View metadata, citation and similar papers at core.ac.uk

18 July 1966

AN EXPERIMENT ON THE QUANTITATIVE DESCRIPTION
OF CLIMATIC ELEMENT FIELD BY ORTHOGONAL
FUNCTIONS

by
Shih Yung-nien

Acta Meteorologica Sinica, 35, No. 3, 343-351 (1965)
Translated from the Chinese

DISTRIBUTION OF THIS DOCUMENT IS UNLIMITED

Translation Branch
Redstone Scientific Information Center
Research and Development Directorate
U. S. Army Missile Command
Redstone Arsenal, Alabama 35809

<
brought to you by .{ CORE
provided by NASA Technical Reports Server

RSIC-578


https://core.ac.uk/display/85249858?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

ABSTRACT

In this paper, the author first proposes the generalized problem
of the quantitative description of climatic field by means of approximate
analytic expression. It is submitted that the application of the linear
combination of orthogonal functions in approximate expression has
many advantages. A formula to measure the precision of the calcula-
tion is also proposed. Two calculated examples are given.

I. INTRODUCTION

In the theory of climatology, for the study of the relations between
the various climate-forming factors and the climatic element field, how
to describe objectively and quantitatively the space time distribution of
these factors and the elements is a very important basic problem.

Obviously, although the raw data and the contour maps from various
stations are objective, they are not very convenient to handle theoreti-
cally, and therefore difficult to be applied directly. The average values
or other indices obtained from the raw data or the contour maps fre-
quently do not contain enough details to represent the characteristics
of the distribution; some of them even lose all their representative
values. Therefore, the most ideal method is to find an analytical
expression represented by a mathematical function fn (x, v, z; t) to
approximately describe quantitatively, according to our required accu-
racy, the climatic element field f(x, y, z; t), the expression of which
is not known but which exists objectively.

From the viewpoint of the statistical theory of climatology, such
a problem is just the problem of finding the regression. However, if
the method of solving a set of normal equations is used, it becomes
very tedious even for finding the regression of one variable along a
curve, . Furthermore, if it is found that the calculated result is not
satisfactory enough according to the required accuracy and terms have
to be added, all the coefficients must be recalculated. As to the regres-
sion on a surface in a multidimensional space, it is of course a very
tedious matter,

If the orthogonal functions in mathematics are used, we could
avolid or lessen the defects and difficulties mentioned above. Also, a
most advantageous choice of the set of orthogonal functions can be made
(to simplify the equations and hasten the convergence) for eachdifferent
problem. It is just because of this that there exist already many




examples in meteorology in which use is made of the linear combina-
tions of orthogonal functions to describe quantitatively the element

field, such as: use of trigonometric functions to perform harmonic
analysis of the atmospheric temperature and the earth tempera’curel’2 and
use of equidistant point orthogonal polynomials to represent the longi-
tudinal distribution®'>® of the elements or climatic-forming factors.

All these examples belong to the application of one-dimensional orthog-
onal functions to describe the time variation or the one-dimensional
spatial distribution of climatic elements. Also, two-dimensionalorthog-
onal functions such as the spherical functions’, the two-dimensional
equidistant point orthogonal polynomialss’q’m’n’lz, the mixed functions
of trigonometric functions and orthogonal polynomials have alreadybeen
applied to describe the horizontal distribution of the element field or
the climate-forming factors. In the series of papers by E. N. Blinova,
spherical functions or the mixed functions!® of the trigonometric func-
tions and spherical functions are often used to describe the spatial
distribution and the time variation of the climate elements and its for-
mation factors.
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Il. THE TENDENCY OF THE CLIMATIC VARIATION
OF THE AVERAGE HIGHEST TEMPERATURES

According to the opinion of S. K. Pramanik et al, 3, for the study
of the tendency of climatic variation of temperature, it is best to obtain
the separate equations for the variation curves of the highest and lowest
temperatures. To confirm whether the variation from year to year is
purely accidental or it may include some regular variation, the method
of inflection point can first be used to perform random tests with respect
to the series of the highest or the lowest temperatures, From the
results of random tests by the inflection point method on the series of
highest daily temperatures (averaged over many years) and of the lowest
daily temperatures (averaged over many years) as recorded by the eight
stations which are distributed over the entire country and which have
records over long periods of time, only the continuous series of average
highest temperatures of Shanghai (1904-1958, a total of 55 years) and
of the average highest temperature of Shen-Yang (1906-1940, a total of
35 years) are not random. This is to say that although one can use
mathematical methods coupled with the method of least square to obtain
an equation for the tendency curves, these curves have no practical
meaning since the rise and fall of the annual average of the highest or
the lowest temperatures may be purely accidental, Therefore, we shall
only obtain the tendency variation curve for the two series whichare
not random in nature.




Here, the climatic element field under consideration is only a
one-dimensional function of time and the values of t taken are discrete
and equidistant, Clearly, the best choice of the set of orthogonal
functions shall be one-dimensional, equidistant point orthogonal poly-
nomials.

According to R. A, Fisher's method'®: let N be the number of
equidistant points (the number of years for the series of temperatures).
When N is odd, the year in the middle can be taken as the origin (t = 0).
With an increase or a decrease of one ycar, t alsc increases or
decreases by 1. When N is even, the two middle years can be taken
respectively ast = - 1/2 and t = +1/2; t increases or decreases by 1
with the increase or decrease of one year. When the coordinate of t is
chosen in this manner, the normalized, one-dimensional equidistant
point orthogonal polynomials @,, (t) can be expressed as

o,(t) = Py(t)
N-1
— (1)
2 Pl
= 1-N
2
where
PO(t) =1,
Pl (t) =t,
N? -1
Py(t) =t? - —— = 2
_ .3 3N2_-7
P3(t) =¢ - Tt,
.................. y
In general, there is the recursion formula:
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and the formulae:
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In general, one has
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The values of P, (t) and E Pf, (t) which vary with the values of N,
t
v, t can be found from tables'®. Therefore, it is very convenient to

find the coefficient C, (v =0, 1, 2, ...):

2
Cy= ) Tp(t) o () - (6)

where Tpg(t) denotes the annual average highest temperatures in the
series.

When n is fixed,

n

A

Tpn(t) =2, C, o, (1) . 1)
v=0

which is the best quantitative description of the highest temperature
series in the sense of least squares. It represents the parabolic
tendency of the climatic variation of the highest temperatures.

The p, defined below can be taken as the degree of accuracy when
TwMn (t) is used to describe T)f(t):

n
2
2 <
2 _ V=l (8)
p —_— ———————
n No?2

where o2 is the squared difference of the Typg(t) series.

From the statistical point of view, p, is actually the related index
of Ty (t) relative to the tendency curve Tpjn(t). The advantages of
adopting the related index pp as degree of accuracy are that its meaning
is clear and that it is convenient for calculation. Substituting the
C,(v=1, 2, ...,n) already obtained into Equation (8), one canobtain
pn very quickly. When '?‘Mn(t) and TM (t) are completely the same,
pn = 1. The closer eMn(t) is to TM (t), the closer is pp to 1. On the
other hand, if the required accuracy pp is first given, then the Cj,
Cz2,..., Cn which are found by steps can be substituted into Equation
(8) until the requirement is satisfied. Then, n is the most appropriate
number of terms,



A
From plzq the standard deviation S can be found when Tpqp (t) is used
to describe Ty (t) quantitatively:

Sza\ll—p; . (9)

In addition, the method of the analysis of difference square can be
used to test the distinguishability of the analytic expression which is
obtained and used for quantitative description. Here, the difference
square ratio F can be calculated with the formula below:

F=z——— (10)

The degree of freedom of F is: (n, N - n - 1).
Calculated results:
(1) Shen-yang (1906-1940)
The squared difference of the annual average highest tem-

perature series: ot = (0. 67°C)2.

Coefficient C,,

Co C, C. Cs
81.0 1.95 -0.428 0.063

On substituting the C, values from the above table and the o, (t)
of Equation (1) into Equation (7), and on combining terms of the same
power, the tendency equation can be obtained:

JAY
Twms(t) = 13.8 +0.0132t - 0.000795 t* + 0. 0000159t . (11)

The related index pp calculated according to Equation (8) can then
be used to examine how close the tendency equation is to the original
series:




2 1.95%+0.428% + 0.063%
35 X 0. 672

= 0.26

o)
“
|

p3 = 0.51

The related index of the original series relative to the cubic parabola
(11) is 0.51., It is clearly seen that C; contributes most to the related
index. If the tendency equation is taken to be:

/I\Mx(t) = Co Po(t) + C1o1(t) = 13.7 + 0.0326t. (12)

then the related index can also reach:

_‘,;?i__
P1=Y¥35xo0.672 049 -

According to Equation (19), when Equation (11) is used to describe
the original series, the standard deviation can be calculated:

S=0.67X\’1 - 0.26 =0.576°C

According to Equation (10), the difference square ratio is calcu-
lated to be:

0.26
3
F= 1-0.26 3.63
35 -3 -1

If the distinguishability level is taken to be 5 percent, then the
critical F value for the degree of freedom (3, 31) is: 1px = 2,91,
Therefore, it is at least 95 percent sure that one can consider the
agreement in Equation (11) as non-random.

(2) Shanghai (1904-1958)

The squared difference of the annual average highest tem-
perature series: ol = (0. 74°C)2.



Coefficient C

Co C, C. Cs
154, 9 0.735 -3.32 1.89

On substituting C,, into Equation (7), the tendency equation can be
obtained:

Tas(t) = 21.4 40,0511 ¢ - 0.00199+¢ - 0.0000979 > . (13)

The related index:

0.735% + 3.32% + 1. 892
p3:‘/ 735% + 3.32% + 9 o 71

55 X 0.74°

Therefore, Equation (13) agrees even better with the original series
than the corresponding case of Shen-yang. However, in the related
index the main contributions come from the coefficients of the quadratic
and cubic terms. Therefore, in the tendency equation for the climatic
variation of highest temperatures of Shanghai, the quadratic and the
cubic terms have to be considered. If only the linear term is con-
sidered, the related index is:

.735%
pp‘/—oi,—— - 0.13
55 x 0,742

If the consideration stops at the quadratic term, the related index is:

2 2
pZ:Jo.ns +3.32° _ (s

55 X 0, 7472

The standard deviation of Equation (13) is:

S =0.74><\,1 - 0.71% = 0,52°C,

The ratio of the squared difference is:




0.71%
3
1 -0.712
55 - 3 - 1

F = =17.2

This F value greatly exceeds the critical’® F* value for a 0.1 percent
distinguishability level and a degree of freedom of (3, 51). Therefore,

it is more than 99. 9 percent sure to consider the arrangement in the
tendency Equation (13) as a non-random. In the figures, the broken
lines represent the actual series of annual average highest tempera-
tures of Shen-yang and Shanghai. From the figures, it can be seen that
the tendency curve for Shen-yang is very close to being a straight line
while the tendency curve for Shanghai obviously possesses the character-
istics of a cubic parabola. From the calculations of the related indices
we have already confirmed these facts.

ocC
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Figure 1. The Variation Tendency of
the Annual Average Highest Tem-
peratures of Shen-yang
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Figure 2. The Variation Tendency of
the Annual Average Highest Tem-
peratures of Shanghai.




Judging from these two curves, it is seen that, from the year 1905
to the year 1940, both Shen-yang and Shanghai have the temperature-
rising tendency. From the tendency curve for Shanghai, it is seen that,
beginning from the forties, there is a temperature falling tendency.
The characteristics of these tendency curves are consistent with the
conclusion obtained by Wang P'eng—feil7(3679 7720 7378) who used other
methods to study the climatic variations of our country in the last hun-
dred years.

lIl. QUANTITATIVE DESCRIPTION OF THE TEMPERATURE
FIELD ALONG THE COAST OF CHINA

In the equal-area projection map of Albers', the rectangular
domain as shown in Figure 3 is chosen to be the object of description,
The domain can be divided into 14 X 20 squares by 15 X 21 grid points.
The coordinate of each grid point is (x, y), x taking on values from
0, 1, 2, ... to 14, y taking on values from 0, 1, 2, ... to 20, (See
Figure 3.)

Based on data!?, the temperature contour map for January and
July of that district is made. At each grid point, the temperature
T(x, y) of the corresponding month can be read off,

Let X(x) be the normalized, equidistant point orthogonal polynomial
of degree r for 15 points, Yg(y) be that for 21 points:

> eni(e)f ) ey )
Xp(x) = =2 A Tag :
(14 + r + T
2r + 1)(14)\ ")
k. (14)
> (D) 1)Ly
Y ly) = i
(20 + s + 1)(8%Y
(2s + 1)(20)'%) _
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Figure 3. The Domain and the Coordinates of the Quantitatively

Described Temperature Field.
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where

oM s x(x-1). . (x-i+ 1),

(149 2 14 %13 X x (14 -1 + 1),

(x+1)

(14 + T+ 1) =(14 + T+ 1)(14 +1).- (14 + 1),

(197 = 14X 13 xee o x (14 - 1 + 1) .
Similarly for the rest. Their product X (x) Yg(y) is then a normalized
orthogonal polynomial of degree (r + s) which is orthogonal at 15 X 21

grid points. From this, we can obtain the equation which describes
quantitatively the temperature distribution of the corresponding month:

! m
x, v) =Y 3 arsXelx) Ysly) . (15)
r=0 S=0

where the coefficient of each term is:

14 20
ars = 2, T(x, y) Xr(x) Ys(y) . (16)
X=0 y=0
The formula for calculating the related index pp is now reduced to
become:
l m
E : z 2 2
ayg = 200
2 _ r=o0 s=o0 17
Pn~"1% 14 ( )

Zi T (x, y) - -1-;;—2—1-(2220 T(x, y))z

X=0 y=0 X=0 y=0

From the contour maps, the T(x, y) value at each grid point can
be read off. According to Equation (16), and also by using the numerical
table 16, the a,g value, the equation for quantitative description, the
related index p, of the raw data relative to the equation, the standard
deviation S and the ratio of difference square can be obtained for
January and July, respectively, as follows:

12




(1) January

arg Value

ao0 ajo 201 azo an
31.08 -105.24 162.94 17. 64 22. 67

agpz 5 1) azy ajzz aps3

3.48 - 6.25 3.90 11,25 10.18

Equation for quantitative description:
A, y)=1.94 + 0. 17x - 0. 14y - 0. 000567 x> + 0. 000666 xy
+0.0000114 y + 0. 0000605 x> - 0. 0000024 x°y

+ 0.0000034 xy? + 0. 0000117 y> . (18)

According to Equation (17), the related index of the raw data
relative to Equation (18) is:

0 = (105.24’- +162.94% ++-++ 10. 182
o =

20925. 76 = 0.97

Standard deviation:

=2.6°C .

S _J40925.762x (1 - 0.972)
- 15 X 21

Ratio of difference square:

0. 972

F = 9 =591.1.

1 -0.97°
15X 21 -9 -1
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exceeds F¥*,

(2) July

arg Value

apo 210 apl 220 all
456,75 -21.10 26.33 -20.95 -9.34

ap2 asp azi aiz 203
-20.17 - 7.96 -5.92 - 4,35 -1, 87

Equation for quantitative description:
A
T(x, y) = 25.65 + 0.0529x - 0.0197y - 0.00251x° - 0. 000390 xy

- 0.000256 y2 + 0.0000799 x> + 0. 00000392 x2y

+0.00000113 xy? + 0.00000214y> . (19)

The related index of raw data relative to Equation (19):

_V21.102+26.332+-.-+ 1870
Po = 1938. 80 T

Standard deviation:

S =VI938. 80 X (1 - 0. 862)

531 = 1.54°C .

Ratio of difference square:

0. 862
9

1 - 0.86%
15x21 -9 -1

By comparing the F value obtained above with the critical F* value’
for a 0.1 percent distinguishability level and a (9, 305) degree of free-

dom, it is found that in both January and July, the F value greatly

(19) do not come about randomly,

14

Therefore, it may be considered that Equations (18) and

6




In addition, from the arg value for January, it can be seen that the
linear term is largely dominant. In fact, if only the linear term is
considered:

Q(X, y) = apoXo(x)Yo(y) + 2a10X1(x) Yo(y) + 201 Xo(x) Y(y)

1.90 + 0.182x - 0.145 y. (20)

Then the related index of the raw data relative to this descriptive
Equation (20) is:

105.24% + 162. 942
pz-——J 62 9 = 0.95
40925.76

Hence the temperature distribution of January basically can be con-
sidered as a linear function of the horizontal coordinates (x, y).

However, with July it is another matter. From the a,.g value, it
can be seen that the contribution of the quadratic term is of the same
order as the contribution of the linear term. Even the cubic terms
also make significant contribution. This demonstrates that in July,
the temperature distribution along our coastal areas is much more
complicated that that in January.

To confirm the correctness of the Equations (19) and (20) for
quantitative description, the temperatures at various points were cal-
culated according to the equations, and temperature contour maps
were then made., The result thus obtained was very close to the orig-
inal temperature contour maps.

Discussed above are justtwo examples in which the one-dimensional
and two-dimensional equidistant point orthogonal polynomials are used
for quantitative description.

For different purposes, the experiment of using various orthogonal
sets of functions for quantitative description of the climatic element
field is still being carried out, the results of which will be published
later.
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