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This r epor t  covers work done on the  ca l cu la t ion  of t h e  

Bremsstrahlung cross  s e c t i o n  (both mathematical ana lys i s  and computer 

programming) under Contracts  NASw-906 and NASw-1235. --- - 

For t h e  sake of c l a r i t y  of presentat ion,  t h e  r epor t  has been 

s p l i t  i n t o  two sec t ions .  Sect ion A presents  t h e  t h e o r e t i c a l  development 

incorporated i n t o  t h e  cur ren t  computer program, toge ther  with a d iscuss ion  

o f  t h e  program i t se l f .  Sect ion B contains  s i g n i f i c a n t  work on t h e  problem 

t h a t  is  not u t i l i z e d  i n  t h e  current form of  t he  program, toge ther  with a 

d i scuss ion  of t h e  reasons f o r  i t s  present  exclusion and of t h e  a d v i s a b i l i t y  

of  i t s  considerat ion for Future refinements of t h e  program. A number of 

lesser results and t r a n s i t i o n a l  approaches, which w e r e  reported i n  t h e  

q u a r t e r l y  repor t s ,  are not reproduced here.  S imi la r ly ,  discussions of 

t es t  programs and checkout problems have appeared i n  t h e  qua r t e r ly  repor t s  

bu t  are not given here.  

The program is  now operation& The cont inuat ion of  t h i s  work 

w i l l  include some f u r t h e r  refinements of t h e  program, and an extensive 

series of production runs f o r  var ious  elements and energies .  
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SECTION A 

THEOFECICAL C U U L A T I O N S  AND THE COMplpTER PROGRAM 
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1. INTRODUCTION 

It i s  w e l l  known t h a t  the Bethe-Heit ler  expression f o r  t h e  e l e c t r o n  

Bremsstrahlung c ross  section‘’), which w a s  derived using t h e  Born approximation, 

y i e l d s  inaccura te  resul ts  i n  comparison w i t n  experiment. ( 2 )  I n  genera l  a t  

energies  below approximately 10 MeV t h e  photon energy spectrum is  under- 

estimated Over i t s  complete range w i t h  t h e  most s e r ious  discrepancy 

occuring a t  the  higher  photon energies .  As a result, it is estimated 

t h a t  a t  1 Mev inc ident  e l e c t r o n  energy t h e  average energy release i n  a 

r a d i a t i v e  c o l l i s i o n  w i t h  Aluminum i s  underestimated by over 3 9  while  

f o r  Gold it i s  underestimated by as much as 55$. (2) 

Tne reason f o r  t h e  discrepancy can be a t t r i b u t e d  almost e n t i r e l y  

t o  t h e  use of plane waves f o r  the e l e c t r o n  wavefunction i n  t h e  matrix 

element as prescr ibed by t h e  Born approximation. The t h e o r e t i c a l  estimate 

can be improved i n  accuracy by using Coulomb wavefunctions i n  t h e  matrix 

element. I n  t h i s  way t h e  influence of  t h e  nuclear  e l e c t r o s t a t i c  f i e ld  can 

be taken i n t o  account i n  t h e  most accurate way. Jaeger  and Hulme (3,475) 
w e r e  t he  f i r s t  t o  use t‘ne more accurate  wavef’unctlons i n  t h e  c l o s e l y  

a l l i e d  process of e lectron-posi t ron p a i r  production by photons. Thei r  

r e s u l t s  xere i n  good agreement with experiment. (3’6) Hence, ve ry  accura te  

r e s u l t s  f o r  t h e  t h e o r e t i c a l  es t imate  of t h e  Bremsstrahlung cross  s e c t i o n  

can a l s o  be expected with t h e  corresponding approach. The d i f f i c u l t y  

wi th  t h e  improved method, and t h e  reason it has not  been used ex tens ive ly  

i n  t h e  past, i s  t h a t  it does not  y i e l d  a simple a n a l y t i c  formula, bu t  

requi res  extensive numerical procedures t o  ob ta in  r e s u l t s .  

I n  the  present  study, tne Bremsstrahlung cross  s e c t i o n  problem 

i s  formulated with Dirac wavefunctjons f o r  t h e  screened and unscreened 

nuclear  e l e c t r o s t a t i c  f i e l d .  The screened p o t e n t i a l  is obtained from 
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s e l f - c o n s i s t e n t - f i e l d  c a l c u l a t i o n s .  This r equ i r e s  t h a t  t h e  wavefunctions 

be  expanded i n  a s e r i e s  of angular  momentum states. Hence, t h e  formulat ion 

is  s u i t a b l e  f o r  ca l cu la t ion  only a t  r e l a t i v e l y  low inc ident  energ ies .  

The cross  s e c t i o n  f o r  unpolar ized inc ident  e l e c t r o n s  i s  obtained 

f o r  var ious  po la r i za t ion  s t a t e s  of  t h e  photon, d i f f e r e n t i a l  i n  t h e  polar  

angle  and energy o f  t h e  photon. With a simple change i n  input  f o r  t h e  

inc ident  p a r t i c l e ' s  charge and/or mass, t h e  program is  equa l ly  app l i cab le  

t o  the  ca l cu la t ion  of  Bremsstrahlung from pos i t rons  and pos i t i ve  and negat ive 

muons. 

The de r iva t ion  s t a r t s  i n  Chapter11 wi th  t h e  p re sen ta t ion  of t h e  

eigenfunct ions of t h e  energy and angular  momentum operator  of t h e  Dirac 

equat ion.  The eigenfunct ions a r e  used i n  t h e  matrix element f o r  t h e  

production of Bremsstrahlung as descr ibed i n  Chapter ID. The f i n a l  

de r iva t ion  of t h e  c ros s  s e c t i o n  i s  given i n  Chapter IV.  I n  Chapter V, 

Racah a lgebra  i s  used t o  perform the  magnetic quantum number sums 

e x p l i c i t l y ,  leading t o  some computational as w e l l  as formal s i m p l i f i c a t i o n s .  

For t h e  computation of matrix elements, t he  procedure, as descr ibed  

i n  &lapter V I ,  i s  t o  terminate  t h e  numerical i n t e g r a t i o n  at some moderate 

rad ius ,  and t o  continue the  i n t e g r a t i o n  out t o  i n f i n i t y  a n a l y t i c a l l y  by 

means of an asymptotic eva lua t ion .  This  involves using asymptotic 

wavefunctions t o  p e r f o r m  the  i n t e g r a l  from t h e  cu t -of f  r ad ius  onward, 

and ca r ry ing  out  the  i n t e g r a l  i t s e l f  asymptot ica l ly .  

Chapter V I 1  c l e a r s  up an ambiguity i n  t h e  phase of  t h e  Coulomb 

wavefunctions found i n  t h e  l i t e r a t u r e  ( t h i s  was needed t o  e s t a b l i s h  t h e  

s i g n  of each p a r t i a l  wave i n  t h e  s t a r t i n g  condi t ions  f o r  i n t e g r a t i o n ) .  

I n  Chapter V I I I ,  the  a n a l y t i c  l i m i t  of t h e  Coulomb wavefunctions as t h e  

k i n e t i c  energy goes t o  zero  i s  der ived .  These are t h e  sca t t e red -e l ec t ron  

wavefunctions i n  the  end-point case ( e l e c t r o n  g iv ing  up i t s  e n t i r e  k i n e t i c  

energy t o  t h e  photon). 
- 3 -  



I n i t i a l  va lues  and equations f o r  t he  r a d i a l  i n t e g r a l s  are covered 

i n  Chapter IX 

r a d i u s  i s  descr ibed i l l  Chapter X.  

Wiase shift determination by wave-matching a t  the  cu t -of f  

Chapter X I  expla ins  t h e  pracedure used for t h e  computation of 

normalizat ion f a c t o r s  by matching t o  t h e  W.K.B. approximation so lu t ion .  

Chapter X I 1  d i scusses  t h e  se l f - cons i s t en t - f i e ld  ca l cu la t ions  

and t h e i r  app l i ca t ion  t o  t h e  computation of  t h e  screened po ten t i a l .  

The ca l cu la t ion  of the angular  d i s t r i b u t i o n s  a t  the  end 

of t h e  program is  d e t a i l e d  i n  Chapter XIII. 

The s t r u c t u r e  of  t he  computer program i s  out l ined  i n  Chapter 

X I V ,  t oge the r  wi th  spec i f ica t icm c ? f  t he  input  axid a desc r ip t i an  of t h e  

? U t  put. 

chapter  XV descr ibes  f u l l - s c a l e  sample runs o f  t h e  computer 

program, used t o  e s t a b l i s h  t h a t  the r e s u l t s  f r g m  t h e  program campare w i t h  

t h e  BDrn apprDximation i n  t h e  expected way. 
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11. EIGENmTNCTIONS OF THE ENERGY AND ANGULAR 
MOMENTUM OPERATORS 

The continuum eigenfunctions Of t h e  p o s i t i v e  energy operator  of t h e  

Dirac equat ion f o r  an e l ec t ron  i n  a c e n t r a l  e l e c t r o s t a t i c  f i e l d  have t h e  

(7)  form 

where d,ll i s  a bispinor ,  R i s  a sp inor  and G and F a r e  r a d i a l  func t ions .  
,cI 1t 7 c I  u U 

The eigenfunct ions 6 

and J which are the t o t a l ,  o r b i t a l  and sp in  angular  momentum operators  and 

t h e  z component o f t h e  t o t a l  angular momentum opera tor ,  r e spec t ive ly .  The 

eigenvalues belonging t o  t hese  opera tors  are j ,  4 ,  F ,  and p, r e spec t ive ly .  

a r e  a l s o  eigenfunct ions of t h e  operators ,  & &, S,  
n, CI '11 

Z 

1 

The non-zero parameter K, which can take  on a l l  p o s i t i v e  and negat ive i n t e g r a l  

values,  i s  r e l a t e d  t o  j and R by (7) 

The parameter )t i s  s u f f i c i e n t  t o  designate  both j and 9, simultaneously s ince  

j = 1x1 -T and 6 = j+%/ 1x1 . 
eigenvalue j w i l l  be replaced wi th  j 

1 1 To ind ica t e  the  dependence of j and P, on K, t h e  

and R w i l l  be replaced wi th  6,. 
U * The eigenfunctions @ are  normalized on t h e  energy s c a l e  so t h a t  

H9 CL 

* f Y The nota t ion  uj 
i nd ica t e s  only the complex conjugate of  $ .  

ind ica tes  t h e  complex conjugate t ranspose of $I while  

i 



The angular  func t ions  L'I t h a t  appear i n  (1 ) are given by 
K?W 

1 where h l  i s  t h e  sp in-g  spinor  with z -ax i s  pro jec t ion  quantum number ny 
2Yn 

Y ($) i s  a sphe r i ca l  harmonic, and c ( a  *j ; p-n,n) is  a Clebsch-Gordan 
a,p-n x u  l a  

coefficient!"' These angular functions are at tonormal  on t h e  u n i t  sphere s o  

t h a t  

where dS: i s  a d i f f e r e n t i a l  element o f  s o l i d  angle.  

The e l ec t ron  funct ion $I satisfies t h e  equation 
H 4 

E 8 = (-ia.v+@v) g 
U?P k -  Y 7 c I  

Consequently t h e  r a d i a l  func t ions  s a t i s f y  

F'- 5 F + (E-V-1) G = 0 r 

G ' +  'L G - (E-V+1) F = 0 r 

and have the  asymptotic forms 

2 l  where k = (E  -1)' and 6 i s  t h e  phase s h i f t .  
2 

I n  t h e  case of a pure Coulomb f i e l d  wi th  V= - - Ze , t h e  radial 
Y 

r 

funct ions have t h e  form 

- 6 -  



where 

wi th  

G = 6 1  (H + Hu*) 
Y W 

* 
F =iKi ( H  - H % )  
U It 

(9) 

,. 

I n  t h e  above M-+-iV,y ( 2 i k r )  i s  a Whittaker funct ion,  (9) 

y = I (u 2 2  -Z e )'I , I, = EZe 2 /k, and exp 1[2i I - L ( H ) ]  = (-Kf-ivE-')(ytiv) -1 . 
I n  t h e  subsequent development it i s  not  advantageous t o  use  t h e  

complex conjugate form of H shown i n  (10). Ins tead ,  the fol lowing 
U 

r e l a t i o n  f o r  t h e  Whittaker func t ion  can be used: (9)  

where s=l if Im(z)>O and s=-1  i f  Im(z)iO, t o  ob ta in  t h e  a l t e r n a t i v e  and more 

usefu l  express ion  : 

I n  the  case  of t h e  Coulomb f i e l d ,  t h e  asymptotic forms of  ( 8  ) 

with  

are replaced 

I 
dE+ 1 

G -  - s i n  (k r+v  an (2k r ) -  - + ") 

F - COS (kr+v Rn (2k r ) -  + 6 ) 

Jrrk 2 

K ?I. 

a l l  

where 

- 7 -  . 



111. THE MATRIX EI;EMENT 

The matr ix  element f o r  t he  production of Bremsstrahlung is 6-01 

where 2 i s  t h e  Dirac matrix operator.  

angular or  po la r i za t ion  d e t a i l s  about t h e  e l e c t r o n  leaving t h e  in t e rac t ion ,  

t h e  f i n a l  state e l e c t r o n  funct ion Yf(E') can be normalized on 

t h e  e n e r r j  s c a l e  according t o  t he  form given i n  Cha$er 11, Eq. 1; 

Since w e  w i l l  not be i n t e r e s t e d  i n  

The i n i t i a l  state e l ec t ron  funct ion Y (E) is normalized on t h e  momentum s c a l e  

and has t h e  asymptotic form 

m 

( 3 )  -le i k r  P (E)  - u(m)e'-k.-' + Gr m 

where u(m) and G are b isp inors .  The z component of t h e  sp in  assoc ia ted  wi th  

t h e  plane wave i n  ( 3 )  is  designated by m. It can be s h a m  t h a t  if t h e  axis 

of quant iza t ion  i s  taken along the d i r e c t i o n  of propagation of t h e  inc ident  

e l ec t ron ,  (E)  is  given by m 
1 - 

'i' (E)  = z 2 ~ ( 2 E k ) - ~  c 6 
m n9m u,m H 

wi th  

1 
C = i  (24,,+1)2 c ( ~ ~ + ~ ~ ; o r n )  e i 8u 

n ,m 

and d as def ined i n  (1) of Chapter 11. 
w , m  

(4) 

( 5 )  

a 

L 



T!Y t l c c t r o m n ~ n c t i c  wave i n  (1) can be represented as a l i n e a r  

. ---!.i~nti ?r. of  waves which are c i r c u l a r l y  polar ized perpendicular  tc t h e  

. .  : :.,--! I 'P ? r  aropagation. If t h e  w w e  w a s  propagatinp z l o n ~  t h e  T, axis it 

vhere E and a_ are the  photon energy and motnentum, r e s n e c t i v e l y ,  2 - n  a r e  t h e  
r 

c n h e r i r n l  b.cii8! ,i ( q r )  a r e  t h e  s p h e r i c a l  Bessel func t ions ,  and a are e P 
-on.stTr,tr (+q be djscussed below). The wave A i s  1.h.  cjr?ularl:J  ?qki-i?ed 

a n d L - !  i s  r . h .  c l r c u l a r l y  p o l a r i ~ e d .  

t h 3 t  t h e  photon i s  propagated i n  an a r b i t r a r y  d i r e c t i o n  with r e s p e c t  t o  t h e  new 

syctem y i e l d s  t h e  required expression 

4 1  
Rotat ion of t h e  coordinate: system E O  

+A 1 h 

a (8) A = -P - 4i-T c c ( - i P ~ i + 1 ) ~  j ( q r > c ( a  ~ o p )  D ~ ~ ~ ( [ F ~ ' ~ ~ , o ) ~ ~ ~ ~ ~  
f, 1 m ' = - )  

w --P 

where and 0 a r e  t h e  azimuthal and po la r  angle ,  respec t ive ly ,  of t h e  
q -9  

propagation v e c t o r ,  D r. i s  a r o t a t i o n  matrid8)and T i s  given by (8) m'P -1.Lrn' 

(1G) 
P Ptl -1 -- -ipl-. a =S 'e 

f-r a r.h. c i ~ c u l a r l y  polar ized photon, 

f'?r z l i v w - l y  pola:-i.-ccl photon, 
P 

- 9 -  



a 

a 

I n  t h e  case of l i n e a r  po la r i za t ion  the angles of i n t e r e s t  are indica ted  i n  Fig. 1. 

I n  t h e  subsequent development it is appropr ia te  t o  consider t h e  matrix 

element wi th  A replaced wi th  A 

argument. Hence 

The new matrix element M(p) shows p as an 
'"9 "P' 

The matr ix  element M(p) is obtained with the use of (1) through (U) 

The i n t e g r a l  mer t h e  angles i n  (13) i s  readily found wi th  t h e  

and, as a result, (12) becomes 

If we set P ' -m= i n  ( 15) and eliminate p w e  have 

A(A&'cI'm) 5 A(h1x'em) 

where 

(16) 

e 



‘ t  

\‘Oq& VECTOR 

\ \  INCIDENT 
ELECTRON 

FIGURE 1 GEOMETRY OF BREMSSTRAHLUNG INTERACTION INDICATING 

THE CASE OF A LINEARLY POLARIZED PHOTON. 
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w i t h  

and 

and 
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IV. DERIVATION OF THE CROSS SECTION 

The cross sec t ion  for production of Bremsstrahlung by unpolar ized 

incident  e l ec t rons  and without regard for the  d i r e c t i o n  o r  po la r i za t ion  of the  

sca t t e red  e l ec t ron  o r  the azimuthal angle of t he  photon i s  given by (10) 

where the po la r i za t ion  s t a t e s  o f  the  inc ident  e l e c t r o n  (designated by m )  have been 

averaged Dver, v i s  t h e  inc ident  v e l o c i t y  o f  t he  e l e c t r o n  and p = cos 8 . 
Using the  matrix elements defined by (11) and (13) of Chapter 111, g 

g 

f da = 1 ApI2dopp + A*A do 
-P P -PYP p 1 1  

-~l.ere A i r  deflned i n  (8) of  Cl-apter 1-11 and 
F 

cp =o 
9 

Hence, it follows t h a t  

do = d o  

do = do for r .h .  c i r c u l a r l y  polar ized  photons (4) 

for 1.h. c i r c u l a r l y  polar ized  photons 11 

-1-1 

da = $ ( d o  + e - 2 i w  do ) for l i n e a r l y  polar ized  
PP -PYP 

Y p e l  
photons '' 

TVAe i n t e g r a i  over the  photon azimuthal angle  involves the i n t e g r a l  

I- 27l 

~ . . ' + J ~ a l l ~  the Lrterrand of this integral i s  independent o f  U) and it i s  

, 7. - .  
t c?" f { - .  . 
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e a s i l y  shown t h a t  

I n  ( 6 ) ,  P are t h e  a s soc ia t ed  Legendre polynomials: J ,m 

where m is  pos i t i ve  d e f i n i t e .  The f a c t  tht 

(8) (-1)PI-p = 1 

i n  a l l  cases  has been used. 

With t h e  use of (15)  of Chapter I11 and of (6), t h e  cross sec t ion  

( 3 )  becomes 

do = 
P'P 

j 

where, upon s e t t i n g  v = k@ 

2 2  do' = 3n e 
P'P 

and using k 2 2  = E -1, 

with  y = q(E-l)-'. A ~ S O  

- 14 - 



where 

The func t ion  V i n  (12)  i s  independent of p and p' and i s  given by 2 

where, i n  tu rn ,  t h e  (p func t ion  i s  

The A func t ions  i n  (14)  are given i n  (17) of  Chapter 111. 

Since B . (p 'p )  i s  symmetric wi th  r e spec t  t o  t h e  p a i r s  ( a , h )  
J 

and ( Rl,hl) ,  both having been summed over i n  the  same way, only t h e  r e a l  

p a r t  of V cont r ibu tes .  

Tne computer program c a l c u l a t e s  

A (')(ala) = (-1)' 6(2L1+l)-' (22+1)-l A . ( 1  1 ala), 
j J 

A 3 (2)(k,a) = (-1)' 6(2A1+1)-l (2hl)-' Aj(l, -1 ala), 

and then 

- Is, - 



V. ANGULAR MOMENTUMSUMS 

The expressions given f o r  t h e  Bremsstrahlung cross  sec t ion  

conta in  seve ra l  sums over angular momentum quantum numbers, t h e  

summands cons is t ing  of products of Clebsch-Gordan c o e f f i c i e n t s .  

These sums can be c a r r i e d  out f o r m a l l y ,  y i e ld ing  Racah and X coe f f i c i en t s .  

Going up t he  hierarchy of  magnetic quantum nmiber sums, t he re  

is f irst  

(1) 1 
c ( RX+. ; 8 - 5+B, d -B )C ( a-K p jx ;a+, B )C ( ax , ; c: -a+@ ,m-B 

A f t e r  two recouplings (y ie ld ing  two Racah c o e f f i c i e n t s )  and an or thogonal i ty  

r e l a t i o n ,  t h e  f3 sum reduces t o  

1 1 1  1 
W ( jK; l-Kf ) W (  l h s f  ;45)C( Ax jxf; -s-m+6 ,m)C (hfT;e, -s+6 ) 

Simi lar ly ,  the  remaining 6-sum yie lds  

I 
1 1 6+ - 

(-1) C(l n n  ,j f;-s-m+6,m)C(Af~;e,-~+b)C(4~,~ jK,;e+m-6,6) 
6 

L 



1/2  1 
1 

X + f +  jN. I -2+e+m 
=( -1) [ 2 ( 2 f + l )  1 W ( AH jH$ ; f j , )  C ( jH X jN. I ; m G ) . 

On s p l i t t i n g  off the magnetic quantum number dependence by 

B ( K ' , - ) L B  m ) S  QIA ( K ~ , - K ) c ( A ~ ~ ~ ~ ~ ; E  m ) ,  
Ah 

there  remains 

The f sum i s  an X-coeff ic ient  (after rearrangement), s o  t h a t  

This X-coefficient can be expressed i n  a more elementary form. 

Together with t h e  matching p a r i t y  Ckbsch-Gordan coe f f i c i en t ,  t he  r e s u l t  

where the  dependence on the  s igns of M. and u' is  contained i n  

Equation 8 does not hold f o r  h=O, bu t  tk5s  value is  e l imina ted  

'by t h e  occurrence of  a f a c t o r  C ( p , U ; O , ? l )  f u r t h e r  upstream. 

Separat ing t h e  magnetic quantum number dependence of A(h lu em), 

- 17 - 
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a 
where, i n  t u r n ,  

I n  t h e  next round of summations ncw, 

H' m 

Recoupling t o  separate t h e  8 and m dependence, 

I S 

The next s tep  i s  

The 8 sum reduces t o  

leav ing  

- l a  - 



The m sum cons is t s  of t h e  two terms m = +  

of the  magnetic quantum numbers of t he  Clebsch-Gordan c o e f f i c i e n t s ,  hence by 

a phase f a c t o r  of (-1) t o  t h e  power 

which d i f f e r  only i n  t h e  s ign  2 

1 1 
1 + (j, + ju - j ) - ( j  + p -au )-(ju+ p - A ~ ) = A ~ + A ~  - j  

1 “1 1 1 

This y i e lds  the  se lec t ion  r u l e  t h a t  V.(hlha,A) vanishes  unless  
J 

R+i - j  = even in t ege r .  1 

1 
2 Subject t o  t h i s  condition, t he  m sum is  twice the  m=-- term. On s u b s t i t u t i n g  

t h e  e x p l i c i t  value 

1 u ‘uu 

Equation (18) r equ i r e s  t h e  computation of genera l  Racah c o e f f i c i e n t s .  

This  can be avoided at t h e  cos t  of performing one magnetic quantum number 

sum e x p l i c i t l y .  Re-expanding, 

I 
G 

s o  t h a t  
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8 

1 1 CQ(A,~~H'~~)P(~~?H.'~)C(X 1 j K1 j u t;e7-5~~(~ j , j H l ; E , - $ .  

u 'nu 1 

The second l i n e  agrees with (11) upon using (17) and se t t i ng  the  rn+ term 

1 equal t o  the m=-- 2 term. 

On s p l i t t i n g  the e sum in to  posit ive and negative values, 

Going back t o  (11) , a change of s ize  of 8 (when accompanied by a change i n  

the name of the dummy variable from m t o  -m), simply introduces a phase 

fac tor  of (-1) t o  the power 

for cp and of A + A l - j  f o r  the  Clebsch-Gordan coeff ic ient .  I n  view of (15) 

and (16), the two terms i n  the  bracket of (21) are equal and 
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making use of t h e  f a c t  t h a t  

.t,-~, +.t-a, = (~,+. t+. t -~) - ( i~  +.tl+a-H. = even integer 
1 1 

whence i t o  t h i s  power is  real. 

L - 21 - 



VI. ASYMPTOTIC EVAI,VA!TICN OF W R I X  EI;EMENT TAILS 

If t h e  p o t e n t i a l  can be neglected beyond r = a ( i . e .  i f  t h e  

e r r o r  i n  t h e  phase s h i f t  from t runca t ing  t h e  p o t e n t i a l  a t  r = a 

is  small), t h e  wavefunctions for r > a are given a n a l y t i c a l l y  by 

The t a i l  of t h e  matr ix  element ( the  i n t e g r a l  from r = a t o  i n f i n i t y )  then 

reduces t o  an i n t e g r a l  over a p r d u c t  of s p h e r i c a l  Bessel and Neumann 

func t ions  which, i n  p r inc ip l e ,  can be c a r r i e d  out ana ly t i ca l ly .  

Tne sphe r i ca l  Besse l  or Neumann func t ions  can be w r i t t e n  as 

s i n e s  and cosines  times polynomials i n  inverse  powers of r ( the  order of 

t h e  Besse l  func t ion  determining the  order  of t h e  polynomial). 

i n t e g r a l s  can be reduced t o  sums of s i n e  and cos ine  i n t e g r a l s  of var ious  

orders. Formally, t h i s  leads t o  a c losed  so lu t ion .  I n  p r a c t i c a l  terns, 

however, it i s  unsa t i s fac tory  because a l a r g e  number of terms occur which 

are of comparable magnitude and varying s ign ,  c a s t i n g  doubt on t h e  ultimate 

p rec i s  ion.  

Tne r e s u l t a n t  

It i s  simpler and safer t o  invoke f rm the  s ta r t  t h e  f a c t  t h a t  

t h e  matr ix  element t a i l  ca l cu la t ion  is  intended f o r  l a r g e  r and use 

asymptotic values f o r  t h e  wavefunctions and asymptotic eva lua t ion  of t h e  

i n t e g r a l s .  E x p l i c i t l y ,  keeping the two leading  terms i n  t h e  asymptotic 

expansion, (13) 

The wavefunctions take the form (apar t  from a numerical f a c t o r )  

- 22 - 



Consis ten t ly ,  when t h e  integrand is  formed by a product of such expressions 

t h e  terms of order higher  than t h e  second i n  1/r are discarded.  Elementary 

t r igonometr ic  manipulation then  allows t h e  integrand t o  be expressed 

as a sum of s ing le  s i n e s  o r  cosines  times r -1 o r  r -2 . The i n t e g r a l s  are 

then c a r r i e d  out by integrat ion-by-parts  i n  t h e  d i r e c t i o n  of increas ing  

inverse powers of r, again  s topping af ter  two terms. 

i s  

The b a s i c  i n t e g r a l  

OD 

dr = cos(ka+$) + n s i n ( k a 4 )  
? 2 n+ l  

a r k an k a  

-n-2 with neglect  of terms of order  a , where n = 1 o r  2. 

i - 23 - 



i a  V I I .  FWSE OF C O W M B  WAV-EFL'CTIONS 

The continuum so lu t ion  of  t he  Disac equation f o r  a Coulomb f ie ld  

conta ins  an ambiguity of n i n  the  phase s h i f t .  

f o r  electromagnetic i n t e rac t ions ,  it i s  necessary t o  adhere t o  a cons is ten t  

convention f o r  t h e  phase. 

I n  computing matrix elements 

Since the re  is an es tab l i shed  s ign  convention f o r  

t h e  free p a r t i c l e  so lu t ion ,  it provides a suitable calibration. 

The r e l a t i v e  phase of the  two r a d i a l  funct ions i s  well-defined, s o  

it is s u f f i c i e n t  t o  examine only the "large'' component. 

normalized on t h e  energy sca l e ,  is 

The Coulomb funct ion,  

2yf1;2ikr) + c.c.1 

with exp (2iT) = - (K-iv/E)/(y+iv) 

and v = (E/k)(aZ), y = (H 2&*)1/2. 

The zorresponding f r e e  p a r t i c l e  funct ion is  

It is  desired t o  f i x  the  choice of t h e  square root  of Eq. 2 t o  be used f o r  

exp (i",) by reqc i r ing  t h a t  Eq. 1 reduce t o  Eq. 4 i ~ 1  the  l i m i t  as Z goes t o  

zero  (causing the  p o t e n t i a l  t o  vanish).  

As Z -> 0 ,  v -> 0, and y - > } H I .  With these ,  Eq. 2 reduces 

(9)  t o  - V - / I V ~ I  . By Kummer's transformation, 

Factoring exp (-i-<) out of Eq.  1 and lett ing exp (2iT) = - V ~ / I ~ ~ I  : 



+ p1 (1.1 ,21xl+.1; 2 i k r ) l .  

For < 0, the  expression i n  b racke ts  i s  (9) 
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If Eqs. 15 and 16 are used t o  compute exp(iTj), t he  phase convention is given 

by spec i fy ing  e .  

above. 

This choice is determined by t h e  Z -> 0 limits obtained 

For u < 0, t h e  l i m i t  is cos 'T) -> 1, so c = 1. For H. > 0, t h e  

l i m i t  y i e l d s  cos '(1 -> 0 (which leaves t h e  s i g n  undetermined) and s i n  

Since 1.1 > 1.1 /E > y/E, t h e  sign of s i n  2ll is unaf fec ted  by E; f o r  e l ec t rons ,  

it is t h e  same as t h a t  of x. For H. > 0, then, s i n  27 > 0 while  s i n  '(1 < 0, 

s o  cos 7 < 0, and E = -1. 

negative,  hence v negative.  The s ign  of s i n  271 then  reverses, and e = 1 

for y, > 0. 

-> -1. 

Positron wave Functions are obtained by tak ing  Z 

Combining t h e  r e s u l t s ,  t h e  p re sc r ip t ion  f o r  using Eqs. 1 5  and 16 is: 

electrons:  e = - x / l x ( ,  

positrons: c: = 1. 

The r e l a t i o n  between pos i t ron  and e l e c t r o n  phases i s  

I n  t h e  l i m i t  of small k i n e t i c  energy (k -> 0) , v becomes i n f i n i t e  

The l i m i t  is and exp (2i7,) -> 1. 

meaningless f o r  a pos i t ron ,  as its wavefunction then  tends t o  a delta func t ion  

a t  i n f i n i t y .  

For an electron,  then, exp(iT]) = - x / I u I .  
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VIII. ZERO K I N E T I C  ENERGY LIMIT OF COULOMB WAVEFUNCTION 

The “small” component Coulomb wavefunct ion i s  

In  the  l i m i t  of vanishing k i n e t i c  energy ( k  -> 0) ,  v = EW/k goes t o  i n f i n i t y  

(through pos i t ive  values  f o r  an e lec t ron ,  negat ive f o r  a pos i t ron ) .  

t o  t h e  l i m i t  on the var ious f ac to r s :  

Going 

(13) 

- 1/2 
l i m  (2n) I r (y+iv)  le 

I v ~ - >  m 

( l /2 ) (1-b)J  ( 2  
b -1 l i m  F (a,b;-z/a)/T(b) = z  1 1  a -> m 

y ie lds  with 

a = y t l + i v ,  b = 2y+l ,  

Inasmuch as t h e  source reference d i d  not e s t a b l i s h  t h e  v a l i d i t y  of t h i s  r e s u l t  

when a increases  through imaginary r a t h e r  than r e a l v a l u e s ,  it w a s  ver i f ied 

by wr i t i ng  out the confluent  hypergeometric s e r i e s  and going t o  t h e  l i m i t  

term by term. 

[E-111’2 = [(k2+l)1’2-l]1’2 [ (1+k2/2) -11 - - 2- l l2k  

( y + i V )  - C . C .  = 2iv  2 i ( a  Z/k) 

exp (- ikr+i . - )  - x / ~ x ~ f o r  an e l ec t ron .  

Combining these  r e s u l t s ,  t h e  e l ec t ron  wavefunct ion ( v  > 0)  is  

For Gj,, t h e  analogous procedure becomes more complicated because 

there  occurs 
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(y+iv) + C.C. = 2y, (9)  

SO t h a t  a term involving v t i m e s  t h e  second term i n  the l i m i t i n g  expression 

f o r  t h e  confluent hypergeometric func t ion  must be included. It is simpler 

t o  r e s o r t  t o  t h e  d i f f e r e n t i a l  equation: 

F' U - (u/r)F, = -(E-V-l)G H -(a Z / r ) G H *  (10) 

I n  t h e  pos i t ron  case  ( v  < 0), t h e  exponentials no longer cancel, 

bu t  lead ins tead  t o  a f a c t o r  exp ( -  1~1.1) which tends t o  zero. 

pos i t ron  wavefurction -7anishes. Actually, t h e  l i m i t s  were a t t a i n e d  while 

holding r f ixed  and f i n i t e ,  and the wave func t ion  behaves as a delta func t ion  

a t  i n f i n i t y .  

t h e  ( p o s i t i v e  charge) Coulomb center  of fo rce ,  and can only approach it t o  t h e  

ex ten t  t h a t  i t s  momentum can overcome t h e  repulsion; as t h e  k i n e t i c  energy 

goes t o  zero, so does the  probabi l i ty  of t h e  pos i t ron  being wi th in  a f i n i t e  

d i s t ance  of t h e  center  of force.  

Thus, the  

The phys ica l  explanation i s  t h a t  t h e  pos i t ron  is repelled by 

The m a t r i x  elements for  Bremsstrahlung involve i n  t h e  integrand a 

product of i n i t i a l  and f i n a l  Coulomb wave functions.  For a positron, t h e  

overlap vanishes as t h e  k i n e t i c  energy of t h e  pos i t ron  after i n t e r a c t i o n  goes 

t o  zero. 

energy t o  t h e  photon i n  Bremsstrahlung, a pos i t ron  cannot. On t h e  other hand, 

t h e  pos i t ron  can l o s e  a l l  of i t s  energy ( inc luding  rest energy) through a n n i h i l a t i o n  

t o  photons. 

Thus, while an e l ec t ron  can g ive  up e s s e n t i a l l y  a l l  i t s  k i n e t i c  
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IX. STARTING CONDITIONS FOR INTEGRFlTION 

Near the o r i g i n  t h e  screened nuclear  p o t e n t i a l  has t h e  form 

2 V"C+Ze /I-, where C i s  a constant  cont r ibu ted  by t h e  p o t e n t i a l  of t h e  

e l ec t rons .  If t h i s  r e l a t i o n  i s  s u b s t i t u t e d  i n t o  (Chapter 11, Eq. 7) 

the  coupled equations become 

2 n Ze 
r r G '  + - G - - F + ( E o + l )  F = 0 

where Eo = E + C .  

w i th  a pure Coulomb p o t e n t i a l ,  provide a means of ob ta in ing  t h e  form of  t h e  

wavefunction and its d e r i v a t i v e  near t h e  o r ig in .  

These equat ions,  which are e s s e n t i a l l y  radial  equat ions 

I n  (1) u s e  w i l l  be made of t h e  operator  no ta t ion  

T h i s  i s  done f o r  convenience s ince  it can be shown t h a t  

(3)  
f (6) rn  = f ( n ) r  n . 

Thus, when (1) i s  mul t ip l ied  through by r and t h e  operator  no ta t ion  i s  

used, t h e  coupled equations become 

1 2 6F - H F  + Z e  G + (Eo-1)rG = 0 

2 
SG + uG - Z e  F - (E+l)rF = 0 

NOW s u b s t i t u t e  

W 

m 

F = 

(4) 

( 5 )  
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i n t o  (4)  ami use ( 3 )  t o  ge t  
m 

[(-+-u)ac - Ze% 3’’ + [(a+y)a +xa4-Ze%,t-(Eo+l)b lr A+Y = 0 
3 R 4-1- 

.t=1 
m 

r(y-x)bo + Ze2a31ry +E [(a+y)b -nb +Ze 2 a +(Eo-1)a = 0.  
A R  R R-1 

When t h e  c o e f f i c i e n t  of eacn power of r is  set  equal  t o  zero i n  (6), then  

t h e  r e l a t i o n s h i p  between t h e  coe f f i c i en t s  of (5 )  is es tab l i shed .  The 

r e l a t i o n s h i p  between t h e  f i r s t  few c o e f f i c i e n t s  i s  given by t h e  following 

equations: 

2 
a = -  

0 y+u 
Z e  

2 
b = -  ‘e a 
0 K - y  c’ 

with  

y =  ( K - ~ e )  I * 1’21 
and 

1 + 2y 
al = -b (it-y-1) (Eo-1)  

0 

I -  b = -a [ ( K + y + l )  (Ec-l) + (x+y> (Ec+l) 
1 0 1 + 2y 

(9)  

The pos i t ive  square root  i n  (9) is  taken s o  t h e  wavefunctions w i l l  be 

f i n i t e  a t  t h e  or ig in .  

For Z c lose  t o  zero,the denominator i n  (7)  i s  s m a l l  f o r  x<O 

while  t h e  denominator of (8) i s  small  f o r  +O. Thus, i n  general ,  t o  make 

t h e  program appl icable  f o r  a l l  Z,  t h e  procedure adopted f o r  s e l ec t ing  t h e  

c o e f f i c i e n t s  w a s  t o  choose b 

choose a 

and use (7)  t o  obtain a. when +O,and t o  
0 

and use ( 8 ) t o  obtain bo when )c<O. 
0 
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Since the wavefunction and i t s  f i r s t  derivative are both zero 

a t  t h e  or ig in ,  as can b e  seen from ( 5 )  through (ll), t h e r e  i s  d i f f i c u l t y  

wi th  s t a r t i n g  t h e  numerical i n t eg ra t ion .  This  t r o u b l e  can be circumvented 

by making a transformation t o  t h e  func t ions  

G o = r  -Y G 

F = r-yF 
0 

f y  t h e  equations 

FA + (u-") 
r 

' ( Y + d  
Go + r 

Thus, a t  t h e  or ig in ,  

0 '  
G = a  
0 

G '  = a 
0 1 '  

which sat i  

F~ + ( E - v - ~ ) G ,  = 0 

G~ - (E-v+~)F~ = o 

The procedure i s  t o  i n t e g r a t e  (13) out t o  some convenient r ad ius  ( e .g .  r = 1) 

and then  transform t o  (Chapter 11, Eq.  7). 

- 31 - 

c 



x. PHASE SHIFTS (NON-COULOMB) 

The f ree  p a r t i c l e  so lu t ion  t o  (Chapter 11, Eq. 7) is  requi red  t o  

determine t h e  normalizat ion and phase shif t  f o r  t h e  numerical so lu t ion  of 

t h e  r a d i a l  equation. These a re  obtained from (Chapter 11, Eq. 7) wi th  V=O as 

%" - 
kr j ( k r )  - r$ s i n  (b - 

In. 

%" F =  1 E ni kr j, ( k r ) -  COS ( k r  - -) 2 '  
-K 

f 

where 3 

func t ions  S(r) and C(r) which are def ined  by t h e  equations 

i s  a sphe r i ca l  Bessel funct ion.  Also required are t h e  two new a 

From t h e  asymptotic forms given i n  Chapter I I I ,4s .  13 and 14 one can deduce 

If GN and F a r e  t h e  numerical so lu t ions  t o  t h e  r a d i a l  wave N 

equations,  they w i l l  not be properly normalized because of t h e  a r b i t r a r y  

s e l e c t i o n  of one constant  i n  the s t a r t i n g  condi t ions.  

i s  t o  s tar t  wi th  the  normalization appropr ia te  t o  a pure Coulomb p o t e n t i a l . )  

Thus they  w i l l  differ from the  c o r r e c t  s o l u t i o n  by a normalizat ion 

constant  N such t h a t  F=NFN and G=NGN. 

i n t o  ( 2 )  y i e l d s  

(The procedure 

Subs t i t u t ion  of t hese  equat ions 
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S(r) = N 

a 

E-1  
C ( r )  = N 

E-1 E+ 1 

Upon completion of t h e  numerical i n t eg ra t ion ,  E q s .  4 and 5 a re  used 

t o  determine t h e  phase s h i f t s .  



XI. W.K.B. APEIOXIMATION AND MORMALIZA!I'ION I 

The r a d i a l  equations can be  combined i n t o  t h e  second order equation 

G" + (E-V+l ) -% 'G '  4 j (E-V)2-1-[~&+l)/r2]+(~/r)(E-V+1)-%i \ G =O. (1) I 
li. H M. 

To ge t  a form appropriate  f o r  aW.K.B. treatment,  t h e  first der iva t ive  term 

must be eliminated. This i s  achieved by t h e  change of dependent va r i ab le  

which r e s u l t s  i n  

This can now be assumed of the  form 

f o r  r s u f f i c i e n t l y  large that the  quan t i ty  i n  brackets  is pos i t ive .  The 1 

formal  analogy with the  non-re la t iv i s t ic  so lu t ion  can be extended by wr i t i ng  
1 

I 
( 5 )  

P 2 (4 = k 2 - W - A x ( A u + 1 ) / r  2 7 

s o  t h a t  t h e  known W.K.B. approximation of t he  more familiar case can be 

taken over. using t h e  "equivalent po ten t i a l "  U ( r )  . 
note t h a t  

For t h i s  purpose, 

&+U = 4x(an+l-> ,  (6) 

2 2 2 
( 7 )  (E-V) -1 = k -2EV+V , 

s o  t h a t  

U( r ) = ( 1 / 2 ) V "  (E-V+1) -'+( 3/4) V (E-V+1) -2- ( N. /r ) V (E-V+1) -'+2EV-$. ( 8) 
The W.K.B. so lu t ion  is 

e with the  normalization set by comparison wi th  t h e  asymptotic value of t h e  

exact so lu t ion  f o r  G . 
n 
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The numerical s o l u t i o n  of t h e  exact  radial equat ions y i e l d s  

unnormalized wavef’unctions . 
out t o  an r s u f f i c i e n t l y  l a rge  t ha t  t he  asymptotic form of t h e  wavefunction 

is  a t t a ined ,  and s e t t i n g  t h e  normalization by comparison wi th  the  known 

normalized asymptotic wavefunction. 

sake of ascer ta in ing  t h e  normalization, t h e  numerical i n t eg ra t ion  has t o  

be ca r r i ed  well past  t h e  va lues  of r necessary f o r  t h e  eva lua t ion  of the 

matrix element i n t eg ra l s  

The normalization is  obtained by proceeding 

This usua l ly  means t h a t ,  f o r  t h e  

For a well-behaved p o t e n t i a l ,  t he  W.K.B. so lu t ion  w i l l  

s a t i s f a c t o r i l y  approximate the exact wavefunction long before  t h e  asymptotic 

region i s  reached. 

normalization by comparing the numerical unnormalized wavefunction wi th  

t h e  W.K.B. so lu t ion .  The procedure then  becomes t h a t  of ca r ry ing  out t h e  

numerical so lu t ion  as f a r  as it i s  needed for the  eva lua t ion  of t h e  n a t r i x  

elements. 

as descr ibed below. Note t ha t  the normalization must precede co r rec t ion  

o f  t h e  matrix elements f o r  the t a i l  cont r ibu t ion  (Chapter V I ) .  

This suggests  the a l t e r n a t i v e  approach of obtaining t h e  

A t  t he  cut-off  rad ius ,  the  wave matching is  then  c a r r i e d  out  

Denoting by t h e  unnormalized numerical so lu t ion  of the exact  

and by A t h e  assoc ia ted  normalization constant ,  matcning 
N. 

equations f o r  R 

R t o  the W.K.B. so lu t ion  y i e lds  

u - 
N 

If the  W.K.B. so lu t ion  is  a reasonable approximation a t  t h e  value of r 

being considered, t h e  de r iva t ives  can a l s o  be matched: 

- 
R ’  = - ( p f / 2 p )  E 
K Y 

+ A(TTP)-~/* p cos (J p dr  $. 6 ), 
N. 

o r  more conveniently, 
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Squaring and sumaing Eqs. 10 and 12, 

2 2 A = I - T ~  { E + [p- l  

For an r below 

t h e  above expression f o r  

are considered funct ions 

t o  vary, t he  descr ip t ion  

an a r b i t r a r y  choice of a 

K. 
fi' N + (p'/2p2) En12 } . (13) 

the v a l i d i t y  l i m i t  for the W.K.B. approximation, 

R 

of r ins tead  of constants.  

is underdetermined. 

supplementary r e l a t i o n .  

- 
can still be used provided tha t  A and 6 n n 

When both are allowed 

The r e s u l t a n t  freedom permits 

A l eg i t imate  choice is 

t o  requi re  t h a t  fi' r e t a i n  t h e  form given above, i.e. that t h e  add i t iona l  

terms o3tained on d i f f e r e n t i a t i n g  the expression f o r  
n 

cancel: 
H 

cos ( s p  d r  + 6 ) = 9. 
H 

A' s i n  ($ p dr + 6 % )  + A 6; 

h The expression given for  A 2 is then s t i l l  va l id ,  bu t  t h e  value obtained 

may vary with  r. 

IdA/d(kr)l<<lA I for a l l  r above the value i n  question. 

d i f f e r e n t i a t e  Eq. 12: 

The normalization constant has been a t ta ined ,  then, if 

To obta in  A ' ,  

A '  cos ( J p  dr + 6 ) - A  p s i n  f p dr + 6 R )  - A 6 '  s i n  (J P dr + 6 ) 
n U U 

Subs t i tu t ing  Eqs. 4 and 10, 
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To e l imina te  t h e  masking e f f e c t  of o s c i l l a t i o n s  Of t h e  s i n u s o i d a l  f a c t o r ,  

(18) 

note t h a t  

The r e l a t i o n  k-' \ A ' /  << A t hen  reduces t o  

It should be' noted t h a t  t h e  proce- n e  ou t l ined  r e s u l t s  ,A the  

evaluat ion of t he  normalization f a c t o r  while  leaving t h e  phase s h i f t  undetermined. 

I n  p r inc ip l e ,  the W.K.B. approximation can a l s o  be used t o  compute the phase 

s h i f t .  This requi res ,  however, t he  eva lua t ion  of p dr  out  t o  i n f i n i t y  

( o r  a t  least t o  t h e  asymptotic region)  and t h i s  has t o  be done numerically 

because of the complicated expression f o r  p. 

J 

The W.K.B. approximation as appl ied  t o  the normalizat ion of t h e  

wavefunctions requi res  an expression involving the p o t e n t i a l  and i ts  f i r s t  

t h r e e  de r iva t ives .  

computation of  these d e r i v a t i v e s  by d i f f e renc ing  would be u n r e l i a b l e .  

For a screened p o t e n t i a l ,  which i s  known only numerically,  

Ins tead ,  use i s  made of t h e  fact  t h a t  t h e  screening  f a c t o r  ( r a t i o  of 

screened t o  unscreened p o t e n t i a l )  i s  nea r ly  exponent ia l .  

appropr ia te  t o  the r ad ius  a t  which t h e  numerical i n t e g r a t i o n  s tops  i s  obtained 

by tak ing  the  logarithm of t h e  r a t i o  of t h e  screening  f a c t o r  a t  t h a t  r ad ius  

t o  t h e  screening f a c t o r  a t  a slightly l a rge r  rad ius .  

The exponent 

The a n a l y t i c a l  form 

of t h e  screening f a c t o r  t h u s  a r r i v e d  a t  is  t h e n  used t o  c a l c u l a t e  t h e  

de r iva t ives .  This  procedure has been used t o  ob ta in  t h e  normalizat ion 

o f  the  wavefunctions i n  t he  screened case. 
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X I I -  ELECTROSTATIC POTENTIAL AND 
SEW-CONSISTENT FIELD CALCuLp3IONS 

The e l e c t r o s t a t i c  po ten t i a l  of a s p h e r i c a l l y  symmetric charge 

d i s t r i b u t i o n  of  an atom is given by: 

r m 

0 0 

where P ( r )  is  t h e  volume charge dens i ty ,  r is t h e  d i s t ance  from t h e  

cen te r  of  t h e  charge d i s t r i b u t i m  and V(r) is t h e  e l e c t r o s t a t i c  

po ten t i a l .  

t h a t  t h e s e  atomic u n i t s  d i f f e r  from t h e  n a t u r a l  u n i t s  used i n  t h e  

The units used here  are those  f o r  which fi=e=m=l.  Mote 

c ross  sec t ion  ca l cu la t ion .  

t h i s  context  t o  be cons i s t en t  w i t h  t h e  results of s e l f - cons i s t en t  f i e ld  

(SCF) ca lcu la t ions  which will be used t o  obta in  p ( r ) .  

Di f fe ren t  u n i t s  have been chosen i n  

I n  terms of s ing le  e l ec t ron  o r b i t a l s ,  y,,,, P(r) i s  given 

by : 

where n is t h e  p r inc ipa l  quantum number and a i s  t h e  o r b i t a l  angular 

mDmentum quantum number. The cross  terms i n  ( 2 )  have been el iminated 

by the  angular  i n t e rg ra t ions  i n  (1) which have already been made and 

are not sham.  

( 2 )  i s  co r rec t  m l y  for f i l l e d  e l ec t ron  s h e l l s .  

f i l l e d  s h e l l s  t h i s  must be reduced appropr ia te ly .  

The f fxcupa t ion f '  func t ion  2(2&+1) shown i n  equat ion 

For p a r t i a l l y  
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I n  performing SCF ca lcu la t ions ,  it i s  most convenient t o  so lve  

fo r  pa = r YnR r a the r  than  Yna .  

becomes : 

I n  terms Of Pna > t h e  expression f o r  V 

where t h e  symbolw has been introduced t o  r ep resen t  t h e  occupation 

f'unct ion. 

The Pna func t ions  are obtained from Hartree-Fock type of 

~ a l c u l a t i o n i ~ ~ ) .  

e l e c t r o n  wave equation obtained by f i r s t  assuming a n e t  p o t e n t i a l ,  

sa lv ing  f o r  t h e  wavefunctions and then  r e c a l c u l a t i n g  t h e  po ten t i a l .  

The process is repeated u n t i l  se l f -cons is tency  i s  achieved. 

These are e s s e n t i a l l y  i t e r a t i v e  s o l u t i o n s  of t h e  m u l t i -  

The 

usua l  measure of se l f -cons is tency  i s  t h e  energy of t h e  atomic s t a t e  

under considerat ion.  This  energy must be minimized. 

(15) The so lu t ions  are obtained e i t h e r  by numerical i n t e g r a t i o n  

31 by expansion i n  s u i t a b l e  orthogonalized functions(%). A computer 

code(%) which performs these  ca l cu la t ions  has been obtained and 

i s  now i n  production operat ion.  

coe f f i c i en t s  appropr ia te  t o  f i n i t e  expansions of t h e  Pnk func t ions  

i n  terms of "Slater orbitals": 

This  code c a l c u l a t e s  exponents and 

P 

and E a r e  the  constants  obtained from t h e  code and m are 
QP AP 

Here Cnap  

s u i t a b l e  integers .  Methods for choosing m and making i n i t i a l  es t imates  

of C and F are given by  Roothaan 
AP 

06) 
nRP AP 
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The i n t e g r a l s  required 

r 

1 r  
0 nA 

i n  (3) are  

dr' . 

( 5 )  

From (4), 

' ( 7  +E ) r 
JP -0q . e  ( 7 )  

NOW ( 5 )  and (6) become: 

Two types of integrals appear i n  (8) and (9):  

j m -ax I ( m y a >  = x e d~ A 
0 

OD 

I B ( m , a )  = j -  xm e-= dx 

r 
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where m i s  always an in t ege r  and always 2 1. 

found i n  standard tables 

These i n t e g r a l s  can be 

(17, nd obey t h e  recurrence r e l a t i o n s :  

m -ar -r e m 1 = + - a I A ( m - l , a ) ,  A a 

m -ar m r e  + - a I B ( m - l , a ) .  
lB(m,a) = a 

For m = 1: 

S t a r t i n g  with (14) and (l5), values  of IA and I 

m using (12) and (13). 

i n t e g r a l s .  

are obtained f o r  any 

This completes t h e  a n a l y t i c  eva lua t ion  of  t h e  

B 

A s  input,  t he  code which has been w r i t t e n  r equ i r e s  s p e c i f i c a t i o n  

of a l l  of t h e  constants  assoc ia ted  wi th  ( 4 )  and s p e c i f i c a t i o n  of a 

radial  g r i d  on which t h e  p o t e n t i a l  i s  t o  be ca l cu la t ed  f o r  use i n  t h e  

main c ross  sec t ion  code. Su i t ab le  t ransformations are made so t h a t  bo th  

input  and output of t h e  p o t e n t i a l  code are i n  "na tu ra l  u n i t s "  although 

t h e  a c t u a l  ca l cu la t ion  i s  done i n  "atomic un i t s " .  The output c o n s i s t s  

D f  va lues  of t he  screening f a c t a r  ( r a t i o  of  m e d  t o  Coulmb p o t e n t i a l )  

as a func t ion  of r fa- t h e  p a r t i c u l a r  element. 

b inary  form on a l ibrary tape .  

These are w r i t t e n  i n  

I n  t h e  Bremsstrahlung program, t h e  l i b r a r y  tape  i s  searched 

f o r  t he  appropriate  element, and a table of sc reening  f a c t o r s  and 

radii i s  read i n .  

t he  p o t e n t i a l  a t  t h e  cu r ren t  point .  

The program i n t e r p o l a t e s  on t h i s  table t o  ob ta in  

The t a b u l a t i o n  i s  done i n  terms 



of t h e  screening f a c t o r  because of i t s  smooth behavior as a Function of 

r. I n  t h i s  procedure, t h e  SCF ca lcu la t ion  i s  done once f o r  each 

element, and can then  serve for many Bremsstrahlung runs a t  d i f f e r e n t  

energies .  
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X I I I .  ANGULAR DISTRDUTIONS 

The full  desc r ip t ion  of t h e  c ross  s e c t i o n s  requires r e c o n s t i t u t i n g  

t h e  angular d i s t r i b u t i o n s  from t h e  Legendre c o e f f i c i e n t s ,  f o r  unpolar ized 

and l i n e a r l y  polarized photons. I n  addi t ion ,  values of p and IJ- averaged 

over t n e  angular  d i s t r i b u t i o n s  g ive  a compact c h a r a c t e r i z a t i o n  of t h e s e  

d i s t r i b u t i o n s  (of  value i n  some app l i ca t ions ) .  

q 9 

It has been decided t o  c a l c u l a t e  t h e  c ros s  sec t ions  i n  u n i t s  of 

where Z i s  the  nuclear charge,  re i s  the  c l a s s i c a l  e l e c t r o n  rad ius  and UI 

i s  t h e  f i n e  s t r u c t u r e  cons tan t .  These u n i t s  have been chosen t o  make t h e  

r e s u l t s  d i r e c t l y  comparable wi th  d a t a  generated wi th  t h e  Bethe-Heitler 

equat ion,  i n  t h e  form favored by Heitler(l '),  w i th  t h e  change z2 --> z(z+~) 
t o  co r rec t  it approximately f o r  e l ec t ron -e l ec t ron  Bremsstrahlung ( 2 )  . 

I n  terms of t h e  u n i t  Q f o r  t h e  c ross  sec t ion ,  Eq.  10 of Chapter I V  

becomes 

2 I n  ( 2 )  energy va r i ab le s  have u n i t s  of mc , momentum v a r i a b l e s  have units 

-1 of mc, length va r i ab le s  have u n i t s  of b/mc, and y=z(E-1) . For convenience, 

l e t  

and 

then 

L 

OA O l , l  

and 
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To f ind  t h e  average values of p and p2 
9 9 

it will be necessary 

t o  derive an expression f o r  

+1 

This can be done using Rodrigues' expression 

a%.(x) 
P (x) = (la2) + . 

dx j,2 

Inser t ing (6) i n to  ( 5 )  and integrating by parts twice yields  

+1 

+ 
-1 

+1 +1 

n-2 ~.(x)a~ - (n+2)(n+l)J x n p j ( x ) ~ .  ( 7 )  
-1 + n(n-1) $, x J 

The first  term on t h e  r . h .  side of (7) is zero and the second t e r m  

can be evaluated using 

(8) 

(18) 

I P . ( l )  = 1 
J 

P.(-1) = (-1) j . 
J 

The remaining in tegra ls  i n  (9)  can be found using the  r e l a t ion  

+1 n-j+1 
n n! r(--+ f o r  n 2 j x P.(x)dx = n+j+3 ' and n- j  even or zero, J 2j(n-j) ! T ( T )  B(n,j)  SJ, 

= 0 , otherwise. 

Thus (7)  reduces t o  

(9) 

I: = 4+n(n-l)B(n-2,j) - (n+2)(n+l)B(n, j ) , f o r  n-j even or zero, 

= 0 , otherwise. (10) 
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From (9)  and (10) w e  have 

-1 

-1 

-1 

4 

0 j odd 

j even and 2 2 

4 

0 j even 

j odd and 2 3 

= I  
4/5 j = 2 

4 
0 j odd 

5 even and 2 4 

= 4/5 5 .  <I ,< n + 213 E j y o  
-1 

Since t h e  c ross  sec t ion  f o r  c i r c u l a r  po la r i za t ion  i s  one ha l f  t h a t  

f o r  unpolarized photons it w i l l  only be necessary t o  obta in  expressions f o r  

one of t hese .  I n  t h e  following, t h e  expression f o r  unpolar ized photons 

is  given along with expression f o r  l i n e a r l y  po la r i za t ion  s t a t e s .  With 

the  use of ( 3 ) ,  ( 4 )  and (lla) through ( l l f ) ,  t he  c ros s  s e c t i o n  which i s  

d i f f e r e n t i a l  with respec t  t o  y becomes 

f o r  unpolarized photons, and 
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I 

j even 

9 
f o r  po lar ized  photons. The average p is given by 

f o r  unpolarized photons, and 

j odd - 
2 
9 

f o r  po lar ized  photons. The average value of p is given by 

f o r  unpolarized photons, and 

1 

f o r  po lar ized  photons. 
j even 

The computer output presents  va lues  of t h e  d i f f e r e n t i a l  

c ros s  s e c t i o n  at  two-degree i n t e r v a l s  of t h e  polar  angle.  For t h e  case 

of l i n e a r  po la r i za t ion ,  t h e  polar angular d i s t r i b u t i o n  i s  a l s o  given a t  

t h i r t y  degree i n t e r v a l s  o f  (p. The output a l s o  includes an eva lua t ion  

of (12) t h r m g h  (17). 

- 46 - 



XIV. THE COMWTER PROGRAM 

The m a i n  r o u t i n e  (BREMS) sets UP some numerical cons tan ts ,  reads 

t h e  input  parameters and checks them, then  c a l l s  subrout ines  t o  do t h e  bulk 

of  t h e  ca lcu la t ions ,  and f i n a l l y  computes t h e  Legendre func t ions  and puts  

toge ther  t he  cross  sec t ions  and wri tes  them out.  

i s  done i n  BFEIG. Supplementary d iagnos t ic  and checkout output i s  now 

generated by some subrout ines ,  but  would not  occur i n  production operat ion.  

All ordinary  input /output  

The s t ruc tu re  of subrout ine calls i s  schematized i n  Fig.  2. 

The f i r s t  subrout ine c a l l e d  i s  SELECT. It starts from the  input  

s p e c i f i c a t i o n  of t'ne maximum o r b i t a l  angular momenta t o  be considered, 

runs through t h e  se l ec t ion  r u l e s  t o  determine what matrix elements w i l l  

occur, and indexes t h e s e  matrix elements and t h e  corresponding quantum 

numbers . 
If screening i s  t o  be considered, SETAF'E scans the  t a p e  bear ing  

t h e  screening factors and f i n d s  the  sec t ion  of  it conta in ing  t h e  d a t a  f o r  

t h e  required element. 

FINTEG i s  t h e  c o n t r o l  subrout ine f o r  t h e  r a d i a l  matrix elements. 

It s e t s  up t h e  required a r r ays  f o r  t he  wavefunctions and matrix elements 

and t h e i r  de r iva t ives ,  computes t h e i r  i n i t i a l  va lues  and t h e  c o e f f i c i e n t s  

of t h e  d i f f e r e n t i a l  equa t io r s ,  calls  o ther  subrout ines  t o  do t h e  a c t u a l  

i n t eg ra t ing ,  computes t h e  phase s h i f t s ,  then  c a l l s  subrout ines  t o  

normalize t h e  matrix elements, asymptot ical ly  eva lua te  t h e i r  t a i l ,  and form 

reduced matrix elements including an X-coef f ic ien t .  

Y Fr3m the  o r i g i n  t o  r=1, t h e  i n d i c i a 1  behavior,  r , i s  f ac to red  

out of t h e  wavefunctions. The Runge-Kutta i n t e g r a t i o n  i s  performed by 

R K U " A ,  which c a l l s  DIRAC t o  supply the  de r iva t ives  f r o m  the  d i f f e r e n t i a l  

equat ions.  For l a rger  r ,  t h e  wavefunctions are used d i r e c t l y ;  t h e  
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- 
BREMS 

(MAIN 
I 

* SELECT - 
ROUT1 NE) * SETAPE 

FIGURE 2 CALLING SEQUENCES 

This flow-chart shows the communication among subroutines of the Bremsstrahlung program 
through calls. The arrow goes from the subroutine in  which the cal l  ocmrs to the subroutine 
being called (a return i s  implied). In addition, there i s  transfer of information through Common 

(labelled and unlabelled). 
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corresponding subroutines a r e  BRKVT and BDIFW. 

account, the  screening f a c t o r  ( r a t i o  of screened p o t e n t i a l  t o  Coulomb 

po ten t i a l )  i s  supplied by RATERP, which reads values from t ape  and 

If screening  i s  taken  i n t o  

in t e rpo la t e s .  

Upon completion of t h e  in t eg ra t ion ,  normalizat ion f a c t o r s  

are computed i n  CNOFU4 by matching t h e  wavefunctions t o  t h e i r  W.K.B. 

approximation (see Chapter X I )  and t h e  matrix elements are then 

normalized. 

The asymptotic eva lua t ion  of t h e  t a i l  of t h e  matrix elements 

( see  Chapter V I )  i s  performed i n  ASYMP, and the  co r rec t ion  i s  added on. 

I n  HFUN, t he  c a l c u l a t i o n  is  c a r r i e d  forward t o  t h e  reduced matrix 

elements ~ ( h  R v - r ~ ) ,  incorporat ing an impl i c i t  sum over a couple of 

magnetic quantum numbers ( s e e  Chapter V, Eq. 24) .  

The remaining angular  momentum sums are performed through t h e  

chain BSUM-ASUM-PHISUM. The sums over all K r s  a r e  performed i n  PHISUM, 

wi th  appropriate  phase s h i f t s  and Clebsch-Gordan c o e f f i c i e n t s ,  t o  y i e l d  
- 
( f J ( h l ~ ~ l k )  ( s ee  Chapter V, Eq. 26). 

are c a r r i e d  out i n  MUM, again  with Clebsch-Gordan c o e f f i c i e n t s ,  t o  

y i e l d  A ( i ) ( . O , A )  ( see  Chapter IVY Eq. 1 5 ) .  BSUM sums over the  a ' s  

( i )  (see Chapter I V ,  Eq. 16).  t o  y i e l d  B 

Further  sums over c and t h e  x ' s  

j 

j 

The remaining subrout ines  compute s p e c i a l  funct ions.  

i s  an NYU programCLg) t o  compute t h e  logari thm of t h e  gamma func t ion  f o r  

complex argument (converted t o  FORTRAN IV a t  UCC), used f o r  the Coulomb 

LOGGAM 

wavefunctions and phase shirts. BESSEL computes s p h e r i c a l  Besse l  func t ions ,  

us ing  t h e  e x p l i c i t  expressions i n  terms of t r igonometr ic  func t ions  f o r  

a=3 and 1, and recurs ion  r e l a t i o n s  f o r  l a r g e r  R. BESLIT i s  t h e  same as 

BESSEL except t h a t  i f  t h e  argument is  less than  1 the  power ser ies  are 

used f o r  > 0. CCOEFS computes Clebsch-Gordan c o e f f i c i e n t s ,  us ing  
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e x p l i c i t  formulas i f  t h e  smallest  j is  2 or  less, t h e  general  formula 

otherrJise(20).  XFUN y i e l d s  t h e  factor denoted by GRrc (" ,&) i n  t h e  e x p l i c i t  

expression f a r  t h e  s p e c i a l  X-coefficient a r i s i n g  from t h e  magnetic quantum 

number sums (see  Chapter V, Eq. 8). 

Input 

The input cons i s t s  of two da ta  cards  per problem. The program 

recyc les ,  picking up  the  next pair  of d a t a  cards on completion of each 

problem . 
Card I, i n  FORMAT (615), contains  -KEX, JM, M, DCi, LM2, NTAPE. 

KEY = 0 indica tes  a pure Coulomb problem. KEY = 1 indica tes  t h a t  screening 

i s  t o  be included. 

t h e  input should be a Card I s t a r t i n g  with -1; a matcning Card I1 is  not 

requi red) .  The next fou r  en t r i e s  are cut-off m a x i m a  f o r  angular momenta, 

constrained by the  dimensions i n  t h e  program t o  l i e  between 0 and 10, 

incl-asive. JM refers t o  t h e  Legendre coe f f i c i en t s  i n  the  angular 

d i s t r i b u t i o n ,  LM, LM1, and LM2 t o  t h e  o r b i t a l  angular momentum of t h e  

photon, t he  incident  p a r t i c l e ,  and the  s c a t t e r e d  p a r t i c l e ,  respec t ive ly .  

The program dimensions l i m i t  t h e  number of wavefunctions and matrix elements 

t7 2000; t h i s  lmposes a combined c x s t r a i n t  on t h e  LV's somewhat =ore 

r e s t r i c t i v e  than t h e  10 l i m i t  on e a c h  LM, and s a t i s f a c t i o n  of t h i s  

cons t r a in t  is checked at t h e  s t a r t .  NTAPE i s  t h e  FORTRAN number of t h e  

t a p e  u n i t  on which is mounted the tape  containing t h e  screening data .  

KEX = -1 t r i g g e r s  CALL MIT (thus,  t h e  last card i n  

Card 11, i n  FORMAT (6~10.0), contains  RATIO, Z, EO, XO, ZEL, RCUT. 

RATIO i s  the  r a t i o  of t he  p a r t i c l e  mass t o  t h e  mass of an e lec t ron .  Z i s  

t h e  atomic number. EO is  the k ine t i c  energy of the  incident  p a r t i c l e  

i n  MeV; X0 i s  the  f r a c t i o n  of t h i s  energy going t o  t he  photon (between 0 

and 1.0). ZEL is t h e  r a t i o  o f  the p a r t i c l e  charge t o  t h e  charge of an 
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e lec t ron  (1.0 f o r  an e lec t ron ,  -1.0 f o r  a posi t ron,  e t c . ) .  

cut-off  radius  f o r  numerical i n t eg ra t ion  ( i n  the n a t u r a l  u n i t s  ,h/rnc), 

beyond which the  t a i l  o f  t he  matrix elements i s  evaluated asymptotically.  

RCUT i s  the  

ou t  D U t  

The output cons i s t s  of a r e s t a t e m n t  of t n e  input da ta ,  followed 

by cross  sec t ion  tabula t ions .  Cross sec t ions  are expressed i n  u n i t s  of  

Q! r' Z(Z+1) per unit  i n t e r v a l  of t h e  r a t i o  o f  t h e  photon energy t o  the  

k ine t i c  energy of t h e  incident  p a r t i c l e ,  following He i t l e r  ") (a i s  the  

f ine - s t ruc tu re  constant,  re the  c l a s s i c a l  e l ec t ron  r a d i u s ) .  

cross  sec t ion  i s  tabulated per u n i t  i n t e r v a l  of cos 8 ,  where 8 i s  t h e  angle 

between t h e  photon and t h e  inc ident  p a r t i c l e ,  f o r  8 values  between 0 

degrees and 180 degrees i n  s t eps  o f  2 degrees. 

over a l l  angles, and values  of cos 8 and cos2 8 averaged over t he  d i f f e r e n t i a l  

c ross  sec t ion  a r e  a l s o  l i s t e d .  

and a l s o  f o r  l i n e a r l y  polar ized photons a t  s i x  values  o f  t he  polar iza t ion  

angle (@ = 0,30,60,90,120, and 150 degrees) .  

e 

The d i f f e r e n t i a l  

The c ross  sec t ion  in t eg ra t ed  

All these  a r e  given f o r  unpolarized photons, 



I n  t h e  course of  the development of t he  program, a l a rge  number 

of piecemeal numerical checks were c a r r i e d  out  - comparisons of  s p e c i a l  

funct ions wi th  tabula ted  values ,  a r t i f i c i a l  cases  with a n a l y t i c  answers, 

spo t  checks by hand computation, e t c . . .  Ultimately,  however, t h e  only 

completely convincing check i s  t o  relate t h e  output from a f u l l - s c a l e  run 

of t h e  program wi th  previously known resul ts .  

The only t h e o r e t i c a l  r e s u l t s  available i n  tne re levant  energy 

range are tnose obtained from the Born approximation: the  Bethe-Heitler 

i n t e g r a l  c ross  s e c t i o n  (i ) and the Sauter  d i f f e r e n t i a l  c ross  sec t ion  

To  f a C i l i t a  t e  comparisons, a computer program w a s  w r i t t e n  t o  compute 

t h e s e  c ross  sec t ions .  

( 21) 

The Born approximation i s  a per turba t ion  ca l cu la t ion  i n  

which t h e  p o t e n t i a l  emrgy i s  treated as s m a l l  compared wi th  t h e  k i n e t i c  

e n e r a .  The approach t o  t h i s  l i m i t  i s ,  unfortunately,  forbidding i n  t h e  

present  case. On t h e  one hand, t h e  k i n e t i c  energy cannot be r a i s e d  

i n d e f i n i t e l y  because t n e  number of p a r t i a l  waves requi red  increases  (pushing 

s to rage  capaci ty ,  running t i m e ,  and numerical p rec is ion) .  

hand, t h e  p o t e n t i a l  cannot s t r i c t l y  be m a d e  s m a l l  everywhere f o r  aCoulamb 

f i e l d  (which i s  s ingu la r  at t h e  o r i g i n ) .  

zero  is  not  s a t i s f a c t o r y :  The matrix e l e m n t s  a l l  vanish i n  t h a t  l i m i t ,  

and t h e  computed r e s u l t s  are then dominated by t h e  numerical i n t eg ra t ion  

e r r o r s .  The best t h a t  can be done i s  t o  s e t t l e  f o r  moderate values of t h e  

parameters, and v e r i f y  t h a t  t h e  devia t ions  from t h e  Born approximation 

are i n  the  expected d i r ec t ion .  

On t h e  other  

The a r t i f ice  of l e t t i n g  Z tend  t o  

Fig.  3 presents  t h e  d i f f e r e n t i a l  c ros s  sec t ion  f o r  a 0.5 Mev 

e l e c t r o n  r a d i a t i n g  a 0.25 MeV photon (unpolar ized) .  The do t t ed  curve is 
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t h e  Born approximation resu l t .  

run wi th  t h e  present program f o r  hydrogen (wi th  t h e  pure Coulomb 

opt ion) .  

s e t  equal  t o  0.5. 

approximation should give reasonable  r e s u l t s  i n  t h e  forward d i r e c t i o n  

and provide an underestimate f o r  l a rge  angles .  There i s ,  indeed, 

good agreement a t  s m a l l  angles ( b e t t e r  f o r  Z = 0.5 than  2 = 1). The 

discrepancy a t  large angles  i s  i n  t h e  r i g h t  d i r e c t i o n ,  though l a r g e r  

The s o l i d  curve comes from a computer 

The dashed curve comes from a similar computer run wi th  2 

The t h e o r e t i c a l  expectat ion is  t h a t  t h e  Born 

than expected. 

Table I l ists  t h e  c ross  sec t ions  in t eg ra t ed  over angle  

corresponding t o  Fig.  3 .  The agreement i s  fa i r .  

The comparison thus  ind ica t e s  t h a t  t h e  computer program 

y i e l d s  reasonable r e s u l t s .  

runs i s  obviously des i r ab le  t o  r e in fo rce  t h i s  conclusion. 

An appreciably more ex tens ive  series of 

The u l t imate  t e s t  of a t h e o r e t i c a l  c a l c u l a t i o n  is ,  of course, 

comparison wi th  experiment. I n  the  next phase of t h i s  p ro jec t ,  a 

considerable  number of production runs of t h e  computer program are 

planned, and these w i l l  be  co r re l a t ed  wi th  t h e  a v a i l a b l e  experimental  

da t a .  The experiments u sua l ly  y i e l d  t h e  c ros s  s e c t i o n  in t eg ra t ed  

over angle  and, f requent ly ,  f u r t h e r  i n t eg ra t ed  over t h e  photon spectrum 

f o r  a given incident  e l e c t r o n  energy. Hence, an  apprec iab le  accumulation 

of computer runs i s  requi red  before  undertaking a s i g n i f i c a n t  comparison 

wi th  experiment. 
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c 
0 



Case 

Born approximation 

z = 0.5 

z = 1  

Cross Sec t ion  

17.2 

25.8 

15.2 

Table I. Cross sec t ion  in t eg ra t ed  over angle  f o r  a 0.5 MeV e l e c t r o n  

r ad ia t ing  a 0.25 Mev photon (unpolar ized) .  
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SECTION B 

SUP-TARY RESULTS 
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I. m.ol?uCTroN 

This sec t ion  repor t s  r e s u l t s  which a re  not d i r e c t l y  u t i l i z e d  

i n  t h e  cur ren t  vers ion of t he  Bremsstrahlung ca lcu la t ion ,  bu t  which a r e  

nonetheless considered of i n t e r e s t ,  and many of which have the  p o t e n t i a l  

f o r  implementation i n  fu tu re  extensions of t h e  work. Brief mention will 

be made here  of t h e  considerat ions i n  t h e  present  absence of t h e  p a r t i c u l a r  

f e a t u r e  from t h e  program and i n  i t s  poss ib le  value i n  refinements of t h e  

program o r  supplementary ca lcu la t ions .  

Chapter I1 derives  an i n t e g r a l  representa t ion  f o r  t he  phase 

s h i f t s ,  which was used t o  good e f f e c t  i n  t h e  t e s t  program. 

of obtaining t h e  phase s h i f t s  i s  inhe ren t ly  more accurate  than wave 

matching. I ts  use requi res ,  however, t h e  performance of add i t iona l  

i n t e g r a l s  a s  w e l l  as sane program changes and rearrangements. 

This method 

Chapter 

IT1 pl.esents a reformulation of t h e  problem using a Green's func t ion  approach 

and t h e  Fredholm theory  of i n t e g r a l  equations.  

phase s h i f t s  occur i n  i n t e g r a l  representa t ion  without add i t iona l  i n t e g r a l s ,  

and the o s c i l l a t i o n s  i n  the wavefunctions a r e  reproduced with g rea t e r  

p rec i s ion  i n  pr inc ip le ,  a t  the cos t  of a somewhat more complicated 

i n t e g r a l .  

p a r t  of an e f f o r t  t o  achieve an optimum program; it was not done because 

it required appreciable  prograrmning changes and t h e  e x i s t i n g  vers ion 

worked s a t i s f a c t o r i l y .  

I n  t h i s  formulation, t h e  

Implementation of t h i s  approach should be inves t iga ted  a s  

Chapter IV describes a convergence f a c t o r  technique f o r  evaluat-  

ing t h e  matr ix  elements. The technique worked reasonably well, bu t  it 

I 
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required the  choice of a p a i r  of ad jus tab le  parameters whose optimum values  

var ied  ( a l b e i t  slowly) with t h e  e l ec t ron  and photon energ ies .  

a l t e r n a t i v e  was subsequently found, namely t h e  t runca t ion  of t h e  i n t e g r a l s  

followed by t h e  asymptotic eva lua t ion  of t h e  t a i l  of t h e  matr ix  elements. 

The technique i s  presented here  nevertheless  because of i t s  gene ra l i t y  

and i t s  poss ib le  usefulness  i n  o the r  contexts .  

A b e t t e r  

A great  dea l  of  e f f o r t  has gone i n t o  the  ana lys i s  of the  end 

po in t  of t he  photon spectrum ( i . e .  t h e  case i n  which t h e  e n t i r e  k i n e t i c  

energy of t he  incident  e l ec t ron  goes t o  the  photon).  I n  t h i s  l imi t ing  

case,  t h e  Born approximation y i e lds  zero for t h e  c ros s  sec t ion  bu t  t h e  

exact c ross  sect ion i s  not expected t o  vanish.  Apart from thus  showing 

a maximum discrepancy between t h e  exact  and approximate r e s u l t s ,  t h i s  case 

i s  of g rea t  p r a c t i c a l  i n t e r e s t  because it corresponds t o  the  deepest 

r ad ia t ion  penet ra t ion .  The formally cor rec t  way t o  ge t  t o  t h i s  l i m i t  i s  

t o  f i r s t  compute the  matr ix  elements for a s m a l l b u t  f i n i t e  k i n e t i c  

energy of t h e  sca t te red  e l ec t ron  and - then  t o  go t o  t h e  l i m i t  of vanishing 

k i n e t i c  energy. The o r i g i n a l  plan was t o  c a r r y  out t h i s  case as  a 

separa te  program. The main program would then  be checked aga ins t  t h e  Born 

approximation i n  one l i m i t  and aga ins t  t h e  end-point r e s u l t  i n  another.  

There was a hope ( u n f u l f i l l e d ,  as it turned o u t )  t h a t  some ana ly t i c  simpli- 

f i c a t i o n s  would occur i n  t he  l i m i t .  

t h e  end poin t  case. In Chapter V I  t h e  t reatment  of an anomalous case not 

covered i n  Chapter V is sketched out .  The computer programming t o  imple- 

ment t h i s  ana lys i s  has not been done because of t i m e  l i m i t a t i o n s .  In:;te<id, 

t h e  more l imited plan was followed of interchanging t h e  order  o f  l i m i t s  - 

Chapter V p re sen t s  t h e  ana lys i s  for 

- 58 - 



i.e. going t o  t h e  zero k ine t i c  energy l i m i t  f o r  t h e  sca t t e red  e l ec t ron  

wavefunction first and then  carrying out t h e  matr ix  element i n t e g r a l s  

i n  t h e  usual way. 

and t h e i r  de r iva t ives  with respect t o  t h e  k i n e t i c  energy of t h e  sca t t e red  

e l ec t ron  a r e  continuous a t  the  end poin t ;  prel iminary r e s u l t s  a r e  cons is ten t  

with t h i s  being so. 

p lan  fo r  the  end poin t  ca lcu la t ion .  

This interchange i s  va l id  only if the metr ix  elements 

I 

There i s  s t i l l  t h e o r e t i c a l  i n t e r e s t  i n  t he  o r i g i n a l  

I ts  implementation a t  a l a t e r  da te  

i s  f e a s i b l e  i f  t h e r e  i s  a wil l ingness  t o  expend t h e  s i zab le  e f f o r t  l 

required.  
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11. INTEGRALS 

The free p a r t i c l e  so lu t ions  

FOR PHASE SHIFTS 

t o  t h e  Dirac radial  equations are 

where j i s  a spher ica l  Bessel funct ion.  Introducing t h e  funct ions S ( r )  

and C ( r )  which are defined by t he  equations 
P 

G = S Ff + CGf - [ s in  6 cos(kr  - -)+cos R T T  E s i n ( h  - $-)I A 7  
U N 2 

Solving fo r  S ( r )  and C ( r )  i n  general ,  

(2 + E-l m f )  
/ 

2 
+ ") E+ 1 

Noting t h a t  asymptotically 

(4) 

(C) 
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new funct ions S(r) and z(r) can be defined as a - 
S ( r )  = 

C(r) = 

Asymptotically , 
but they differ  

- 
S and a l s o  tend  

(9)  

t o  the s i n e  and cosine of the phase s h i f t ;  

from S and C f o r  smaller r. Di f f e ren t i a t ing  and then 

s u b s t i t u t i n g  f r a n  the  Dirac r a d i a l  equations,  

G/dr = T T ( G ' F ~ + G F ~  - F ' G ~ - F G ~  '> 
n n 

= E F ~  [- I: G + (E+l)F-VF] + nG [F Ff - (E-1)Gf7 

(10) = - T I  v(mf + GGf). 
- 

A t  the or ig in ,  S vanishes ( i n  f ac t ,  G/dr also) because t h e  F ' s  and G ' s  

( r  times the wave funct ions)  a l l  vanish. In tegra t ing  the  last equation, I 

The corresponding procedure w i t h  E( r)  y ie lds  I 

- 
C ( r )  = nk 

0 

The i n t e g r a l  representat ion of Z ( r )  suggests i t s  in t e rp re t a t ion  

as the value t h a t  w d d  be obtained fo r  t h e  s i n e  of the phase sh i f t  upon 

neglect ing the t a i l  of t h e  po ten t i a l  beyond r. 

if  F and G are the normalized wave funct ions obtained without t runca t ion  

(wave func t ions  f o r  t h e  truncated p o t e n t i a l  w i l l  d i f f e r  i n  the value of 

t h e  normalization cons tan t ) .  

useful i n  es t imat ing t h e e r r o r  made i n  evaluat ing t h e  phase s h i f t  if the 

p o t e n t i a l  is t runcated,  and even i n  a n a l y t i c a l l y  approximating the  cont r ibu t ion  

of t h e  t a i l .  

This is only str ictly t r u e  

Thus the i n t e g r a l  representa t ion  can be 
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There i s  no simple i n t e r p r e t a t i o n  Of C ( r )  s h o r t  of i t s  asymptotic 

value.  Note t h a t  s2(r) + C2( r )  f 1 except asymptot ical ly .  

t he re  is  no simple i n t e r p r e t a t i o n  Of e i t h e r  S ( r )  or C ( r )  sho r t  of 

t h e i r  asymptotic value. For smaller I-, it should not be overlooked t h a t  

the barred and unbarred quan t i t i e s  vary wi th  r i n  d i f f e r e n t  ways. 

Simi lar ly ,  
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I110 DRUKAREV T W F O R M A T I O N  OF DIRAC EQUA!FIOI? 

Drukarev has transformed the  Fredholm equation t h a t  is  t h e  

Green's func t ion  formulat ion o f  t h e  s o l u t i o n  of t h e  Schrodinger equation 

i n t o  a Vol te r ra  equation(22). The t h e o r e t i c a l  and computational advantages 

of t h i s  approach have been discussed previously(23). The present chapter  
I 

e x h i b i t s  t h e  corresponding r e s u l t  f o r  the Dirac equation. 

The Green's func t ion  formula+.ion of t h e  Dirac equation f o r  

a c e n t r a l  p o t e n t i a l  w a s  given by Rose (24) Denoting as usual by F and G 

t h e  radial func t ions  mul t ip l ied  by r, by Fo and Go t he  free-space 

functions ( r egu la r  s o l u t i o n ) ,  and by Fo and Eo t h e  corresponding 

i r r e g u l a r  so lu t ion ,  

m r 

where, e x p l i c i t l y ,  

l 
and t h e  i r r e g u l a r  s o l u t i o n s  are obtained by r ep lac ing  the  Bessel func t ions  

by Neumann funct ions  (5.e. j -> y ) . 
poin ts  o u t ) ,  Fo and G could be wave func t ions  of a p o t e n t i a l  Vo 

( t y p i c a l l y ,  a Coulomb po ten t i a l ) ,  i n  which case V i n  Eqs. 1 would 

be rep laced  by V-Vo. 

More gene ra l ly  (as  Rose 
I 

e a 
0 

Following Drukarev ' s 

a3 

F = Fo[l+f  (@oW-o)Vdr' l-Fo 
0 

m 

G = Fo[l+/ 0 (*oG-o)Vdr'l-G 0 

approach, Eqs. 1 are  r e w r i t t e n  as 

r r r (FF~w-,)v~~'+F~ J ( F F ~ + G G ~ ) V ~ ' ,  (3a) I 
0 0 
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The change of va r i ab le  

w = c F  , r = CG (4) 

is  then introduced, where 

o r ,  on inver t ing ,  

U 

Eqs. 3 then  reduce t o  a coupled p a i r  of Vo l t e r r a  equat ions.  With the 

convenient notat  ion, 

%- 

Asymptotically, 

r' - [(E+l)/k71'2 [C sin(kr- l , (x)n/2)-S cos (k r -A(~)n /2 )3 ,  (9) 

G = C-' r - [(E+l)/k]1/2 [sin(kr-A(x)n/2)-(S/C) c o s ( k r - ~ ( ~ ) n / 2 ) ] ,  (10) 

leading t o  the i d e n t i f i c a t i o n  

For the  a l t e r n a t i v e  normalizat ion convention 

G - [ (E+ l ) /k ] l i2  s i n  [ k r - , t ( ~ ) ( n / 2 ) + 6 ~ 1  
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The formal propert ies  of t h i s  approach have been f u l l y  

discussed previously ( 2 3 )  . 
Some remarks per t inent  t o  numerical s o l u t i o n  are presented 

here  : 

(1) There i s  no normalization problem, as t h e  so lu t ions  

start out with t h e  free-space func t ions .  

(2) The d i r e c t  numerical s o l u t i o n  of t h e  r a d i a l  equat ions 

r equ i r e s  numerical i n t eg ra t ion  f o r  t h e  wavefunctions which (away from 

the  o r ig in )  are o s c i l l a t o r y  - a d e l i c a t e  procedure. 

i n t eg ra t ion  is for t h e  slowly vary ing  func t ions  C ( r )  and S ( r ) ,  t he  

o s c i l l a t o r y  behavior appearing i n  terms of ana ly t i c  funct ions ( the  

s p h e r i c a l  Besse l  and Neumann func t ions ,  express ib le  as s i n e s  and 

cosines  t i m e s  polynomials i n  l /r) .  

Here, the numerical 

( 3 )  The in tegra t ion  procedure d i r e c t l y  yields S ( r )  and 

C ( r ) ,  i n t e g r a l s  whose l i m i t s  are s i n  6 and cos 6.  

representa t ion  of t h e  phase s h i f t  converges faster and more dependably 

than  does t h e  determinat ion of tine phase s h i f t  by matcning t h e  wave 

t o  i t s  asymptotic form. 

(4)  

E q s .  8 become 

This  i n t e g r a l  

If t h e  po ten t i a l  c u t s  o f f  a t  r=a, then  f o r  r > a 

= c (a>  Fo( r )  - s(a) Fo(r),  ( 1 4 4  

y ie ld ing  d i r e c t l y  t h e  appropriate  a n a l y t i c a l  form f o r  t h e  wave func t ions ,  

not  only t h e i r  numerical value a t  t h e  cu t -of f .  
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( 5 )  The last  observat ion leads  i n t o  a simple i t e ra t ive  

device f o r  improving on a foreshortened so lu t ion :  From Eqs .  7, 
OD 

= c ( a )  - J' (~Fo+EO) v&', 
a 

s ( m >  = s ( a )  - ,r ( V F ~ + ~ G ~ )  ~ d r ' .  
a 

Suppose now tha t  t h e  numerical i n t e g r a t i o n  has been stopped a t  r=a, 

but t h e  po ten t i a l  extends beyond. 

t 3  t h e  phase s h i f t  can b e  evaluated approximately by car ry ing  out t h e  

i n t e g r a l  i n  Eq. 15 wi th  cp and r represented by Eqs .  14. 

The con t r ibu t ion  from t h e  t a i l  

If t h e  

p o t e n t i a l  i s  given a n a l y t i c a l l y  ( o r  i s  f i t t e d  t a  an a n a l y t i c  

expression f o r  r > a ) ,  t h e  i n t e g r a l  may be c a r r i e d  out a n a l y t i c a l l y .  

If t h e  e r r o r  i n  t he  phase s h i f t  upon t runca t ion  a t  r=a is  of order  E ,  

a f ter  t h i s  approximate eva lua t ion  of t h e  t a i l  con t r ibu t ion  t h e r e  w i l l  

be an e r r 3 r  of order  S 2  only. 
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IV. COLWERGENG3 FACTOR TECHNIQUE 

For purposes of t h i s  discussion a func t ion  F(x)  w i l l  be def ined 

as 
X 

~ ( x )  = /  f(r)dr. (1) 
0 

I n  t h e  l i m i t  x -> m t h i s  funct ion will be assumed t o  be equal  t o  one of  

t h e  required radial matrix elements. 

of t h e  th ree  r a d i a l  wave funct ions.  

Hence f (r)  represents  t h e  product 

The funct ion F(x)  starts a t  zero a t  

x = o and increases  monotonically as x increases  u n t i l  it starts f luc tua t ing  

about i t s  asymptotic value w i t h  a gradual ly  decreasing amplitude. The 

problem i s  how t o  deduce the  asymptotic value from t h e  i n t e g r a l  a t  i n t e r -  

mediate values of x. 

( 251 This problem has been p a r t i a l l y  solved previously d d w i l l  be 

reviewed here  along wi th  current  developments. I n  ana ly t i c  work it i s  

customary t o  introduce an exponential  convergence f a c t o r  i n  t h e  integrand 

and take the  l i m i t  as t h e  exponent goes t o  zero.  Thus 

F(x) = Lim F(x,b)  
b - > O  

I n  numerical work t h e  same procedure can be used, only F(x,b) would have 

t o  be ca lcu la ted  f o r  var ious values of b and ex t rapola ted  t o  b = 0 .  

Note t h a t  t h i s  numerical procedure e f f e c t i v e l y  changes the  

problem of approximating t h e  asymptotic value of F (x ) ,  which is  an 

o s c i l l a t i n g  funct.ion, t.0 one of  es t imat ing the  zero point value of a we l l  

behaved funct ion.  A s  an example consider t h e  i n t e g r a l  where 

-I f ( r )  = r s i n  r .  
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Then 

F(x)  = f x  s i n  r dr 

0 

which o s c i l l a t e s  about t h e  asymptotic value F = TT/ 2'  However, f o r  x l a rge  

03 

-br s i n  r -1 1 
I;' - d r  = t a n  F(x,b)=F(m,b) =/ e r 

0 

This i s  a monotonic funct ion of b which i s  r e l a t i v e l y  easy t o  ex t r apo la t e  

t o  b = 0. A convenient method of performing the  requi red  ex t rapola t ion  

i s  with Lagrange's i n t e rpo la t ion  formula: 

where the  values of as are se l ec t ed  values of b .  

some convenient i n t e r v a l  o r  spacing, and b = 0 ,  Lagrange's formula 

For at = t a ,  where a i s  

becomes 
I 

s =1 

Thus 

-ar s n! ( -e  ) f ( r ) d r  
n 

0 s =1 

-ar n 1-(1-e ) 1 f ( r ) d r  

0 
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Equation ( 5 )  is sinilar t o  (2) except t h a t  a d i f f e r e n t  comergence 

f a c t o r  appears which should give a better approximation t o  t h e  func t ion  

F = L i m  F ( x ) .  
x -> rn ( 6) 

The reason f o r  t h i s  is t h a t  t h e  parameters a and n can be chosen s o  t h e  

integrand becomes neg l ig ib l e  f o r  r 2 x. 

t h i s  allows f o r  t h e  p o s s i b i l i t y  of an optimum convergence f a c t o r .  

Since t h e r e  are two parameters, 
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V. SPECTRUM EDID-RIINT (P" COULOMB CASE) 

I n  t h e  case o f  t h e  pure Coulomb f i e ld ,  t h e  r a d i a l  matrix elements 

can be found under r e s t r i c t e d  condi t ions.  T O  f i nd  t h e  i n t e g r a l  w r i t e  t h e  s p h e r i c a l  

Bessel  function(9) as 

n=o 

where C . C .  stands f o r  complex conjugate of t h e  f i r s t  t e r m .  I n s e r t i n g  t h i s  

expression and t h e  Coulomb wavefunct ims i n t o  t h e  radial  i n t e g r a l s  y i e l d s  

n=o 

and 
m 

e i q r  r -n-2 
(2ik ' r ) , l . IKyy(-2i lw) d r  'I K' ,y In(K1,K) = 

- '(0 - . 
(4) 



-sr I n ( 4 )  a convergence f ac to r  e can be i n s e r t e d  i n  t h e  

integrand t o  make t h e  i n t e g r a l  properly convergent and the l i m i t  taken as 

s -> 0. ( 262 I n t e g r a l s  of t h i s  type have been found by Erdelyi  n t h e  form 

K ( a )  = F2 (a;@'+l; B ; 6 '  ,6; x,y)  2 

T(y'+y-n) x -y ' -y+n 1 1 
(2ikf)y'+F(-2ik)y+F (S-iq+ik'-ik) 

2k 1 ( 5 )  

which holds f o r  Re (y'+y-n) > and R e  ( s - i q  t i k '  f i k )  > 0 .  The funct ion F 2 

-2k' 
is+q-k'+k' is+q-k'+k F2 ( y ' +y -n ,y ' -I-$-K ,y++-K; 2y +1,2y+l; 

(9) i n  ( 5  is  an Appe11 funct ion,  o r  h w g e o m e t r i c  funct ion of two va r i ab le s  

A convergent series representat ion f o r  F will be discussed below. 2 

I n  t h e  l i m i t  as s -> o t h e  funct ion given i n  (4)  i s  

F2(y'+y-n, y'+-pK', 1 y++-K; 2y'+l, 2y t l ;  x ,y)  

where 

x = -2k' (q-k'+k)-' 

y = 2k (q-k'+k) 
-1 

-1 z = 2q (q-k'+k) 
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where P '  = y ' + i v ' ,  l.3 = r - i v ,  6' = 2y'+l, S = *+l, and y'+y-l 5 a. 5 y'+y. 

p a r m e t e r  a indexes by un i ty  i n  the  sum Over n i n  (2a )  and (2b) and it is  

The 

useful  t o  use the  recursion r e l a t i o n s  derived by Jaeger and Hulme t o  minimize t h e  

(27) work r e q u i r e d :  

( l -x-y)a  Kq(a+l) = (6-1-8) K 2 ( a )  + (6 ' -1 -P ' )  K3(a) + (a+p+@'-6-6 '+2) Kq(a) 

Returning now t o  t h e  representa t ion  of t h e  Appell  func t ion ,  it should 

be noted t h a t  t h e  usual s e r i e s  representa t ion  

i s  convergent only f o r  I x I + I y I < 1. This  i nequa l i ty  does not ob ta in  i n  t h e  

ease OfBremsstrahlung s ince  k > k'+q, because of momentum t r a n s f e r  t o  the  

nucleus, and hence 2k >k'+k+q > -k'+k+q > o which implies  l y i  = 

The Appell function can be a n a l y t i c a l l y  continued t o  f i n d  a series repre-  

sen ta t ion  t h a t  can be used i n  t h e  case of Bremsstrahlung. 

t h a t  t h e  hypergeometric func t ion  of two va r i ab le s  H 

l i s t ,  can be continued according t o  

12k (q-k'+k)-'l >1 

Erdelyi(28khowed 

which appears i n  Horn's 2' 
( 9) 

He also ind ica ted  that  F 

funct ions,  but i n  f a c t  

could not be made a l i n e a r  combination of t h e  H2 2 
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where E(x,y) i s  a hypergeometric funct ion of two variables which does not 

appear i n  Horn's l i s t .  
* 

By ana ly t ic  cont inuat ion it is poss ib le  t o  prove t h a t  

and 

(13) 
1 and iyi < - 1+ IXI 

The funct ion E of (12) corresponds t o  Erdelyi ' s  func t ion  E. 

The representa t ion  (11) for F yields convergent series provided 2 

< 1, 1x1 < 1 and l+l < (1+ I&I ) -1 . If w e  r e s t r i c t  t he  1-Y 

ca lcu la t ion  t o  t h e  case  k'sq, then a l l  the i n e q u a l i t i e s  are  satisfied. 

~~ 

* 
Erdely i  does not  give a representa t ion  f o r  h i s  func t ion .  
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O f  i n t e r e s t  i n  t he  Bremsstrahlung c a l c u l a t i o n  is  the  end point  

value when k '  -> 0 ( a l l  incident  k i n e t i c  energy i s  given t o  t h e  

photon). 

(2a )  and (2b) .  

To f ind t h e  c ross  sec t ion  a t  t h i s  point  we should reduce 

A r e l a t i o n  t h a t  i s  he lp fu l  i n  t h e  reduct ion  is: 

( p ~ ) ~  = ( T t i v ' )  n = (T+n-l+iv ' ) (  1-+n-2+iv'). . . . (T+iv ' )  

= ( iv ' )n  + ( i v ' ) n - l  +. . . . + A1( i v ' )  + A. (14) 

where 
n-1 ( n - l ) n  

2 
= ( T + j )  = n T+ 

*n-l 
j =O 

2 E'?e k ) we have Thus i n  t h e  l i m i t  as k '  -> 0 (and remembering t h a t  v ' =  

n 2 n -2iZe n L i m  ( P ' ) ~  x = ( ) z ( - i g )  
q+k k -> 0 

x n  - ize2 n n 
L i m  ( D ' ) ~  (--) = (7) E (-ir)  
k -> 0 

and 

n 2 x n 2iZe n L i m  ( B ' ) ~  (7) = (-) z (is) . l Y  k q  k -> 0 

With the  use of (16& (16b) and ( 1 6 ~ ) ,  (11) reduces to 

L i m  F2 (a;@' ,B;6 ' ,6;x,y) = Y1 (a;B;Y',Y;-ig,Yo) 
k' -> 0 
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where 

2k 
Yo = - k+q 

and 

As a r e s u l t  of the  l imi t ing  process we have t h a t  

f o r  k' -> 0 I K1(") = K2(Q') = Y1 (a;B;6',6;-ig,yo) 

K j ( a )  = Kb(a) = Yl (a;B+1;6',5;-ig,yo) 

Also, the  recursion r e l a t i o n s  (9) reduce t o  

f o r  kl-> 0 (20) I 
aaCl(a+l) = ('-6)K1(Q)+6K ( a )  

( l-Yo ) Wj, (Q+l) = ( 6 - 1-B )K1 ( a)  + ( Bi-1-6 m) K j  (a)  
3 

To proceed with t h e  reduction of (2a) and (2b) w e  w i l l  

r equi re  the following 
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Now,  i f  w e  l e t  

and 

Hence t h e  des i red  r e s u l t  i s  

k '  -> 0 n=O 

where 
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and 
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VI. SPECTRUM END-POINT (PURE COULOMB CASE) - SUP- 

The A p p e l l  func t ion  r e s u l t  i s  subjec t  t o  t h e  condi t ion v y ' - a  > 0, 

i n  order f o r  t he  r a d i a l  i n t e g r a l  i n  quest ion t o  have a n  integrand less s ingu la r  

than l/r a t  t h e  or ig in .  

f o r  which y+y'-R < 0 < y+y'-l+l. 

pose the r e s t r i c t i o n  , k P R - x + P , N l  f o r  one set  of terms and @!,K+A-M.l f o r  t h e  o ther  

( w i t h  t he  addi t iona l  cons t r a in t  t h a t  t h e  sum of the  t h r e e  4 ' s  be even) .  

k k < l x l ( e q u a l  i f  the subscr ip t  i s  pos i t ive ,  one less i f  nega t ive) .  

On t h e  other  hand, t h e  s e l e c t i o n  ru les  allow terms 

To v e r i f y  t h i s ,  note  t h a t  t h e  s e l e c t i o n  r u l e s  i m -  

I n  tu rn ,  

Since 

< 1x1 , t he  most s ingular  case,  4 = 1.1 + Ix'I, has 

y+y'-R < 1.1 + I u ' I  -1 = 0. On the  other  hand, y > 1.1 - 1/2;(,*-0?Z2 > u -1.1+1/4 

or 

Z < 118. Hence, yty ' - , t  > 1x1 + Ix'/ -A-1 = -1. When the  s ingular  i n t e g r a l  

c)?curs f o r  n = A ,  t h i s  does not  imply an i n t r i n s i c  divergence i n  t h e  problem. 

The d i f f i c u l t y  a r i s e s  from t h e  s p l i t  i n  t e r m s  of imaginary exponent ia ls .  

The i n t e g r a l  w i t n  exp( iqr )  diverges ,  and s o  does i t s  complex conjugate,  bu t ,  

if the  two terms are  combined i n  t h e  integrand t o  y i e l d  s i n  q r ,  t h e  

combination ( s i n  g r ) /q r  goes t o  un i ty  a t  t h e  o r i g i n  and t h e  integrand 

( e f f e c t i v e l y  m e  power o f  r less a t  t h e  o r ig in )  i s  w e l l  behaved. 

2 2 2 1/2 
y = (M. - Q Z )  

2 

2 2  
CY Z < 1.1 - 1/4 is  always s a t i s f i e d ;  a t  worst ,  f o r  1.1 = 1, it implies 

Considering t h e  s c a t t e r e d  e l e c t r o n  wavefunction as a func t ion  

of k '  and expanding it about i t s  k'=O value,  t h e  most c r i t i c a l  r-behavior 

i s  exhib i ted  by t h e  lead ing  t e r m  and s o  t h e  so lu t ion  i s  here  demonstrated 

f o r  it. 

i n  which I?,, i s  the  zero-energy 

d i f f e r s  i n  very m i n x  r e spec t s .  

The ca l cu la t ion  is c a r r i e d  out f o r  t he  matr ix  element KQ(K x') 

wavefunction; t he  t reatment  of K1(" ' k )  
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When v+Y’-& > 0, j ,(qr) i s  expanded i n  terms of  inaginary 
I 

exponentials as  above, while 

A f t e r  i n se r t ion  of an integrat ion f a c t o r  exp(-s r )  (where € w i l l  subsequently 

be s e t  equal  t o  zero) ,  the  bas i c  i n t e g r a l  t h a t  is  required is  (29) 

1. 2ik  = (2k)’ r(  y+y ‘+s-n) (e  -iq+ik) 2 1  F (yi-yf+s-n,y+l+iv;2y+l; e - iq+ik  
-( y+y’+s-n) 

Cbmwng t h i s  procedure with the  Appell funct ion approach, t he re  

i s  the  SaI~le f i n i t e  sum Over n f r o m  t h e  expansion of t h e  sphe r i ca l  ~~~~~l 

funct ion i n  both cases, and the same u l t imate  necess i ty  f o r  ana ly t i c  

cont inuat ion a t  t he  end. 

double i n f i n i t e  sum i n  two var iables .  

(over s )  containing as  a f a c t o r  a hypergeometric funct ion which represents  

another i n f i n i t e  sum. 

a l l  t h e  hypergeometric functions as de r iva t ives  of one bas ic  one: 

m = ,+s-n ( s o  t h a t  m is  pos i t ive  d e f i n i t e  f o r  a l l  s and n) .  

Previously, t h e  Appell funct ion cons t i tu ted  a 

Now, t he re  i s  an i n f i n i t e  sum 

The computational e f f o r t  can be reduced by expressing 

Let  

L e t  

-1 z = 2 ik  (e- iq+ik)  (4) 

- 79 - 



Then ( 9 )  

For y+yl-j < 0, t he  n=A t e rm must be kept toge ther :  

An expansion f o r  sin qr /qr  is ( 9 )  

m = x m  S =o 

The s sum does not depend on r.  The in t eg ra t ion  is  now t h e  same as above. 
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