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1. Introduction

The basic equations of the linear theory of thin elastic shells
have had little modification since Love's first approximation theory.
The differences between various formulations pertain mainly to the
form of the stress strain relations.

Methods of solution of the basic equations are usually accom-
panied by their reduction to a system of a lesser number of equations.
This reduction may depend on the particular shell or the particular class
of shells. A general method, valid for an arbitrary shell which may be
called the displacement method consists in reducing the equilibrium equa-
tions to a system of equations for the displacements. Such a method is
not peculiar to shell structures but is found generally in problems of
continuum mechanics from the simple beam theory to the three dimen-
sional theory of elasticity. By contrast, the force method which is well
known and used in beam theory and in the problem of stretching of plates
has had relatively less attention in shell theory than the displacement
method. It involves the use of stress functions in a way similar to the
use of Airy's stress function in the plane stress problem. In shell
theory stress functions and the equations of compatibility of strain were
introduced (1) by Goldenweiser and Lur'e (2, 3,4). The basis of a general
formulation of the shell problem in terms of differential equations for
stress functions consists in expressing the equations of compatibility of
strain in terms of the stress functions by means of the stress-strain rela-
tions. Although the basic equations for performing this are available in
the literature, the actual equations for the stress functions have not appar-
ently been obtained for an é.rbitrary shell. The reason for this preference
of the displacement method over the force method may lie in the possibility
of expressing all types of boundary conditions and all the dependent varia-
bles of the shell problem in terms of the displacements. While it may not

be readily apparent how displacement boundary conditions can be explicitly



expressed in terms of stress functions, this is possible by obtaining
equivalent boundary conditions in terms of strains or as natural condi-
tions of a variational formulation (5). The problem of obtaining the
displacements from the stress resultants and stress couples requires
in general integration of the stress-displacement relations. It may be
interesting to mention here that for a spherical shell the displacements
are expressible in terms of the stress functions without the necessity of
integration (6).

It seems therefore desirable to formulate the force method of
shell theory and to examine its possible advantages. This in fact becomes
more interesting in view of the static-geometric analogy that exists in the
basic equations of shell theory (7) and that is the basis of a duality be-
tween the displacement and the force methods.

A concise presentation of the basic equations of thin shells using
mainly E. Reissner's notation for geometric quantities, stress resultants,
stress couples, strains and stress functions (8) will be followed by a
presentation of a system of stress strain relations and by a discussion
on the static-geometric analogy and its implications. The derivation of
the compatibility equations in terms of the stress resultants and stress
couples is accompanied by a general discussion concerning the different
states of stress of a shell. Finally, the differential equations for the

stress functions are obtained.

2. Geometric Notation

The principal lines of curvature of the middle surface are chosen
as coordinate lines of a system of curvilinear coordinates ( 'F‘, E‘). The

first and second fundamental forms are written, respectively, in the form

= d
dr . dr aldE1 toa, EZ (1)
2 2
a a
= + —_—
dr . dn R, dEl R, d’fz (2)



where r is the position vector and n a unit vector normal to the middle
surface. A right handed local reference frame is defined through the

unit vectors, Fig. 1,

t) -1 3-1
“1
T,

t, -2 3.2
%2

n=1:1xt2 , 3-3

Differentiation formulas for the unit vectors may be written in the form

a a, — a
— 1’2 _ 1 n - 2,1 o
= - t - = 4-1 t = t 4-4
1,1 a, 2 R1 1,2 a, 2
a a a. -~

— 1,2 — - 2,1 — 2 n
t = t 4-2 = - t, - = 4-5

2,1 a, 1 2,2 ay 1 R2

o, T a, —

= 1 = 2t 4-6
n,, =— 1 4-3 n,, == 2

1 R1 2 R2
a;s 0, Rland R2 satisfy the Gauss Codazzi relations which are obtained
by requiring the equalities t 1,12~ tl, 21 etc.
(_a.'_l) = al’z 5-1

R1 ,2 R2
(_a..Z_) = az’l 5-2

R,,1 R .

2 1

a a.a

(°2,1) + ( l’2)2+R1I;2 =0 5.3

a, . 1 2’ 172

3. Differential Equations of Equilibrium, Stress Functions.

The stress resultant vectors Nl’ ﬁz and the stress couple vectors

Ml’ ﬁz are written in terms of their components. Fig. 2, according to

the relations



= _ . i
N2 N21 N +N22t2 N23n 6-2
My = - Mty F M5t My, 6-3
My == Myt # Myt ¥ Mpsn 6-4
It is known that

Mg =My =0 7
M12 and M23 are called by Reissner couple stress stress couples. They

are kept in the equations as convenient devices in the static geometric
analogy.

Letting _p denote the surface load intensity per unit area of the
middle surface, the equilibrium conditions of an infinitesimal element

of volume such as represented in Fig. 3 lead to the differential equations

(alNZ)’Z + (aZNl), 1 + @ a,p = 0 8-1

M M + t N -I-— N. = -
(alMZ),2 + (ale), ] 1110,2(151 x N1 tzx NZ) 0 8-2
A particular solution of these equations may be taken as a particular

solution of the membrane theory equations. For the homogeneous prob-

lem, p = 0, eqs. 8 may be identically satisfied by letting

a, 1=E’2 9-1
alﬁz--f,l 9-2
O'ZT\ZI =a,2+a2?2x-]::‘- 9-3
aM, =-G, -at xF 9-4



where

11 22 3

F = F1t1+F2t2+F3n 10-1
and
G=Gt +G.t +G.nn 10-2

are two arbitrary vector stress functions. The components of F and G
are 6 arbitrary scalar stress functions of which only 4 remain arbitrary

upon setting

T LS,
Ml3=n.M1 = -F1 =0 11-1
2,—-—
o H.G,l
M23=n. M2 :-—a_ —F2=0 11-2

The 6 scalar equilibrium equations take the form

a.a

1%2
(@,Nyg)y F e Noy )iy m 0y Ny t0g, 22 F R, Ny; +aje,p) =0 12-1
4192
.o+ - N, o+ + = -
(@, N, )5 H(ayN o)y =y SNy e, 3N R, N,3 *aja,p, =0 12-2
N N
11 22
(0, N30y (@ N5) 5 - @ af R, * R, py) =0 12-3
1%
M. ), +(a.M M, .+ M. * )
(a,My)s ) * (@) M) 217227 M1,2 12 R, Moy - 4ya,N 3 =0 12-4
%
M. ), + (oM. ), - M. + - - - N
(@, M, ), #(a,M),),) ~a) My ta, My R, M 3 - 00Ny =0 12-5
M, M
) ’ + T ———— = -
(a,M L) | + (@, My, +ajay (N, - N, R, % ) =0 12-6

The stress-stress function relations that satisfy identically the above equa-

tions when—I; = 0 take the form
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172
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N, =~ (a,F., .+ F_) G 13-4
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172 1
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3,1 1
N = - R 13-6
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1 G3
MZZ = '—'———a S (QZGl, 1 + al,ZGZ) +--'-—R 13-8
172 1
M = -—L—( G G))-F 13
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G G
3,1 1
MZ3—- - +__R. -F2 13-12
1 1
by letting M13 = M23 = 0 the independent stress functions are reduced to 4.
G
3
These may be chosen as Gl’ GZ’ and F3 or as Fl’ FZ’ F3, and G3.
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Figure 1
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4, Strain Displacement Relations

A method of obtaining linear strain-displacement relations consists
in requiring the validity of a virtual work equation for the shell as a whole (9).
A method based on the same idea but dealing with an infinitesimal element
of volume of the shell avoids the integration by parts that has to be performed
in the first method.

Consider an element of volume of the shell, as represented in Fig. 3,
experiencing a virtual translational displacement u and a virtual rotation w
both functions of 'E' and 'fz . The virtual work of the external forces acting
on the element of volume is, except for infinitesimals of higher order,

and per unit area of the middle surface

1 — — — — — — _—
— { o, N .u, ) +a;Ny.u,, + [(a,N) ), + (e, N,), 2]. u +

aM..W, . +a M_. a),z + [(azM1 ),1 + (alMZ),Z] LW+

Taking account of the vector equilibrium equations the expression of the
virtual work reduces to

1—1-, +a? xLT) _ .1-1—, +q_t xZ)- _ (5, — Z()’
N, - . +N, . 2 _z¢2 +Ml.——L + M, . z
4 ) 4 )

(14)

The internal virtual work per unit area of the middle surface is written in

the form

+
Nll &11 * NlZ ElZ * N13 613 N21&21 * NZZ £22 ¥ N23 623

(15)
+ + + +
FM R MK My Ky My Xy P M, Ky T M3 R,
where the Eij's and the 'Xij's are the desired strain quantities. The above

expression suggests its representation as a sum of dot products in the form



2r o TM X F MKy (16)
where
€, =8t t€,t, +E ;n 17-1
€, = 521t1 + ézztz + €&, 17-2
X, = - Xt F X t, +X o 17-3
o = - T T X o -
fx2 X22t1+?<21t2+ 530 17-4

The equality between the external work, after taking account of equilibrium,

and the internal work for arbitrary N,, N_, Ml and ﬁz vields

© )

— u’l _ o

£1=—;—+t1x(o 18-1

1

W,

£, =" tt,x W 18-2

7)?1=— 18-3
4

— W

X2= 2 18-4
%2

By requiring the continuity relations u, 12 =%y and X, 12 = X, 21 to hold,

the vector equations of compatibility of strain are obtained in the form

(szz)yl - (alx 1)’2 =0 19-1

(QZEZ)’I ) (“121)’2 * °1“2(?1 X_7?2 - ?2 x71) =0 19-2

Eqs. 18 yield 12 strain displacement relations in the form
-1 {(au + u,) + u—3 20-1
117 aja, 271,17 %1,2%2" TR )
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1%2
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21 " o e (88,5 79, Up) HE, 20-4
1%
u u
é - 3,1 ___]= 1) _
13 " o R, 79 20-5
1 1
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,2 2
623= : -® -9 20-6
2 2
X __1 ]
11 5.0 (@W, 1 -9 ,®)) 20-7
1%
xX . -
22 = (0,0, 5 -0, @, 20-8
1%
1 W3
XIZ T a.a (a2w1,1+a1,2w)_ R 20-9
192 1
1 w3
217 aa 'y wz,z o, 1@+ R 20-10
192 2
x _ W31 W
13~ o. R, 20-11
1 1
w W
9\23 <2t RZ 20-12
) 2

Eqgs. 19 yield 6 scalar compatibility equations relating the 12 components

of —E_‘ , Z,, 'EZI, and x’ in the form

a.a
12 _

(0 Xp0) 1~ oy Xyp) pmay (K- %, - R, 23 =0 21-1
)

(@) Xy ) 5= (0, %500 moy 2 Xppmay Xt R, X ;=0 2l-2



X 22 X11

(azfxz3), 1 (°1'x13),2 taja,l R R, )=0 21-3
alaz £

(a, €550 1 - (0, &) -0, 1By -a) &y - R, 13~ ae, X, =0 21-4
4%

(al 511),2 - (0.2 621)’ 17 %2 522 e, EIZ - Rl £ 23 + a,a, ’)613 =0 21-5

€21
(a; €53) 4 - (o €13, T 9, X0 - %

12
- +————R.2. ) =0 21-6

1
If 7(13 and 7(23 are eliminated from these equations there results the 4 com-
patibility equations of reference (8).

A physical interpretation of the strain quantities defined above seems
desirable and may be made by studying geometrically the deformation of the
middle surface taking 4 as the translation vector and & as the rotation
vector of the normal to the shell displacing as a rigid body. Within the
framework of linear strain displacement relations it is found that Ell and
622 are extensional strains in the directions of ?;_1 and ?2 » respectively.

The shear strain between these 2 directions is (612 + 821). The transverse
shear strains between the normal and the directions of t1 and t_ are 613 and

2
E respectively. If normals to the undeformed middle surface are assumed

23
to displace into normals to the deformed middle surface, then 513 = 523 =0

- & - -
and ’xll 11/R1 and 7(22 £22/R are the changes of the normal curva

2

tures of the middle surface in the directions of tl and tz, respectively. The

. . - + . . . . )
twist is ’Xlz + EZI/R1 ‘XZI Elz/R2 For inextensible deformations, such

that Ell = EZZ = 512 = 521 =0, 7.11, ’XZZ and 712 = XZI become changes of
curvature and twist, respectively, and are often referred to as such notwith-
standing the inextensibility assumption. It may be noted that the ''physical"

strains mentioned above do not depend on the component of rotation &_ about

3

the normal. The strain quantities X__ and Xz3 do not appear in the stress

13
strain relations of shell theory and have not apparently reveived a physical

interpretation in the literature. They may be identified with the quantities

11



'§. andr‘, respectively, in ref. (7) eqs. 19.1, p. 52. It is shown in

what follows that for inextensional deformations and with normals
remaining normal, 'Xl3 and 9(23 may be interpreted as changes of the
geodesic curvatures of the coordinate linies (¥,) and (¥,), respectively.

If (C) is a curve drawn on the middle surface with arclength s, the normal

curvature Kn in the direction of (C) and the geodesic curvature Kg of (C)

are obtained through the relation

d - —
L C_Kn+Kt (22)

where t is some unit vector in the plane tangent to the surface. Taking as

curve (C) the coordinate line (f‘) the above equation takes the form

> -
1 ! 1 - n 1,2 —
— ) =— t = = .= ¢ (23)
e 9 ) 1 a, 1,1 R1 a, e, 2
1,2
(- S :1 ) is thus the geodesic curvature of the line (¥,). In order to per-
172

form the same calculations for the deformed line ( 'E') it is first noted that
the assumption of inextensibility allows setting 812 = 0 and interpreting
603 as the rotation about the normal of the tangent to the line (¥|). Assum-

ing also that normals remain normal we can write

_ _1;, +a? x_LJ
€ - 1 11 -0
1 a

1

Writing the equation similar to eq. 22 for the deformed line (¥ ),obtain

(r +u),

1 1 - - —
‘ T R
1 ' 1 1

1
1

a

or after performing the differentiation

(r +u), a5

1 1 1y — = — - - —
(e o 5 D) - —r& - w W t X
2, ( a ),1 (Rll o)t nxe) a e, (t, - @n+@.t)) + At (24)

12



It is apparent now by comparing eqs. 23 and 24 that except for non linear
terms in the rotations the geodesic curvature of the deformed line (?')

1,2

R )

is (-

+ 7613).

5. Stress-Strain Relations

_ It is known that different systems of stress-strain relations for
thin elastic and isotropic shells may be found in the literature. None of
these systems is presently recognized to be preferable to the others.

It is claimed by Goldenweiser (10) that the choice of a system of stress-
strain relations may best be decided upon on the basis of the particular
problem at hand. The discrepancies between different systems of stress
strain relations involve generally terms of relative order h/R and are
generally unimportant. Some desirable features, however, of a sys-
tem of stress strain relations to be used for general derivations are the
following
a) no contradiction between the 6th non differential equilibrium

equation (with M13 = M23 = 0) and the stress strain relations.

Such a contradiction occurs for example when the stress

strain relations include the 2 relations N1

M

= N21 and M =

2 12

21°
b) A form of the stress strain relations similar to that of 3

dimensional elasticity and insuring the validity of general

energy theorems. The form proposed by Reissner namely,

) DWW
i§ N
PR ..
. ?Mij i,j#3 (25)

where W#* is the complementary strain energy density,
satisfies the above requirement.
c) A functional form of W% that is invariant under a change of

the curvilinear coordinates of the middle surface.

13
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More than one form of W#* satisfying the 3 above requirements is possible.

It is proposed to use

Sl i ]
* = + - + -
w 2Eh (Nll NZZ) 2(1 +¥ )(NIINZZ N12N21)
(26)
+-—é—[(M + M )2-2(1+9)(M M_ . -M _M_)
3 11 22 11722 127721
Eh
and to adopt as stress strain relations those obtained from W* through
edgs. 25
E— = —:'l"' - 27- X = 12 - _
11 = 1R M YN, -1 11 3 My -V M) 27-5
Eh
_1+P x _1l2( +9)
12 "ER N1 21-2 12 = 3 My 27-6
Eh
g _Ll+v 7. o _12(1 +V) i
21 Eh NlZ 7-3 21 3 Mlz 21-1
Eh
- L X -1z
22 = En Moz ~¥ Ny 27-4 22 =3 My - YMy) 27-8
Eh
The form of W* implies a shell rigid with regard to transverse shear
deformation i. e.
3 E =0 28

13 - 23

The strain energy density W has a form completely analogous to W*, namely
Eh 2
W - [(€), + €)% - 20 =928, £, - €, €, 29

2 12 —21
2(1-y )

3
Eh 2
A - S IR R CRPY SRRV A S S >]
24(1_v2)[ 11 22 11 22 12 ™21

with the property



ij 2£ij i,j#3
oW
M., = (30)
0%
or
Eh Eh>
N,=""% (&11 + P 822) 31-1 M, = 2 (’x11 + ‘XZZ) 31-5
1 -y 12(1- ")
3
N, =R E 31-2 M, = -2 X 31-6
M2 "1y 21 12 - 12(1 +») 21 )
Eh EL>
Ny = Tew E12 31-3 M, Tl 1) N1z 31-7
Eh Eh>
N, =——=—(E__+vE& ) 31-4 M__=-——(X_+2X ) 31-8
z
22,2 22 11 227 00 -2 22 11

6. Static Geometric Analogy

Inspection of the equilibrium equations, egs. 8, for —5 =0, and

of the compatibility equations, egs. 19, in vector form, shows that one

set of equations is transformed into the other by the correspondence indi-
cated below

—1 = N11~1 Nt * N13_ Qz o 22?1 +7621tz+7(23 32-1
N, =N, &+ No,E) +Nym - X = Kot - Xt - Kypn 32-2
My = Mot F My e M e Ez =&t Euty 6 32-3
M, = - Myt + M, 6+ Myyn € =- € - €t - En 324

Also, the stress-stress function relations eqs. 9 are transformed into the

strain-displacement relations, eqs. 18, by the correspondence

F =F. t W= Wt T o -
F Fl 1+ thz + F3n ) wlt1+ a)zt2 +w3n 32-5
g = G E + G, + G,x a=u¥ + uz‘t‘z +ud 32-6

15
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In particular the following analogies are of interest

=M =0 € = & =0 -
M3 =My 13~ C23 32-7
= Eff = is -~
Effect of 1‘\/112 le ect of 212 E’Zl on dis
on stress functions placements
4 equations obtained 4 equations obtained by eliminating
by eliminating N, ’)413 and 'X23 from the 6 scalar com-
and N23 from the 6 patibility equations

scalar equilibrium

equations

The static geometric analogy indicated above may be extended to

the stress strain relations if the correspondence indicated below is

adopted.
v -V 33-1
12 Eh
—3 — 7 33-2
Eh 1 -
2 2
h h 33-3

Then the analogy may be completed as follows

W*(N.., M,.) wW(E.., X..) 33-4
ij ij ij° " ij
€ =§1§V M.. =29W 33-5
dwWE W ..
X = ,i#3 N = , 3 -
3 3Mij i,j# ’ agij i,j # 33-6

Further, the reduction of the number of stress functions to 4 through the
requirement M13 = M23 = 0 is analogous to the reduction of the number of
displacement unknowns to 4 through the requirement 813 = 523 = 0. Thus
W expressed in termis of wys U, U and Q)3 is analogous to W¥* expressed

interms of G., G, G_, and F .
1 3 3

2



W'P(Gl, 'GZ, G

3 1 2

It may also be noted that F_, FZ, F3 and G3 may be chosen as the 4

1

independent stress functions and correspondingly wl, w,_, a)3, and u

may be chosen as the 4 independent displacements. FinZaJ,.ly if the 6t13;
equilibrium equation is used to determine Q)3 in terms of the 3 remain-
ing displacements by means of the stress-strain relations, the analogue
of this is the use of the 6th compatibility equation to determine F3- in
terms of the 3 remaining stress functions. In reducing the basic equa-
tions of thin shells to a system of differential equations for the displace-

ments the 6th equilibrium equation may be ignored and 6:)3 may be deter-

mined instead by the relation

g £

12 - <21
The analogue of this in obtaining equations for the stress functions is
the deletion of the 6th compatibility equation and the determination of

the stress function F3 through the relation

M, =M,

2 3
The correspondence between Eh/1 - » and 12/Eh  in the static geometric

analogy may be avoided through homogenization of the analogous quantities.

The stress couples are replaced by non-dimensional quantities and the
stress resultants replaced by quantities having the dimension of a curva-
ture according to the relations

T..
Y Eh

H

The stress functions corresponding to Tij and H , are, in vector form,
1)

— 2 =
P = VlZ(l- vy ) 'iz— 35-1

Eh

, F3) W(u,, u_, LR (03) 33-7

N..
12(1 - »°) —1-32— 34-1

M,
L= \hza-vhH 4 34-2
1 Eh

17
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— ! 2 G .
Q = \12(1 - ¥ ) Gz 35-2
Eh

P is non dimensional and Q has the dimension of a length. W#* takes

the form
3
Eh [ 2
Wk =—————— | (T. . + T ) -2(l+yYyNT T _-T _T )]
24(1-V2) 11 22 11722 12 21
Eh 2
+ - 92) [(H11 + HZZ) - 2(1 +)')(H11H22 - H12H21)] (36)

and is the analogue of W, eq. 29, by changing ¥ into -) and applying the

static geometric analogy. The stress strain relations take the form

g _ Vr2a - v2)  dwx
i Eh® 2T,
x Viza - »%)  dwx s
T 2 SH, Ly# (37)
i

They are the analogues of the relations

_— Viza -»5) 2w

57 g 9%
2
T, = lhzq =25 oW i,j#3 (38)
13 Eh 2E;

From the preceding it may be stated that results obtained in terms of dis-
placements may be transformed into results for the stress functions by
changing ¥ into - ¥ and using the homogeneous static geometric analogy.
In particular, differential equations for the displacements may be directly
transformed into differential equations for the stress functions. The
extension of the applicability of the static geometric analogy to the subject
of boundary conditions should be of great interest if it can be shown that
the solution of a specific problem may be obtained from the solution of the

analogous but physically different problem. Only a general consideration



of this question will be attempted here. The analogues of assigned displace-
ment boundary values are assigned stress-function boundary values. The
displacement boundary value problem can be transformed into a physically.
equivalent problem where strains of the boundary surface are assigned.

The analogous problem is one in which stress resultants and stress

couples are assigned at the boundary. These are expressed in terms of
stress functions as the analogous strains are expressed in terms of the dis-
placements. It appears therefore that the static geometric analogy may be
applied to 2 physically different but mathematically analogous problems and

allows obtaining the solution of one from the solution of the other.

7. Compatibility Equations in Terms of the Stress Resultants and Stress

Couples. General Considerations on States of Stress.

(a)Npybp = (N5 )y - ey HNos - e, 3 Ny

Y (@ Nyo)y (e Nyo)y may 5 Ny ta, | Npyl =Fha 1%, %13 39-1

) a N -a N

- ()N 2,111 1,2 12

(e, N0 21

Eha.a 39-2

} v[(azNu)’l FloNy by may (Npptay 12] 192 ~23

(a)My3)s5 - (@ ,My5)y - ey M, -0, 1My,

Eh3 a.a 13

- - = - = ] 2 —= -
9[(°1M22)’2 Tla,Myo)y -y My ta, (M 12 R, 39-3
(azMzz)’ p T (e My)p e, My -y oMy,
Eh a.a X23
} 9[(“21"111)’1 FlogMyyhp - oy Mpp ¥ CI1,21\’112] =12 ' %R, R, 39-4
(M22'9M11+M11"’Mzz)_Eh3[( X 3 - (e X ] 29.5
4% R, R, T2 L% Ayshp T % Aos)y B
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2 N N
h 21 12
MlZ-M21+12 (Rz - Rl)"o 39-6

The 4 first equations may be transformed through use of the equilibrium

equations into the form

a

272
v = - - -
(1 +9) 3 +N,2 Ehu2X13 (1+y)a2p2 40-1
a Q1
(1 +») R, N, =Ehalxz3- (1 +7)a;p, 40-2
3 a,%
Eh~ "2 13
(1 +V)a2Q2 -M,, =57 R, 40-3
3 a,%
Eh™ 17423
(1 +» )alQl -M, = -5 R 40-4

1
M, My, g3 (e Xa), - (e %50y

1 1
(5 +=— )M - (1 + ¥} + ) = 40-5
Rl R2 R1 R2 12 alaz
2 N N
h 21 12 _
M12 - M21 + 12 ( RZ - Rl ) =0 40-6

where the following notation was introduced

= + = -
N N11 NZZ M Mll + 1\/.[22 41-1

Q) = Ny3 Q, =N, 41-2

Eliminating 'X13 and ')(23 from the first 5 equations and letting in the coef-

ficients of Ql and Q2

2 2
1+ &1+ > 31
12R1 12R,
obtain
hz
(1 + )’)aZQZ - M,2 = - 12R2 (N,2 + (1 +>’)a2p2) 42-1
hz
(1 +)’)a1Q1 -M,1 =’,_1E (N,1+(1+v)a1p1) 42-2



Mll M

1 1
an s [ s a eyt v g2] -
h 1 2 1 2
L2 1]
1+9 2 1
" a0, [(GI(RZ T Py))p + (ayl R1+p1))’1] - 42-3

where A is the Laplace operator

Lot ol b ol hy 7
A= | e v 43
172 1 *1 ’

The 3 equations above agree except for negligible terms with those obtained
in ref. (11) through a different system of stress-strain relations. Egs.

42 may be simplified through an analysis of the relative orders of magni-~
tude of the terms involved. In order to do this the curvilinear coordinates
will be considered as non dimensional variables such as the Lamé parameters
a, and a, have the dimensions of lengths of the same order of magnitude

as the radii of curvature of the coordinate lines. It will be assumed for

the purposes of this discussion that R denotes the order of magnitude of

Rl’ RZ’ a, and a, or, if needed, of the smallest of these quantities.

3 cases corresponding to different behaviors of a thin shell are of interest.

a) Membrane Solution

Assuming that differentiation with regard to ?1 and 'fz does not
increase the order of magnitude, eqs. 42 may be satisfied by stress
resultants and stress couples related through the order of magnitude

relations

2

M h +
Q = o(X) = o 2L ER), 44-1

R 2

R

where Q, N, M and p are generic symbols indicating transverse shears,
in-plane stress resultants, stress couples and surface load, respectively.
The above relation corresponds to the case where the different terms in
each of eqs. 42 are of the same order of magnitude except the right hand

side of eq. 42-3 which is negligible as being of relative order hZ/RZ.
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The relation Q = O(M/R) is consistent with the moment equilibrium equa-
tions , whereas the relation Q = O(h N/R ) allows neglecting Q and Q

in the force equilibrium equations and the relation M/R = O(hZN/R )
allows neglecting M12 and MZl in the 6th equilibrium equation. The
result is the equilibrium equations of the membrane theory. For the
validity of the original assumptions the displacements of the membrane

theory must imply in plane strains and changes of curvature satisfying

the order of magnitude relation
X=0( €/R) 44-2

This will be the case if the inextensional bending that arises from the
homogeneous solution of the strain displacement relations of the membrane
theory is made to agree with eq. 44-2 and if smoothness of load and geo-
metry of shell satisfy the requirement that differentiation does not change
the order of magnitude.

b) Inextensional Bending Solution

The displacements of the membrane solution include the
general solution for the displacements of the equations Ell = 522 = 612 =
£21 = 0. These displacements yield, through use of the stress-strain
relations, zero in plane stress resultants and non zero stress couples

which, on the basis of the compatibility equations, satisfy the relation

M M

(—R—— +—§—)M-(1+))( R“ +—-;—2)=o 45-1
1 2 1 2
M, =M 45-2

12 21

The transverse shears are obtained through the moment equilibrium equa-

tions in the form
M,

1
Q = (1 +y)a1 46-1

M,2

Q=T e 46-2
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If the geometric parameters of the middle surface are not rapidly vary-
ing it may be assumed that differentiation does not increase the order of

magnitude. From eqs. 46 it is possible to write

M
Q = -O(R) 47-1

With transverse shears satisfying eq. 47-1 the stress resultants needed to
satisfy force equilibrium and the 6th equilibrium equation have the order

of magnitude
M
N = Of R ) 47-2

i.e. they produce stresses that are negligible with regard to the bending
stresses as being of relative order h/R. Eq. 47-2 is in accordance with
setting 211 = 522 = 812 = 521 = 0 in the compatibility equations.

It may be mentioned here that for a spherical shell the inextensional
solution is an exact solution of the original equations (6). For shells

of positive Gaussian curvature such that (1/R_ - 1/R2) is small compared

1
to 1/R1 and 1/R2, eq. 45-1 shows that M = Mll + M22 is small compared
to M.. and M__. These are then of the same order of magnitude but have

11 22
different signs. Ql and QZ are then smaller than what is implied by eq.

47-1 and accordingly the in-plane stress resultants needed to satisfy
equilibrium are smaller than implied by 47-2.

For shells of negative Gaussian curvature such that 1/R1 + l/R2
is small compared to 1/R1 and l/RZ.'l\/L11 and M22 tend to be of the same
order of magnitude and of the same sign. There is, however, no reduc-
tion in the order of magnitude of Ql, Q2 and the in-plane stress resultants.
Before considering a third type of state of stress it may be interesting to
show the analogy between the membrane solution for the case of zero sur-~

face load and the inextensional bending solution. This analogy is summar-

ized below.
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Solution of equilibrium equations Solution of compatibility equations

withp=0andM =M, =M, =  with§ =€, =€,=§ = X, =
Q =Q,=0. %3=0

Displacements Uys U,y Uy 4.)3 Stress functions Gl' GZ’ G3, F3

as obtained by integrating the as obtained by integrating the stress
stress strain relations between strain relations between stress
in-plane strains and stress couples and changes of curvature.
resultants

Changes of curvature due tou In-plane stress resultants due to

1’
U, u3,a)3. Gl, GZ, G3, F3.

If the analogy above is set in terms of the dimensionally homogeneous
quantities defined in sec. 2.5 then it may be extended to the order of
magnitude relationships in each solution. These should not be affected
by the change of ¥ into - ¥ . Thus if X = O( € /R) in the membrane
solution, then N = O(M/R) in the inextensional solution.

c) Edge Zone Solution or Boundary Layer

If it is assumed that differentiation with regard to at
least one coordinate increases the order of magnitude by a factor of
order < Vm then it is generally possible to satisfy the shell equations
by bending stresses of an order of magnitude equal to or larger than that
of the membrane stresses i.e. M/h >O(N) 48
In that case the right hand sides of eqs. 42~1, 2 are negligible as being
of relative order < h/R. The transverse shears are thus related to M

as in b) through the relations

(1+¥)a,Q, =M,, 49-1

(1 +v )alQl =M, 1 49-2
In eq. 42-3 the transverse shear terms are negligible as being of relative
order < h/R but AN yvhich involves double differentiation may be of the

same order of magnitude as the stress couple term. In the force equili-



brium equations the transverse shear terms may be of relative order
Vh—/?{ in the first 2 equations but of relative order unity in the third
equation.

It may be noted here that neglecting the transverse shear terms
in the first 2 equilibrium equations as is done for shallow shells may
also be done for non shallow shells if ﬁiTl-K is negligible with regard to
unity. This latter approximation is made in obtaining the so-called
Mustari-Vlassow equations (12). Finally the assumption concerning the
behavior of the dependent variables under differentiation is consistent
with the type of differential equations.

The 3 states of stress described above are treated in the literature.,
The orders of magnitude of the errors associated with their extraction
from the general equations were the object of the above discussion. By
superimposing them it is geneérally possible to satisfy 4 arbitrary boun-
dary conditions. They represent then the complete solutions of the
original equations.

From the preceding discussion it appears that in cases (b) and (c)
eqs. 42 may be simplified by deleting their right hand sides. In case (a)
eqs. 42 are not used; but remembering that the membrane solution may
be formally obtained by letting Ql = QZ =M =M = 0 in the equilibrium

12 21
equation it is possible to write in all cases

(1+V)a,Q, - M,, =0 50-1
) _ 50-2
(1 +)/)c11Q1 M,1 0
M M
AN+1—2[(-I-{1— P IM - (1Y ) +—§ﬁ)]=o 50-3
h 1 2 i 2
The first 2 equations may be replaced by
(aZQZ), 1" (O‘IQI)’Z =0 51-1
1%
(@105), 5 + (0pQ))s - 755 OM=0 51-2
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Finally upon taking account of the third equilibrium equation we obtain

the system of equations

‘“292)'1 -(alQl),2=0 52-~1
N N

11 22 1 M =

5 tRo TPy Tyy SM=0 °2-2
1 2

M M
AN+%[(—1%‘— +—IT1—)I\/I-(1+V)(—§H +—RZ—2—)]=0 52-3
h 1 2 1 2 -

It may be noted that eq. 40-6 which is sometimes called a seventh equilibrium

equation did not enter into the preceding discussion. It is known that it

may be replaced with a relative error not exceeding O(h/R) by

M12 - M21 =0 52-4

8. Differential Equations for the Stress Functions

The general solution of the 6 equilibrium equations will be consid-
ered as the sum of a particular solution and of the general solution of
the homogeneous equations. The particular solution will be taken as a
particular solution of the equilibrium equations of the membrane theory

and will be denoted by

N N_*, N, _* =N

*, , *
11 22 12 21
The general solution of the homogeneous equilibrium equations consists
of the stress-stress functions relations eqs. 13. In expressing eqs. 52

in terms of the stress functions, the following expressions are obtained

Ny, N, 1 4 @, F,
R. 'R Py To o LR FY,. - (Rm) 53-1
1 2 192 1 2 2 1
(a,G,), , + (a,G, ),
1 1 172772 271771
= + = (— + — -
M=M,, +M,, (Rl R, 1G5 + a e, 53-2



a, G
172 271
\ R ):2+( R )11] 53-3

= + R -
11 T Nap e a N 53-4

Egs. 52-1, 2, 3 take then the form

a F a, F

21 172
a.a, AF, - ( ) - ) =0 54-1
172 3 Rl "1 R2 P

(0, G,), + (a G.),
(alFl) _(aZFZ) -alaz A[(; ' 1 )G3+ 12a2a 21 1] -0
R1 P R2 ' 1+y 1 RZ 172
54-2

(a,F ), - (a,F,),
17172 27271 12 1 1 .2 2(1+»)
A[ aa, ] * Z{BR *®R) "R = ] Gs *

h 1 2 1772
1 1 (4G #1364y ¢, G, 225 ]
(R +R) a.a " a,a (R ) +(R ) TAN* =0
1 2 172 172 1 ’2 2’1
54-3
In these equations ]5‘1 and F2 are related to Gl, GZ’ G3 through the
relations
G G
F = 3,2 2 55-1
*2 R2
G G
F2 -2t + 1 55-2
! 1
and if eq. 40-6 is replaced by M12 = MZl’ F3 is determined in terms of

Gl and GZ through the relation

(a,Gy) - (0 Gy)s sy

1
F3 =3 55-3

4%
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In terms of Gl’ GZ’ G3 eqs. 54 take the form

%1% A (a,Gy)) = (a;Gy)y Gy o 2,6, G317 4G
2 a.a R "rw), TR -RR) =0
1% 1 172 "1 2 172 *2
56-1
pe . L A[(_L =G +(°1G2)’2+(°2G1)’1]_ 1 [(azGl) .
3 1+y R1 R2 3 a1a2 alaz RlRZ "
a. G
2 ]-o0 56-2
17272
alGZ 0.2(}1
(—=) H(E) )
. 2 2 1’1 12 1 1 2(1 +9)
AAG, -Af ) +— [(—'+ ) - ]G +
3 ) n’ Ry Ry R,R 3
1 1 (G v (0G4S %% .
(R +R ' a.a —0.0. ( R )12+( R ):1 +AN'”=O
1 2 1%2 192 1 2
56-3
where
a{ ) a ( ),
1 2 1 1 2
DO =7~ [(QR byt Rm ),2] 57
192 172 271

28



9. Summary and Conclusion

A formulation of the equations of thin elastic shells including a
discussion of the static geometric analogy and of the different types of
states of stress was presented. The differential equations for the stress
functions were also obtained. The proposed system of stress strain
relations has not apparently been used before. It was derived, however,
from an accepted form, of the complementary strain energy function and
lead to results in accordance with those of other established formulations.
It has a simple form and is invariant in a change of curvilinear coordinates.

In the continuation of this work it is proposed to investigate the
equations describing the particular states of stress, their possible simpli-
fication and their specialization to certain particular shells. A more thor-
ough investigation of the static geometric analogy is also proposed in view
of the possibility of directly relating solutions in terms of displacements
to solutions of different problems in terms of stress functions and also in
view of combining both displacements and stress functions in one system

of differential equations.
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