Eq. (II1.E-2) into Eqs. (II.D-3) -

(11.D-7) leads to

Sij =<kl hi> +<h. an'> +<h’blh}>+<kf\kj> (I1.E-19)
Vza :<hzleAJ'> +<A;Iv/h5>+<kflvlhj>+<kilV/Aj) (11.5-20)

Vda = </l¢l v/ ¢o> +<L\: | V/¢o> (I1.E-21)
and

NMeo = il e 4K 1D (11.E-22)

The elements on the right hand zide of these equations may be

written immediately in terms of the primitive integrals:

<hilWy= M:(/;*ﬂ) f%",:,,;r),mg(p‘?j ﬁfz,/I/?) (II;E-23)

39



<L\‘V/W>:-_Mg(’b'f—z)%ﬁ[ﬁ)—,b{;’({j‘jjlﬁ+z}ﬁ'/}) (I1.E-24)
Lhidsy = M,o(fw-z, ?—n/;,««)-/\r{f(p %//‘74—2.)4-//\‘) (11.5-25)

and
{hlVId ) =M (pr2y 4 1a,m-D-M (pg.1¢2, M=) (11.E.26)

2. Basis Set F

A popular method, generally asscciated with Dalgarno and
8
Lewis , for facilitating the analytical determination of the

first order wave function is to write q% in the form:
& = F¥ (11.E.27)

The substitution of this expression into the first order
perturbation equation, Eq. (IL.A-9), produces a differential
equation for F which is often more susceptible to solution
than the equation for le . The question ariges: are there
any advantages to be gained by incorporating the zeroth order

wavefunction in the higher order corrections when using a




variational principle to solve the perturbation equatidms.
In order to find out, the nth order wave function is written

in the form
A X AP I '
. = F, =2/ C i++ )% (11.E-28)
where
P % n a M~ '
JC: §, §2 O, 171 . (11.E-29)
and
;/,/" EE‘?‘ §-’D V] n A -
- 9 352 71 71 '/ (1I.E-30)
The wavefunction expansion is then substituted into the
variation expression, Eq. (II.D-2),and the corresponding

matrix elements are evaluated.

The first matrix element considered is

Hiy = < 15 HS B <l SIUTE 14

<Yl § H H %D +<h 1 HSA Th

(I1.E-31)
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The integrals on the right of Eq. {11.E-31) may be reduced in

the following manner :

(o (FHSSF 14> =Ldol FUSE 4 Hol %o

A | £V T 25T T 1oy

(II.E-32)

The integrand is now written in the form

LT T 2T LV

=~ K TE ST (FEET )
‘ (IT.E-33)
Integrating Eq. (II.E-33), applying Green's theorem,and

7— o
noting that the surface integral of :F"‘)Lo oq:F/ vanishes,

leads to
(ol $ HSE 14 =<del 74- T8 1> -

In order to evaluate Eq. (IT.E-34), an expression for
the del operator in confocal elliptic couordinates is

required:

42



< "i 2 -t A )
R ¥ = ‘77. §2 ‘f"R .‘ 37:_7'1_ 7 5;7
2 d 3 2

(I1.E-35)

It is convenient to define

7 fe_ “ |
')C: -§' gz_}lz 77, /]/1, (1) O((Z)Z"" /7,7' ? s (I1.E-36)
Substituting Eq. (II1.E-36) into Eq. (II.E-34) gives

ol FUSE 1 Y=Ll w U Q' G ol

w5 ‘= = '
-l—QDV,CPIO{ﬂ,; V/ ﬂl:‘ +@ V:‘f’(nl:&q /7,:4) It/)">
(II;E-37)

It is thus necessary to evaluate the four integrals

=<4 | N,Cfﬂ 7, Q.7 14> (11.E-38)

— —_ / .
P {4 | CV(P,V, {7‘:4 -V ]7"‘_: [LL°> (I1.E-39)



I, = <¢oﬁ @ﬁ,@/'(ﬂ,f/ﬁ ﬂ,:)‘%> (II;E—40)
and
T, - <o | 9T @ TS ) %) e

The first of these integrals, upon application of Eq. (IL.E-35),

becomes

L= %’—7_<"Po I:p-;/[—g?"V)TJ-‘[/’/D{-ﬂn/—-/zﬂ/g;?-?-ﬂn’?,"']]‘(s) (II..E-42)

The integral 12 iz easily evaluated. Application of the
del operator tc r7r; resuits 1in the expression

I = <q"o] /‘*/M/ ﬂf:ﬁ“-zl q’o> (II;E—43)

The integrals 13 and 1,

, Bre evaluated together. Combining

Eq. (IL.E-40) and (T1,E-41) gives
L,+I, = jdtgd?:,_ (/A+/4’)" (/.&q? V,q)/

— /
/1.7 = S _
AT DRV (HL-E40)

7
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Introducing the reiationship

if, = ~—§~ { glL“' g‘:—+ '711"" 1?7-1— Z-2¢, (1 l?’ g5

3
~ LCEADCE 20 (=-0) (1 -» 1) * Corter-0) ]

(I1.E-45)
and applying the laplacisn.Eq. (II.E-35), leads to
A&*ﬁALNL ~)
- 2 2z T
IT,+T, = & ]dC,c{Cb M, (3*-n})

R

{ §;—’ (,u,/o QC(?+/A,DC(CP/)(Z§ Zgz.)? M, - 2T 8. )
‘ (§*~1)

4—(1}77:)(/'0!7 Y +/u ‘nge’)(2Y), - 2§'§‘71+?:T;2 )}

where (11.E-46)
T= [(g z )( =)= )"
= 1)(3=00 i X"?;)} Cop(@,¢,) (11.E-47)

Substituting the integrals Il’ 12, 133 and I4 into Eq. (II.E-37)
and expressing the results in terms cf the primitive integrals

/$1l, results in the final expression:
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(| £ US4y = 2R [(zpplan’~p=¥)

—

XMy (P g Aapm) —2pp M (F-2,F % f7)

2nn’ M°(pg,m-2,% )]

t - (2« p+ V) LM (pro, G A5, 50-2)

_MzOCIB"?:-) /'74—2)4?//2_2,)]

+ = (/S—X)[-M: (p+2,4 7 F, g-2)
—M;(,F?—:,/7+Z,/I,/I—z)]

+E M (Pl G, Tet, Tty fr-2)

- A M (/:v-t—l L1, -1, 4+ /1,4, -2) (11.E-48)

where

ﬂ: /M/o’-/-/u P Y:/An’.,./u’n (I1.E-49)
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The remaining matrix elements , determined by substituting

Cfé = CE: +:F£/ into Egs. (1I.D-2) =- (II.D-7), are:
352‘ = <% (ﬁzfj (> + <Yol Fd2 1S
+lo L4 6 (> + QS8 14y arso

Vej = Lol VE 14y + <4l £V I (%2
HKE T VE TR + <l F VI 1y one

Vie = <% | :glg VI + <¢¢ | -ﬁc/ \V4 /q/o> (11.E-52)

/VL‘o = <¢ol §( (¢o>+<q«o/'ﬂ-,{¢o> (II;E-SB)

Comparison of the integrals cn the right of these equations

with Eq. (II.C-6) leads to the finazl expressions,

Lol $'(4o> = M2 (Frrg A 5 p7)

- Mg([a%—-‘, 54-1,47.‘/7{) (I1.E-54)



4ol SVE 1% )= M:(F+z)?‘; ﬁ/gﬁ_,),M;(sz) ﬁ,.zjz/,x-Q(Il;E-SS)

Lol S 14 = M3 Cper, Fnap) - ML pg)0r2, 4pM4) (11.E-56)

and

<l $vidoy= M:CPH,%,HA)M-:) ~MZ(pg e, 8,01y (T1E-5T)

Notice that all matrix elements are expreszible as combinations
My ( '
of P /Uﬁ'ﬂ/)‘/u,) ., In contrast, the matrix elements

corresponding to the H Set required the additional sets of

integrals M‘°CID?/7/}/K) and Moo(/)j’ﬂé/w) .
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CHAPTER IIL

COMPITATIONAL

In this chapter, the primitive integrals ﬁ4lo are evaluated.
Because of the complex functionai form of the hydrogen molecular
ion eigenfunctions, this evaluation ig quite difficult. Although
the theory of twe center integrale iz highly developed, it is
rather specizlized in that most investigators have been primarily
interested in the prcblems asscciated with integrations over
atomic Slater orbitals, Unfortunately, the integrands in the
present problem contain functions of 2 more complex nature.

Our first thought was to expand the eigenfunction in terms
of Chebyshev pclynomialis, and to order the resulting expansion
in powers of g znd k) . The advantage of such an approach
is that it allows the primitive integrals to be expressed in
terms of well kncwn integrals which have been thoroughly
investigated. Unfortunately, this method turned out to be
so inefficient and time consuming that it was impossible to
obtain high accuracy using a rezsonable amount of computing time.

In search of a better approach, existing methods available
for evaluating the usual two center exchange integrals were
analyzed. It was discovered that a formalism developed by
Ruedenberg could be extended tc allow efficient evaluation of

l/r12 integrals over arbitrary well behaved functions, provided
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they were separzble in confocal elliptic coordinates. This
method was consequently sdoptred.
The general procedure for evaluating the primitive integrals

ig to first reduce the power of to either zero or minus

f12
one depending on whether it was initially even or odd. These
two cases are then treated separately.

The integrals which contain no power of T, in the
integrand are irmediately separable inte gix one dimensional
integrals. The integrations over the C? and 67 coordinates
are performed analytically. The remaining integrations are
accomplished, except for special cases, by numerical techniques.

Tt is 1n the second case - where the integrands contain
1/1’12 - that difficulties are encountered. The preliminary
step in the evaluation of these integrals is to expand 1/r12
in terms of infinite sets of orthogonal polynomials. The
integrals over the 99 and ‘7 coordinates may be evaluated
analytically., The integration cver the § coordinate 1is

accomplished by a generalized Ruedenberg technique.

A, Fvaluation of Primitive Integrals

For convenience, we rewrite the primitive integrals

Eq., (I7.C-98) in the form
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My Cpgmap) = [lde,de, (g2-np)
-4 (5,+%.) 5
x e PR PRIAL AT D G PO\
)
x Coy (q?c‘CP,) §‘l’ gz? 17"7 7;&' n“":" (I11.A-1)

where the quantities f, g, and &L are defined in the following

manner :

F= LC5,+)C5.+037

[~
X Z Fx ?’K’ (-‘—Si:-‘)K' (S"_’ « (III.A-2)

KKLo $.+1 Z +

g :;ia‘fz {;’ g (}71) Pg’(7‘) (111.A-3)

and

& = A (O—- X (£-2) (III;A-A)

v
As a preliminary step in the evaiuaztion of A41, , odd powers

of r,, are reduced to minus one and even powers to zero. This

s

is accomplished by substituting the expression for Tis in

confocal elliptic coordinates, Eq. (IIL.A-1),into Eq. ( II.E-45)

resulting in the relationship:




52‘
M:(,ngﬂ/),/,wz) = Mj‘)(/wz, G (144 +Mj) (o g12) napm)
M/ (Pg 2 z/*#)ﬂ‘/‘/&u(ﬁjwf&/m//«) ~2mM,( P r1apm)

) (IT1.A-5)

Pt
[
—-2M, (/Dfl}?flj /7/—/,4+/)/A.) —-2M, (/D g n &
Thus it is oﬁly necessary to consider the two sets of integrals

M,(,‘)(P?rﬂﬂ—, 0) and /tftp(ﬁg—ﬂﬂ', —/) These integrals

are evaluated in the next two sectiomns.

9]
1. Reduction of M,Z (’10 ?"7 4’/ 0)

As shown in the last section, all integrals containing

even powers of r may be reduced to the set of integrals

12

g 6 i fei
M Cpg o) = K [, | dtde, e

x/lbdglﬁgz [116{;7,[;(0’;77_ e~&(§,+§t);£j,€

x[(5,7’—4)(512-:)(f—y,")(l-v;t)]u/” g,P Z’ 17/1 Oz”(gz?—"'?:)

. . » (I11.A-6)
Since these integrals do not contain the coordinate, r12 3

they are relatively easy to evaluate. The integration over

the coordinates C,P, and ('Pz_ is accomplished analytically.




For even values of v R

l l dq, JCPLCV?‘)(CE‘W@):;T”L(;) (II1.A-7)

For odd values of D the integral vanishes. Here, the

binomial expansion (:) is defined by the relationship:

|
(n) = _Nn. (II1.A-8)
K (n-k)! K!

let us define the integral,

, / i ~Se(B+3,
Wipgrar = [, [z, ap Ly &P

2 D/‘L F Fai
[(§,2~l)(§zl‘l)<" 7)2)(",71 )J gl gz?‘ 7/ }77-/'
(I1I.A-9)

The substitution of Eq. (III.A-7) and Eq. (III.A-9) into

Eq. (III.A-6) results, for even values of v , in the expression

M:( PG14,0)= TR u/':) [M')(pz, gr)-he € Pgr 2, 8

(O+4)
o)

(111.A-10)
For odd values of , the integral vanishes.

For convenience, iet us define the two integrals:
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“ 4 § .
Ef(,o): , € ’ 730" (5

x[g ?,n §+l) ] C/§ (I11.A-11)

and

Q:(ﬂ):/ (/—17")%' 17”

e

X [;aé, 5(7)]24/7 (II1.A-12)

_t)%
(l~l7) /l with the aid of the binomial theorem, leading to

Ha

y
f::—;(/?) = KZ" (—1) K (KL) Ae (/J4—U-K) (ITI.A-13)

These integrals mey be reduced by expanding (g

and

v NaL kR
G’l (/}) = 2,, (-OK ( K ) 5} (4+ZK) (II1.A-14)

K=o

where the basic integrals /41 and 3)( are defined by

Aom=f s "LaF 25 (Y s o

¥+
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Bel) = f [Z - (7)11174&7 (111.A-16)

Since the H2+ eigenfunction is even in 9, the integral 54(4‘)

vanishes for odd values of s . Combining results leads to
P
an expression for Ml (/Di—ﬂﬂro) of the form
Yz

M/( (ID?«HA-O) Z D
’201-4- [(‘7)']1 (JKm=o

x LAy (pror 2~ )ALg+v-§) B nvar) Bl 4+ 2m)

Ay pro-i VA (g0-C ) Bo( 102k42) BI(J'J, 2m) ]

(II1.A-17)

where
O __en™E emigt
Y 2'/ k! m! (i~ u/‘,_)!(g-‘yz).'(l(d% AT
(I1II.A-18)

a. Calculation of B’ (1)

The integrals B (j) are evaluated for three
separate values of £ . Consider the case where,e =

Here, for even values of 7} :



Bo(j) = /ﬁl ‘7?0(1?

= —-— (III.A-19)

For odd values of 3; , the integral vanishes.

The second case considered isx. = 1 . Here
' ¥
gi)= | D74 )] n¥d _
/ J) L1 Tm Tm 7) ‘) (I11.A-20)
Interchanging the summation and integration gives

5,(;') = %Tf'" Ko (j) (IIT.A-21)

where

{

/em (]‘) = /_, gn(?) 7}47 (I1I.A-22)

4
The £m4’ exist only for ever values of m + j . They
are reduced by making use of the recursion formula (Eq. I1.B-19)
which, when substituted into Eq. (III.A-22) leads to the

recursion relation

Comed) EMH(J-): (2mt1) /?m(}f—l)—m /?md(a‘ ) (111.A-23)

56. .




All integrals are subsequently expressed in terms of
/€( ) = 6.G)= 2 (1I1.A-24)
° J) OJ) }-f—l
and

le, (J') = Bo(Jf—l) (III.A-25)

Finally, we consider the remaining value, =2 . For

this case
/ . 2
57,%'):‘/_,6(7 77 [g um(,])} (II1.A-26)

Performing the multiplication and interchanging the summation

and integration gives
—
B ()= 24 gmgn ~ (1) (111.4-27)
2 J ) m,n ”)’V' J
where the integral }i;h is defined by

’C);, (}) = Z, en(j) ’L:,(j) 720’7 (II1.A-28)

Substituting Eq. (II.B-19) into Eq. (III.A-28) leads to the
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recursion relation
£G)= -nF :
(N+1) P J),CZV)H)F;M(},«,) hfm'm_.(g) (I11.A-29)
F /

which is used to reduce the m)néf to either

Fm,o(J) = /em (J ) (I1I.A-30)
or

/:;l, (3»): Rm (J“H) (II1.A-31)

An alternate method of determining the K's when /l— is not
equal to zero, is to perform the integration numerically using
the method of Gaussian quadrature. Again, this would be
slightly more inefficient than the analytical approach but

- would allow for greater generazlity in the application of the

computor programs.

b. Calculation of AL(J')

The integral /4}_ is treated separately for three

different values of /6 . For the case /( =0

4

e _2x§ |
/:’a(j)::// e §?0/§ (111.A-32)
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The lntegrals /4 <J ) are often encountered in molecular
calculations. They are usually denoted by /1 (2‘() Their

evaluation is accomplished by the reduction to

-2
,40(0) = € (I111.A-33)
X

using the recursion formula
,40(2') = [ 6 + /4 (&—‘)] (II1.A-34)

When /L' is not equal to zero, the compliicated form of
the integrands in Eq; (III.A-15) makes the analytical integration
of the ALCQ impractical but not impossible. They may be
evaluated analytically by expanding the integrands using the
binomial expansion and the expressing the results in terms of
the incomplete Gamma Function}-1 However, a superior approach

from the standpoint of both accuracy and generality is numerical

quadrature, using Laguerre Gauss formalism.

2. Reduction of M,L‘)( Pﬂ’”‘/”)

The only integrals remaining to be calculated are

M, ( PF 4= (/’/#2 28) ~J; J(.P?“ 7,8+2)

TII.A-35)

where
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Tpgner= K [45[d5.] dy. [ . [ | .

—di(5,+52) o/,
e T s T sk 17

L(t~17,‘-)(c~17%)] oy (W) (-

M2
n —1\1%
& g gn (55 ) G
[:%n ofm ;,Cn /2,,(17,) /9)1(;7,')]( (1II.A-36)

Reduction of Eq. (II1.A-36) is accomplished by the introduction

of the Neumann expansion

n.f%‘zf O™ () P35 Q8 (5¢)

L£z20 m=-£ (14-lml !

< @;mi(?') @tm’a(bz) ex{QC{WI(C?,‘(Pw)j

(III.A-37)

P"h/ I
where L and & ., the unnormalized associated
Legendre function of the first and second kind, respectively,

are defined by the relatisuships:

linl -
/% (k)= 1C-*) | "/ jd_—*:‘ﬂ &(K) (IT1.A-38)
X




ard

@ ml = ICXI— 1)!’“{1_5{_” Q,Q(K) (I11.A-39)

dx™
where
Pixy= — d° !
2 x) = T a ((l—)("')l (I11.A-40)
n! d x
and

A
/
—~P « P x) (III.A-41)
hA hr

m= L~

Q&) = Lx),@w]xﬂ

The normalized associated legendre function is given by

Vo

@klw‘l(&) = [ (2L+1)) (= )]

2R +m)!

7~
=
=4

I.A-42)

/C7I»J(TK:)

Substituting the Neumann expansion intc Eq. (III.A-36)

and regrcuping terms lezds to the expression
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A

T (pgra) = R ZZ’ )" (A=1wmi))
AZo m=-A CA 41wl
(:M(CQ_COL)
c{CP, / do, e l Coz" (o, ~tn)

Lo [Z 4 Rop] @ gy
], 9 L2 4 5(7&]‘@”"'07» a

/,ﬁ/, "5 ds, @ ) 57y

. [(5 ,)(Sz—,)) AL glml(§<)QAﬂnl(§>>

(I11.A-43)

The integratiouns cver the CP courdinates are accomplished

readily. TFor values of m and (B satisfying the conditions

m &V , with m even,

1
/ / dcp’ C(cp], QXP L¢ M(Q:‘(/z)]m (Q’; Wz)

T D

= 47 /[ > A-4d

! <_ ) (111 )
2 -




For all other vaiues o m znd P the integral vanishes.

Defining the zuxiliary functions

@Imm(”) _ /.’/6{'7 (,_y)")@iﬁ 7n62lml(‘7)

A

X [ (Z’;L‘ /?(7]]1 (I1I.A-45)

-/

Min . oo 8,(8,+5)
ijﬂ (/07«): (~) (/\—/w).’ //‘7 d3|d§z e *

573 ¥ (o)) 10 ™ g )@l (35)
(II1.A-46)

and

(2R
O3 | Y m+jeven
TWVm) = {1 * (II1.A-47)

(@) otherwise

and making use of Eq. (III.A-44) results in the expression

v ‘o
T (pgrigy = 3 D) TW,um)

I~V A=l

Py mOdim) -t
X GZ/(,V\ (n) A 3 @:!M ((-’})

(I11.A-48)
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m;m

hn
~d e ) = vglwr_ e ~ £ ¥ 1 P &
Metheds for the evzluation of the integrals 2\ A and 2\
are presented in the mnext two sections.

m.,n
a. Calculation :)f &&‘?‘ ((1)

The prelimirary step in the determination of the

min
integrals @‘1./\ is tc reduce them to

min /
@j”\ C(’])_—; 1’ ("71]”7/7_’717CPIM\(‘7)

A
£
X [;’:E /?(7)] 47
using the recursion relation,

mMin mn-2 Myn-2
C@gv\ (”) :Qﬂ.) (ﬂ)—@J\) CF'H—‘L) (I11.A-50)

mMpA
The &X ,

) are cocsidered zeparately for three different

values of l .

Case 1: ,Z—‘-'O

This is the simpiest of the three cases in that the H2+

function is absent from the integrand:

i I "
Q:Am(n) :'/ (‘_,77-)»'/1' 9,7@;\( 1(7)0(17 (I11.A-51)




Introducing the expression for the normziized associated Legendre

Function, Eq. (II1.A-42;, leads to

m,m

1 ' | ’/z_ m
. @om Cn)= L{:(z”\{b )(A-m), ] QA () (111.A-52)
ZQ +w))

where

m , Mz
/@ ()= Z: ‘7n(‘*'77') /DA (17) (I11.A-53)

These integrals are often enccuntered in atomic and molecular

27
calculations. Kotani's solution is given by:
m /
S ()= 2. (At )X Atm=1) - - (A= +1) (111.A-54)
24+ - (mta1-0)-1-3-CAer vt ) A+imin ceven
- O otherwise

h(
This form for the ¢A2x 4 i:s convenient if only a few particular
integrals are desired. However, zan approach which is better
suited for use with high speed computors depends upon the

recursion relation;

K,

‘ahmkér7j) = (3%-*7\) fe;:rk'f7+1)

m
—(Atm) /Qa_, (,7) (ITI.A-55)
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which is derived by substituting into Eq. (I11.A-53) the

relationship for varying the crder of associated Legendre

26
pclynomials

A1

A (2)=(z2%0) L[ (u_/u)sz(a)

—( 1)4_/“) (;)] (II1.A-56)

/<?/n
2 (/7) are reduced to the iantegrals, /?/)(/7) which are

then calculated using the methods of Section IITI.A-1la.

Case 2: /éi {

The substitution of Eq. (III.A-42) into Eq. (I11.A-49) gives

Miim Vo
(Q (2A+) (A=m)) m
A (ny= [ - ak ] B,m (n) (I11.A-57)

Z (Aaem)!

where

5-?.3(,7) = [-( ((~72)h7/7_)7l7 e/h((q)

X [27:[ (7)] 0/7 (I17.A-58)
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By e By T4 uni -
The A4 X /& are reduced to the { A& , which were considered

in Section III.A-la, by the use of the two recursion formulas:

Nt m
51‘/\ ()= (A-m) Bpm Cri+1)
m
—-(Af—b,)ﬁjﬂ}_, (r;) (II1.A-59)

and

(1) B gy (1) = (2040) By Crae)

o

-2 51.3-/ (/7) (II1I.A-60)

case 3: X =2
N
The @gla for this value of /C are written in the form:

m

62 '”‘(n)- (2A+¢) (A~m)/ h ”
- = ] 5‘2./‘(0) (III.A-61)

2( A+

The most straightforward wey ¢f evaluating these integrals is
to reduce them to the integrals 52,(’7) , Eq. (I1I1.A-26), by
applying the recursion fcrmulas, Eq. (III.A-59) and (III.A-60).

28
An alternate approach based on the following composition
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for spherical harmonics could also be used ¢

S @) ) cida

- (Z»e'*')(lfzf—lj(?rjsf-/)') . ( £ )(,Q( et,og
T © o0 o m, Pmm;)

(I1I.A-62)

£, L Ls
Here m M Tha ) is the Wigner 3i symbol. As an

o
example, we consider the integrals 52;/](0) . Expanding the

zeroth order wave function gives:
o {
Gop @ = 24 B B0) ool
Z fl; (A = K )L (111.A-63)
JIK P O ©Oo

The 3j symbol for the case m, *m, m, = 0 has the
2e 1 2 3
following value:

@)
2+)+K  odd
()C & K) - (III.A-6/
o} o o , . +)
-0)f )/A(,CJK) e ZP 'iﬂ-i—JH( ‘

(f—l)ﬂf*) )I(F-K)" even
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with

VAR = (Ltg-0)! (4+€ -0)] (kety)

(44 0]

(III.A-65)

m

Mz
b. Calculation cf éﬁfk‘ (f?z,)

Of the integrais which have been considered thus far,
the remaining integrais

Hyn Cpgr= =" (A=tm)! f,%f,mdg.ds,. 8 5.

¢ A imt))

2 ntw 5 (5,63 im .
xLEENGE-NTT 5% plmig ) o My

C' A AT
(I1II.A-66)
are the most difficuit to evaiuate. The complex nature of

the Jaffe form of the zersth crder eigenfunctions in the
integrands precludes arn analytical evaluation. Thus, it is

necessary to rely solely on numerics®l integration procedures.



Unfortunately, the integrands contain a2ssociated Legendre
polynomials of the second kind. Considerable loss in accuracy
generally results from the use of recursion relations involving
these functions. It is important then, tc somehow get rid of the
Q's before attempting numerical integration.

Ruedenberg, in the evaluation of two center exchange
integrals, has devised an ingenious method of accomplishing
this. The fact that this method can be extended to include

i
the evaluation of the 1Z§;“A is indeed fortunate.
As a preliminary step in the determination of the gi-”"h

A

the recursion relation
M mMin-2 ey
T = B g~ B i)

_ ﬁm/h‘l }h[h-z_

“A (/’)jf"?—) + ,E/V\ C/O/g«) (I11.A~67)

I

M'O
is used to reduce them to Q‘
A

29
recursion relaticn

ﬁ-m Next, the
LA ?

m m=i o
@v\ (Pg«) = ﬁ;\/\ (ff-/)gw) —(li”:i) @;'M“ (Pz)

(22+,)

m~t
— (4-u) s} (I11.A-68)
224 LA+ (Fz)
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hn
is used to further reduce the @}‘a to the form

where

0 Gpg)= | 5,05, &7 5T

AT

"3 (3,40 (i

X [ g;@ 9{ jg ( 5 - ) (3 ~ )3'] (111.A-69)

+{

let us define

7z —4
0(1’;\(5): e §(§+—1)Ar

X Z”-—/fjn (.g;f-'i)h gF (1II.A-70)

Using this definition, Eq. {(III.A-69) is written in the form



P 3 y
B, op- 143 QG4 ] 45 A oA c)

P /“’ #
e 43,5694, (5, 45,945 5. Q, 5
(I1I.A-71)
Following Ruedenberg, the second term on the right hand side of

Eq. (ITT1.A-71) 1is integrated by pdrts giving

w© F % ?‘
// d3 K (G)%,) (g,)/g, A5, (5.) G,3.)

o Sico
3, g
- st L Rl

'-—

. : ,
+fa’34 Q}(S/)o‘xz (s,) /‘ dg. /71(37.) Ay, (5.)

(111.A-72)

The first term on the right of the equal sign vanishes, since

the range of one or the

cther of the integrals is zero at the

limit points. Equation {IIT.A-71) may therefore be written

in the form

% 9
B (g = | d3, QuaGO4rs)] 43.00 0 BIE (5]

F § P
v o [Tz, (3 P ]

(I11.A-73)
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This is then expressed as

B, (pg) = fc/§ Re(3) d
R(z) A3

X [fdx O<:A(x) @(x) / dZ O(f(g) ",7:(;)]

(I1I1.A-74)

If we now perform a partial integration we find:

£, . (pg)= (@;/dxo( ) o()/c/;o&/\c(y) (3)/
Fal3

e [ x50 o [ dycancy )

(I11.A-75)
Consider the first term on the right hand side of Eq. (III.A-75).

At the lower limit, 6214//2i approaches a constant value while
the range of the two integrals approaches zero. At the upper

limit, assuming the functions (3(1‘) are well behaved, which

is the present case, the integrals remain finite while &1/3’
approaches zero. Thus the term vanishes. Continuing the Ruedenberg

derivation, we introduce the Wromnskian

1 :
L 6, Q./c] = ' (II1.A-76)

resulting in the expressicn



By (,og):/,dg[c?‘—()'”' Pozy) "

£ #
X jj\) (?) ]»:\) Cg) (III.A-77)

P 3 P
.),:A (g) ://d)(%\)(x) /'Z(K) (T1I.A-78)

The integrals,Eq. (III.A-77),are now in a form convenient for
numer ical quadrature.

The important aspect of the preceding development is the
fact that the Ruedenberg method does not require a particular
functional form for the integrands. This implies that the
rapid evaluation of diatomic electron repulsion integrals of
the form <EF(|)Q22)"&J@.)¢(1)> depende far more on the
separability of @I/} than upon their complexity. This
result is important for the adaptation of perturbation
techniques to molecular problems since perturbation wave

36,31
functions are often quite complex.
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B. Numerical Details

1. General Integration Procedure

Throughout the last section, continual emphasis was placed
on the fact that, if integrals were evaluated using numerical
quadrature methods exclusively, generalized programs could be
developed which would be readily adaptable to other molecular
perturbation calculations. This is an important result in that
the development of molecular integral programs is a difficult,
expensive and time consuming task.

Perturbation functions tend to be quite complex. If integrals
containing tﬁsse functions are evaluated analytically, each
calculation requires individual treatment. It would thus seem
reasonable to evaluate all such integrals numerically using a
program sufficiently generalized that very few changes would
have to be made for each individual calculation.

In order to demonstrate how such a program could be
written and to emphasize the simplification in organization
resulting from a compdetely numerical approach, the results
of the last section are rederived from a slightly different
point of view with the function (¥i replaced by an arbitrary
function (? .

Consider the primitive integrals




M Cpgrn = f[de,dz, (57— np)!

—AX (%, + %)
X € CS’,K (2,) 0,5 (3. 4,¢ ) @4()(7;)

x LEm0EE-0C=pki-r)] el 338 gl nle
(1TT.B-1)
where (£% 5 CZ& 5 Czé and CK# are arbitrary functions of the
coordinates ¥, , ;:.9 %7, , and l?t_respectivelyo As before,
the preliminary step in the evaluation of these integrals is the
reduction to M,Q‘)(ng /74)—0) and MI‘J(/i_OA}—l) using
the relationship Eq. {Ii1.A-5).
The integrals ML‘)CF?HA) 0) are immediately separable

into products of one electron integrals; Integrating out the
dependence, we find that for even values of the parameters v,

r, and s:

M; (pg114,0) = 'iff_‘f_l ( M ) [Be( P2 §e) - 5 (pg 9
2\t (ITI.B-2)

where

G, ¢ pgna)=F 5596, 0,56me)

(I1I1.B-3)
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with the basic integrals GL and 6 defined by

® ¥ £ Y

and
J f Y n
G/e (/7,}‘) :Z’ (1—7’7 7 C{},{(?) 47 (I11.B-5)

For all other combimations of W , ¥,y and s, the integrals

are equal to zero. The integrations of gzu(FJJJ and
G;‘,) 6,714') are now accomplished by applying the numerical
quadrature procedures which are detailed in the next sectiom.

The remaining integrals /{{;‘)(fgﬂgl-,) are evaluated

by introducing the Neumann expansion for 1./r1 and integrating

2
out the q dependence leading to

——

@p(fiﬂ4)—/) = \73‘)(/) ;«fz,ﬂ/.,l) —-J}_')C/?f 17,7+2)

(I11.B-6)
where
—) U bt My ~tm|
L (ppne) = ;,,Z:Zu g,o—(‘%M)Q},a € 1,3)

My —|ml h’bl-)—lm‘

X 2,2 (4,4) ﬁ,-(./'\ CPZ') h2)

(I11.B-7)
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with G_(l),wl) given by Eg. (IITI.A-47) vhile the two basic integrals

mn m, _
A and @-‘l/\ are defined oy

LY oY Y 2
@12 ("793) = _,d”)(‘“f)) V) 6; (P])C%(-?) (111.B-8)

and

ﬁAA (Pj’f /J) (") A—lml) ‘f f d%,d3. e ‘1”((%"*?1)

O+ 1!

(mi

5 5 LG 20 ] T 9 500, 50 £ ) Q) G)

(III.B-9)

Using the relationship

oy . hyn- ‘L " n-~2
ng\ Cﬁ) 3) = CEQ,,\ )9) —-Q (f7+233) (I11.B-10)

m,n
th
€ LA

My m . ] h’/-g_
@1,7\ Cﬂ,g) = J_‘ V)n(l-v)“) @Alm(v]) C%l(o)) (II1.B-11)

are reduced te the Iuntegrals

which are evaluated numerically.
ﬂ- " R
The preliminary step in the evaiustion of the =) (PZ'(—J')

is their reduction to @A(ley) using the two relationships
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nn .. -1 o
EIR C/DZ"‘J):E(”\ Cff—zjif-zgc.a') —%’H “ (/H_z)i“j)

A

”B”-Q. myn-2

Hia pgraif) 8 (pgigy  anaw
and

m m~—i
@3“(/0? )= Ly (prige, ty‘)—%ﬂ)ﬁm"@}t“;‘)

(Z2+4) A=y )

h—
~ (2 m) _@— (/o ¢4) (1TI.B-13)
(2 L+t) L0523 r d

The @:e.?‘ are transformed using the method of Ruedenberg

to the form

Bor(Pg<s)= ) dx [cgzn™ Bl

AL L H T
XJ;G ‘);;AJ (II1.B-14)

where

A k3 —Ao(X
‘I.,\ :/, drx K6 e

P
CJOJ,I(K))( (I11.B-15)

Equation (III.B=15) is then integrated numerically,



As an application of these results, consider the recent
perturbation calculation on the hydrogen molecular ion by Lyon,
Matcha, Sanders, Meath, and Hirschfeldeff)in which the energy
is determined through chird order. The details of this calculation
and a definition of symbols are given in Appendix I.

In order to define a perturbation problem, the H2+ Hamiltonian

is written in the form

z
H = —-g, —.%7—&——-;—_{5 = Ho+V (I11.B-16)

where

AR %;)(3571)

~(a= Y B

(1I11.B-17)

with the perturbation determined irom the equation

\/ = H- Ho (IT1.B-18)

The exact solution to the zeroth order equation is given by
—R4§
=
L'Lo - M,(Rb Q) (I11.B-19)
z
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The anzlytical expressicn for the first order wave function is

found to be:

‘-P, = LPO C Fy) 1+ . ) (I11.B-20)

where

| 2502 Zé‘]wm@% [2azgise ]y fonn(iey)

3b* 12b

Q©
bl — LR
’:2; Li-  RELT ] 1‘—‘ ~& -zéze,_ 4R
O—F\L-'i- Q“ b*

*t2Ra+26 _ am [
b"l_

+ 07\1—- R* L;L F—Zia
<I;P:+‘F{1‘;L C11'

—E_R_é._ Zﬁé) + 2§
& 3 &

~4 (2Ra—4R ]
QA

r_ze, - —E6) | pr(gn @)
— "—OT +2Ra—4R - b* 3

R PET [ tovin (8 ) —touus (&2)

__(Cl__k})‘+.ESL<Ziz L}: iZFzLJ:’——p72)
B’L

-

(II1.B-21)




and

F7 = (éL + Z%_a)/qm@‘“)-(' REZ +F° s
24

at a

In order to normalize the total wavefunction, the integral
<‘1bo "h) must be evaluated. An analytical evaluation required
a month to complete.

— O/ ‘
the M.Q A4 . Writing

Let us consider its evaluation in terms of

<.q"o‘q’|> = <q‘t\ F\.\'i— F{ lqdo>
<h %7 {do (o)

we find it is necessary to evaluate the integrals <¢o|¢o>3

Lo L Ry Ity <ol P 16D

(I11.B-23)

The first is given by

(Q/o IQ/O) = ﬂ.: (’Loooo\-— /\7.:’ (002,00) (I11.B-24)

.
wien oA=RA , pzcp=uzl, amd Py= [mki%q]."

Similarly the second integral is given by

Yo F7 (> :ﬂ,‘j (Zoooo) —ﬁ: (oo200) (1I1.B-25)
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with O(:'&‘L‘_'( 1@z P =Qy = [, and Cp’p: C Fb) (CU}L.B;‘LP\)]Q."

The remaining integral has exactly the same form:

<¢o( \:g ( q‘o) = H.:C'LOOOO) "'ﬂ: Coor00)

Z \
with o(:@?_f\_ , W=y = [) qit F{‘L and qs;[mh(%b)')z.

(I1I.B-26)

2. Mechanical Quadrature

In this section, we consider numerical schemes for evaluating
32
integrals with both finite and infinite limits. A numerical

quadrature procedure is one which approximates an integral,

with limits (a,b) over a function;;(x) in the following manner:

b ~N
L:f-(x)d)( = Z I’V,_':L(Q[) (111.B-27)

=/

Here, the QA{ are discrete points on the interval (a,b) and
VV: are corresponding weights. Since the Cl{ and VUZ form a
set of 2N constants, the sum is capable of uniquely specifying
a polynomial of degree 2N-1.

The distinguishing characteristic of various quadrature
formulae is the manner in which the constants are chosen. Of
interest to us are the two families of quadrature formulae

discussed below.
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a. Gauss Quadrature

Gauss quadrature formulas are characterized by the fact
that no restrictions are placed on the 2N constants. Thus
these formulae are capable of specifying uniquely a polynomial of
order 2N-1. Two important members of this group are the
Legendre-Gauss and Laguerre Gauss formulae.

The Legendre-Gauss quadrature formula for approximately
evaluating a definite integral with limits (-1,1) is given

by
/ ‘ N
Ci)( x) = Z: i .
J_, 2 J cg cycac) (I11.B-28)
where

L 2
(-ai) Lplcan]”

and the abscissae C]i are the roots of the Legendre polynomials

A, ).

(III.B-29)

i

The Laguerre-Gauss formula for approximating the integral
- kY
with limit (0, @@ ) and contairning a weighting factor e

is given by

@ N
~X ,
/a e ch)dx = Z’ H, Fa; (111.3-30)
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where

=
He = (V‘-‘I) - (111.B-31)
a: LL,Ca)

The abscissae O{ are roots of the Laguerre polynomials of

degree N . The associated Laguerre polynomials are defined by

the equation
K K
LV\ = d L " (1I11.B-32)

where

n
h P g
L) = V].I JZ;Z (h?) (-x) (II1.B-33)

are the Laguerre polynomials.

b. Newton-Cotes Quadrature

The Newton-Cotes formulae are characterized by equally
spaced abscissae Q{ on the interval (-1,1). This restriction
of equal spacing removes N arbitrary constants. Thus,this
method is capable of specifying uniquely polynomials of degree
N-1. Specific members are Simpson's '"three-eighths" rule and

Weddle's rule.
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In Simpson's '"thkree-eighths™ rule, the integral of f(x) 1is

approximated in the fcllowing manner:
f
L fen+3 ((-L I -
L ) dX = Z fc )+ 2 4( 3)+§__£(§)4¢.,C(4) (111.B-34)

Weddle's Rule states that

-f——l Foodx = ‘}5 [vc(-')+5"nc(-%) +QC(—§')

+ 650y + F(1) + 5'3C(7/3) + ._,C(,)] (1I1.B-35)

In general, Gauss quadrature formulae should be used in
preference to Newton-Cotes formulae whenever possible. Specific
applications of the above formulae are discussed in the next
section.

3. Details of Computation

In this section we consider in detail the evaluation of
the integrals found in Sections A and B of this chapter. In
order to perform numerical integrations efficiently, care:
must be taken to apply the proper quadrature formula.
Generally, a Gauss quadrature formulation will give the best

results.
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87

The evaluation of the one-dimensional integrals over the coor-
dinate . such as Eq. (III.B-4), was accomplished by first
transforming the integral to the range (0,00) and then applying
a Laguerre Gauss quadrature formula. The final working equation

is of the form
o _3% - .
j, c :ﬁ(g)dg = 5_ Z#‘: )C(% +1)  (III.B-36)

where /—Ic' and a[ are the Laguerre weights and point respectively
and is anarbitmry function. Integrals involving

the V) coordinate, such as Eq. (III.B-5), are evaluated

by applying a Legendre Gauss quadrature formula resulting

in the equation
{
j~: ?(V‘)d") = %—: L(fgl(f(.’) (I11.B-37)

where “(., and a‘: are the legendre Gauss weights and points

respectively and 3« is an arbitrary function.
To evaluate the @A‘ , Eq. (III.A-77), the inner integral

was transformed in the manner

[ ]
7 '




and then evaluated with a Laguerre Gauss quadrature formula

leading to the equaticn

—(S-DX
j (3)= & S___ z H’ [O( (Tﬂ) o( (Cslc+§)e .

A A (I1I.B-38)

where sz and L4£ are Laguerre Gauss points and weights

respectively, and

—F
O(;Cx):xpa(x) Cx2+|}¢§gm (—K—-——')M (I1I.B-39)

X+
The outer integral was transformed to the range (O)()by letting
‘g - — (I11.B-40)

and then evaluated by applying a Legendre Gauss formula.

Thus
-@.A = "ZL ; [_[ 3, (—z'—— (III.B-41)

where CZC and [-C are Legendre Gauss points and weights

respectively and

2'0() = OQ,Q CX) X z‘C)() (I11.B-42)
LOH-x?) Pren]t
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(
An alternate procedure for evaluating the ﬁ/k is to use
22
Simpson's rule over both variables. The principle benefit

of this method is that it allows for an efficient evaluation
23
of the inmer integration.



IV. RESDLTS AND DISCUSSION
in this chapter we consider the results of the perturbation
calculetion of the HZ m&lecule. All computations were
per formed on the CDC 1604 and 3600 computors. The rate of
convergence of the perturbation expansion has been found to be
extremely rapid at the equilibrium separation, R = 1.4. The
energy thrcugh fifth order is in good agreement with the accurate

29
variational calculations of Kolos and Roothaan, and of Kolos

34
and Walniewicz .
The accuracy of the calculation improves as R decreases;
for large R, the perturbation series is ill behaved. This is
| 'T + and T
due primarily to the fact that the degeneracy of the g and w

statec i3 rot treated adequately. The zeroth order wave function

disscciates incorrectly.

A. H?+ Energy and Wave Function

Tr
Lo
Bates, Ledcham and Stewart have tabulated accurate

+

wave functions and ernergies for the ground state of H2 s

unfortunately a higher degree of accuracy is required in the

; 4o + :
present calculation. Thus the soliution to the H2 equation
was determined to eight significant figures.

In Tables I, II snd III the electronic energy and wave

fanction corresponding to the 15(7‘g state of H2+ are given
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Accurate Values for the Energy of H

0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0
2.2
2.4
2.6
2.8

3.0
3.8

. . 2
in units of e /2aO

/0

. 37955279
.54851367
. 70528975
.85199364
. 99038460
.12186623
. 24755747
. 36836066
.48501462
.59813388
. 70823724
.81576876
.92111309

. 02460685
.42553823

TABLE I

a

.05387184
.09386517
.13428559
.17371769
.21165050
. 24792061
. 28250605
. 31544267
. 34678809
. 37660557
. 40495708
. 43190039
.45748837

.48176917
0.56666259

2

+

excluding Nuclear Repulsion

-0

c-pr

.09573136

.19922442

.32789966

.47594692

.63922559
. 81469304
.00004194
.19347131
. 39353885
. 59906308
.80905704
.02268225
.23921643

. 45803045
. 34596851

.60150807
. 34296942
.10896019
.90357262
. 72461571
.56853848
43187444
.31161838
. 20526842
.11077016
. 02644061
.95089716
.88299772

.82179239
.62970518
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0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

2.2

2.4

2.6

2.8

3.0
3.8

Coefficients Corresponding to the § Portion of the H

Wave Function for Selected Values of the Internuclear Distance

-

31

. 00000

. 00000

. 00000

. 00000

. 00000

. 00000

. 00000

. 00000

.00000

. 00000

. 00000

. 00000

. 00000

. 00000
. 00000

TABLE II

&
0.00097
0.00239
0.00419
0.00622
0.0083%
0.01050

0.01265

o

. 01475

0.01678

0.01873

0.02057

0.02232

0.02395

0.02547
.03038

(=]

83

. 00010
. 00019
. 00027
.00033
. 00037
;00040
. 00041
;00041
. 00040
.00039
;00038
. 00036
.00033

. 00031
. 00023

+
2

&
0. 00002
0.00003
0. 00004
0. 00005
0. 00005
0. 00004
0. 00004
0. 00004
0. 00004
0.00003
0.00003
0. 00002
0. 00002

0.00002
0.00001
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TABLE III

93

Coefficients Corresponding to the ’7 Portion of the H' Wave -

2

function for Selected Values of the Internuclear Separation

R

0.4 -

3.0
3.8

%o

. 00000
. 00000

. 00000
. 00000
. 00000
. 00000
. 00000
. 00000
. 00000
. 00000
. 00000
. 00000
. 00000

. 00000
1.00000

%

.01608

.03375

.05613

.08247

.11226

. 14518

.18098

.21951

. 26065

. 30430

. 35038

. 39883

. 44958

.50254
. 73453

%

0.00017
0.00048
0.00103
0.00190
0.00316
0.00489
0.00714
0.01001
0;01356
0.01787
0.02302
0.02908

0.03615
0.07956

%

. 00002
.00065
. 00010
;00015
.00025
. 00037
. 00055
. 00078

0.00108
0.00326

¥ £

8 10

0.00002

0.00002
0.00008



for various values of the internuclear separation.

B. Convergence of Energy Expansion

The rate of convergence at the equilibrium separation
was highly satisfactory. In Table IV, the €n/3 resulting from
a 45 term H set are tabulated. The dissociation energy in
electron volts is referred to as D(eV). The symbol EK.W.
refers to the 80 term variational calculation of Kolos and
Woolnerwic34 while EK,R, referc to the 50 term calculation of
Kolos and Roothaanzg. These values do not include the inter-

nuclear repulsion energy.

The symbcl Esum(n) is defined as
n
Esuom(n) = i én (IV.A-1)
=/

- .
The expectation value of A has been determined using a

formula derived by Scherr10 and Knight:

1
— ) = (n+N €
Unless otherwise specificd all energies are in atomic units.
A comparison with EK.W. and EK,R, shows that the energy

through fifth order has converged to five figures. The

!
expectation value of <Ff;>tjwough fourth order agrees exactly
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TABLE 1V

Electronic Energy of Héfhrough Fifth Order Computed Using
a 45-Term H set at R=l.4 with & =1.2

" €a Fsum(n) D(eV) <<7%3:> Eg.w. Er r.
0 -2.568538 2.568538 .78088  -1.888760  -1.888733
1 .780882  1.787656 .55913
2 -.110877 1.898533  5.0133  .59131
3 .010729  1.887804  4.7214  .58846
4 -.000714 1.888518  4.7408  .58737

5 -.000217 1.888735 4.7467




96

with the value given by Kolos and Roothaan.

From a comparison with Scherr and Knight, all high order
energy coefficients should be negative. This is born out by
the fact that as the basis set increases,an increasing number
of terms become negative. Thus, the energy series was terminated
whenever an én beyond 63 became poesitive.

In Table V the effect of variation of the non-linear
parameter 8 in the H set is demonstrated. A 17 term
expansion is used. Note that the second order energy demonstrates
a minimum around $-1.2 .

The energies through third order resulting from a 45 term
F and H set are compared in Table VI. The roughly optimized
value 8'—'-/’2 is used in the H set. The convergence of the
two is approximately the same. However, no non+linear variation
of the exponential parameter is§ required with the F set.

In order to determine the contribution to the second
order energy from separate terms in the first order wave
function, we have calculated the energy through third order
for a 1-36 term F expansion at R = 1.4. The results are given
in Table VII. The dissociation energy increases to a maximum
and then decreases. At the point where the maximum is reached,

64, goes from positive to negative.



Variation of Energy of H2

1.25

1.20

1.15

1.10

TABIE V

R=1.4 Using a 17 Term H-basis Set

."é;z

.110532
.110594
.110569

.110508

Through Third Order at

6’:3’
.011013
. 010694
.010431

.010274

-Ew

1.887176
1.887556
1.887795

1.887890
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TABLE VI

98

Comparison of H Method at F Method at R = 1.4 using a

H Set

F Set

45 term Basis Set with; =1.2

.en

-.110877

.010729

€,

-.110852

.010730

Esum(n)

-1.898534

-1.887804

Esum(n)

-1.898509

-1.887778

D(eV)

5.0133

4.7214

D(eV)

5.0126

4.7207



TABLE VII

Electron Energy of H2 through third order at R=1.4 computed

with a 1- to 36-term F basis set.

No.of terms ;ﬁ,y,i],_ﬂa

1

O 0 < O o M N

NN NN e e e e e e
N ON R O W N O WD~ O

00001
10110
01220
00020
00111
01001
02000
11020
01020
00110
10021
11000
00002
20020
10020
00220
11220
02110
02001
01021
20220
20200
11110
01002

_.Ez

.102592
.102594
.102698
.102726
.103167
.103337
.109241
.109244
.109277
.109381
. 109449
.109634
.110303
.110356
.110352
.110381
.110387
.110388
. 110404
. 110404
. 110405
. 110405
.110521
.110779

€3
. 005593
. 005583
. 005884
.005803
. 007209
. 005692
,009281
. 009214
.009293
.009413
. 009647
.009001
.009726
.009728
. 009740
.009812
.009817
.009831
.009877
. 009879
. 009879
.009878
.010022
010627

-Esum{n)

T T T T e T e e e T e I R T e B e R e

. 884655
.884667
.884470
.884579
.883614
.885301
.887616
.887685
.887639
.887624
.887458
.888289
.888233
.888278
.888268
.888224
.888225
.888213
.888183
.888181
.888182
.888182
.888155
.887808

S N Y N N S N S Y N N N P T S o

D(eV)

.6357
.6360
. 6307
.6336
.6074
.6533
.7163
.7182
.7169
.7165
.7119
. 7346
.7331
L7343
.7340
.7328
. 7329
. 7325
. 7317
.7316
. 7317
.7317
.7309
. 7215

99



Electron Energy of H

with a 1- to 36-term F basis set.

No. of terms 543»?:7;17"_

25
26
27
28
29
30
31
32
33
34
35

21020
21200
11021
00112
12000
12110
11001
21220
11111
10022
00022

TABIE VII (continued)

2

through third order at

—€2

.110785
.110789
.110803
.110873
.110873
.110889
.110893
.110893
.110897
. 110912
. 110916

€3

.010633
.010638
.010629
.010750
. 010760
.010787
.010805
.010805
.010826
. 010861
.010881

~Esum{n)

1.887809
1.887807
1.887830
1.887779
1.887769
1.887758
1.887744
1.887743
1.887726
1.887707
1.887691

SN R T R S R T S T S

R=1.4 computed

D{eV)

.7215
.7215
.7221
. 7207
. 7204
.7201
. 7197
. 7197
.7193
.7188
.7183
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C. R dependence of Energy Coefficients

in Figure I we illustrate the variation of the energy

through third order as & functicn of R . In the limit of small R,

we have the He case where € o " -4, € 1= 1,25, 62 = -.157666

and 6;3 = .004349. The limiting values cf the coefficient for

large R are € = -13nd € = 0 ., The calculation of these
o n#0
latter values requires the use of double perturbation theory due
I Ll T
to the degeneracy between the 2:23 and « States.

The energy coefficients for various values of R determined
with a 50 term F basis set are given in Table VIII. The energy
expansion is ill-behaved for large R . At R = 2.6 only terms
through é 5 are retained.

In Table IX we tabulate the 50 term basis set and the
corresponding first corder coefficients at R = 0.4 in order to
demonstrate the relative importance of various terms in the

'
expansion set. The largest contribution comes from the rb;term.

D. Members of Iscelectronic Sequence

Our final result is the listing in Table X of the

2
electronic energy of He: at R = 0.4 and 0.2, and, the

4

electronic energy cf Li2 0.2. As is apparent, the

1]

at R
larger the Z value, the more rapid is the convergence of the

perturbation series.
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Electronic Energy of H

n

-3.601508

1.

118014

. 141151
;004830
. 000220
. 000153
.000018
. 000007

.000003

€

n

. 342969

.033259

.131721

.005615

.000303

. 000151

. 000011

. 000007

. 000002

2

TABLE VIII

for Various Values of R Using a

50 Term Expansion

-Esum

3.601508

2.

2

483494

. 624645
.619815
.620035
.620188
. 620206
.620214

.620216

-Esum

3.

2.

2

342969

309710

441432
.435817
.436120
.436270
.436282
.436289

.436291

D(eV)

23.

23.

23,

23.

23.

23.

23.

81817
94960
94361
93945
93896
93875

93869

D(eV)

.1286

.2814°

.2731

. 2690

. 2687

. 2685

. 2685

EK.R.

K.R.

EK.W.

- 2.620203

Ex.w.
~2.436292
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1.0

€

n

-3.108960

.956921

.124078

. 006644

. 000409

.000153

. 000003

. 000007

. 000002

€

n

.903573

.890061

. 118192

. 007871

. 000536

. 000159

TABLE VIII (continued)

~Esum
3.108960
2.152039
2.276117
2.269473
2.269882
2;270035
2.270038
2.270045

2.270047

-Esum
2.903573
2.013511
2.131704
2.123832
2.124368

2.124527

D(eV)

. 71064
.52985
.54098
.54515
.54524
.54542

.54548

D(ev)

3.5836
3.3694
3.3840

3.3883

EK.R.

-2.270175

x.r.
-2.124517

104
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“K.W.
-2.270049

11'K.W.

=2.1245331



1.2

1.3

€

-2.724616

n

.831796
-.113875
.009280
-.000676

-.000178

n

-2.643943
0.805497
-0.112251
0.010058
-0.000754

-0.000190

TABLE VIII

-Esum

2.724616
1.892819
2.006694
1.997414
1.998090

1.998267

-Esum

2.643943

1.838446

1.950696

1.940639

1.941393

1.941583

(continued)

D(eV)

+4.7171
+4. 4646
+4.4830

+4.4878

D(eV)

4.,9376!
4.6639
4, 6844

4.6896.

EK.R.

-1.998264

EK.R.

-1.941553

105

EK.W.

-1.998264

B,

-1.941572



=]

1.4

1.5

€
-2.568538

n

0.780883
-0.110968
0.010937
-0.000926
-0.000108

-0.000066

€
n
-2.497980
0.757812
~-0.109963
0.011799
-0.001023

-0.000142

TABLE VIII

-Esum
2.568538
1.787656
1.898623
1.887687
1.888613
1.888720

1.888786

-Esum
2.497980
1.740167
1.850131
1.838331
1.839355

1.839498

(continued)

D(eV)

5.0157
4,7181
4.7433
4,7463

4.7481

D(eV)

4.9920
4.6709
4.6988

4.7026

EK.R.

-1.888728

EK.R.

-1.839491
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EK.W.

-1.888756

EK.W.

-1.839515



1.6

€
n
-2.431874
0.736157
-0.109287
0.012658
-0.000992

-0.00266

TABLE VIII (continued)

-Esum
2.431874
1.695717
1.805004
1;792347
1.793340

1.793605

D(eV)

4.8978
4.5534
4.5804

4.5876

EK.R.

-1.793503

B W,

-1.793577



1.8

2.0

€

n

-2;311618
0.696640
-0.108934
0.014792
-0.001036

-0.000586

€
n
~-2.205268
0.661530
-0.109846
-0.017218

-0.001506

VIII (continued)

-Esum D(eV) EK.R.
2.311618 -1.710540
1.614979
1.723913 4.5809:

1.709121 4.1784.
1.710157 4.2066.
1.710743 4,2226.

-Esum D(eV) EK.R.
2.205208 -1.637999
1.543739
1.653585 4,1789°
1.636367 3.7105
1.637873 3.7514:

108

EK.W.

-1.710617

EK.W.

-1.638123



-1.950897
0.576813
-0.121121

0.027825

-1.629705
0.469475
-0.213288

0.113776

VIII

-Esum

.950897
. 374084
.495206

.467380

-Esum

.629705

.160230

.373517

. 259741

(continued)

D(eV)

3.0091:

2.2520

D(eV)

-3.0028

0.0929

EK.R.
-1.469903

EK.R.

-1.281663
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EK.W.

-1.470378

K.W.



Coefficients of First Order, fifty term wave function at R=0.4

A
00001
00020
01000
02000
00110
00002
11000
01001
00021
00111
10110
11020
00220
11220
01220
02001
01021
10020
01002
02110
20200
00112
10021
21220
11110
21200
21020

S 1
Oz.fiz

1

¢!
.040971
. 009078
.007868
. 006484
.006393
.003708
. 003420
. 002985
. 002664
. 001551
.001317
.001289
.001268
.001192
. 001044
. 000815
. 000795
.000711
. 000622
. 000581
. 000430
. 000395
. 000313
.000285
. 000221
. 000189
. 000179

TABLE IX

S,Ff.f"],n?f ﬂ.'r
01022
12000
10022
03001
22110
11022
23000
03201

cP
-.000010
-.000010
. 000009
. 000004
-.000003
. 000002
. 000000
. 000000

110
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TABIE IX (continued)

Coefficients of First Order, fifty term wave function at R=0.4

S M
Sop ?z.q? 10,7‘& nl; C:I)

11021 -.000159
11111 . 000098
00022 -.000093
20220 . 000080
12110 -.000074
11001 -.000071
01020 -.000052
12001 . 000048
03000 . 000044
11002 -.000032
20020 -.000023
22220 .000018
03200 -.000016
22000 -.000016
22200 -.000013
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TABLE X

+2 +4
2 and le

values of Rusing 50 term H basis Set

Electronic Energy of He in a.u. for selected

He;2

R = 0.2 50 term basis set
n en -Esum(n)
0 ~-14.406032 +14.406032
1 2.236027 +12.170005
2 - .141151 +12.311156
3 - .002415 +12.313571
4 - .000055 +12.313626
5 - .000019 +12. 313645
6 - .000001 +12.313646

R= 0.4 € n -Esum(n)
n
0 -12.435841 +12.435841
1 1.913842 +10.522000
2 - .124078 +10.646077
3 - .003322 +10.649399
4 - .000102 10. 649501
5 - .000019 10.649520

Li+4
2

R= 0.2 -Esun(n)
0 -27.980640 +27.980640
1 2.870763 25.109877
2 - .124078 25.233955
3 .002214 25.231741
4 - .000045 25.231286
5 - .000006 25.231292
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. CONCLUSION

Rayleigh Schroedinger Perturbation Theory as a tool for
caleculating molecular energies, treating the electromic interaction
as a perturbation tc the remaining Hamiltonian, is capable of
giving highly accurate results. However since these results may
also be obtained with the aid of variational methods, the real
value of perturbation theory lies in the determination of pro-

perties other than energy for which no variational bound exists.
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) Rayleigh~Schrédinger perturbation calculations are carried out for the ground state of the Hy* molecular
ion. The zeroth-order wavefunction for this problem is chosen to be the Guillemin and Zener variational

function

¥=N[exp(—arr—Bra)+ exp(~Bra—arp)].
The energies through third order and the expectation value E (1) of the Hamiltonian calculated with the

wavefunction accurate through first order are comp

uted for various choices of the parameters. For the

optimum choices of b_oth a and B, we obtain for all separations values of E(1) which agree almost perfectly
with the accurate series calculations of Bates, Ledsham, and Stewart. Also the values of the wavefunction
accurate through the first order agree almost perfectly at most points in configuration space with Bates et al.

I. INTRODUCTION

THERE are a number of difficult problems involved
in the application of perturbation theory to the
calculation of molecular energies. The ground state
of the diatomic hydrogen molecular ion Hs+ is the
simplest example since it involves only one electron
and two similar nuclei. Starting with the simple Guil-
lemin and Zener! wavefunction as zeroth order, the
first-order wavefunction is obtained in terms of new
transcendental functions. The resulting zeroth-order
plus first-order function agrees almost perfectly at
most points in configuration space with the very
precise series solution wavefunction obtained by Bates,
Ledsham, and Stewart.? For all separations, the ex-
pectation value of the energy corresponding to our
zeroth plus first-order wavefunction agrees. almost
periectly with the energy obtained by Bates, Ledsham,
and Stewart. These results suggest that even first-
order corrections to simple trial molecular wavefunc-
tions may provide the energy and other physical proper-
ties of molecules with sufficient accuracy for practical
purposes. However, even in our Hjt example, the
cnergy integrals involved new types of transcendental
functions and (except for some special choices of wave-
function parameters) had to be calculated numerically.
For many-electron molecules the calculation of the
perturbed wavefunctions and the energy integrals re-
quires the use of variation-perturbation techniques.

II. GROUND STATE OF THE H.*
ISOELECTRONIC SEQUENCE

Let us consider a molecular ion (isoelectronic with
H;*) consisting of two nuclei, A and B, and one electron.
The nuclei each have a charge Z and are separated by
a distance R. The distance from the electron to the

1 This research was supported by the following grant: National
Aeronautics and Space Administration Grant NsG-275-62.

'V. Guillemin and C. Zener, Proc. Natl. Acad. Sci. U. S. 15,
314 (1929).

*D. R. Bates, K. Ledsham, and A. L. Stewart, Phil. Trans.
Roy. Soc. London Ser. A246, 215 (1953),

two nuclei is r, and rg, respectively. It is convenient
to describe the system in terms of confocal elliptic
coordinates with

A=(ra+rs)/R, p=(ra—rs)/R. (1)

Throughout this paper we express energy in units of
¢?/ay and length in units of a,.

Kim, Chang, and Hirschfelder® have found that the
simple Guillemin and Zener wavefunction! leads to
surprisingly accurate values for the energy of the ground
state of H*. It is therefore logical to use it as the
zeroth-order function in a Rayleigh-Schradinger per-
turbation treatment.® The Guillemin and Zener
function may be written

¥=N exp(—Ra)/2) cosh(Rbu/2). (2)

Here ¢ and b are adjustable parameters and N is the
normalization constant. It is easy to show that the
Guillemin and Zener function satisfies the Schrodinger
equation

Hﬂb: ﬂ//, (3)
=—a?/2 4

where

and

=ik )

2bu Rbp _
_——R()\z— 2) tanh(‘—z—) (5)

The true Hamiltonian for the diatomic molecular
ion, neglecting internuclear repulsion, is

H=—}V*—[4Z\/R(N—)] (6

The zeroth-order expectation value of H is the energy

3S. Kim, T. Y. Chang, and J. O. Hirschfelder, J. Chem. Phys.
43, 1092 (1965).

4 A. Dalgarno in Quantum Theory, edited by D. R. Bates
(Academic Press Inc., New York, 1961), Vol. I, Chap. 5.

8 J. O. Hirschfelder, W. Byers Brown, and S. T. Epstein, Advan.
Quantum Chem. 1, 255-374 (1964).

115



116

LYON, MATCHA, SANDERS, MEATH, AND HIRSCHFELDER

calculated in Ref. 3,
E(0)= (4, HY). )
The perturbation potential is

V=H—H,, (8)

and the first-order perturbation energy is
D= (), V¥ )=E(0)—e %)

The first-order wavefunction y® satisfies the dif-
ferential equation

(Hy— ey -+ (V—e0)y=0 (10)
and is orthogonal to the zeroth-order function '
o, ¥y )=0. (11)
The second- and third-order energies can be expressed
in terms of Y@,
@=(y, V¥®) (12)
and
€= (YO, (V—eD)y® ), (13)

The expectation value of H calculated with the wave-
function accurate through the first order is then

E(1) = ((y+¢®), HY+¢®) )/ {(F+¢®), (+¢) )

=E(0)+ (e2+€®) /[1+ @®, V) ]. - (14)
By the Rayleigh-Ritz variational principle, E(1) pro-
vides an upper bound to the true energy of the ground
state of the diatomic molecular jon.

Equation (10) may be separated in confocal elliptic
coordinates by making the substitution

YO=[Fi(N)+F2(u) W, (15)

where ¥ is given by Eq. (2). The resulting one-dimen-
sional differential equations are

(8/dN\)[(N*—1) exp(— Ra\) (dFy/aN) ]
=exp(—Ra\) {C(q, b; R) +[R*(a*—b%) /4]
— R(2Z—a)A— (R%®N/2)}  (16)

and

d Rbu\ dF. (Rbn)
(=2 o 228N 222 = cosh? ——
d,u[(l u?) cosh( 7 ) dp] cosh’ 5

X{—C(a, b; R)+(R?Vu?/2) —[R*(a*—8*) u?/4]
+ Rbu tanh(Rbu/2)}, (17)

where C is the separation constant.

“The function F, is obtained by integrating Eq. (16)
twice, and the separation constant is determined by
requiring that [(\*—1) exp(—RaX) (dFy/d\)] vanish
at A=1 and infinity.® The integration of Eq. (17)
involves the evaluation of two new transcendental
functions

1= [ 20, (18)
and
Sa(p)= _"1 -x—iciff—zgx—)dx. (19)

To evaluate T,(u), the hyperbolic tangent is ex-
panded in the series’

tanh(ap) =8ap 3 [ (2n-+1) 2+ 4], (20)

Then the operations of integration and summation are
interchanged, the resulting integrand is expanded in
partial fractions, and the integration is carried out
term by term to yield

T.(u)=—1 tanh(a) In(1—p?)
43 [ (2n+1)22+4a? ] 1n[u2+(2”%:)—2’"’]. (21)

Once T,(u) has been evaluated, S.(ux) may be de-
termined readily by means of the identity
Sa(r) = (8/0a) Ta(u)- (22)
The solutions of the differential equations (16) and
(17) are then

Fi(\) = { (e9/a?) +[(2Z—a) /a]} In(A+1)+ (Re®N/2a) + F (23)

Fa(u)= [M] Jn{cosh(ﬁb—“)]+[maz“b2) _ZR*“)]u tanh(ﬂ)+ - Ind 1—[(1—p2) R¥/ (o4 R ]}

35* 2 125

2 =) 0."2+R2b2

X ({— (260 /a?) — (4/a) — (2ReW /@) — 4 R+2Ra+ (2e0/82) — [ (a*— %) /5 ]} +[ (oa2— R2B?) / (oa>+ R2P?) ]
X {— (260 /a2) — (4/a) +2Ra—4R— (2ReW/a) — (2R%W/3) + (2e0 /8?) — [ (a?— %) /B ]+ [ R2(a?— %) /3]})
+{— (2¢W/a2) — (4/a) +2Ra—4R— (2Re® /a) — (2R /3) + (2e0/82) — [ (a?—?) /b ]+ [ R (a*— %) /3]}

where o,= (2n+1)7.

[ tanh(Rbu/2) —tanh(Rb/2)]

0 {
2Rb(1—p?) RS, (29)

¢ R. L. Matcha, W. D. Lyon, and J. O. Hirschielder, University of Wisconsin Theoretical Chemistry Institute Report No. 57
(1964). This has been deposited as Document number 8448 with the ADI Auxiliary Publications Project, Library of Congress,
Washington 25, D. C. A copy may be secured by citing the Document number and by remitting $8.75 for photoprints, or
$3.00 for 35 mm microfilm. Advance payment is required. Make checks or money orders payable to: Chief, Photoduplication

Se'll'vice, Library of Congress.

B. O. Pierce, A Short Table of Integrals (Ginn and Company, Boston, Massachusetts, 1956), Formulas 678 and 880.
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The constant Fo=FQ9+F9 is determined by re-
quiring that Eq. (11) be satisfied. It is possible with
a great deal of care to evaluate FO explicitly. Log-
arithmic singularities and simple poles have to be
isolated and shown to vanish identically. Integrals
involving the infinite series may be summed by making
use of one integration by parts and an expansion into
partial fractions; details of this procedure are given
in Appendix II to Ref. 8. However, taking this into
account, F® is more conveniently determined from
Eq. (11) by a numerical integration procedure such
as Gaussian quadrature? as

B'=— (), [F(N\)+Fa(p) = FO—FoRy).  (25)
= FO4+Fp

The series in F; converges sufficiently well that only
a small number of terms need be summed, and the
entire integration may be done quickly and easily
on a computer.

- Transcendental functions of the above type may be
expected to appear in the application of perturbation
techniques to more complicated molecules. For the
special choice of parameters a=2, §=0, the function
F, may be determined in closed form. In this case the
solutions are '

Fi(N) = ReWN/4+ (eV/4) In(\+1)+F, (26a)
Fa(u) = (R/6) (1—€®/2) *+ FY, (26b)

and

=— 3RV F/16}{(11/15)+ (23/15R)+ (5/3R?)+ (37/24R%) +1n(2) [(2/3R) +(1/R2) + (1/2R%]
—exp(4R) Ei(—4R)[(2/3R) — (1/R)+(1/2R) ]}.  (27)

From these equations we obtain, with relatively little effort, expressions for the energies up through third order'

e=—2

D =8R?/(4R*+6R+3)

(28)
(29)

€@ = (3Re/2) ((2F°/3R) + (R/45) + (e2/6) {1+(1/2R)— (R/15)+[In(2)/R]—[exp(4R) Ei(—4R)/R]}) (30)
€ =20 — (F0) %W+ (3¢ R/2) ([ (7)/12]{ (R/2) +3+ (3/4R)+M exp(4R) /R
+[14+(1/2R) 1 In(2)+[1—(1/2R) ] exp(4R) Ei(—4R)}
+(Re®/90)[1— (®/2) JLR+3+1n(2) —exp(4R) Ei(—4R) 14+-[1— (v/2) P(R3/630) )
+3R(eD/2)2 QP F+(RY/9) [1— (¢9/2) J[(1/2R) + (1/2R?) + (1/4R%) ]— (F*/3R) { PP+ (R*/5)[1— (e9/2) ]}
+L(e®)¥/81{(R/3) +§+ (7/4R) + (7/4R?) + (19/8R%) +1n(2) [3+ (4/3R) + (3/2R?) + (3/2R%) ]
| +exp(4R) Ei(~4R)[3— (4/3R)+ (5/2R?) — (3/2R%) ]
+M exp(4R)[(2/3R)— (1/R*)+(1/2R*) ]+[In(2)/RT}
+ (R/36)[1— (e9/2) PL(2/35R) +(1/5R?) +(1/10R%) 1+ { PP+ (RY/18) [1— (ev/2) ]}
X{3+(3/4R)+ (3/4R*) +(3/4R*) +In(2) [(1/2R) + (1/2R?*) + (1/4R%) ]
—exp(4R) Ei(—4R)[(1/2R) — (1/2R%) + (1/4R%) ]} — (€9 /6 R) { F+ (RY/10) [1—-(ev/2) ]}

where

X[R+3+1n(2) —exp(4R) Ei(~4R)]), (31

M= (v[(v/2)+1n(2) J+ (v%/12)+v In(2R) +{[In(2R) /2}

+In(2)[In(4R) — Ei(—4R) -

[1—exp(—4R) ]{[In(2) }¥/2}

— [4R—[(4R)*/ 22 ]+ [(4R)¥/331]-[(4R)Y/#4!]++-+}), (32)

and v is Euler’s constant.

It is much easier to evaluate the second-order energy
¢® numerically than to express it in explicit form. The
difficulties in the explicit evaluation are similar to

®W. A. Sanders, W. J. Mcath, and J. O. Hirschfelder, Univer-
sity of Wisconsin Theoretical Chemistry Institute Report No. 44
(1964). This has been deposited as Document number 8448 with
the ADI Auxiliary Publications Project. For further information,
see Ref. 6.

®Z. Kopal, Numerical Analysis (Chapman and Hall, Ltd.,
London, 1955), Chap. 7.

those encountered with F°. Closed-form expressions
for both F® and €® are given in Appendix II to Ref. 8
for the special choice of parameters a=b=s. Still, the
procedure leading to these expressions is very tedious,
and the analytic evaluation of the third-order energy
is virtually hopeless. For this reason the integrals in-

10 1t should be noted that this work is basically different from
that of I. N. Levine, J. Chem. Phys. 41, 2044 (1964), who used
a single-center expansion of the perturbation about the united-
atom nucleus and derived the energy only through second order.
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TasLE 1. Perturbation energies*® for the ground state of Hsy*, neglecting internuclear repulsion and using the unperturbed function
¢ =N exp{—Ra\/2) cosh(Rbu/2).

R/a, —E(0) —e® S —E(1) —Eps
0.0 2.0000000 0.0000000 0.0000000 2.0000000 2.00000
0.2 1.9288376 0.0000831 0.0000005 1.9286203 1.9287,
0.4 1.8005254 0.0002311 0,0000025 1.8007540 1.8007,
0.6 1.6711853 0.0003040 0.0000047 1.6714846 1.6715,
1.0 1.4514847 0.0003081 0.0000068 1.4517860 1.4517,
1.4 1.2840155 0.0002601 - 0.0000068 1.2842688 1.28424
1.6 1.2157074 0.0002358 0.0000064 1.2159368 1.21589,
1.8 1.1556003 0.0002144 0.0000059 1.1558088 1.1558
1.9 1.1282219 0.0002049 0.0000057 1.1284212 v
2.0 1.1024428 0.0001964 0.0000054 1.1026338 - 1.10263
2.1 1.0781414 0.0001889 0.0000052 1.0783250 s
2.2 1.0552074 0.0001823 0.0000049 1.0553847 1.05538
2.5 0.9936591 0.0001683 0.0000042 0.9938232
3.0 0.9107355 0.0001636 0.0000032 0.9108960 0.91089
4.0 0.7958779 0.0002082 0.0000014 0.7960848 see
5.0 0.7241507 0.0002686 —0.0000009 0.7244202 0.72442
6.0 0.6783593 0.0002719 —0.0000042 0.6786355 0.67863
8.0 0.6274265 0.0001371 —~0.0000062 0.6275698 0.62757

10.0 0.6005292 0.0000469 —0.0000024 0.6005785 see
® 0.5000000 0.0000000 0.0000000 0. 5000000 0. 50000

® As was stated in Ref. 2, the fifth decimal place of Epys is probably in error
by at least one unit. Furthermore, in the range of 0.2 to 1.8, little significance can
be attached to the last figure; we have indicated this by writing it as a subscript.
The energies are in units of {¢?/a). The Bates, Ledsham, and Stewart energies,
Ep1g, were the best by previously determined energy calculations.

volved in calculation of ¢® for general a and b, and
€® for all cases (except when 5=0) were determined
numerically on the CDC 1604 computer of the Uni-
versity of Wisconsin Computing Center. The accuracy
of the numerical integrations to the number of figures
given in the tables has been assured by comparing
numerical values of ¢?® with those obtained from the
explicit expression.

III. RESULTS AND DISCUSSION
The flexibility provided by the parameters in the

Guillemin—Zener zeroth-order wavefunction allows ex-
tremely accurate determination of the energy through

b Note added in proof: H. Wind [J. Chem. Phys. 42, 2371 (1965)] extended the
BLS calculations to seven decimal places in the energy. Our E(1) agrees with
his up to the last figure.

third order. Kim, Chang, and Hirschfelder® determined
these parameters for the H;t molecule by the use of
the variational principle, minimizing Eq. (7). We have
used their values for E£(0), ¢ and b.

In Table I we have listed for the Hst molecule the
second- and third-order energies and the energy ex-
pectation value E(1) given by Eq. (14). Here E(1)
is an upper bound to the exact energy. It may be ob-
served that our calculated energies are extremely ac-
curate throughout the entire range of R. The energy
through €@ agrees to all places with Epis, the energy
of Bates, Ledsham, and Stewart? determined by means
of an accurate series expansion, while ¢® affects the
energy in the sixth decimal place. Since Eprs is given

TasLE II. Calculated values of the normalized wavefunctions.®

R=0.24a¢ R=2.0ay R=9.04a,
s by ¥ ¥(1) ¥BLs ¥ (1) ¥pLs ¥ ¥(1) ¥BLs
0.0 1.0 1.26697 1.25739 1.25749 0.31719 0.31473 0.31469 0.01020 0.01159 0.01175
2.0 1.04373 1.04098 1.04103 0.08190 0.08251 0.08250 0.00010 0.00011 0.00011
3.0 0.85983 0.85992 0.85994 0.02115 0.02069 0.02071 0.00000 0.00000 0.00000
4.0 0.70834 0.70930 0.70951 . 0.00546 0.00505 0.003507 0.00000 0.00000 0.00000
0.7 1.0 1.27097 1.26136 1.26147 0.38512 0.38052 $.3808¢2 0.10749 0.10664 0.10665
2.0 1.04703 1.04427 1.04432 0.09944 0.09986 0.09986 0.00108 0.00103 0.00103
3.0 0.86255 0.86263 0.86266 0.02568 0.02502 0.02506 0.00000 0.00001 0.00001
4.0 0.71057 0.71174 0.71175 0.00663 0.00611 0.00614 0.00000 0.00000 0.00000
1.0 1.0 1.27513  _1.26551 1.26561 0.46083 0.45793 0.45789 0.39568 0.39688 0.39679
2.0 1.05046 1.04770 1.04775 0.11899 0.12004 0.12005 0.00397 0.00382 0.00383
3.0 0.86338 0.86547 0.86549 0.03072 0.03010 0.03013 0.00000 0.00003 0.00003
4.0 0.71290 0.71407 0.71409 0.00793 0.00735 0.00738 0.00000 0.00000 0.00000

* The wavefunction ¥ is given by Eq. (2), ¥(1)=N Y+ 1), and ¥pys is the normalized wavefunction of Bates, Ledsham, and Stewart.

o 1 em e
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only through the fifth decimal place, it is not possible
to determine the degree of accuracy of our energies
by comparison. (See Footnote b, Table I.)

To see how well perturbation theory has improved
the zeroth-order wavefunction ¥, we compare in Table
II the “exact” normalized wavefunction ¥pis of Bates,
Ledsham, and Stewart with ¥(1) =N (y+y¢®), where
N= (14 @, y® )} It is clear that the Guillemin-
Zener function corrected through first order is in much
closer agreement with ¥grs than is the zeroth-order
function. Since the functions ¥(1) and ¥prs have
nearly the same values over all space, ¥(1) will un-
doubtedly give good values for properties other than

energy.

~1.05

-

z—

F16. 1. Contour mapping of ¥ (1) /¥ (1) at the equilibrium
separation R=1.9973a,. Here EprLs=—1.1026. The electronic
coordinate r= (x, v, z) is measured from the origin of the confocal
elliptic system, with z oriented along the internuclear axis.

To determine further the quality of ¥(1), we have
investigated the local energy! 2

eroc=HY (1) ¥ (1) =e+V—[(V—e¥)/(1+F1+F:) ].
(33)

Comparison with the energy averaged over all space,
given as Egprs, shows that the wavefunction is most
accurate when the electron is 4 to 6ao from the nuclei
and least accurate near the nuclei. Sample results are
given in a contour map, Fig. 1, at the equilibrium
separation.

Limiting Values

Some interesting limiting forms of the Guillemin—
Zener function are obtained from the following special

A, A, Trost, R. E. Kellogg, and E. C. Curtis, Rev. Mod. Phys.
32, 313 (1960).
22 J. H. Bartlett, Phys. Rev. 98, 1067 (1955).

TasiE III. Perturbation energies for the ground state of Hy*,
neglecting internuclear repulsion, using the “united atom” un-
perturbed function y =N exp(—rx—rs).

—E(0) - —e®

R/ao —e —E(D) —Epig
0.0 2.00000 0.00000 0.00000  2.00000 2.00000
0.2 1.92661 0.00205 ~—0.00004 1.92862 1.9287,
0.4 1.783808 0.01296 —0.00027 1.80071 1.8007,
0.6 1.64179 0.03003 —0.00024 1.67125 - 1.6715,
1.0 1.38462 0.06499 0.00252  1.45038 1.4517,
1.4 1.183503 0.09105 0.00824  1.28041 1.2842,
2.0 0.96774 0.11434 0.01847  1.09314 1.10263
2.5 0.83721 0.12462 0.02672 0.97838 oo
3.0 0.73634 0.13028 0.03431  0.88862 0.91089
5.0 0.49624 0.13490 0.05994 0.66733 0.72442

10.0 0.27214 0.12682 0.11510  0.45024 aee

choices of the parameters a and b:

(1) a=2, =0,

(2) a=b=1,

(3) a=b=s, a variational parameter.
A brief discussion of these limits follows.

1, a=2, b=0, the United-Atom Funclion
The resulting zeroth-order wavefunction

Yy=N exp(—ra—rs)—N exp(—12r) (34)

becomes accurate in the united-atom limit. Table III
contains the results for this case. As expected, the
energies are quite good for small R but become in-
creasingly bad as R becomes large. In order to demon-
strate the asymptotic behavior of the perturbation
energies, we have derived the expressions for Egs.
(28) through (31) in the limit of large R

e=—2
eV=24+0(R)
é9=—f5+0(R)
W= —4R/350+4 O(R?).

A comparison of these limits with the asymptotic value
of the exact energy, —3, shows that the perturbation
calculation diverges for large R. For example, the

Tasre IV. Perturbation energies for the ground state of H,*,
neglecting internuclear repulsion, using the “separated atom” or
Pauling unperturbed function y=N[exp(—ra) + exp(—rg) J.

R/ay —E(0) —e® € —E(i) —EpLs
0.2 1.48353 0.46513 0.01967  1.74436 1.9287,
1.0 1.28837 0.20117 0.05012  1.40112 1.4517,
2.0 1.05377 0.06027 0.01525  1.09429 1.10263
3.0 0.89242 0.02127 0.00346  0.90952 0.91089
4.0 0.78687 0.00967 0.00055  0.79582
5.0 0.71920 0.00507 —0.00012 0.72433 0.72442
6.0 0.67573 0.00270 —0.00017 0.67859  0.67863
8.0 0.62673 0.00078 —0.00005 0.62756  0.62757

10.0  0.60030 0.00027 —0.00001 0.60058 e
o  0.50000 0.00000 0.00000 0.50000  0.50000
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TABLE V. Perturbation energies for the ground state of Hy¥, neglecting internuclear repulsion, using Finkelstein-Horowitz unperturbed
function y=N[exp(—sra) + exp(—srp)].

R/ao —E(0) —e® —e® —E(1) —Epis
0.0 2.0000000 0.0000000 0.0000000 2.0000000 2.00000
0.2 1.9283280 0.0002936 —0.0000014 1.9286203 1.9287,
0.6 1.6667478 0.0047684 —0.0000330 1.6714790 1.6715,
1.4 1.2696254 0.0146429 0.0000429 1.2841976 1.2842
1.8 1.1397320 0.0160749 0.0000701 1.1556836 1.1558
2.0 1.0865060 0.0161327 0.0000676 1.1024824 1.10263
2.2 1.0395174 0.0158792 0.0000590 1.0552106 1.05538
3.0 0.8977816 0.0131115 0.0000348 0.9106872 0.91089
4.0 0.7873345 0.0086428 0.0000920 0.7959307 eee
5.0 0.7192055 0.0050392 0.0001441 0.7243330 0.72442
8.0 0.6267342 0.0007835 0.0000436 0.6275597 0.62757

10.0 0.6002979 0.0002689 0.0000101 0.6005767 aee
© 0.5000000 0.0000000 0.0000000 0. 5000000 0.50000

energy through third order is above Egyg in the range
R=0 to R=)25 but for R>235 it falls below Egrs, ap-
proaching minus infinity. Equations (28) through (31)
go to the correct limit, —2, as R approaches zero,
since the zeroth-order wavefunction becomes identical
with the exact wavefunction in this limit. Note that
although the energy through third order diverges, the
energy (1) remains finite and gives an upper bound
to the exact energy over the full range of R, approaching
zero asymptotically. This behavior results from the
fact that the denominator of E(1) goes as R? in the
limit of large R while the numerator goes as R.

2. a=b=1, the Pauling Function
The resulting zeroth-order wavefunction®
¥=N [exp(—7a)+exp(—7s) ]

is accurate in the separated atom limit. We would
expect that the resultant energies in this case would
be nearly exact for large R and become progressively
worse as R approaches zero. As shown in Table IV
such is actually the situation.

3. a=b=s, the Finkelstein-Horowilz Function

The energies resulting from this choice of param-
eters,”* with s variationally determined,® are fairly
accurate throughout the entire range of R, as seen in
Table V. For this case, the expression for the per-
turbation energy to second order was expanded in
powers of R (through terms in R?®) in the limit of
small R. The results agree with the exact energy ex-
pansion for H,t as determined by Byers Brown and
Steiner.’ For large R, ignoring exponentially de-

13 1. Pauling, Chem. Rev. 5, 173 (1928).
( ¥ B. N. Finkelstein and G. E. Horowitz, Z. Physik 48, 118
1928).
3 W, Byers Brown and E. Steiner, University of Wisconsin
Theoretical Chemistry Institute Report No. 33 (1963).

creasing terms, the expansion of ¢? agrees with the
result of Dalgarno and Lynn' and of Robinson.”

Comparison of Tables IV and V shows the advantage
to be gained by using a variationally optimized zeroth-
order wavefunction. The superiority of the scaled
function is particularly striking at small internuclear
separations, where the scaling parameter is significantly
different from unity. These results support the view
that the rate of convergence of the perturbation series
is strongly dependent upon the quality of the zeroth-
order wavefunction.

IV. SUMMARY

The ease of solution of the perturbation equations
depends very greatly upon the form of the zeroth-
order function. The one-electron homonuclear diatomic
molecule probably represents the limiting case in which
analytic solutions can be obtained for a reasonable
unperturbed function. For systems with two or more
electrons, the variables are not separable and one
cannot solve the perturbation differential equations
exactly. It appears, therefore, that the extension of
perturbation calculations to more complicated systems
can only be accomplished by means of variational
techniques.*®18
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Computor Programs

As the role of computors in atomic and molecular calculations
becomes increasingly important,; the computor programs themselves are
gaining added stature. Often the mathematical formalism for a
particular computation may take less than a month to develop while
the programs for implementing the calculation may require over a year
to complete. Subsequently, the ma3thematics is made available to
others in the field through the various journals while the computor
programs are completely inaccessible. This inaccessibility is due
partly to the fact that programs written for a given computor are
incompatible with most of the other computors. This situation has
been partially alleviated by the development of the fortran language.
The fact that listings of programs generally are not published also
tends to make them inaccessible.

In order to make available for general use the computor
programs developed in this calculation, their listing with a detailed
explanation of symbols and operating procedures is given in this

section.

Symbols and Arrays

Certain symbols and arrays are common to all programs. These
are listed here for convenience. The arrays wtgaus(m), ptgaus(m),
wtlag(m), and ptlag(m) contain the Legendre Gauss weights and
points and the Laguerre Gauss weights and points respectively.

The symbols and arrays corresponding to the zeroth order wave
function Eqs(I1.B-16) and (I1.B-26), are as follows: £f(m+l) = fm;

P(+1,p+1) = P’f ; sigma =¢ ; P =f; gtau(f +1) =jl" The maximum
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number of terms in the § summation is denoted by wavelam and in the7
summation by wavemu; energy = 60.

The arrays corresponding to the matrix elements, Eqs(II.E-18) -
(II.E-22) and Eqs{II.E-48) - (II.E-53),are the following:
coeffl(mtl,nt+l) = Hm,n; cofrho{(mtl,n+l) = Vm,n; cofnom(mt+l,n+l) = Sm,n;
summit (m+l) = Nm,o; VA(mt+l) = Vm,o'

Additional symbols are: PI =T; alp2 = 2« where o and fare
defined by Eqs(I1.E-3) and II.B-26). The subroutines Ktime and
Pclock are used to determine the time required for various operations.

Ktime is a library subroutine. The library subroutine Matinv is

used for all necessary matrix inversions.

General Procedure

The procedure for determining the é;,,consists of three parts:
the determination of the basic integrals; the evaluation of the matrix
elements; and the determination of the various energy orders. Each
of these is accomplished by separate programs. Data is transferred
between programs by magnetic tape and punched cards. The order of
the program listings are as follows:

1. Fmethod
a. Program Htauint
b. Program Energy
2. Hmethod
a. Program Htauint
b. Program Energy
¢. Program Enermat

3. Program Highen
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The programs Htauint are used to calculate the basic integrals while

the programs Energy and Enermat are used to determine the various

matrix elements. The program Highen determines the perturbation energy
. coefficients.
\ 1. Fmethod

a. Program Htauint

Definition cf Svmbois and Arrays

-+ N
R (Trtymer, 0t0) = [(zaz)(t-u).’; “ @_"I(M) - (z.0-49)

2cc+v)’

o
l/(’h‘f") ’7+/)cl'l) - ﬁ (m,y,)
Z,T

/
/"//(lh+lj)7+),’('-+l): E,t(m;h\ _(-UJ—:A" 66)

. 2
HL (s s, ner, Tr) = Ty Cmy

At 1) = A m)y — (i A-15)

AZCmery = B (wm)y - (i A-26)

Subroutines and Functions

) 1. Rtaun‘/mmax,nmax,R,wtgaus,ptgaus,maxgaus) determines
the array K(m,n,w) forV= 1,2, and 3 and all m and n £ mmax and nmax.
2. Bintfmmax,A2,wtgaus,ptgaus,maxgaus) determines the integrals
A2{m) for all m4 mmax.
3., CetA{wtlag,ptlag,maxlag,mmax,;Al,Alp) determines the integrals

Al(m) fer ail m 4mmax.
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Htau(mmax,nmax,tmax,Alp,nu,H,wtgaus,ptgaus,maxgaus,wtlag,ptlag,
maxlag) is used to calculate H(m,n,t) for all n,m, and t < mmax,nmax,

and tmax.

5. Htaul2(mlmax,nlmax,tlmax,m2max,n2max, t2max,H,H1,H2,mmax,nmax,

tmat) determines Hl(ml,nl,tl) and H2(m2,n2,t2) for all ml,nl,tl <

—n

mlmax,nlmax, tlmax and m2,n2,t2<£ m2max,n2max, t2max.

Operating Procedure

The program requires the input of maxgaus,maxlag,ptgaus,wtgaus,
ptlag,wtlag,Rzero, lamwave,muwave,p,sigma,aprime,energy,f,and gtau.

The basic integrals R,A1,H,H1,H2, and A2 are automatically calculated

and stored on tape.
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PROGRAM HTAUINT |
DIMENSION R(1551593) sH{13913915)sHi(11s11915)sH2(Y99915)sA1(40)s
1 A2(40) |
DIMENSION WTGAUS(99)sPTGAUS(99)sWTLAG(99) sPTLAG(99) |
DIMENSION STRLAG(100) |
COMMON /BLOCK 12/ICOUNTP {
COMMON/H2PLUS/F(30)sGTAU(30) sMUWAVE s LAMWAVE » SIGMA sP »RZERO
862 FORMAT(1H1)
43 FORMAT(3Xs 5E17.8)

514 FORMAT (2(/)s4X»>1253Xs6HRZERO=F745+2X32E17410)

142 FORMAT(1H1s & (/) s14XsTHMAXLAG=»129+4Xs8HMAXGAUS= 12/7/)

973 FORMAT(35HTHIS PACKET CONTAINS H»S FOR RZERO= F7.5)

972 FORMAT(4Xs6HRZERO= F845/13HRILTAUsJsNU)= /135(5E1649/)/3HAL1=/ |
1 B8(5E1649/)/3HH= /507(5E16e9/)s3HH1=5/363(5E16e9/)9/3HH2=2/243(
2 5E1649/)5(5E1649))

1111 FORMAT(90XsI2s3HMINs 2X»>12+3HSECs 3X»I12s6HSEC/60)

919 FORMAT(3Xs2HR=5F54252Xs25HNUMBER OF TERMS IN LAMBDA »I12,9HAND IN Ml
1UsI29/6Xs2HP=F17410s6HSIGMA=F17410s2Xs THAPRIME= F17.10/4Xs THENERGY
2= F17.10s6Xs19HTHE FS ARE EQUAL TO /(4F20.10))

920 FORMAT (4Xs19HTHE GS ARE SQUAL TO /(4F20.10))

187 FORMAT (3X»>8HMAXGAUS= 125 7HMAXLAG=12/5(4E17410) )

150 FORMAT(90X»2F742)

905 FORMAT(5E1649)
|
|

READ IN THE GAUS LAGUEZRRE AND GAUS LEGENDRE POINTS
READ 187 s MAXGAUSsMAXLAGs (PTGAUS(I)»I=1sMAXGAUS) s (WTGAUS(I)sI=1>
IMAXGAUS) s (PTLAG(I)sI=1sMAXLAG) s {WTLAG(I)sI=1sMAXLAG)

917 CONTINUE

READ IN THE ZEROTH ORDER WAVE FUNCTION
READ 919s RZEROSLAMWAVE sMUWAVE sP+sSIGMASAPRIMESENERGY s (F (I)s1=1»
IMUWAVE) .
IF(EOFs 6011015102 |
101 STOP
102 CONTINUE
READ 920, (GTAU(I)sI = 1sLAMWAVE)

MLO = 1SMHIGH = 3
DELTA = P

IGOGET DETERMINES THE POWER OF PSIZERO IN THE INTEGRAND
FOR IGOGET = 1 INTEGRAND CONTAINS PSIZERO SQUARE



348

349

350

351

10

11

IGOGET = 1
GO TO (3509349+348)+IGOGET

CONTINUE

ALP = DELTA + DELTA
ICOUNT P= 1

GO TO 351
CONTINUE

ALP = DELTA+P
ICOUNTP = 2

GO TO 351
CONTINUE
ICOUNTP = 3
ALP = P+P
CONTINUE

DO 10 I = 1,15
DO 10 J = 1,15
DO 10 K = 1,3

R(IsJsK) = Qe
DO 11 1 = 1,40

A2(I) = O
Al(I) = O.
PRINT 862

CALL KTIME{(MINsKSECsDD}) S PRINT 1111sMINsKSEC»DD

C R{MAXMUMSLMAXs3)

467

EOhg e TV,

FIR0 s eyt ol s i w0

CALLRTAUN(15515sRsWTGAUS»PTGAUS sMAXGAUS)

CALL KTIME(MINsKSECsDD) % PRINT 1111-sMINSKSECSDD

CALL BINT (38+A2+sWTGAUSsPTGAUSSsMAXGAUS)

CALL KTIME(MINSKSECsDDY S PRINT 1111sMINSKSECSDD

CALL GETA(WTLAGSPTLAGsMAXLAG»38s Als ALP)

CALL KTIME(MINIKSECsDD) 5 PRINT 1111>MINsKSECHDD

CALL HTAU(13313915sALPs»1ryHIWTGAUSIPTGAUSIMAXGAUSSWTLAGIPTLAG)S

IMAXLAG) :

CALL KTIME(MINSKSECsDD) 5 PRINT 1111sMINSKSECSDD

CALL HTAU12(119119159999s15sHsH19HZ2313913915)

CALL KTIME(MINsKSECSDD) 3 PRINT 1111sMINsKSECHDD

PRINT 142, MAXLAGs MAXGAUS

ENZERO = ENERGY

WRITE TAPE 23 sRZEROsRsAlsHsH1sH2sA2+sENZEROSDELTA
CONTINUE

GO TO 917

END
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336

337

338

43

SUBROUTINE BINTINUMINTS»3Z»WTGAUSsPTGAUS sMAXGAUS)
DIMENSION BZ(40)sWTGAUS(99)sPTGAUS(99)9G(99)+sX(99)sP(30s4)

COMMON /BLOCK 12/ICOQUNTP

COMMON/H2PLUS/F(30)sGTAU(30) sMUWAVE s LAMWAVE » SIGMASPEE sRZERO

DO 39 K = 1,MAXGAUS
G(K) WTGAUS (K)

X(K) PTGAUS (K)
G(K+MAXGAUS) = G(K)

X (K+MAXGAUS) = =X(K)
DO 11 J = 1s NUMINTS
BZ(J) = Q.

MXGAUSS
DO 43 M
FP2 = 0.

MAXKAT = MUWAVE

CALL PTN(MAXKAT 1P sX(M))
DO 47 IQ = 1s MAXKAT»2

FP2 = FP2 + F(IQ)*P(1IQs1)

GO TO (33593369337) 9 ICOUNTP
CONTINUE

FSQUAR = 1

GO TO 338

CONTINUE

FSQUAR = FP2

iwon

2¥MAXGAUS
1 sMXGAUSS

GO TO 338

CONTINUE

FSQUAR = FP2%*FP2

CONTINUE

DO 43 TA = 1sNUMINTS

BZ{IA)= BZ(IA) + X{M)**¥{JA~-1)%FSQUAR*G(M)
CONTINUE

END

SUBROUTINE GETA(WTLAG:PTLAGsMAXLAGsNUMINTSsARRAY »SCALE)

DIMENSION WTLAG(99)s PTLAG(99)» ARRAY{(40)
ALIMIT = 1

EAL = EXPF(-ALIMIT#SCALE)/SCALE

DO 38 L = 1y NUMINTS

130
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ARRAY (L) = 0.

DO 43 M = 1,MAXLAG

Y = PTLAG(M)/SCALE + ALIMIT

WAVEFU = GNO((Y=1e4)/(Y+1le)sY+1ls)

DO 43 N = 1s NUMINTS

ARRAY(N) = ARRAY(N) + Y  REIN-1)®WAVEFUX¥WTLAG(M)*EAL
END

|
|
|
|
|
|
\
\
|
\
|

SUBROUTINE HTAU(MMAX sNMAX s ITAUMX sALP sNU sHsWTGAUS s PTGAUS sMAXGAUS » |
1 WTLAGsPTLAGSMAXLAG)

DIMENSION P(3094)5G(99)sX(99)sD(1551593)sWTGAUS(99) sPTGAUS(99)
1 WTLAG(99) sPTLAG(99)

DIMENSION H(13+13515)

DIMENSION HINMAXsMMAX s ITAUMX)

DO 39 K = 1,MAXGAUS

GI(K) = WTGAUS(K)

G(K + MAXGAUS) = G(K)

X{K + MAXGAUS)= =X(K) + 1.

DO 8 M=1,MMAX

DO 8 N= 1,NMAX
DO 8 ITAU = 1sITAUMX
H(MsN»ITAU) = 0.

MAXTWO = 2*¥MAXGAUS
DO 3 I = 1sMAXTWO
T = X(I)
MAX = NMAX
CALL PTN (ITAUMXsNUs Psle/T)
Z = 1la/7
CALL ETAUN (MAXsDsNUSALP 914/ TsITAUMXsWTLAGIPTLAGIMAXLAG)
DO 3 ITAU = 1s ITAUMX '
GT = ((1le=T*T) ¥P(ITAUSNU)#P(ITAUsSNU) ) *¥*(=1)
DO 3 N= 1sNMAX

DO 3 M = 1,N

H(MsN» ITAU) = H(MsNsITAU) + GT#D(ITAUSMINU)I¥DIITAUSNSNU)* G(I)%*14/
1 2.

DO 81 ITAU = 1,ITAUMX
TAU = ITAU - 1
FNU = NU -1

KP =1
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81

30

39

38

43
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LIM1 = TAU - FNU + 1.

LIM 2 = TAU + FNU

DO 82 I = LIM1sLIM2

KP = KP#*]

COF = (=1)%%(NU=1)%KP

DO 81 N = 1,NMAX

DO 81 M = 1N

H{MsNs ITAU) = COF*¥H(M,NsITAU)

DO 30 ITAU = 1, ITAUMX

DO 30 N = 1,NMAX

DO 30 M = 1,N
H(NsMsITAU) = H(MsNsITAU)
END

SUBROUTINE ETAUN(JMAX sDsNUSALP »Y s ITAUMXsWTLAGSPTLAG sMAXLAG)
DIMENSION G(99)3sX1(99)sX2(99)sWTLAG(99)s PTLAG(9S)
DIMENSION D(l5sl5’3)’Pl(5034)9P2(3094)

EAL = EXPF(-ALP)/ALP

U = EXPF(=(Y-1.)%ALP)

DO 39 K = 1sMAXLAG

G(K) = WTLAGI(K)
X1{K)= PTLAG(K)/ALP +1.
X2(K) = PTLAGIK)/ALP +Y

DO 38 J= 1sJMAX

DO 38 LTAU = 1, ITAUMX

DILTAUsJSNU) = 0.

DO 43 M = 1sMAXLAG

CALL PTN(ITAUMX sNUsP2sX2(M}))

CALL PTN(ITAUMXsNUsP1sX1(M))

GN1 = GNO({X1(M)=1e)/(XL(M)+1la)sX1l(M)+1ls)
GN2 = GNO((X2(M)=14)/(X2(M)+1a)sX2(M)+1s)
COFFA = GN1*G(M)*EAL

W = U%GN2/GN1

DO 43 J = 1,sJMAX

COFX1d = X1iMi**(J-1)*COFFA

COFX2J = X2{M)¥#(J=-1)#W*COFFA

DO 43 LTAU = 1, ITAUMX
DILTAU»JsNU)I=D(LTAUsJsNU}+PL(LTAUSNU)*¥COFX1J=P2 (LTAUSNU)*COFX2J
END .
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338

39

FUNCTION GNO(Ws2Z)

COMMON/HZPLUS/F(BO)aGTAU(BO)’MUWAVE9LAMWAVE’SIGMA’P9RZERO

COMMON /BLOCK 12/ICOUNTP
SUM = 0

DO 1 I = 1,LAMWAVE

SUM = SUM + GTAU(I)#W**(I-1)
GO TO (33593369337)sICOUNTP
CONTINUE

GNO = 1

GO TO 338

CONTINUE

GNO = (Z**SIGMA*SUM)

GO TO 338

CONTINUE

GNO = (Z¥®¥SIGMA*SUM) *%2
CONTINUE

END

SUBROUTINE RTAUN(IMAXMUMsLMAXsRTAUVIsWTGAUSsPTGAUS sMAXPT)
DIMENSION P(3094)sG(99)9X(99)sRTAUVI1551553)sWTGAUS(99)
DIMENSION PTGAUS(99)sRA(154515)

COMMON/HZPLUS/F(BO),GTAU(BO)9MUWAVEaLAMWAVEvSIGMA’PE

COMMON /BLOCK 12/ICOUNTP
DO 39 K = 1sMAXPT

G(K) = WTGAUS(K)

X{K) = PTGAUS(K)

G(K+ MAXPT) = G(K)
X(K+MAXPT) = =X(K)
MAXMUM = 2¥KMAX + 7

133



11

38

47

335

336

| 337

338

43

10

1

DO 11 J = 1s MAXMUM
DO 11 K = 1,LMAX

DO 11 M = 1,3
RTAUV(JsKsM) = 0Da
DO 10 NU = 1,3

DO 38 J = 1lsMAXMUM
DO 38 K = 1sLMAX

RA (JsK) = 0.

MAXPTS = 2%MAXPT

DO 43 M = 1,MAXPTS

FP2 = 0,

MAXKAT = MUWAVE

CALL PTN (MAXKATs1sPsX(M))

DO 47 1Q = 1sMAXKAT »s2

FP2 = FP2 + FLIQ)*P(IQy1)

GO TO (335+3365337)sICOUNTP

CONTINUE

FSQUAR = 1

GO TO 338

CONTINUE

FSQUAR = FP2

GO TO 338

CONTINUE

FSQUAR = FP2%*FP2

CONTINUE

CALL PTN (MAXMUMsNUsP»X(M))

PROD = FSQUAR*G(M)* (SQRTF({le—-A{M)%X(M)))*¥*(NU-1)
DO 43 TA = 1,LMAX

PRODUCT = PROD*X({M)*¥(]A-1)

DO 43 LTAU = 1sMAXMUM
RA(LTAUsIA) = RA(LTAUSIA)
CONTINUE

DO 10 J = 1sMAXMUM

DO 10 K = 1» LMAX
RTAUV(JsKsNU) = RA(J»K)
CONTINUE -

END

+ PRODUCT*PILTAUSNU)

SUBROUTINE HTAUL2 (MMAXsNMAX 9 IMAX s NMAX2 s MMAX2 » IMAX2 sHsH1 sH2 sMZERMAX

'yNZERMAX s IZERMAX) -

134
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DIMENSION H(13913515)sH1(11511915)sH2(9+9+153)
DIMENSION H(MZERMAXsNZERMAX s IZERMAX) 91 (MMAX s NMAX s IMAX ) s H2 (NMAXZ »
1 MMAXZ2,yIMAX2)

DC 49 I = 1sMMAX
DO 49 J = 1sNMAX
DO 49 K = 1y»IMAX
H1{IsJsK) = 0O,

DO 48 1 = 1,NMAX2
DO 48 J = 1sMMAX2
DO 48 K = 1sIMAX2

H2(IsJsK) = Oo

DO 50 I=2sIMAX

DO 50 N = 1,NMAX

DO 50 M=1,sN

T = 1-1

O HI(MoNsI) = TH(T+1e)/(2e%T 4 1o)¥(( T + lo)¥H{MsNsI+1) ~-
1(2e%T+ 1o)% H(M 4+ 1oN+1ls 1) + THH(MsNsI = 1))
DO 30 ITAU = 2sIMAX

DO 30 N = 1,NMAX

DO 30 M = 1,N

HI1(NsMsITAU) = HI(MsNsITAU)

DO 51 I = 3,IMAX2
DO 51 N = 1,NMAX2
DO 51 M = 1,N

T = I-1

OH2 (MeNsI) = (TH+2a )% (T+1le ) ¥TH*¥(T=1a) /({24 *¥T +3,4)%

l(ZO*T + lo )% (ZO*T—IO))*(T*(ZO*T - 1.)*((2.*T + 30)/

2 (T 4+ 1%{T + 24)) 1%

3H1(MsNs] + 1)- (ZO*T + 30)*(20*T“1-)* ((2.*T+lo)/(T*(T + 1.)))*
4Hl(M+l’N+19I) +(T+lo)*(2.*T + 3.)*((2.*T“1.)/((T - la)*T))
S5 #¥H1(Ms Ny I - 1))

DO 40 ITAU = 3,IMAX 2

DO 40 N = 1sNMAX2

DO 40 M = 1,N

H2 (NsMs ITAU) = H2(MsNsITAU)

END

SUBROUTINE PTN(LTAUMXsNUsPsX)
CALCULATES ASSOCIATED LEGEZNDRE POLYNOMIALS PTAUNU
DIMENSION P(30s4) -
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DO 1 M = 1930
DO 1 N = 14
1 P(MsN) = Qe
P(lsl) = 1o
P(2s1) = X
P{2+2) = SQRTF{ABSF(1lae=X¥*X))
P(3352) = 3.%#X%P(252)
P{393) = 3e%(le = X#*X)
Plase3) = S54%P(393)%X
FNU = NU

LIMU = NU + 1
DO 44 LTAU = LIMUsL TAUMX

TAU = LTAU ' :
440P(LTAU + 1sNU) = 1e/{TAU = FNU +1a)*¥((2%TAU =1a)*X¥

1P(LTAUSNU) = (TAU + FNU = 24)%P(LTAU = 1,NU))

END

END -
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b. Program Energy

Definition of Symbols.and Arrays

Man(i), nan(i), jan(i), and ipan(i) contain the powers of ?,,ZZ,O,,t)L
and Tio for the ith term in the basis set. Equivalent arrays are
m(i), n(i), j(i), k(i) and ip(i). The array bmat contains the first
order wave function coefficients. Fnorm =1/ m >, Enone = é, R

E two =éé, and, Entre = €

3

Subroutines and Functions

1. The function X(m,n, j,k,ip) is used to calculate the integrals
o . .

MZ (m,n, j,k,1ip).

2. The functions Z2zer, Zlzer, Zone, Zlone, Ztwo,Zltwo, Ztre,
Zneg, Zlneg, Z2neg, and Zzer are all part of function X.

3. The subroutine Amatsav is used to call the matrix inversion
subroutine.

4. The function Hsmall calculates Hij-(II.E-31)

Operating Procedure

The basis set is inputed from punched cards and stored in the
arrays m,n, j,k, and ip. Rzero, R, Al, H, Hl, H2, A2, enzero, and
delta is then inputed from tape. The program subsequently calculates
the energy through third order and stores the matrix elements on tape
for use by program Highen.

Note

During the calculation certainhiz are required more than once.
To prevent a repeated evaluation of these integrals a number of memory
locations are reserved for their storage. Upon entering function X,

a search is made of these to determine whether or not the desired



primitive integral has been previously calculated. If not, it is
consequently evaluated and stored. Common block 4 which is located

in bank 1 is reserved for this storage. Since this program was written,
approximately 500 memory locations in bank 1 have been taken over by
the computing center in order to store tape handling subroutines. As time
proceeds, more locations in Bank 1 will be removed from user access.
Because of this the program as it now stands overflows the memory.

This condition can be corrected by decreasing the size of Xmattwo,

Xmat and Xmatzer in common block 4. Unfortunately this removes some

of the storage locations for the MZ and forces the recalculation of
certain of these integrals. The array sizes are decreased according

to the formulas Xmattwo( 2(mattwo + 1)4 ), Xmat( 2(mat + 1)4 ) and
Xmatzer( 2(matzer + 1)4 ) where mattwo, mat and matzer are integers.

Their value as of now is mattwo = 6, mat = 7, and matzer = 8.
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PROGRAM ENERGY :
PROGRAM READS FROM TAPEs THR B3ASIC INTEGRALS. THE BASIS SET
EXPANSION TERMS ARt READ FROUM CARDS. THE PROGRAM THEN CALCULATES
MATRIX ELEMENTS WHICH IT STORES ON TAPE. FINALLYs THE ENERGY
THROUGH THIRD ORDER IS CALCULATED.

DIMENSION MAN{(50)s NAN(50) s JAN{(50)sKAN(50)sIPAN(50)

DIMENSION STRBMAT(50)s MSTOR(50)

DIMENSION SUMMIT(60)sCOEFF1(50+50)sBMAT(50)sEONE(2)sVA(60)

BANK» (1 )s/4/9/3/9(0)s/T7/+/2/sENERGY sAMATSAVSZZERZ2ZERIMATINV»

1 ZNEGY»ZINEGIHSMALL sX9Z1ZERSZONESZ1ONEsZTWO sKTIME
COMMON/T7/VCHECK{50) sCOFNOM(50950)sCOFRHO(50+50)

COMMON/ 1 /FNORMsP1,RZERO

COMMON -/ 2 /M(lOO)’N(lOO)sJ(lOO)’K(IOO)olp(IOO)

COMMON/ 3 /A1(40) AZ(#O)’R(15’15,3)9H(l3913915)9Hl(11 11915),
1 H2(9+9515)

COMMON/ 4 /XMATTWO (4802) s XMAT(8192) s XMATZER(13122) sMATZER
1 MATs MATTWO ' .

461 FORMAT(4(/ )9 TX95HEZERO » 12X s4HEONE » 13X s4HETWO 912X s6HETHREE 912X
1 4HESUM 12X s6HEEXACT 912Xs4HDIFF /9 T7T(2X9sF1341092X))

460 FORMAT(1H1s5(/)55X93HR =9F5e292(/)93TXs42HTHE NUMBER OF TERMS IN T
1HE WAVEFUNCTION IS 91293(/)940Xs12HWAVEFUNCTIONs 20Xs11HCOEFFICIEN
2T » 20/ )s(41X3512920XsF1249))

827 FORMAT(3X+s6HRZERO= 9 E1l6e99 4XsE16.9)

972 FORMATI(4X»6HRZERO= FB8e5/13HRILTAUIJINU)= /135(5E16.9/)/3HAL=/
18(5E16e9/)/3HH= /253(5E16e9/)9254(5E16e9/)93HH1= +s/200(5E169/ )

2 163(5E1645/)9/3HH2= 9/243(5E16¢9/)9(5E169))

1111 FORMAT(90XsI2s3HMINs 2XsI12+3HSECs 3X»1296HSEC/60)

29 FORMAT(1H1912X9s6HRZERO=y FB8e59s4Xs6HENONE=9E20e1094X>
1 THENZEROC=s E£E20410s 3Xs6HFNORM=s E20.10)

99 " FORMAT (3XsF543) :

47 FORMAT(3Xs//6HDELTA=F745)

595 FORMAT (1H1) )

407 FORMAT(3Xs6HRZERO= » F5e233Xs14HFUNCTION SIZE= »12340HCOFRHO COFNO
1M COEFF VA AND SUMMIT FOLLOW /{(4E20.10)) '

20 FORMAT(3Xs12/(13(511+1X))) .

22 FORMAT(6X»3(7THCOEFF1(I29s1HsI292H)= E17.10))
56 FORMAT(7Xs26HTHE DETEZRMINANT OF COEFFl= E17.10)

67 FORMAT(8Xs OSHETWO=E17.10)

X1(MOsNOyJOIKOsIO)= X(MOINO+29JOsKOsIO)=X(MOsNOsJUsKO+2+10)

C XMATTWO(4,802),XMAT(8,192)sXMATZER(13’122)COFNOM(50’50)9 COFRHO(50550)
CMATTWO = 6s MAT= 7, MATZER= 8
C XMATTWO (2% (MATTWO + 1)%%4),XMAT(2% (MAT+1)%%4)s XMATZER(2% (MATZER+1)%*4)
MATTWO= 63MAT=TSMATZER=8 ’
PI = 3,141592653589
CALL KTIME(MINsKSECsDD) ® PRINT 1111sMINSKSECsDD .

C READ TERM IN BASIS EXPANSION -
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l64

300
19

263
264

999
998

997

aONONn

%o

READ 20sMNs(MUIIsN(I)sJ(I)sK{TI}sIP(I)sI=1sMN)
IF(EOF+60)163,164

STOP

CONTINUE

DO 300 I = 1»MN

MIT+MN) = N(I)

N(I + MN) = M(I)
J(I + MN) = KI(I)
K{I + MN) = J(1)
IP(I + MN) = IP(I)
CONTINUE

INPUT BASIS INTEGRALS FROM TAPE

READ TAPE 23sRZEROsRsAlsHsH19H23A29ENZEROSDELTA
IF(EOF +23)263,264

STOP

CONTINUE

CALL KTIME(MINsKSECsDD) $ PRINT 1111sMIN»KSECHDD
LIMIT1l= 2% (MAT+1)#%4

LIMIT2 = 2% (MATZER+1) *¥4

LIMIT 3 = 2%#(MATTWO + 1)#*%4

DO 999 I = 1,LIMIT1

XMAT(I) = 0.

DO 998 I = 1,LIMITZ2

XMATZER(I) = O.

DO 997 I = 1,LIMIT3

XMATTWO(I) = O,

CALL KTIME(MINsKSECs»DD) 3 PRINT 1111sMINsKSEC»DD
FRONT = (RZERO*#3%#PJ/4,) ¥%2

CALCULATION OF NORMALIZATION INTEGRAL

FNORM = IISQRfF(FRONT*Xl(Os0,0v090))
RBI = (RZERO**3*PI/4)**2*FNORM%*2

CALCULATION OF FIRST ORDER ENERGY

ENONE = RBI*2./RZERO¥*X1(05050505=1)
CALL KTIME(MIN,KSECSDD) 3 PRINTlllllyMINvKSEC,DD

CALCULATION OF MATRIX ELEMENTS

DO 881 I 1sMN

DO 881 L 1,1

IF(MOI+MN) «EQeM(I) e ANDeN{I+MN) e EQeN(I) e ANDeJ(I+MN)eEQeJ(I)eAND.
IK(I+MN) eEQeK(I) e ANDIP(I+MN)eEQeIP(1))1905»191
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190
192
193
191
194
195

196

881

390
60

913

15
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IFIMIL+MN) eEQeM(L) e ANDN(L+MN) e EQeN(L) e ANDeJ(L+MN) eEQeJ(L)eANDS
IK(L+MN) eEQeK (L) e ANDeIP(L+MN) eEQeIP(L))192+193

W1l = HSMALL(IsLsXMATRX) $ WZ2=WISW3=W1dW4=W1

GO TO 196 '
W1=HSMALL (I oL o XMATRX)SW2=W1IW3=HSMALL (I +L+MN»XMATRX)SW4=W3

GO TO 196

IF(MIL+MN) eEQeM(L) e ANDeNIL+MN) eEQeN(L) e ANDeJ(L+MN)eEQeJ(L})eANDe
IK(L4+MN) e EQeK (L) e ANDeIP(L+MN)eEQeIP(L))1945195

W1=HSMALL(IsL »XMATRX)SW2=HSMALL (I+MNsL s XMATRX) SW3=W1SW4=W2

GO TO 196

CONTINUE

Wl = HSMALLI{IsLsXMATRX)

W2 = HSMALL (I+MNsL » XMATRX)

W3 = HSMALL (I sL+MNsXMATRX)

W4 = HSMALL (I+MNsL+MNsXMATRX)

CONTINUE

COEFF1(IsL) = WI+W2+W3+W&

COEFF1(LsI) = COEFF1(IsL)

PRINT 225 ((MOsNOsCOEFF1(MOsNO)sMO=1sMN) sNO= loMN)
CALCULATION OF (0s1) AND (QsVsl)

CALL KTIME(MINSKSECSDD) 9 PRINT 1111sMINSKSEC»DD
DO 60 I = 1sMN

SUMMIT (I) = 0O

VA(I) = 0.

VYA X1(M{I)sN(I)sJ(I)sK(I)»IP(I)-1)

vYB XI(MUI)YsN(I)oJUI)sK(T)oIP(I))

VYC = VYA $ VYD = VYB

SUMMIT(I) = RBI*(VYB+VYD)

nown

CVA(I) = —RBI*(2./RZERO*(VYA+VYC) - ENONE¥*(VYB+VYD))

CALL KTIME(MINSKSECsDD) % PRINT 1111sMINSKSECHSDD
CONTINUE

CALL AMATSAV(MN’COEFFI'BMAT’VA PIsDET)

EP = 0.

CALCULATION QF SECOND ORDER ENERGY

DO 15 I = 1sMN
EP = EP + BMAT(I)*VA(TI)

ETWO = -EP
SUM2 = 0.
SUM1 = 0.

CALL KTIME(MINSKSECsDD) $ PRINT 1111sMINSKSEC»DD
MNTWO = 2*MN "

DO 9 JQ = 1lsMN

DO 9 IQ = 1,4Q

JUCK = J{IQ) + J{JQ)
KUCK = K(IQ) + K(JQ)
MUCK = M(IQ) + M(JQ)
NUCK = N(IQ) + N(JQ) : ST
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IPUCK = IP(IQ) +IP(JQ)

JU = JIIQ) + J(JQ + MN)
KU = K(IQ) + K({JQ+MN)
MU = M(IQ) + M{JQ+MN)
NU = N(IQ) + N(JQ +MN)

IPU = IP(IQ) + IP(JQ+MN)

PORK = (X1 {MUCKsNUCK s JUCK»KUCK s IPUCK=1)
1 + XI1(MUsNUsJUsSKUsIPU=-1))*2

FORK =(X1(MUCKsNUCK»JUCKs KUCK» IPUCK)
1 + X1(MUSNU»JUSKUSIPU ))%*2

COFNOM(IQsJQ) = RBI*FORK

- COFRHO(IQ»JQ) = RBI#PORK¥*2/RZERO
COFNOM{JQsIQ) = COFNOM(IQsJQ)
COFRHO(JQs»IQ) = COFRHO(IQ»JQ)

9 CONTINUE
DO 910 IQ= 1sMN
DG 910 JQ = 1sMN ‘
SUM1 = SUM1 + SMAT(IQ)*BMAT(JQ)*(COFRHO(IQsJQ)*~
1 ENONE#COFNOM(IQsJQ))
910 CONTINUE
- DO 11 I = 1,MN
SUMZ2 = SUM2 + BMATI(I)*SUMMIT(I)
11 CONTINUE

CALCULATION OF THIRD ORDER ENERGY

ENTRE = SUM1-2.%ETWO*SUM2
EEXACT = ~1.888734
,ESUMM= ENZERO + ENONE + ETWO + ENTRE :
DIFF = -1.88873 - (ENZERO + ENONE + ETWO + ENTRE
PRINT.4609RZERO:MN.(M(I)sN(I)oJ(I),K(I)9IP(I)9BMAT(I)'I=19MN)
PRINT 461, ENZEROSENONEsETWOSENTRESESUMMsEEXACT»DIFF
PRINT 596
DO 747 JJ = 1sMN

747 STRBMAT(JJ) =.0.
DO 748 JJ = 1sMN
TRY = ABSF(BMAT(1))
NUMKP = 1
DO 749 I = 1sMN
IF(TRY=-ABSF(BMAT(1)))749»749,731
IF(TRY-ABSF(BMAT(1)))731+749,749

731 TRY = ABSF(BMAT(I))

NUMKP = 1

749 CONTINUE
MSTOR(JJ) = NUMKP
STRBMAT (JJ) = BMAT(NUMKP)
- BMAT(NUMKP) = 040

748 CONTINUE
DO 395 1 = 1.MN B
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MAN(I)=M({MSTOR(I))SNAN(T)=N(MSTOR(I))ISJAN(I)I=J(MSTOR(I))
KAN(I) = K(MSTORI(1I1)}))
395 [PAN(I) = IP(MSTORI(I})
PRINT 460y RZEROsMNs» (MAN(I)sNAN(I)sJAN(I)sKAN(I)sIPAN(I)
1STRBMAT (1) sI=19sMN) . .
257 CONTINUE
431 CONTINUE
. WRITE TAPE 47,
1 RZEROYMNSENZERO» ( (COFRHO(I19JO) 9 I=19MN)»JO= 1sMN)s ( (COFNO
2M(19J0)s I = 1sMN)9»JO= 1sMN) s ((COEFF1(I9JO)sI = 1sMN)sJO= 1sMN)»
3 (VA(I)sI=1eMN) s (SUMMIT(I)sI=1sMN)sENZEROSIENONE
G (MUID)ON(I)sJ(I)sK{I)»IP(I)sI=1sMN)
1199 CONTINUE
GO T0 19
END

FUNCTION ZNEG(MsNsJsK)
DIMENSION TE(2)

COMMON/ 3 /AL1(40) A2(40)sR(1591593)9sH(13+13515)sH1(11911515)s

1 H2(9+9+15) :
90 FORMAT( 2E17410s12s 23HTOO0 MANY TAUS IN VZINEG )
IF (J=2%(J/72))38+39+38
38 IF(K=2%#(K/2))40941+40
4] INEG = 0.
RETURN
39 IF(K=2#(K/2))41+40+41
490 CONTINUE
18 FORMAT(//514X9s1THOVERLOAD IN Z NEGy 2HM=12s2HN=]12)
IF(M=12)17+17+15
17 IF(N=12)19+19,15
15 PRINT 18sMsN
19 CONTINUE

TERM = 0.

SUMM = 0.

LTAU = 0

1 =0

TELIKP = 1.E128
TE2KP = 1.E128

3 LTAU = LTAU + 1 - |
T = LTAU - 1 -
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I = I+1
TE(I) = (2¢%T+1e)#RILTAU»J+1s1 ) *¥RILTAUSK+191)¥H(M+1oN+1sLTAU)
IF(I-2) 39545

5 1 =0
TERM = TE(1l) + TE(2)
PRINT 71s TE(1l) » TE(2)sS5UMM
IF(TE(]l) - TE(211)191+191,190

190. CONTINUE )
IF(ABSF(TE(1))-ABSF(TE1KP))192s11

192 TE1KP = TE(1l)
GO TO 193

191 IF(ABSF(TE(2))- ABSFI(TE2KP))194s15s1

194 TE2KP = TE(2)

193 CONTINUE

71 FORMAT (17HTE(1)sTE(2)sSUMM= » 3E1l649)
TE(1) O

_ TE(2) Oe

4 SUMM = SUMM + TERM
IF(LTAU = 14) 849949
9 CONTINUE

PRINT 90, TERMySUMM,LLTAU
GO TO 1

- 8 CONTINUE
IF (ABSF(TERM/SUMM)=elE=-7)193+3

1 CONTINUE

ZNEG = SUMM
END

FUNCTION Z1INEG(MsNsJsK)

DIMENSION TE(2) ,

COMMON/ 3 /JA1(40)s A2(40)9sR(1591593)9H(13913515)9sH1(11s11915)

1 H2(9+9515)
90 FORMAT( 2E17.10+12 +23HTOO MANY TAUS IN VZ1NEG)

IF. (J=2%(J/2))38+39,38 ' o

38 IF(K=2%(K/2))40s41 40
41 ZINEG = O.

RETURN
39 IF(K=2%#(K/2)) 41940941
40 CONTINUE '
18 FORMAT(//914Xs1THOVERLOAD IN Z1NEGs 2HM=1242HN=12)
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15
19

190
192

191
194
193
73

" TE(2)

C THE

IF(M-10)17517,15
IF (N=10) 19519515
PRINT 18,MsN

CONTINUE

SUMM = Q.

TERM = 0,

I1 =0

TE1KP = 1.,£128
TEZKP = 1.E128

LTAU = 1

LTAU = LTAU + 1
T = LTAU -1

I = I+1

TE(I) = 1o/ (T*(T4+1e))*¥R(LTAUsJ+1s2)*¥R(LTAUSK+192)%

1(2e%*T+1a )/ (TH¥(TH+16e))¥H1(M+1oN+1sLTAU)
IF{I=2) 39545
1 =0
TERM = TE(1) + TE(2)
PRINT 73, SUMMs TE(1l) » TE(2)
IF{(TE(1l) - TE(2))191+1915190
CONTINUE
IF(ABSF(TE(1))-ABSF(TE1KP))192s1>s1
TE1IKP = TE(1)
GO TO 193
IF(ABSF(TE(2) )~ ABSFITE2KP))194s151
TE2KP = TE(2)
CONTINUE _
FORMAT (11HSUMMsT1s72= » 3E17.10)
TE(1l) Oe
Oe
SUMM = SUMM + TERM
IF(LTAU-151)8+99+9
CONTINUE
PRINT 90s TERMySUMMSLTAU
GO TO 1 .
CONTINUE -

LIMIT 1E-7 SHOULD BE EXPERIMENTED WITH

IF (ABSF(TERM/SUMM)=elE-7)1»3+3
CONTINUE

Z1INEG = SUMM

END

145
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FUNCTIONZ2NEG(MsN»JsK)
COMMON/ 3 /A1(40)s A2(40)9R(1591593)9sH(13913915)9sH1(11911915)
1 H2(9+9,515)
400 FORMAT(//4Xs20HLTAU IN Z2NEG EQUALS 13s//)
8 FORMAT(17HOVERLOAD IN Z2NEG +2HM=12+2HN=12s4HLIM=12)
IF(J=2%(J/2))38+39,38
38 IF(K=2%(K/2)1)40941540
41 Z2NEG = Qe
RETURN
. 39 IF(K=2%(K/2))41+40+41
40 CONTINUE
IF (J - K) 17+17518
17 LIM=J + 3
GO T O 19
18 LIM =K + 3
19 IF{LIM=12)6+6+5
6 IF(M=8)7+745
7 IF(N=8)95945
5 PRINT 8sMsNsLIM
LIM = 6
9 CONTINUE
SUMM1 = Q.
SUMM2 = 0.,
SUMM KP = 0
CONST = 1
DO 171 KTAU = 331392
~IF (CONST-1) 10991095171
109 CONTINUE
JAKE = KTAU + 1
DO 209 LTAU = KTAUsJAKE
T = LTAU - 1
SUMM 1 = SUMML + {1e/({2e%T + 34)%(2e*T = la)¥% (T + 2)%(T + 1la)
1 #T#(T = 1e)))*¥R(LTAU s J + 1y 3)1#R(LTAUs K + 1y 3)#((24%T + 3,)
2 ¥(2e¥T + 1o)¥(2e#%T = 1)/ (T + 2)1%(T + 1¢)¥T*(T = 1e))) % H2
3 (M + 1,N+1,LTAU) :
209 CONTINUE
IF ( ABSF{{SUMMI1-SUMMKP)/SUMM1) - 1.E-08) 110s1105111
110 CONTINUE
CONST = 2
 IF(KTAU-13)171,183,183
183 CONTINUE
: PRINT 400s LTAU
GO TO 171
111 CONTINUE
SUMM KP = SuUMM1
171 CONTINUE
CONST = 1 -
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210

114

184

115

172

SUMM KP = Q.

DO 172 KTAU = 14913,2

IF ( CONST-1) 113,113,172

CONTINUE

JAIL = KTAU + 1

DO 210 LTAU = KTAUsJAIL

T = LTAU - 1 .

SUMM 2 = SUMMZ + (24*T + 1la)¥(R(LTAUsJ + 151) =RILTAU sJ + 351))

1% { RILTAUSK + 1s1) —RILTAUs K+ 351))%* (H{M+3sN + 3,LTAU)
2 =H(M + 35 N + 1>LTAU) = H(M+1sN + 3sLTAU)
3 + H(M+1sN+1,LTAU)) '

CONTINUE

IF(ABSF( (SUMM2~-SUMMKP) /SUMM2)=1.E-08) 11451145115
CONTINUE

CONST = 2 :
IF(KTAU-13)172518445184
CONTINUE

PRINT 400s LTAU

GO TO 172

CONTINUE

SUMMKP = SUMMZ2

CONTINUE

Z = le/2.%(SUMM1 + SUMM2)
Z2NEG = Z

RETURN

END

FUNCTION ZZER(MsNsJsK) :

COMMON/ = 3 /Al(40)s A2(40)sR (1591593 )9H{13»15910)9rl1(11911915)>
1 H2(959,15) .

IF (J=2%(J/2)) 24253

IF (K=2¥(K/2)) 49453

ZZER = 0. ‘

RETURN s

ZZER = AlL(M+1)*AL(N+1)*%A2(J+1)*A2(K+1)

END
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199
200

38
41

39
40
43

42

60

74
75

76

77

79

61
62
44
45
46
47

48
49
63
84
85

86
87

FUNCTION X{(MsNsJsKsIP)
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COMMON/ 4 /XMATTWO (4802) s XMAT(8192)sXMATZER(13122) sMATZER>

1 MAT, MATTWO

sREZTAM» )0062(REZTAMX»)5521(TAMX »)025(OWTTAMX/4KCOLB/ NOMMOC

FORMAT(/10Xs513)
FORMAT(40XsE17.10)
IF(J=2%(J/2))38939,368
IF(K=2%(K/2))40941+40
X = 0o

RETURN
IF(K=2%(K/2))41+40+41
IF(IP)42+43+42
IF(J=2%{(J/2))41+42:41
IF(IP) 60+60s61
IF{M-MATZER) 7457443
IF(N-MATZER) 759+75,3
IF(J=MATZER) 7697653
IF(K-MATZER) 772773

Y = XMATZER(M+1+(MATZER+1)*N +
1 +(MATZER+1)*%4%(IP+1))
PRINT 200sY ,
IFLY) 48,7948

COUNT = Qe

GO TO 2

IF(IP'Z) 62962563
IF(M=-MAT)44444,3

IF (N-MAT)45,4543
IF(J=MAT 465463
IF(K=MAT 147 +47,3

(MATZER+] ) ##2%J +(MATZER+1) %¥#3%K

Y = XMAT(M+1+(MAT+1)*N +(MAT+1)*¥2%J + (MAT+1)¥#3%K + (MAT+])**4

1 *(1P-1)) »
IF(Y) 48,4948

X =Y

RETURN

COUNT = 1,

GO TO 2 | |

IF (M=MATTWO) 8458453

IF (N-MATTWO)8558553

IF (J=MATTWO 18658653

IF (K-MATTWO)87587s3

Y = XMATTWO (M+1+(MATTWO+1)*N +
1 +(MATTWO +1)**4%(IP=3))
IF(Y) 48,89,48

(MATTWO+1 ) #¥#23%J+ (MATTWO+1) #¥#3%K
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- 89 COUNT = 2
GO 70 2
160 XX= ZZER(M+2sNsJyK) = ZZER(MysNsJ+2sK)
GO 70 50
3 CONTINUE
C PRINT 106sMeNsJsKsIP
106 FORMAT (23HOVERFLOW IN FUNCTION X 3X95(12+2X))
COUNT = 3.
2 IF(IP)15951605161
159 XX= ZNEG(M+2sNsJsK) = ZNEG(MsNsJ+2sK)
GO TO 50 i
161 IF(IP=-2)162,163+164
162 XX= ZONE(M+29sNsJsK ) = ZONE(MsNyJ+2sK)
GO TO 50
163 XX= ZTWO{M+2sNsJsK) — ZTWO(MsNsJ+2sK)
GO TO 50
C 164 IF(IP-4) 16591669166 .
165 XX= ZTRE(M+2sNsJsK) = ZTRE(MsNsJ+2sK)
GO TO 50 -
166 XX= ZFOR(M+2sNsJsK) = ZFOR(MyNsJ+2+K)
50 IF(COUNT = 1153952554
53 NUMBER = (M+1+(MATZER+1)*N + (MATZER+1)##¥2%J +(MATZER+]1) ¥#3#%K
1" +(MATZER+1)#*%4% ([P+1))
XMATZER(NUMBER) = XX

GO TO 51
54 IF(COUNT = 24) 55455551
55 NUMBER = (M+1+(MATTWO+1)#N + (MATTWO+1)*#2#J4+ (MATTWO+1)##3%K

1 +(MATTWO +1)¥¥4%(IP-3))
 XMATTWO (NUMBER) = XX
GO TO 51
52 NUMBER —(M+1+(MAT+1)*N +(MAT+1 ) ¥%¥2%J + (MAT+1)*¥%3%K + (MAT+1)%%4
1 #(IP=-1)) '
. XMAT (NUMBER) = XX
51 X = XX
END

SUBROUTINE AMATSAV (MNsCOEFF1sBMATsVA»PISDET)
DIMENSION AMAT(50550) sCOEFF1(50550)9BMAT(50 )sVA(60)
DO 50 1 1,sMN '

DO 50 J 1,MN

nou
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AMAT(I+J)
DO 51 I
BMAT(I)
NQ = 1
CALL MATINV(AMAT sMNsBMATINQsDET»50)
END ,

COEFF1(IsJ)
1,MN
VA(I)

FUNCTIONZ2ZER (MsNsJsK) )

COMMON/ 3 /A1(40)s A2(40)9R (1591593 )9sH{13913915)sH1(11511s15)
1 H2(9+9,15)

FJ = J

FK = K

IF (J=2%(J/2)) 29253

IF (K=2%(K/2)) 49443 .

22ZER = Qe

RETURN _ : A

Z2ZER = (A1(M+3)=A1(M+1))*(ALIN+3)=A1(N+1))¥(A2(J+1)=A2(J+3))#*
1(A2(K+1)-A2(K+3))/2.

END ’

FUNCTION HSMALL(IQsJQsXMATRX)

DIMENSION TERM(8) »CO(8)

COMMON/ 1 /FNORMs»PIsRZERO
COMMON/2/MW(100)sNW(100)sJW(100)sKW(100)sIPW(100)

NA = NW(IQ)

MA = MW(IQ)

JA = JW(IQ)

KA = KW(IQ)

IPA = IPW(IQ)

NB = NW(JQ) : :

MB = MW(JQ) -



10

11

38

JB

(=)
W
Pt

= JW((JQ)
KB = KW(JQ)

IPB = IPW(JQ)
CO(1l) = NA*NB-KA#KB

GO TO 11
SUMM = Q.
DO 17 I =

CO (2) = IPA¥NB + IPB¥*NA

CO(3) = —~NA*NB

CO (4) = KA#KB

CO (5) = IPA#IPB

CO (6) = —(IPA#KB+KA*IPB)

CO (7) = =(CO(6) + CO(2))

co(8) = CO(T)

N = NA + NB

M = MA + MB

J = JA +.JB

K = KA + KB

IP = IPA + IPB

DO 10 I = 1,8

TERM(I) = Qe

DO 11 1 = 1,8

IF (CO(I) = De)l&sllsls

CONTINUE

GO TO 38

GO TO (132939495569 7s8)1

TERM(1) = CO(L1)*¥X(MsNsJsKsIP)

GO 70 11

TERM(2) = CO(2)*¥({X(MIN+23sJsKsIP=2)+X(M+1sN=1sJ+1sK+19IP=-2))
GO T0O 11

TERM(3) = CO(3)¥X(MsN=25JsK»IP)

GO 70 11

TERM({4) = CO(4)%¥X(MaNsJsK=2s1P)

GO T0O 11 :

TERM(5) = CO(B)#({X(MsN+29sJsKoIP=2)=-X{(MsNsJsK+25IP=2))

GO T0 11

TERM(6) = CO(B)¥{X(MaNsJsK+29IP=2)+X(M+1eN+1sJ+1sK=~-1sIP=-2))
GO TO 11 .

TERM{T7) = COUT)I*¥{XIM+LoN+19oJ+1sK+19IP-2)+X(MsNsJsKsIP=-2))
GO T0 11

TERM(B) = CO(B)®(X(M+2sNsJsKsIP—=2)+X(MoN+2sJsKsIP=2)+X{(MsNsJ+25K>»

LIP=2)14X(MaNgJsK+29IP=2)1=2% X (MesNosJoKsIP=2)=2%¥X(M+1sN+1sJ+19K+1>
2 IP-2)=X{MsNsJsKsIP)) /2. :

1,8

SUMM = SUMM +TERMI(I)

HSMALL =
END

(RZERO*#2 %P #FNORM/ 2 ) #%2 % SUMM
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FUNCTION Z1ZER(MsN»JsK)
Z1ZER = M¥(2-2)
END

FUNCTION ZONE(MsNsJsK) ‘

ZONE = ZNEG (M+29NsJsK) + ZNEG (MsNsJ+29K)+ZNEG (MaNsJy
1K+2) =2.%¥ZNEG (MsNsJsK) —=24%¥ZNEG (M+19N+1sJ+1sK+1) =2.%ZINEG(M»
2NsJsK) + ZNEG (MsN+2sJsK) .

END

FUNCTION Z1ONE(MsNsJsK)

Z10NE = ZINEG(M+29NoJsK) + ZINEGI(MsNsJ+2sK)I+ZINEG(MsNsJ>»
1K+2) =2 #*ZINEG(MsNsJsK) =2 HZINEGIM+1oN+1sJ+1sK+1) =2.*¥Z2NEG(My
2NsJsK) + ZINEG(MsN+2sJsK)

END

FUNCTION ZTWO(MsNsJ K} )

ZTWO : = ZZER (M4+2sNsJsK) + ZZER (MsNsJ+29sK)+ZZER (MsNsJd>
1IK+2) —24%ZZER (MoeN9sJsK) =2 ¥ZZER (M+1oN+19J+1sK+1) =2 ¢%Z1ZER(M>
2NsJsK) + ZZER (MeN+2sJsK) '

END

- FUNCTION Z1TWO(MsNsJsK)

21TWO = Z1ZER{M+2sNsJsK) + Z1ZER{MsNsJ+2sK)+Z1ZER{MsNsJ>
IK+2) =2e¥Z1ZER(MINsJ9K) =2¢¥Z1ZER(M+19N+19J+19K+1) =2.%Z2ZER(M»
2NsJsK) + Z1ZER(MsN+23JsK)

END .

FUNCTION ZTRE(MsNsJsK)

ZTRE = ZONE (M+24NsJsK) + ZONE (MsNsJ+2sK)+ZONE (MsNsJ»
1K+2) =24%ZONE (MsNsJsK) =2¢%ZONE (M+1sN+1sJ+1sK+1) =2.%Z1CNE (M,
ZNsJsK) + ZONE (MsN+29JsK)

END



ZFOR
1K+2)

= 2TWO (M+2sNsJsK) + ZTWO

~2%ZTWO (MyN,yJsK)

~2¥ZTHWO (M+1sN+19J+19K+1)

2 NodoeK) + ZTWO(M:N+2}J9K)

END
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(MasNoJ+29K)+ZTWO (MsNeJo

=2.%¥Z1TWO (M,
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2. Hmethod

2, Program Htauint

Definition of Symbcis and Arrays ¥
)

~ - d —
R(T+,mt0) = [““;’()t(f:f;' ] CQO’.C (m) — ([T A-$7)

b/-/()n-f»t, N+, THo) :§:—C (mn)

Hilmet,mt 1, TH) = 8L ) § (. A-16)
H2(mt1, n+,040) = B2 (b )

Allme )= Rl — a2 A ~i%)

Subrcutines and Functicns

1. Rtaun(jmax,R,nu,wtgaus,ptgaus,maxgaus) determines the

array R{m,n, V } for P = 1,2, and 3 and ali m < jmax + nu and

N £ jmax + 1.

2. Aint(imax,A,X} determines the integrals Al for all m £ lmax .

3. Htau and Htauli2 - see page 127.

Operating Procedure

Besides the input parameters listed on page 127, this program

requires a value for delta =0(~{II.E-3), The basic integrals

R,Al1,H,H1,H2, and AZ are autcmatically calculated and punched on

cards along with delita.
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PROGRAM CALCULATED BASIC INTEGRALS FOR H METHOD ,
DIMENSION R(12510+3)sH(10910910)sH1(8s898)sH2(69697)9A1(40)
DIMENSION WTGAUS(32)sPTGAUS(32)sWTLAG(16)sPTLAG(16)
972 FORMAT(6HDELTA=FB845/13HR(LTAUsJINU)= /T2(5E16e9/)/3HAL1=/8(5E169/
1 )/ 3HH= /200(5E1649/) 3HH1=9/102(5E1649/)92E16499/3HH2=
2 /50(5E16¢9/)92E1649)
973 FORMAT(35HTHIS PACKET CONTAINS H»sS FOR DELTA= F745s)
905 FORMAT(5E1649)
47 FORMAT (3Xs//6HDELTA=F745)
99 FORMAT (3XsF543) , %
187 FORMAT(3X»8HMAXGAUS= 12 THMAXLAG=12+3E16¢9510(/5E1649))
150 FORMAT(90X+2F7e2) |
187 FORMAT(3Xs8HMAXGAUS= 12 THMAXLAG=12/+(4E17410) )
READ IN GAUS POINTS AND WEIGHTS
FOR N POINT LEGENDRE INTEGRATION s READ IN N/2 POINTS.

|
?
WTLAG REFERS TO LAGUERRE WEIGHTSs AND WTGAUS REFERS TO LEGENDRE
\
|
i

|
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PROGRAM HTAUINT - ’
\
|

GAUS WEIGHTS
READ 187 » MAXGAUS;MAXLAG;(PTGAUS(I)al 1sMAXGAUS) » (WTGAUS(I)sI=1>

IMAXGAUS ) » (PTLAG(I) s 1=1MAXLAG) » (WTLAG(I)s1=1sMAXLAG)

READ 99>DELTA

PRINT 47, DELTA -

ALP = 2.*%DELTA

CALL RTAUN(B sR>1sWTGAUSsPTGAUSsMAXGAUS)

CALL RTAUN(8 sR»2sWTGAUSsPTGAUSsMAXGAUS)

CALL RTAUN(B sR»3sWTGAUSsPTGAUSsMAXGAUS) |
CALL AINT (385AlsALP) {
CALLHTAU(109105109ALP »1sHsWTGAUSsPTGAUS sMAXGAUS sWTLAGsPTLAGS |
1 MAXLAG) , |
CALL HTAU12(8+85836s637sHsH1sH2510510510) |
PRINT 973 » DELTA l
PUNCH 972sDELTAsRyALsHsH1 sH2

GO TO 9999

END

SUBROUTINE AINT (LMAXs As X)
_ DIMENSION A (40)

All) = EXPF(=X)/X
DO2 I = 1s LMAX

2 A(I + 1) = A(1) + FI¥A(I)/X
END

l
1
‘ o




39

12
13
43

82

81

SUBROUTINE HTAU(MMAXsNMAX s ITAUMX s ALP sNU sHsWTGAUS s PTGAUS sMAXGAUS s -

1 WTLAGsPTLAGsMAXLAG)

DIMENSION P(12s4 )»G(32)9sX(32)sD(2092093 ) sWTGAUS(32)sPTGAUS(32)>

1 WTLAG(16)sPTLAG(16)
DIMENSION H(10,10+10)
DIMENSION H({NMAXsMMAX s ITAUMX)
DO 39 K = 1sMAXGAUS

- G(K) = WTGAUS(K) )
X(K) = PTGAUS(K)*(1le/2¢) + le/2s
G(K + MAXGAUS) = GI(K)

XK + MAXGAUS)I= =X(K) + 1le
DO 8 M=1,MMAX

DO 8 N= 1,NMAX

DO 8 ITAU = 1,sI1TAUMX
H(MsNs ITAU) = Qe

MAXTWO = 2*¥MAXGAUS

DO 3 I = 1+MAXTWO

T = X{I)

MAX = NMAX

CALL PTN (ITAUMXsNUs Psle/T)
FORMAT(5E1649)

Z = 14/T7

CALL ETAUN (MAXsDsNUsALP 91/ Ty ITAUMXsWTLAGIPTLAG +sMAXLAG)

DO 3 ITAU = 1, ITAUMX

DO 3 N= 1,NMAX
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GT = ((lo-T*T) *P(ITAUSNU)I*P(ITAUSNU) ) **¥(~-1)
|

DO 3 M = 1N

H(MsNs>ITAU) = H(MsNsITAU) 4+ GT*D(ITAUIMINU)¥D(ITAUINSNU)* G(I)*1,4/

1 2. .

DO 81 ITAU = 1sITAUMX
TAU = JTAU -~ 1

FNU = NU - 1

KP =1

LIMI = TAU - FNU + 1.

LIM 2 = TAU + FNU

DO 82 I = LIMI1lsLIMZ

KP = KPi#]

COF = (=1)%**¥(NU~-1)%KP

DO 81 N = 1sNMAX

DO 81 M = 1N~

HI{MsNs»ITAU) = COF*H(MyNs»ITAU)
DO 30 ITAU = 1, ITAUMX

DO 30 N = 1sNMAX

DO 30 M = 14N

|
i
M | |
|
!
‘
1
|
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30 H(NsMsITAU) = H(MsNs»ITAU)
END

SUBROUTINE ETAUN(JUMAX sDsNUSALP»Y s ITAUMXsWTLAGs PTLAGsMAXLAG)
DIMENSION P1(12s4 )s P2(12s4 )s G(16)9X1(16)s X2(16)s D(2092093)>
1 WTLAG(16)s PTLAG(16) :
EAL = EXPF(-ALP)/ALP
DO 39 K = 1,MAXLAG
G(K) = WTLAG(K)
X1(K)= PTLAG{(K)ZALP +1.
39 X2(K) = PTLAG(K)/ALP +Y
DO 38 J= 1sJMAX .
DO 38 LTAU = 1s ITAUMX
38 D(LTAUsJsNU) = 0o
DO 43 M = 1sMAXLAG
CALL PTN({ITAUMXsNUsP2sX2(M))
CALL PTN({ITAUMXsNUSP1sX1{(M))
DO 43 J = 1sJMAX
DO 43 LTAU = 1y ITAUMX
FNU = NU
U = EXPF(-(Y=1e)*ALP)
GNU = (FNU = 1le¢) /2
43 DILTAUsJsNU) = DILTAUSJINU) + ((X1I(M)*X1(M) —1e)¥H¥GNU*
1 PI(LTAUSNU)I#X1I(M)#¥(J=1) = EXPF(=(Y=1le)*ALP)#*
2 (X2(M)¥X2(M)~1¢ ) ®¥GNUXP2 (LTAUSNU) *¥X2(M)*x(J=1))*G(M)*EAL
END

SUBROUTINE HTAU12 (MMAXsNMAX» IMAX 9y NMAX2 sMMAX2 s IMAX2sHsH1 sH2 s\MZERMAX
1 sNZERMAXs IZERMAX)
_DIMENSION H(109s10910)9H1(BsB9sB)sH2(69657)

- C DIMENSION H{MZERMAXsNZERMAXsIZERMAX) sH1 (MMAX9sNMAX s IMAX) sH2 (NMAX2
C 1 MMAXZ2sIMAX2)
., DO 49 I = 1,MMAX
D0 49 J 1+NMAX
DO 49 K 1y IMAX

49 H1{IsJsK) = Qo

DO 48 I = 1,NMAX2
DO 48 J = 1y4MMAXZ2

DO 48 K = 1,yIMAX2 -
48 H2(I1sJsK) = Q.
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DO 50 I=2,IMAX
DO 50 N = 1sNMAX
DO 50 M=1sN
T =1I-1
50 0 HI(MsNsI) = TH(T41e)/(2e%T + le)*(({ T + le ) ¥H{MyNyI+1) -

1(2%T+ 1le)* H(M + 19N+1s I) + T*H(MsNsI = 1))
DO 30 ITAU = 2,IMAX
DO 30 N = 1sNMAX
DO 30 M = 1N

30 H1(NsMsITAU) = HI(MsN»ITAU)

DO 51 I = 3,IMAX2
DO 51 N = 14NMAX2
DO 51 M = 1,N
T =1-1
51 OH2(MsNsI) = (TH2e)¥(T+1e)¥T*#(T=14)/( (26 *T +3)%

1(2e%T + 1) ¥ (2e%T=10 ) )R (TH(2%T = 14)%((2.%#T + 34)/
2 UIT + 1e)*(T + 24)))% v :
BHIAMoNST + 1)= (26%T 4 3,)%(2.%T=14)% ((2e¥TH+1e)/(T*(T + 1a)))*
GHLIUM+1oN+191) +{T+1e)*(2e%T + 3¢ )*¥((2e*T=14)/((T - le)*T))
5 ¥H1(Ms No I - 1))
DO 40 ITAU = 3,IMAX 2
DO 40 N = 1,NMAX2
DO 40 M = 14N
40 H2(NsMsITAU) = H2(MsNsITAU)
END

C

SUBROUTINE RTAUN(JUMAXsRsNUsWTGAUS»PTGAUS yMAXGAUS )

DIMENSION P(12s4)s GU32)9X(32)9R(1251093) »WTGAUS(32)sPTGAUS(32)
C OTHIS SUBROUTINE CALCULATES THE INTEGRAL OFTHE ASSOCIATED LEGENDRE
C 1POLYNOMIALS

DO 39 K = 1sMAXGAUS

G(K) WTGAUS (K)

X{K) = PTGAUSI(K)
G(K+MAXGAUS) = 6(K)
39  X{K+MAXGAUS) = =X(K)
LIMNU = UMAX + NU + 1
LIM = UMAX + 1
DO 38 J = 1, LIM
DO 38 LTAU = 1sLIMNU
38 RILTAUsJINU) = 0.
MNTWO = 2%¥MAXGAUS
DO 43 M = 1,MNTWO -
CALL PTN (JIMAX+NUsNUsPsX(M))
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DO 43 J=1,LIM
JNUONE = J + NU-1
00 43 LTAU NU» JNUONE
FNU = NU
GNU = (FNU = le) /2. . :
43 OR(LTAU»JINU) = RILTAUsJINU) +((1le = X(M)%X(M))*% GNU*P(LTAUsSNU).
1%X (M) %% (J=-1)*G(M))
END

SUBROUTINE PTN(LTAUMX sNUsP sX)

CALCULATES ASSOCIATED LEGENDRE POLYNOMIALS PTAUNU
DIMENSION P(12+4 )

DO 1 M= 1,12

DO 1 N = 14
1 P(MsN) = 0.
P(lsl) = 1o
P(2s1) = X
P(2+2) = SQRTF(ABSF(1le-X%X))
P(392) = 34%¥X*¥P(242)
P(3s3) = 3e*%(le = X¥*X)
P(493) = 5¢%P(3,3)%X
FNU '= NU ’

LIMU = NU + 1
DO 44 LTAU = LIMUsL TAUMX
TAU = LTAU . -
440P (LTAU + 1sNU) = 14/(TAU = FNU +1e)*((2.%TAU —1.o)*X*
1IP(LTAUSNU) = (TAU + FNU = 24)*P(LTAU = 15NU))
END
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b. Program Energy

Definition of Symbecls and Arrays

M(i), n(i), j(i), k(i), and ip(i) contain the powers of
and rio for the ith term in the basis set H. The array bmat contains
the first order wave function coefficient. Fnorm is proportional to the
integral(q’al“b). Enzero =éo, Enone =él’ Etwo =62 and Entre€3.

Subroutines and Functions

1. The function X(m,n, j,k,ip,xmatrx) is used to calculate
the integrals Mg(m,n,j,k,ip).

2. The functions Zzer, Z2zer, Zneg, Zlneg, and Z2neg are all
part of function X.

3. The function Hsmall calculates Hij-(II.E-A) and Ssmall
calculates Sij-(II.E-19).

Operating Procedure

The basis set H is inputed from punched cards and stored in the
arrays m,n, j,k and ip. Delta, R, Al, H, Hl1l, and H2 and finally,
the matrix elements Summit and VA are read from cards. These latter
elements are gotten from Program Enermat. The program Energy
subsequently calculates the energy through third order and stores

the matrix elements on tape for use by program Highen.
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PROGRAM ENERGY

CALCULATES MATRIX ELEMENTS FOR FMETHODs ALSO CALCULATES ENERGY
THROUGH THIRD ORDER

DIMENSION VCHECK(50)sCOFNOM(26+26) sCOFRHO(261+26)

DIMENSION BMAT (50) sEONE(2)sVA(60)sPTLAG(16)

DIMENSION. GTAU(3)sF (15), WTGAUS(16)sPTGAUS(16)sWTLAG(16)
DIMENSION XMATTWO(520)sXMAT(1255)sXMATZER(2600)»

1 R(12910,3)9H(9$999)9H1(7’7’7)9H2(59596)9A1(40)’A2(40)9M(100)’N
Z(IOO)QJ(IOO)vK(IOO)9IP(100)’CA(30)’CB(30)’SUMMIT(GO)’COEFF1(50’50)
COMMON XMATTWO s XMAT 9XMATZERs SUMMITsCOEFF19sMNsPIsCA»CBsRZEROs M
COMMON NsJsKsIPsAlsA2sHsH1 sH29RsDELTA
X1(MOyNOsJO9KOsJO9s XMATRX) = X(MOsNO+23sJ0sK0»I0sXMATRX )~
1 X{MOsNOsJOsKO+25 IO XMATRX)
302 FORMAT (6HDELTA=FT74593X93HMN=12»7HCOFNOM=/500(5E164.9/))
303 FORMAT (6HDELTA=FT7e593Xs»3HMN=12,7HCOFRHO=/500(5E16.97))
139 FORMAT(X6HENTRE=39E17.10) _ )
201 FORMAT(//38HTHE ENERGY DIFFERENCE IS NOW EQUAL TO +E17.10)
93 FCRMAT(X7THENZERO=E17410s 6HENONE= E17.10)
467 FORMAT(3Xs/»3 (THVCHECK( 12+2H)1=9E17e¢1094X))
198 FORMAT(3Xs5E17.10)
41 FORMAT(X6HDELTA=9F7e594E16¢999(/5E1649))
42 FORMAT(X6HDELTA=9F7e5 s 7HSUMMIT=3E16¢939(/5E16.9))
301 FORMAT (6HDELTA=FT7e533Xs3HMN=12y7HCOEFF1=/500(5E16.9/}))
972 FORMAT(6HDELTA=F8457/13HRILTAUYJNU)= /T72(5E16e9/7)/3HAL1=/B(5E1l6e9/
1 )/ 3HH= /145(5E16e9/)4E16e9/3HH1=9/68(5E16e¢9/)33E16e9s/3HH2=
2 / 30(5E16.9/))
973 FORMAT(35HTHIS PACKET CONTAINS HsS FOR DELTA= F7e5s)
99 FORMAT (3X»sF5e3)
47 FORMAT(3Xs//6HDELTA=FTe5)
28 FORMAT(3Xs4E18.10)
29 FORMAT(1H1912Xs6HRZERO=y FBe59s4X9y6HENONE=9E20e1094X s
1 7THENZERO=»s E20.10s 3Xs6HFNORM=s E20.10)
20 FORMAT(3X»12/713(51191X)/13(51191X))
21 FORMAT( 13(511,1X))
22 FORMATH{X3{7THCOEFF1{I1291Hs1292H)=E17410))
40 FORMAT(5E17.10)
56 FORMAT(X26HTHE DETERMINANT OF COEFFl= E17.10)
67 FORMAT(XSHETWO=E1T7.10)
150 FORMAT(S0Xs2F7e2)
16 FORMATI(X&(2HV(sI292H)= E17.10))
4 FORMAT (X4 (THSUMMIT(»12+2H)= E17¢10))
Pl = 3.141592653589
XMATRX = Q.
ALP = 24%DELTA :
CALL PCLOCK (TMsELAPTM)
PRINT 150sTMsELAPTM
READ 972sDELTAsRsAlsHeH1sH2
DO 999 1 = 1,1255 -
999 XMAT(I) = 0. '



1 998
|

997

19

300

881

913

66 .

DO 998 I = 1,2600
XMATZER(I) = O,
DO 997 I = 14520
XMATTWC (1) = O
CALL PCLOCK (TMsELAPTM)

PRINT 150»TMsELAPTHM

CONTINUE

READ WAVE FUNCTION TERMS

READ 20sMNs(MIT)sN{I) s J({I)sKII)oIP(I)sI=]1sMN)
PRINT20sMN> (MT)sN{I)sdJ{I)sK(I)»IP(I)sI=1sMN)
DO 300 I = 1sMN

MII+MN) = N(I)

N{I + MN) MDD

JUI + MN) K1)

K{I + MN) JUI)

IP(I + MN) = IP(I])

DO 881 I = 1,MN

DO 881 L = 1sMN

nonon

Wl = HSMALL(IsLsXMATRX)

W2 = HSMALL{I+MNsLsXMATRX)

W3 = HSMALL (I sL+MN»XMATRX)

W& = HSMALL (I+MNs>L+MNsXMATRX)
S1 = SSMALL{I»LIXMATRX)

S2 = SSMALL (I+MNsL »XMATRX)

S3 = SSMALL{I sL+MN»XMATRX)

S& = SSMALL(I+MNsL+MN»XMATRX)

CCEFF1{IsL) = WI+W2+W3+WL—-ENZERO#*(S1+S2+53+54)
COEFF1(LsI) = COEFF1(1IsL)

PUNCH 301y DELTAsMNs ({COEFF1I(IsJO)sI=1sMN)»JO=1sMN)
READ PUNCHED CARDS CONTAINING THE VMATRX ELEMENTS
READ G23DELTAS (SUMMITI(I) s1=19MN)

READ 41y DELTAS(VA(I)sI=1sMN)

CALL PCLOCK (TMHELAPTM)

PRINT 150sTM»ELAPTM

CONTINUE

CALL AMATSAVIMNSCOEFF19sBMATsVASPISDET)

SuUMl = 0.

SUM 2 = Q.

DO 66 T = 1sMN

SUM1 SUM1 - BMATI(I) % VA{I)}

DO 66 JO = 1sMN

SUM2 = SUM2 + BMAT(I)*BMAT(JO)*COEFF1(I,J0)
ETWO =(SUM1/PI +4,%PI#P]I*5UM2)/FNORM

SUM2 = 0.

SUM1 = 0,

CALL PCLOCK (TMsELAPTM)
PRINT 150»TM»ELAPTHM
MNTWO = 2¥%WMN

DO 9 J@ = 1s MNTWO



180
181
182
183

184
185

11

600

257
431

50

DO 9 IQ = 1sMNTWO

JUCK = J(1IQ) + J(JQ)
KUCK = K(IQ) + K(JQ)
MUCK = M(IQ) + M(JQ)
NUCK = N(IGQ) + N(JQ)

IPUCK = IP(IQ) +IP(JQ)

PORK X1(MUCKsNUCK»JUCKsKUCKs IPUCK = 19 XMATRX)
FORK X1 (MUCKsNUCK »JUCKsKUCK» IPUCKs XMATRX)
COFNOM(IQsJQ) = FORK

COFRHO(IQ»JQ) = PORK

IF(IQ -MN) 180,180,181

10 = IQ

GO TO 182

10 = IQ-MN

IF({JQ-MN) 183,183,184

JO = JQ ‘

GO TO 185

JO = JQ-MN

CONTINUE

SUM1 = SUM1+BMAT(IO0)*BMAT(JO)*(2./RZERO¥PORK — ENONE*FORK )

CONTINUE

DO 11 I = 1sMN

SUM2 = SUMZ2 + BMAT(I1)#SUMMIT(I)
CONTINUE

ENTRE = 4¢¥PI¥PI¥RZERO**6 /{64 ¢*¥FNORM)*(SUM1 =~ 2.¥ETWO¥SUM2)

PRINT 93, ENZERO sENONE

PRINT 67 ETWO

PRINT 139 »ENTRE

DIFF = -1,88873 — (ENZERO + ENONE + ETWO + ENTRE)
PRINT 201, DIFF

PUNCH 302s DELTAsMNs{ (COFNOM(I3sJO)sI=1sMN)sJO=1sMN)
PUNCH 303y DELTAsMN s ( (COFRHO(I sJO)»I=19MN)sJO=1sMN)
CALL PCLOCK (TMyELAPTM)

PRINT 150sTMyELAPTH

CONTINUE

CONTINUE

GO TO 19

END

SUBROUTINE AMATSAV(MN,COEFF1.BMATSVASPISDET)
DIMENSION AMAT(50+50)sCOEFF1(50950)9BMAT(50 )sVA(60)
DO 50 I = 1sMN

DO 50 J = 1sMN

AMAT(IsJ) = COEFF1(IsJ)
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51

38
41

39

40 .

43
42

- 60

74

75
76

77

154

DO 51 I = 1sMN

BMAT(I) = VA(I) /(B.*PI*¥3)

NQ = 1

CALL MATINV(AMAT sMNsBMATINQ9DET»50)
END

FUNCTION X{MsNsJsKsIP s XMATRX) ,

DIMENSION XMATTWO(520)9sXMAT(1255) +XMATZER(2600)

1 RU1291053)9H(99999)sH1(T7s797)sH2(59556)9sA1(40)sA2(40)sWI(100) U
2(100)sV(100)sS(100)sIQ(100)sCA(30)sCB(30)sSUMMIT(60)sCOEFF1(5050)
COMMON XMATTWO s XMAT s XMATZERs SUMMITsCOEFF1sMNsPIsCASCBIRZEROy W

COMMON S,sUsVsIQsAlsA2sHsH1sH29RsDELTA

Z1ZER{MsNsJsK) = Qe .

ZONE (MsNsJsK) = ZNEG (M+29sNsJsK) + ZNEG (MoeNsJ+29sK)+ZNEG (MsNsJ>s
1IK+2) —2e%ZNEG (MeN9»JsK) —2%¥ZNEG (M+1sN+1sJ+1sK+1) —2.*%¥Z1INEG(M,
2NsJsK) + ZNEG (MsN+2sJsK)

Z1ONE(MsNsJ9K) = ZINEGIM+29NsJsK) + ZINEGIMsN»sJ+2sK)+ZINEG(MsNsJy
IK+2) =2%ZINEG(MaNsJsK) =2 ¥ZINEGIM+1sN+1oJ+1sK+1) =2.%¥Z2NEG(My
2NsJsK) + ZINEGIMsN+29JsK)

ZTWO (MseNsJsK) = ZZER (M+2sNsJsK) + ZZER (MsNsJ+2sK)+ZZER (MsNsJs
1K42) —2e%ZZER (MsNsJsK) =2 ¥ZZER (M+1sN+1sJ+1sK+1) =2.%¥Z1ZER(M»
2NsJsK) + ZZER (MsN+29JsK) )

Z1TWO(MsNsJsK) = Z1ZER(M+29NsJsK) + Z1ZER(MsNsJ+29sK)+Z1ZER(MsNsJ s
1K+2) =24%¥Z1ZER(MINsJsK) —2¢*¥Z1ZER(M+1sN+19J+1sK+1) ~2.%Z2ZER(M»
2NsJsK) + Z1ZER({MsN+29JsK)

ZTRE (MsNsJyK) = ZONE (M+29sNsJsK) + ZONE (MeN»J+2»K)+ZONE (MsNyJ»
1K+2) =2.%ZONE (MyeNsJsK) —2¥ZONE (M+1aN+1sJ+19K+1) =2,%¥Z10NE(M»

2NsJsK) + ZONE (MsN+29JyK)

ZFOR (MsNsJsK) = ZTWO (M+29sN9JsK) + ZTWO (MoNsJ+2sK)+ZTWO (MeNsJ
1IK+2) =2.%¥ZTWO (MysN9sJsK) =2¥ZTWC (M+1oN+1sJ+1sK+1) —2.%¥Z1TWO (M,
2 NoJsK) + ZTWO(MsN+29JsK) ‘

IF(J=2%(J/2))38+39,38

IF(K=2%{K/2))40941+40
X = 0e

RETURN

IF(K=2%(K/2))Y41940s41

IF(IP)424+43442

IF(J=2%(J/2))41s42+41

IF(IP) 60+60961

IF(M=5) 7437443

IFIN=5)75+75,3

IF(J=5) 767653

IF(K=5) 77+77+3 -

Y = XMATZER(M+1+6#¥N+36%J+216%¥K+1296%(IP+1))



79
61
62
44
45
46
47
48
49

63
84
35
86
87

89

106

160
159

. 161
162

163

lé64
165

166

50
53

54
55

52

165

IF(Y) 48579548

COUNT = 0.

GO 70 2

IF(IP=2) 62462463

IF(M=4)44444,3

IF{N=4)45+945,3

IF({J=4) 46+46+3

IF(K=4) 474473

Y = XMAT(M+1+5%#¥N+25%J+125#K+625%(1P~1))
IF(Y) 48+49+48

X =Y

RETURN

COUNT = 1.

GO 70 2

IF(M=3)84+84,+3

IFIN-3)85485,3

IF(J~3)86+86+3

IF(K=3)87+87+3

Y = XMATTWO (M+1+4%N+16%J+64%K+256%([P-3))
IF(Y) 48,89+48

COUNT = 2.

GO T0O 2

CONTINUE

PRINT 106 3sMsNsJsKsIP

FORMAT (23HOVERFLOW IN FUNCTION X 3X95(IZ’2X))
COUNT = 3,

IF(IP)1595160,161

XW= ZZER(M+29sNsJsK} = ZZER(MsNsJ+25K)
GO TO 50

XW= ZNEG(M+2sNsJsK) = ZNEG(MsNsJ+29K)
GO TO 50 .
IF(IP-2)162+163,164

XW= ZONE(M+2sNsJsK ) = ZONE(MsNsJ+2K)
GO TO 50 .

XW= ZTWO(M+2sNsJsK) = ZTWO(MsNsJ+29K)
GO TO 50

IF{IP=4) 165451665166

XW= ZTRE(M+2sNsJsK) = ZTRE(MsNsJ+2sK)
GO T0 50

Xbi= ZFOR(M+2’N9J9K) - ZFOR{MsNy»J+2sK)
IF(COUNT = -14)53952495¢4

NUMBER = M+1+6%¥N+36%J+216*K+1296%(IP+1)

XMATZER(NUMBER) = XW

GO TO 51

IF(COUNT = 24) 553955451

NUMBER = M+1+4*N+16*J+64*K+256*(IP 3)
XMATTWO (NUMBER) = XW

GO TO 51 -
NUMBER = M+1+5#N+25%J+125%K+625#(1P~-1)
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XMAT (NUMBER) = XW
X = XW

END

FUNCTION ZZER(MsNsJsK)

DIMENSION XMATTWO(520)sXMAT(1255)sXMATZER(2600)»

1 R(12910’3)9H(9,999)9H1(797a7)9H2(59596)vAl(#O):AZ(#O)’W(IOO)’U
2(100)sV(100)9S(100)sIP(100)sCA(30)sCB(30)sSUMMIT(60)sCOEFF1(50950)
COMMON XMATTWO s XMAT s XMATZERs SUMMIT sCOEFF1sMNsPIsCA»CBIRZEROY W
COMMON SsUsVeIP9sAlsA2sHeH1 oH29sRIDELTA

IF (J=2%(J/2)) 292+3

IF (K=2%(K/2)) 49443

22ER = 0,

RETURN

2ZER = 4.*A1(M+l)*A1(N+l)/((FLOATF(J) + 1o )*¥(FLOATF(K) + 1le))
END

FUNCTIONZ2ZER(MsNsJsK)
DIMENSION XMATTWO(SZO)QXMAT(1255)9XMATZER(26OO)’

1 R(1251093)sH{999s9)sHI(T9T79T7)sH2(5+596)3sA1(40)sA2(40)sW(100)U
2(100)sV(100)9S(100)sIP(100)sCA(30)+sCB(30)sSUMMIT(60)sCOEFF1(50950)
COMMON XMATTWO»XMATsXMATZERs SUMMIT,»COEFF1sMNsPIsCAsCBIRZEROs W
COMMON SsUsVsIPsA19sA2sHIH1 sHZ29sRIDELTA

FJ = J

FK = K

IF (J=2%(J/2)) 29243

IF (K=2%(K/2)) 49443

22ZER = Q.
" RETURN - .

Z = B+*¥(Al(M+ 3) =Al(M+1) ) ¥ (AT IN+3)=A1IN+1) )/ {{FJ+1e ) ¥ {FJI+3,)*¥{FK
1l + le)¥(FK+34))

Z2ZER = Z

END

FUNCTION ZNEG{MsNsJsK)
DIMENSION XMATTWO(520)9sXMAT(1255)sXMATZER(2600)

1 R{1251003)sH(99999)sHI(TsT797)sH2(5+596)sA1(40)sA2(40)sW(100) U
2(100)sV(100)9sS(100)»IP(100)sCA{30)sCB(30)sSUMMIT(60)sCOEFF1(50+50)
COMMON XMATTWO s XMAT s XMATZER SUMMIT,COEFFI’MN’PI9CA9CB’RZER0’ W
COMMON SHs>UsVsIPsA1sA29sHsH1sH2sRsDELTA -

IF(J=2%(J/2))38+39,38 '
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[ 38 IF(K-2%(K/2))40541940
| 41  ZNEG = 0.
| . RETURN
39 IF(K=-2%(K/2))41+40+41
40 CONTINUE
IF(J-K) 97+97,98
97 LIM = J +1
- GO TO 99
. o 98 LIM = K + 1 o ,
B 8 FORMAT(17HOVERLOAD IN ZNEG  »2HM=I12y 2HN=I2s4HLIM=12)
§ ‘ IF(LIM=916615
6 IF(M=8)757+5
7 IF(N-8)9+9+5
5 PRINT 8sMsNsLIM
9  CONTINUE
99 SUMM = 0.
DO 49 LTAU = 1sLIM
T = LTAU -1
49 SUMM.= SUMM + (24%T + 1e)¥R(LTAUsJ+1s1)*R(LTAUs K + 1s1)*H(M+1»
IN+1s LTAU)
ZNEG = SUMM
END

FUNCTIONZINEG({MaNs»JsK)
DIMENSION XMATTWO(520)9XMAT(1255)9XMATZER(2600)9
1 R(12910e3)sH{99999)9H1(Ts7s7)9sH2(59596)sA1{40)sA2(40)sW{100) U
-21100)sV(100)sS(100)»IP(100)sCA(30)sCB(30)sSUMMIT{60)sCOEFF1(50950)
COMMON XMATTWO s XMAT s XMATZERs SUMMITsCOEFF1 sMNsPIsCAsCBsRZEROs W
COMMON SsUsVsIPsAlsA29HsH1sH2sRHDELTA
TIF(J=2%(J/2))38+39+38
38  IF(K-2%(K/2))40941+40
4] Z1INEG = Oe.
RETURN
39 IF{K- 2*(K/2))41940i41
40 CONTINUE \
IF (J=K) 27’27928
27 LIM = J + .2 )
. GO TO 29
28 LIM = K + 2
8 FORMAT(17HOVERLOAD IN Z1NEG s2HM= I1292HN=I12+s4HLIM=]12)
- IF{LIM-7)6969+5
IF{M=6)T7+74+5
IF{N=6)959,5
PRINT 8sMsNsLIM -
9  CONTINUE

w o
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29 SUMM = 0,
DO 170 LTAU = 2sLIM
T = LTAU = 1
170 SUMM = SUMM = 1le/(T * (T + 1le))¥* R(ILTAU » J + 192)¥R(LTAUy K+ 1,
1 2)% (2e%T + 1e)/(T*(T + le))*H1(M + 1s N + 1y LTAU)
Z1NEG = SUMM
END

FUNCTIONZ2NEG (MsNsJsK)
DIMENSION XMATTWO(520)sXMAT{(1255)sXMATZER(2600))»
1 R{1291093)sH(95999)sH1I(Ts797)sH2(59596)9A1(40)sA2(40)sW{100) U
2(100)sV{100)sS(100)sIP(100)sCA(30)+sCB(30)sSUMMIT(601}sCOEFF1(50950)
COMMON XMATTWO s XMAT s XMATZERs SUMMITsCOEFFI1sMNsPIsCASCBYRZERD,s W
COMMON SsUsVsIPsAlsyA2sHsHI1 sH29sRsDELTA
8 FORMAT{17HOVERLOAD IN Z2NEG s2HM=12+2HN=12+4HLIM=12)
IF(J-2%{J/2))38939,38
38 IF(K=2%(K/2))140s41+40 .
41 Z2NEG = Qe
RETURN
39 IF(K-2%(K/2))41940541
40 CONTINUE
‘ IF (J = K) 17917518
17 LIM = J + 3
GO T 0 19
18 LIM = K + 3
.19 IF(LIM=6)6s695

6 IF(M=4)7457s5

7 " IF(IN=4)99995

5 PRINT 8sMsNsLIM
LIM = 6

9 CONTINUE
SUMM1 = 0.
SUMMZ = 0.

DO 171 LTAU = 3,LIM

T-= LTAU - 1
171 SUMM 1 = SUMML + (le/((2e*T + 34)%(24%T = 1a)% (T + 2)%¥(T + 1la)

1 *T#(T = 1e)))%R(LTAU » J + 1s 3)%¥RILTAUs K + 1s 3)%((2e%T + 3,)
2 ¥(2e¥%T 4 la)¥(2e*T = 1a)/ (T + 26)%{T + 1o)%#T*{(T ~ 1la))) % H2
3 (M + 1,N+1,LTAU)
DO 172 LTAU = 1s LIM
T = LTAU - 1 a '

172 SUMM 2 = SUMM2 + (2e%T + 14)%(RILTAUsJ % 151) —R(LTAU »J + 3,51))
1% { R(LTAUsK + 151) —-R(LTAUs K+ 3s1))%  (H{M*33N + 3,LTAU)



2 -HIM + 39 N + 1sLTAU} - H{M+1eN + 3H»LTAU)
3 + Hi(M+1sN+1sLTAU))

Z = le/2%{SUMM1 + SUMMZ2)

Z2NEG = 2

RETURN

END

FUNCTION SSMALL (IQsJQsXMATRX)
DIMENSION XMATTWO(520) 9 XMAT(1255)sXMATZER(2600)

1 R{1291093)sH(99999)sH1(TeT797)9H2(59596)sA1(40)sA2(40)sM(100) N
2(1C0)»J(100)sK(100)sIP(100)2CA(30)sCBI(30)»SUMMITI(60)sCOEFF1(50+50)
COMMON XMATTWO s XMAT »XMATZERs SUMMITsCOEFF1sMNsPIsCAyCBsRZERO,s M

COMMON NsJsKsIPsAl A2 sHsH1 sHEZsRsDELTA

SSMALL = 14/64¢¥RZERO¥Xe* (X (MIIQ)+M( JU)9N(IQ)+N(JQ)+29J(IO)+J(JQ)’
1 KIIQ)+K(JQ) S IP{IQ)+IPI(JQ) o XMATRX) = XIM(IQ)+MIJQ)YSN(IQ)+N(JQ)»

2 JIIQ)+J(JQI s K(IQ)+K(JQ)+2IP(IGQ)+IP(JQ) +XMATRX) )

END

FUNCTION HSMALL(IQs»JQsXMATRX)

DIMENSION TERM(B8) »CO(8)

DIMENSION XMATTWO(520)sXMAT{1255)+XMATZER(2600)>»

1 R{12s10s3)sH(9y 999)9Hl(7’7,7)9H2(5’5$6)vAl(#O)sAZ(#O)aMW(lOO)9
2NW(100)sJWII100)sKWI100) s IPW{100)sCA(30)sCB(30)sSUMMITI(60)sCOEFF1
3(50550)

COMMON XMATTWO S XMAT 9 XMATZER> SUMMIT9COEFF1,MN9PI’CAsC89RZERO, Mw
COMMON NWsJWoKWsIPWsAL1sAZ2sHsH1sHZ29sRSDELTA

NA = NW(IG)
MA = MWI(IIQ)
JA = JW(IQ)
KA = KW(IQ)
IPA = IPW(IQ)
NB = NW{JQ)
MB = MW(JQ)

. JB = JW(JQ)
KB = KW(JGQ)

IPB = IPW{JQ) :

CO{1) = ((NA =NB)*(NA-NB)~(KA=KB) ¥ (KA=KB)+{NA+NB)—{KA+KB}+
1 (IPA-IPB)*(NA-NB=-KA+KB))

CO(2) = (B *RZERO=4+*DELTA)

CO(3) = = ((NA —=NB)*¥{NA —NB) -=(NA +NB})

CO(4)= ({KA =KB)*(KA=KB)}=(KA +KB))
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CO(5) =((IPA-IPB)*(IPA=IPB)+IPA +IPB + (IPA -IPB)*(NA =-NB +KA-KB8))
CO(6)= ~(IPA-IPB)*(NA-NB-(KA~-KB)) : ,

CO(7) = 2 ¥{IPA ~IPB)¥*(NA-NB)
CO(8)= -2 *{ IPA-IPB)*(KA=-KB)
N = NA + NB
M = MA + M3
J = JA + JUB
K = KA + KB
IP = IPA + IPB
DO 10 1 = 1,8
10 TERM(I) = Qe
DO 11 I = 1,8
. IF (CO(I) = Oel)lésllsld
11 CONTINUE
GO TO 38
14 GO TO (192339495969 T798)1 .
1 TERM{1) =CO(1)%¥X(MsNsJsKs IPsXMATRX)
GO 70O 11
2 TERM(2) =CO(2) #X(MsN+1sJsKsIP s XMATRX)
GO TO 11
3 TERM{3) = CO(3) #X(MsN=-29JsKsIPsXMATRX)
GO TO 11
4 TERM{4) = CO(4)%¥X{MsNsJsK=23IP s XMATRX)
GO 70 11
5 TERM(5)=CO(5)#(X{(MasN+2sJsKsIP=2sXMATRX)=X(MsNsJsK+29IP=2sXMATRX))
GO TO 11
6 TERM(6)=CO(6)*(X(M+25NsJsKsIP=2sXMATRX)+X(MyNsJ+2sKsIP-2 3 XMATRX))
. GO 70 11
7 TERM{T)I=CO(T)1*¥X(M+1sN=19J+1sK+1sIP~-24yXMATRX)
GO 70 11
8 TERM(8) = CO(B)*#X(M+1sN+19J+19K=1sIP-23sXMATRX)
GO TC 11
38 SUMM = 0,
DO 17 I = 1,8
17 SUMM = SUMM +TERMI(1)
HSMALL =-(RZERO*#4¥SUMM/64.)
END
FINIS
-EXECUTE .
*p -) ) #N -
P#X=0 ((X=X X=X=X9X=0 U90 0 0 X#49=5X VS5T7TW==5((P T=%{S5--(((( */
*% ) ) *N
*7 ®#)V

|~~~ % —~

(7

7
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¢. Program Enermat

Operating Procedure

The program requires the input of the basis set H from punched
cards. It also requires the parameter delta. The program then calculates
the matrix elements VA and Summit and outputs them on punched cards for

use by program Energy.
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PROGRAM ENERMAT
C CALCULATES THE V MATRIX ELEMENTS FOR H METHOD
DIMENSION GTAU(3)sF(15)sWTGAUS(16)sPTGAUS(16)sWTLAG(16)sPTLAG(16)
DIMENSION VA(60) »SUMMITI(60)
DIMENSION FZ(ZO)vBZ(ZO)aRTAUV(15915’2)oHPHI(898915)’HPHIA(898’15)9
1VXMAT(5190)sM (100)sN (100)sJ (100)9K (100)sIP (100)
COMMON VXMAT sRTAUVsHPHIsHPHIAYFZ 4BZsMsNsJsKsIP
: VXL{MaNsJ9KoIP) = VX(MIN+23J9KsIP) = VX(MsNoJsK+24IP)
- 93 FORMAT(XTHENZERO=E17¢10s 6HENONE= E17.10)
41 FORMAT ({X6HDELTA=9F 745345164939 (/5E1649))
42 FORMAT(X6HDELTA=3F7e5 sTHSUMMIT=3E16e¢939(/5E164¢9))
28 FORMAT (5E17.10)
441 FORMATI(3XsO6HDELTA= F54293X9129/94X922HTHE VS AND SUMMIT ARE/
' 1 (4012))
442 FORMATI(4E20.11)
99 FORMAT (3XsF5.43)
47 FORMAT(3Xs//6HDELTA=F745)
29 FORMAT(1H1+/720Xs6HDELTA=FS5e 3//’20X93HMN-’12’//9(13(1X’5Il)))
917 FORMAT(52HMATFCOF sRZEROsGTAUSSIGMASDELTALsANDF ARE AS FOLLOWS 7/
1 3X9I1292XF54393FTel92FBea5/3X92(6F%9.67))
20 FORMAT(3XsI2/7(13(511s1X)))
21 FORMAT( 13(511,1X))
22 FORMAT(X3(7HCOEFP1(IZ91H91292H)—EI701092X))
40 FORMATI(5E£17.10)
56 FORMAT(X26HTHE DETERMINANT OF COEFFl= E17410}
67 FORMAT(XS5HETWO=E17.10)
150 FORMAT(90Xs2F742)
16 FORMAT(X&(2HV(sI2+s2H)= £17410))
4 FORMATI( 4(THSUMMIT(+12s2H)= E17410+2X))

THE LAGUERRE

C THE LEGENDRE GAUSS WEIGHTS ARE -
WTGAUS(01)= «0271524594
WTGAUS(02)= . «0622535239
WTGAUS(03)= «0951585117
WTGAUS(04)= ¢1246289713
WTGAUS(05)= «1495959888
WTGAUS(06) = «1691565194
WTGAUS(07)= «1826034150
WTGAUS(08) = 1894506105

C AND THE CORRESPONDING POINTS ARE
PTGAUS(01)= - 49894009350
PTGAUS(02)= = +9445750231
PTGAUS(03)= = +8656312024
PTGAUS(04)= -¢7554044084
PTGAUS(05)= - .6178762444
PTGAUS(06)= =.4580167777
PTGAUS{07)= - 42816035508
PTGAUS(08)= -~ .0950125098
MAXGAUS = 8

C GAUSS WEIGHTS ARE
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' WTLAG (01) = .3691885893E+Q ‘
* WTLAG{C2) = +4187867808E+0

WTLAG (03). e 17579498664E+0

WTLAG (04) e3334349226E-1

WTLAG (05) e2794536235F =2

WTLAGI06) = 49076508773F~4 °

WTLAG (07) = +8485746716E-5

. WTLAG (08) = «1048001175E-¢

' C AND THE CORRESPONDING POINTS ARE
PTLAG (01) = +1702796323E+0

i- PTLAG (02) = 9037017768E+0

i PTLAG (03) = +2251086630F+1
5 PTLAG (04) = .4266700170E+1
E PTLAG (05) = +7045905402E+1
! PTLAG (06) = +1075851601E+2
B PTLAG (07) = «1574067864F+2

: PTLAG (08) = 42286313173E+2

; ' MAXLAG = 8 '

; PTLAG (01) = +8764941048E~1
o PTLAG (02) = «4626963289E+0
E PTLAG (03) = «1141057775E+1
1 PTLAG (04) = 42129283645FE+1

PTLAG (05) = +3437086634E+1

PTLAG (06) = .5078018615E+1

PTLAG (07) = «7070338535E+1

, PTLAG (08) = 49438314336FE+1

y PTLAG (09) = «1221422337E+2
PTLAG (10) = 15441527375+

PTLAG (11) = .1918015686F+2

PTLAG (12) = +2351590569E+2

PTLAG (13) = 428578B72974E+2

g PTLAG (14) = 3458339870FE+2
§ PTLAG (15) = 44194045264E+2

; PTLAG (16) = «5170116034E+2

i WTLAG (01) = .2061517150E+0

j WTLAG (02) = «3310578550E+0

WTLAG (03) = +2657957776E+0
WTLAG (04) = +1362969343E+0
WTLAG (05) = .4732892869E-1
WTLAG (06) = .1129990008E-1
WTLAG (07) = +1849070943F-2
WTLAG (08) = +,2042719153E-13
X WTLAG (09) = +14B4458687E~4
WTLAG (10) = .6828319331E-6
WTLAG (11) = +1881024841E-7
. WTLAG (12) = 42862350243F~9
WTLAG (13) = 42127079033E-11
WTLAG (14) = .6297967003E-14
WTLAG (15) = 45050473700E-17 i
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WTLAG (16) = «4161462370E-21
MAXLAG = 16
ENONE = ,7808816326
ENZERO = -2.568538484
RZERO = 1.4
PI = 34141592653589
FNORM = ,5806108281
MAXFCOF = 7
C KMAX EQUALS THE NUMBER OF FsS MINUS THREE
KMAX = MAXFCOF - 3
C MAXMUM EQUALS THE TOTAL NUMBER OF TAU »S DESIRED
C LMAX INDICATES THE POWER OF MU DESIRED

LMAX = 8

MMAX = 8

NMAX = 8

MAXMUM = 15 .

DELTAl = 1.12186623
C ZEROTH ORDER WAVE FUNCTION COEFFICIENTS

SIGMA = 2479206

F(1) = 10769

F(3) = 0415634

F(5) = 0.003407

F(7) = 0.,000031

GTAU(1) 1,

GTAU(2) = C.0105
GTAU (3) = 0.0004

C READ Fs GTAU
CALL PCLOCK (TMSsELAPTM)
PRINT 150sTMsELAPTM
ALP2 = 2.,*%DELTAl
READ 99,4DELTA

19 CONTINUE

READ 20sMNs(M(I)sN(I)sJ(I)sK(I)sIP(I)sI=1sMN)
DO 300 1 = 1sMN
MUTI+MN) = N{I)

N({I + MN) = M(I)
JII + MN) = K(I)
KI{T + MN) = J(I)

300 IP(I + MN) = IP(I)
XMATRX = 0. ; _ |
C ALP GOES INTO 1ST ORDER WeFe ALP1 IS USED TO CALC V»S ALP2 TO CALC EZEF
ALP = 2.%DELTA
ALP1 = DELTAl + DELTA
CALL PCLOCK (TM»ELAPTM)
PRINT 150sTMsELAPTM
CALL QUADLEG(KMAX+3sF 3BZ310sWTGAUS»PTGAUS s MAXGAUS )
CALL QUADLAG(1e3sALP1510316sFUNCTsFZsGTAUsSIGMAsWTLAGSPTLAGsMAXLAG)
CALL PCLOCK (TM,ELAPTM)
PRINT 150sTMsELAPTM



990

73

30

60

175

CALL RTAU(KMAXsF sRTAUVLMAX sMAXMUMSWTGAUS sPTGAUS s MAXGAUS)
CALL PCLOCK (TMeELAPTM)
PRINT 150,TM,ELAPTM

CALL TROT (NMAX#MMAX9IMAXMUMs ALP1ls1sHPHI 9SIGMASGTAUSFINT1sFINT2

IWTGAUSyPTGAUS yMAXGAUS sWTLAGIPTLAGsMAXLAG)

CALL PCLOCK (TMyELAPTM)

PRINT 150sTMsELAPTM

DO 990 I = 1,+5190

VXMAT(I) = 0.

LMAXXX = NMAX - 2

MXXMUM = MAXMUM - 1

DO 73 I = 2sMXXMUM

DO 73 NO = 1,LMAXXX

DO 73 MO = 1,NO

T=1-1

HPHIA(MOJNOSI) = TH¥(T+1e)/(2e*T+1e)*((T+14¢)*HPHI(MOSNOsI+1)~
1 (2%T+14)*¥HPHI(MO+19NO+1s1) + TH*HPHI(MOsNOsI=-1))
HPHIA(NOsMOsI) = HPHIA(MOWNOSI)

CALL PCLOCK (TMsELAPTM)

PRINT 150sTMyELAPTM

DO 30 I = 1sMN

SUMMIT(I) = 0.

DO 60 I = 1sMN

VYA = VXI(M(TI)s N(I)s JU(I)s K(I)y IP(I)-1)

VY3 = VXI(MII)eN(T)sJ(I)sK(I)sIP(I))

VYC = VXI( MOI+MN)sNCI+MN) sJ(T+MN) s K(I+MN) s IP(I+MN)~1)
VYD = VXl(M(I+MN)’N(I+MN),J(I+MN)9K(I+MN)9IP(I+MN))

SUMMIT(I) = SUMMIT(I) + VYB + VYD
VA(T) = 2./RZERO*(VYA + VYC) - ENONE*(VYB + VYD)

CONTINUE.
DO 8 I = 1sMN
VA(I) = ~B.*¥P[#%3#RZERO*¥¥6/644*VA(I])

PRINT 16y (IsVA(I)sI = 1sMN)

. PRINT 4y (IsSUMMIT(I)s I = 1sMN)

800

PUNCH 441 sDELTAIMN s (MIT)sN(I)sJ(I)sK(I)sIP(I)sI=19MN)
PUNCH 442y (VA(I)sI=1sMN) s (SUMMIT(I)sI=1sMN)HIENZERO»ENONE
CALL PCLOCK (TMSELAPTM)

PRINT 150sTMSELAPTM

END

SUBROUTINE TROT (MMAXsNMAX s ITAUMX9ALPsNUSHSIGMAs GTAUSFINTLSFINT2y

"1IWTGAUS sPTGAUS sMAXPT sWTLAGIPTLAGIMAXLAG)

DIMENSION G(32)sX(32) sWTGAUS(16) sPTGAUS(16) »yWTLAG(16)sPTLAG(16)
DIMENSION D(15912+2)9P(3092)9H{B3+8915)sGTAU(3)

DO 39 K = 1sMAXPT

G(K) = WTGAUSI(K)

X{K) = PTGAUS(K)*(1e/2e) + le/2e
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39 X{K+MAXPT) = =X(K) + 1.
DO 8 M = 1,8
DO 8 N = 1,8
DO 8 ITAU = 1,6
8 H(MsNsITAU) = O,
MAXPTS = 2*MAXPT
DO 3 1 = 1,MAXPTS
T = X(1)
IF (NMAX-MMAX) 11911512
11 MAX = MMAX -
GO TO 13
12 MAX = NMAX
13 CALL RTN (ITAUMXsNUs Psle/T)
2 = 1./7

-CALL VTAUN (MAXoD’NUsALP’l./TvITAUMXaGTAUsSIGMA’FINTl9FINT2,
1 WTLAGsPTLAGsMAXLAG)
DO 3 ITAU = 1y ITAUMX
GT = ((1.=T*T) *P(ITAUsNU}*P({ITAUsNU))*%(-1)
141 CONTINUE
DO 3 N= 1,NMAX
DO 3 M = 14N
3 H{MsNsITAU) = H(M;NsITAU) + GT*D(ITAUSMINUI*D(ITAUSNINU)* G(I)*14/
1 2.

DO 81 ITAU = 1sITAUMX
TAU = ITAU - 1 '
FNU = NU - 1

KP = 1

LIM1 = TAU - FNU + 1.

LIM 2 = TAU + FNU
DO 82 I = LIM1,LIM2
82 KP = KP¥]
COF = (=1)%%(NU=1)*KP
DO 81 N = 1,NMAX
. DO 81 M = 1,N
81 H(MINsITAU) = COF*H(MyNsITAU)
DO 30 ITAU = 1,sITAUMX
DO 30 N = 1,NMAX
DO 30 M = 1,N
30 HI(NsMsITAU) = H(MsNsITAU)
END .

SUBROUTINE VTAUN(JMAXsDsNUsALP Yy ITAUMXs GTAUSSIGMASFINTL,FINT2,
1 WTLAGsPTLAGsMAXLAG)

DIMENSION G(16)sX1(16)9X2(16)sWTLAG(16)s PTLAG(16)

DIMENSION D{(15+912+2)sP1(30s2) sP2(30s2)s GTAU(3)
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39

11

38

DO 47 1IQ = 1yMAXKAT 2
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GNO(WsZ)= Z*#*¥SIGMA* (GTAU(Ll) + GTAU(2)*W + GTAU(3)*W*W)
EAL = EXPF(-=ALP)/ALP

DO 39 K = 1sMAXLAG

G(K) = WTLAG(K)-

X1(K)= PTLAG(K)/ALP +1.

X2(K) = PTLAG(K)/ALP +Y

DO 38 J= 1sJMAX

DO 38 LTAU = 1s ITAUMX

DILTAUsJsNU) = 0.

DO 43 M = 1,MAXLAG

CALL RTN(ITAUMXsNUsP29X2(M))

CALL RTN(ITAUMXsNUsP1lsX1(M))

GN1 = GNO((XI(M)-14)/7 (X1 (M)+1a)sX1l(M)+1s)
GN2 = GNO((X2(M)=1e)/(X2(M)+1la)eX2(M)+14)
U = EXPF{-=(Y-14)*%ALP)

COFFA = GN1*#G(M)*EAL

W = U*GN2/GN1

DO 43 J = 1,JMAX

COFX1J = X1(M)*3%(J-1)*COFFA

COFX2J = X2(M)*¥(J-1)*W*COFFA

DO 43 LTAU = 1y ITAUMX
DILTAU»JsNU)=D(LTAUsJsNUI+PL(LTAUSNU)*COFX1J-P2(LTAUINU)*COFX2J
END

SUBROUTINE RTAU (KMAXsFsRTAUVLMAX sMAXMUM s WTGAUSsPTGAUSsMAXPT)
DIMENSION P(3092) » G(16) s X(16)s RTAUV(15+1592)9s WTGAUS(16)
DIMENSION PTGAUS(16)s F(15)sRA(15+15)

DO 39 K = 1+MAXPT

G(K) = WTGAUS(K)

X{K) = PTGAUS(K)

G(K+ MAXPT) = GI(K)

X{K+MAXPT) = =X(K)
MAXMUM = 2¥KMAX + 7
DO 11 J = 1y MAXMUM
DO 11 K = 1,LMAX

DO 11 M = 1,2

RTAUV(JsKsM) = 0.

DO 10 NU = 1,2

DO 38 J 1 ,MAXMUM

DO 38 K 1sLMAX

RA (JsK) = O

MAXPTS = 2%MAXPT

DO 423 M = 14MAXPTS

FP2 = 0D

MAXKAT = KMAX + 3

CALL RTN(MAXKATs1sPsX(M))

non
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10

FP2 = FP2 + F(IQ)*P(IQy1)

FSQUAR = FP2

CALL RTN (MAXMUM 4 NUs Py X(M))

PROD = FSQUAR¥G(M)* (SQRTF(1le=X(M)*¥X(M)))**(NU~1)
DO 43 1A = 1,LMAX

PRODUCT = PROD*X(M)##* (JA=1)

DO 43 LTAU = 1sMAXMUM

RA(LTAU»IA) = RA(LTAUsIA) + PRODUCT*P(LTAUsNU)
CONTINUE

DO 10 J = 14MAXMUM

DO 10 K = 1 LMAX

RTAUV(JsKsNU) = RA(JsK)

CONTINUE

END

SUBROUTINE RTN(LTAUMX sNUsP sX)
CALCULATES ASSOCIATED LEGENDRE POLYNOMIALS PTAUNU
DIMENSION P({30+2)

DO1 M = 1,30

P{MsNU) = 0.

P(lsl) = 1.

P(2,1) = X

P(2+2) = SQRTF(ABSF(le=X%*X}))
P{392) = 3.%¥X¥P(2,2)

FNU = NU

LIMU = NU + 1
DO 44 LTAU = LIMUsL TAUMX
TAU = LTAU

440P(LTAU + 1sNU) = 1e/(TAU = FNU +1e)¥((2*#TAU ~1,)%¥X*

39

11

IP(LTAUSNU) = (TAU + FNU = 2.)*¥P(LTAU = 19NU))
END

SUBROUTINE QUADLEG(MAXKATs Fs BZs NUMINTSsWTGAUSsPTGAUS s MAXGAUS)
DIMENSIONF(15)9BZ(20)sWTGAUS(50)sPTGAUSI(16)sG(16)sX(50)sP(30+2)

DIMENSION FZ(20)

. DO 39 K = 1sMAXGAUS

G(K) = WTGAUS(K)
X{K) = PTGAUS(K)
G(K+MAXGAUS) G(K)

#ow

X (K+MAXGAUS) =X(K)
DO 11 J = 1y NUMINTS
BZ(J) = 0.

MXGAUSS = 2*MAXGAUS



47

43

- 38

43

DO 43 M = 1,MXGAUSS

FP2 = 0.

CALL RTN(MAXKATs 1s PoeX(M))

DO 47 1Q = 19 MAXKATs2

FP2 = FP2 + F(IQ)*P(IQy1)

DO 43 1A = 1,NUMINTS

BZ{TA) = BZ(IA) + X{(M)*%x([A=1) *FP2%*G(M)
CONTINUE

END

SUBROUTINEQUADLAG(ALIMITsSCALEsNUMINTS sLAGPTSsF sARRAY sGTAUs SIGMA
1 WTLAGSPTLAG»MAXLAG) -

DIMENSION WTLAG(16 )}sPTLAG(16 )s ARRAY(20)s GTAU(3)
GNO(YsZ) = Z¥*SIGMAX*(GTAU(L1)+GTAU(2)*Y + GTAU(3)*Y*Y)

EAL = EXPF(-ALIMIT*SCALE)/SCALE

DO 38 L = 1s NUMINTS

ARRAY (L) = 0.

DO 43 M = 14MAXLAG

Y = PTLAG(M)/SCALE + ALIMIT

WAVEFU = GNO((Y=1e)/(Y+le)sY+1l4)

DO 43 N = 19 NUMINTS -

ARRAY(N) = ARRAY(N) + Y *#¥(N-1)}*WAVEFUXWTLAG(M)*EAL
END

FUNCTION VX({MsNsJsKs1IP)

DIMENSION FZ(20)+sBZ(20)sRTAUV(15+1552)sHPHI(838s15)sHPHIA(By8+15)
IVXMAT(5190) sMA(100)sNA(100)sJA(100)sKA{100)sIPA(100)

COMMON VXMAT sRTAUVsHPHI sHPHIASFZ +BZ 9yMASNASJALKA,1PA
VZ1ZER(M4NsJsK) = 0o

VZTWO(MaNsJsK) = VZZER(M+23NsJsK) +VZZER(MyNsJ+2,4K) +
IVZZER(MaN9JsK+2) —2.¥VZZER(MeN»JsK) = 2¢*¥VZZER(M+1 ¢N+19J+19K+1)
2 =2¢*VZ1ZER(MeNsJsK) +VZZER(MsN4+24JsK)

VZONE(MsNysJ9K) = VZNEGIM+24NyJsK) + VZNEG(M9N9J+2’$) + VZNEG(MsNyJ
14K+2) = 24*VZNEG(MyNsJsK) = 2. *¥VZNEG(M+14N+19J+1sK+1)=2,*VZINEG
2{MsNsJsX) +VZNEG(MsN+29JsK)

169 FORMAT(X52HTHE PROGRAM HAS EXCEEDED THE AVAILABLE NUMBER OF P,sS)

10

38
41

39
40

FORMAT(X 2HX(911291H911291Hs11291Hs11291Hs11292H)=1F17410)
IF(J=-2%(J/2))38+39,38

IF(K=2#%(K/2)1)40+41540

VX = 0,

RETURN

IF(K=2%(K/2))41+40941

IF(IP)424,43442
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42
44
45
46
47
70

48

49

106
160
159

161
162

163
50
52

51

180

IF(J=2%(J/2))41942541

IF{(M=5144444,3

IF(N-5)45445,3

IF(J=5)46946+3

IF{K=5)47+47,3

IF(IP=2)70+70+3

Y = VXMAT(M+1+6%N+36%J4+216%K+1296%(IP+1))
IF(Y) 48949448

CONTINUE

VX = Y

RETURN

COUNT = 1,

GO T0 2

COUNT = 3,

PRINT 106sMsNsJsKsIP

FORMAT (24HOVERFLOW IN FUNCTION VX 3Xs5(1292X))
IF(IP)1595160,161

VXW= VZZER(M+23N9sJsK) = VZZER(MyNsJ+2+K)
GO TO 50
VXW= VZNEG(M+24NsJsK) = VZNEG(MsNyJ+2K)
GO 7O 50

IF (IP-2) 16291635163
VXW= VZONE (M+2sNsJsX)
GO TO 50

VXW= VZTWO(M+2sNsJsK) = VZTWO(MsNsJ+25K)
IF(COUNT ~24) 52552451

NUMBER = M+1+6%N+36#J+216%K+1296%(IP+1)

VXMAT (NUMBER) = VXW

VX = VXW

END

VZONE (MsNosJ+25K)

FUNCTION VZZER(MOsNO»JO»KO)

DIMENSION FZ(20)9+BZ(20)sRTAUV(1551592)9sHPHI(898515)sHPHIA(8+8+15)

1VXMAT(5190)sMA(100) sNA(100)sJA(100)sKA(100)sIPA(100)
COMMON VXMATsRTAUVIHPHI sHPHIASFZ+»BZsMAsNAsJASKASIPA
IF(JO=2%(J0/2))12+2+3

IF(KO=2%(K0/2))4+4,3

VZZER = 0.

RETURN ' :

VZZER = FZ(MO+1)*FZ(NO+1)¥BZ(JO+1)*BZ(KO+1)

END

FUNCTION VZNEG(MsNsJsK)
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DIMENSION TE(2)
DIMENSION FZ(ZO)982(20)aRTAUV(lﬁ;lS;Z)sHPHI(898’15)’HPHIA(898715)a
1VXMAT(519015MA(100) sNA(100)sJA(100)sKA(100)sIPA(100)
C OMMON VXMAT sRTAUV sHPHI sHPHIASFZsBZ sMASNA s JA9KA s IPA
90 FORMAT(///2E174104+/7//+23HTO0 MANY TAUS IN VZNEG )
IF (J=-2%(J/2))38,39,38
38 IF(K=2%(K/2)140941+40
4] VZNEG = 0.
RETURN
39 IF({K- 2*((/2))41’40’41
40 CONTINUE

TERM = 0,
SUMM = 0,
LTAU = 0
1 =0

3 LTAU = LTAU + 1
T = LTAU - 1
I = I+1 »
TE(I)= (2e%T+1a)*RTAUVILTAU»J+191)% RTAUV(LTAUIK+1s1)%*
1 HPHI(M+1,N+1sLTAU)
IF(I=-2) 39545

5 1 =0
TERM = TE(1l) + TE(2)
TE(1) = Q.
TE(2) = 0.

4 SUMM = SUMM + TERM
IFILTAU-15)8+9,9
9 CONTINUE
‘ PRINT 90, TERM,SUMM
GO TO 1
8 CONTINUE
IF (ABSF(TERM/SUMM)=e1E~T7)193+3
1 CONTINUE
. 'VZNEG = SUMM
END

FUNCTION VZINEG(MsNsJsK)

DIMENSION TE(2)

DIMENSION FZ(20)sBZ(20)sRTAUV(1551592)sHPHI(B98415) sHPHIA(Bs8515) '

1VXMAT(5190)sMA(100) sNA(100)+»JA(100)sKA(100)sIPA(100)

COMMON VXMAT sRTAUVsHPHI sHPHIASFZsBZsMAYNAsJAIKAHIPA |
90 FORMATI(///2E17.105///+923HTO0 MANY TAUS IN VZ1INEG) |
: IF (J=-2%(J/2))38+39,38 |
38 IF(K=2%(K/2)140s41440
41 VZINEG = Q.

RETURN



39
40 -

1

IF(K=2%(K/2))41540s41

CONTINUE

SUuMM = 0,

TERM = Q.

1 =20

LTAU = 1

LTAU = LTAU + 1
T =LTAU - 1

I = I+1

TE(I)= =1e/(T*(T+1e) I*RTAUVILTAU»J+192)#RTAUV (LTAUsSK+192)%
(2e%T+1e) /(T*(T+1le)) * HPHIA(M+1sN+1sLTAU)

IF(I=2) 34545
1 =20
TERM = TE(1l) + TE(2)
TE(1) Oe
TE(2) 0.
SUMM = SUMM + TERM
IF(LTAU-15)8+9+9
CONTINUE
PRINT 90s TERMsSUMM
GO 70 1
CONTINUE
LIMIT <lE-7 SHOULD BE EXPERIMENTED
IF LABSF(TERM/SUMM)-e1E~7)19353
CONTINUE
VZINEG = SUMM
END

WITH
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3. Program Highen

Definition of Symbols and Arrays

Nthlim designates the order of the wave function desired. The
basis set is stored in the Arrays mat(i), nat(i), jat(i), kat(i),

. . . th . . th
and ipat(i). Cterm(m,n) contains the m coefficient of the n

. . t
order wave function. Eps(n) contains the n h order energy.

Operating Procedure

The program calculates the nth order wave function frcocm
Eqs(II.D-9) and (II.D-10). Rzero, mn - the number of terms in
the basis set-, enzero, cofrho, cofnom, coeffl, va, summit, enzero,
enone, mat, nat, jat, kat, and ipat are read from tape or punched

cards. The energy through (2n + 1)th order is then calculated.



184

PROGRAM HIGHEN
DIMENSION COEFF1(50550)sMAT(1C0)sNAT(100)»JAT(100)
DIMENSION KAT(100)sIPAT(100)s3MAT(50)sVCHECK(50)sCX(50)sCY(50)
COMMON/BLOCK3/ZEREPS(81)sEPS(80)sCTERM(50540) »COFNOM(50550) »

1COFRHO(50550) sMNTERM (40 )
COMMON/BLOCK4/SUMMIT(50) sVA(50)»STOREN(40540)
EQUIVALENCE (EPS(1)sZEREPS(2))
20 FORMAT(3X>I2/5(13(511s1X)))
30  FORMAT(//s20Xs26HTHE DISSOCIATION ENERGY ISs F7.5//)
67 FORMAT (X5HETWO=E17410)
72 FORMAT(1H154(/)s40Xs39HTHE VALUES OF THE VARIOUS ORDERS OF THE /40X
" 1»40HCOEFFICIENTS ARE LISTED BELOW ALONG WITH /»51Xs15HTHE TOTAL VA
. 2LUE) . '
74 FORMAT( ,
1 4(/)935X 9 11HCOEFFICIENT »20X»18HTOTAL CONTRIBUTION /35X+5125s
2 23XsF15.10//522X 24 (SHORDER»1Xs 12HCONTRIBUTIONs2X)/(22Xs4(1X>s
3 1292XsF15410)))
93  FORMAT(XTHENZERO=E17+10s 6HENONE= E17.10)
139 FORMAT(X6HENTRE=sE17410)

197 . FORMAT(1H194(/)s57X92HR=9F5e294(/) 34X s5HORDERs9IX s SHENERGY » 10X »9HES

1UM AeUes9Xs9H D(EsVe) 510X s TH(1/R1Z) 512X s4HDIFF»11XsGHWeF o TERMS/ /)

297 FORMAT(1H152(/)952Xs16HENERGY OF HEHE+2s .

1 40/)s5TX92HR=9F54294 (/) »4Xs5HORDER »9X » 6HENERGY 5 10X s OHES

2UM AeUe99Xs9H D(EeVe) 910Xs7H(1/R12)99Xs10HESUM + 1/Rs8Xs9HWeF«TER
3MS/7)

291 FORMATI(1HL)

198 FORMAT(6XsI254Xs5({2XsF14e¢1092X)s8X513) )

201 FORMAT(//38HTHE ENERGY DIFFERENCE IS NOW EQUAL TO +E17.10)

467 FORMATI(3Xs/ 93 (THVCHECK( 12s2H)=9E17e1094X))

1111 FORMAT(90XsI2s3HMINs 2Xs1253HSECs 3Xs1256HSEC/60)

407 FORMAT(3Xs5HRZERO= s F54293Xs14HFUNCTION SIZE= 512+40HCOFRHO COFNO
IM COEFF. VA AND SUMMIT FOLLOW /(4E20.10))

916 FORMATI(3Xs4E17.10)

"769 CONTINUE

C NTHLIM IS THE ORDER OF THE WAVE FUNCTION DESIRED
NTHLIM = 5 '

READ TAPE 47, :

1 RZEROsMNsENZERO s ( (COFRAO(Is050) 9 I=1sMN) s JO= l,MN)’((COFNO;

2M{I15J0)s I = 19MN)sJO= 1sMN) s ( (COEFFL(I9J0) sl = 1sMN)sdJO= 1sMN)
3 (VA(I)sI=1sMN) s (SUMMIT(I) sI=1sMN)IENZERD»ENONE,
4 (MAT(I)sNAT(I)sJAT(I)sXAT{I)»IPAT(I}sI=15MN)
IF({E0F 947)174251743
1742 STOP
1743 CONTINUE



987

505

1139

307

506

508

507

520

509

511

512

PI = 34141592653
DO 987 1 = 150
DO 987 J = 1+40
CTERM(1sJ) = Oe
DO 505 I = 1sMN
DO 505 U = 1sMN

COFRHO(I,J) = COFRHO(IsJ) = ENONE*COFNOM(I,J)

MORE = 1

MN = MN + 1

DO 71 IDONT = 1sMORE
MN = MN - 1
IF{MN)71+7151139

CONTINUE

DO 307 I = 1sMN
MAT(I+MN) = NAT(I)
NATCI+MN) = MATI(I)
JAT(I+MN) = KAT(I)
KAT(I+MN) = JAT(1I)

IPAT(I+MN) = IPAT(I)

DO 506 I = 1sMN

BMAT(I) = VA(I)

CALL AMATSAV(MNsCOEFF1s3MATsVASPISDET)
DO 508 I = 1sMN

VCHECK(I) = Ce

DO 507 1 1sMN

DO 507 J 1sMN

VCHECK(I) = VCHECK(I) + BMAT(J)*COEFF1(1I+J)
DO 509 I = 1sMN

VCHECK(I) = (VCHECK(I) = VA(I)})/VA(I)
IF(VCHECK(I) - 1.E-8) 5095099520
CONTINUE

PRINT 467s1sVCHECK(I)

CONTINUE
SUM1 = 0,
SUM2 = 0.

DO 511 I = 1,MN
SUM1 = SUML + BMAT (I)%VA(I)

DO 511 J = 1,MN

SUM2 = SUM2 + BMAT(I)*BMAT(J)*COEFF1(IsJ)
ETWO = SUM2 -2.%SUM1

SUM11 = 0,

SUM22 = 0.

DO 512 1 = 1,MN

SUM11 = SUM1l + SUMMIT{I}*BMAT(I)

DO 512 J = 1,MN

SUM22 = SUM22 + BMAT(I)*BMAT(J)*COFRHO(IsJ)
PSI 10 = SUM11 i

[ 1]
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525
576

577

551

553
552

554

561
560

569

PSI01 =
PSIZR1
ENTRE =
DIFF =
DIS = =~
DO 525
CTERM(1I
DO 576
MNTERM(
DO 577
DO 577
STOREN
EPS(1).
EPS(2)
EPS (3)

PSI10
= PSI10

SUM22 =-2.*ETWO*SUM11

—-1.888734~

(ENZERO + ENONE + ETWO + ENTRE)

(DIFF+ +888734-14/RZERO)¥*27.20974

I = 1,MN

s21) = BMAT(I)H

I = 1540
I) = MN
I = 1,40

= ENTRE

DO 550 NORDER =
CALL KTIME(MINsKSECsDD)
MN = MNTERM(NORDER)

2sNTHLIM

CALL BMATGET (BMAT sMNsNORDER)

BMATI(I)

$ PRINT 1111sMINsKSECSDD

CALL AMATSAV(MNsCOEFF1s BMATsVAsPIsDET )

DO 551 I = 1sMN
CTERM(IsNORDER)
DO 552 1 = 1sMN
VCHECK({I1) = 0

DO 553 J = 1sMN
VCHECK(I) =
VCHECK(I) =

DO 554 1 = 14MN
CTERM(Is NORDER)
SUM1 = 0

LIM2 = 2#NORDER - 1
DO 560 I = 2sLIM2
SUM 2 = 0.

LIM3 = NORDER -

VCHECK ()
VCHECK (1)

+ BMAT(J)

* COEFF1(IsJ)

-~ CTERM(IsNORDER)

BMAT (1)

JINMs1 = 1 » JI(KCEHCVsI(

SUM2 + FNORMAL (J»2%¥NORDER-1I-J)
SUM1 + EPS(1)%SUM2

= CTERM(IsNORDER)

O) = ADDMAT(CXsCXsCOEFF1sVAs1sMNsMN)

DO 561 J = LIM3sNORDER
SUM2 =

SUM1 =

NTWO = 2#NORDER

MINORD = NORDER - 1

DO 569 I = 1,MN

CX(I )

CY(I) = CTERM(IsMINORD)
MNT = MNTERM{NORDER-1)
EPSINTW

LIM1 = 2%¥NORDER

SUM4 = 0

DO 563 I = 2,LIM1

1 + 2*%ADDMAT(CXsCYsCOFRHOsVAS1sMNsMNT )~ SUM1

s 764 TNIR
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SUM 5 = 0

LIM2 = NORDER + 1 -1

DO 564 J = LIMZ2sNORDER
564 SUM5S- = SUM5 + FNORMAL (J»2%NORDER + 1 - I =~ . J)
563 SUM4 = SUM4 + EPSI(T) # SUMS

NTWO ONE = NTWO + 1

EPS (NTWOONE) = ADDMAT (CXsCXs COFRHO»VAs»1sMNsMN) - SUM4
550 CONTINUE

PRINT 197 » RZERO

ZEREPS(1) = ENZERO

SUM = 0
LOW = 0
EEXACT = -1.888734
RAV = 0

DO 570 I = LOWsNTWOCNE
- RAV = RAV + (I+1)¥EPS(I+1)
571 SUM = SUM + EPSI(I)
' DIFF = EEXACT - SUM
DIS = —(DIFF+ «888734~-1./RZERO)*¥27.20974
PRINT 198+ I1+EPS(I)sSUMsDISsRAVIDIFFIMN
570 CONTINUE
PRINT 72
- RHALF = RZERO/2
PRINT 297sRHALF

EKR = 1.5
HE2KP = 0
R12 = O

DO 572 1 = LOWsNTWOONE
IPRIME = 2-1

HE2ENER=24 ¥*IPRIME*EPS(1)
HE2KP = HEZ2KP + HEZENER

FINALEN = -4
CENPLR = HE2KP + 4/RHALF

DISOSEN = (FINALEN — ENPLR)%*27.20974
DIFF = EKR-HEZENER ‘
R12 = R12 + I®HEZ2ENER :
PRINT 1985 IsHERENERSHE2KP sDISOSENsR12sENPLRIMN
572 CONTINUE
PRINT 291
DO 71 I = 1sMN
SUMC = 0
DO 70 J = 1sNTHLIM
70 SUMC = SUMC + CTERMI{I,J) ,
PRINT 745 MAT(I)sNAT(I)sJAT(I)sKAT(I)sIPAT(I)sSUMCs(IIsCTERM(ISII)
1sII=1sNTHLIM)
71 CONTINUE
777 CONTINUE
GO TO 769 .
END -
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SUBROUTINE AMATSAV(MN,COEFF1sBMATsVAsPIsDET)
DIMENSION AMAT(50550)sCOEFF1(50550)9BMAT(50 )sVA(50)
DO 50 I = 1sMN

DO 50 J = 1s,MN

AMAT(IsJ) = COEFF1(IsJ)

NQ =1 :
CALL MATINV(AMAT sMNsBMATsNGsDET»50)

END

SUBROUTINE BMATGET(BMATsMNsNORDER)
COMMON/BLOCK3/ZEREPS{81)sEPS{80)sCTERM(50+40)sCOFNOM(50s50)»
1COFRHO(50950) sMNTERM(40)

COMMON/BLOCK4/SUMMIT(50) sVA(5C)sSTOREN(40+40)
EQUIVALENCE(EPS(1)sZEREPS(2))

DIMENSION BMAT(50)

DO 1 I = 1sMN
SUM1 = 0
SUM3 = 0
DO 2 J = 1sMN
SUM3 = SUM3 + CTERM(JsNORDER-1)*COFRHO(IsJ)
LIM = NORDER-1 :
SUM2 = 0
DO 3 K = 2,LIM
SUM2 = SUM2 + EPS(K)*CTERM(JsNORDER=K)
SUM1 = SUM1 + SUM2 #COFNOMI(I,J)
" BMAT(I

) = EPS(NORDERI¥SUMMIT(I) + SUM1l - SUM3
END '
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FUNCTION FNORMAL (Js K)

COMMON/BLOCK3/ZEREPS(81)sEPS(80)sCTERM(50940) sCOFNOM(50250) »

1COFRHO(50550) sMNTERM(40)
COMMON/BLOCK4/SUMMIT(50) »VA(50) s STOREN(40540)
DIMENSION CX(50)s CY(50)
EQUIVALENCE(EPS(1)sZEREPS(2))
M = XMAXOF (JsK)

N = XMINOF(JsK)

MONE = M+ 1

NONE = N+1

MN = MNTERM(M)

MX = MNTERM(N)

IFIN) 1933

IF { STOREN(MONEsNONE ) 4s5s+4
DO 7 I = 1,50

CX(1) = CTERM(IsM)

CY(I) = CTERM(IsN)

IF(N) 8859

STOREN(MONE sNONE) = ADDMAT(CX;CY;COFNOM:SUMMIT:Z;MN,MX)

FNORMAL = STOREN(MONE sNONE)

RETURN .

STOREN(MONESNONE) = ADDMAT(CXsCYsCOFNOMsVAs1sMNyMX)
FNORMAL = STOREN(MONE yNONE)

RETURN

FNORMAL
RETURN

FNORMAL
RETURN

0

STOREN (MONE sNONE)

END

FUNCTION ADDMAT(COF1»COF2sSQRMATSVECT»IPARIMNIM1)
~DIMENSION COF1(50)sCOF2(50)»SQRMAT(50550)sVECT{(50)
IF(IPAR=-1)1+1»2 -



.
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22

SUMM = 0,

DO 21 I = 1sMN

DO 21 J = 1M1

SUMM = SUMM + COF1(I)*COF2(J)#* SQRMATI(IsJ)
ADDMAT = SUMM

RETURN

SUMM = 0.

DO 22 I = 1sMN

SUMM = SUMM + COF1{I)*VECT(I)
ADDMAT = SUMM

END

END
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