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Mathematical expressions for a phase modulated signal and a
single sideband modulated signal are derived and compared. The effects
of nonlinearities in the transponder transmitters are noted, and equations
are derived to show the cross-modulation products that are generated by
small nonlinearities in the airborne itracking receiver. The conclusion
is reached that the nonlinearities in the transponder transmitter and in
the airborne receiver cause a single-sideband signal to have sidebands

that occupy a major portion of the frequency band occupied by the side-

bands of a phase modulated signal. m
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INTRODUCTION

The airborne tracking transceiver of the AROD system receives
signals from each of four transponders located on the earth., The trans-
ponders operate at different carrier frequencies; however, the spectrums
of signals from different transponders may overlap if up-link signal
channels aren

4

aced, Two factors increase the frequency
band that must be allocated to each channel, sidebands due to the carrier
modulation and doppler shift due to motion of the vehicle.

The type of carrier modulation determines the location and total
number of sidebands. An ideal single sideband signal has energy only
at the carrier frequency and, if the upper (lower) sideband is used, at
frequencies equal to the carrier frequency plus (minus) frequencies of
the modulating tones. On the other hand, a phase modulated carrier has
sidebands at the carrier frequency plus and minus all possible combi-
nations of multiples of the modulating tones. One can compare the
differences in the sidebands of a phase modulated signal and a single-
sideband modulated signal by examining equation A-5 of Appendix A
(single sideband) and equation B-1 of Appendix B (phase modulated).
These two modulation techniques would seem to represent the extremes
in bandwidth requirement for frequency allocation. The purpose of the
investigation was to establish practical criteria for comparing the

spectra of single-sideband modulated transponders with the spectra

of phase modulated transponders.




SIGNAL TRANSMITTED BY A TRANSPONDER

Equation A-1 (Appendix A) is not a suitable representation for
the signal that would actually be transmitted by a single-sideband trans-
mitter. The effects of incomplete cancellation of the undesired sidebands
and of nonlinearities in the transmitter (both likely to be significant for
unattended stations) are not included. Equation A-2 is a better repre-
sentation for a signal that might be obtained in practice; a number of
sidebands appear that are not present in the representation of an ideal
single-sideband signal. Table A-1 of Appendix A lists the sidebands
that would be present in the signal from an operational system.

Because the space vehicle is moving relative to the transponder
sites, the spectrum of the transmitted signal is translated in frequency
by the doppler shift. The expected range of doppler shift exceeds 70 kHz;
therefore, the frequency intervals between sidebands separated by 70 kHz
cannot be allotted to another channel. By assigning the region between
sidebands separated by 70 kHz to the spectrum of the transmitted signal,
one can sketch an interesting diagram of the frequency bands occupied
by the spectrum. Figure ! shows the frequency regions in which the
spectrum of a single sideband signal would be located. The cross
hatched regions show where the carrier and principal sidebands must be
if the doppler shift does not exceed 100 kHz (velocity of approximately
6800 m/sec). The regions with horizontal lines contain unused side-

bands. For comparison, Figure 1 also presents the same information




for a phase modulated signal (including only the sidebands that have power
which is greater than the carrier power less 50 db). The doppler shift

of 100 kHz was chosen for convenience to facilitate drawing Figure 1.
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RECEIVER NONLINEARITIES

The above discussion was concerned with the spectrum of the
signal transmitted by a single transponder. Actually signals from four
transponders are received simultaneously at the vehicle; and before the
combined signals are filtered into separate channels (one for each trans-
ponder), they are amplified at RF, converted to IF and amplified at IF. Non-
linearities in the amplifiers and mixer generate new sidebands that will,
in general, lie close to the carrier and principal sidebands of desired
signals.

Analysesthat assume small nonlinea “ties in the receiver
front end appear in Appendix C (single-sideband modu.ation) and in
Appendix D (phase modulation). As can be ascertained from equations C-6
and D-19, even a small nonlinearity generates many new sidebands,
whether the transponder signals be amplitude modulated (single side-
band) or phase modulated. The intermodulation products of the phase
modulated signals and the amplitude modulated signals do not differ
significantly. Only sidebands at the third and fourth harmonic of the
fine range tone cause the phase modulated signal spectrum to be
qualitatively different from the spectrum of the single sideband

modulated signal.



ASSIGNMENT OF CARRIER FREQUENCIES

If one ignores nonlinearities in the front end of the vehicle
tracking receiver, a number of suitable carrier assignments can be
made. Figure 1 shows a possible assignment of carrier frequencies
that should be satisfactory for either type of modulation being considered
here. Doppler shifts up to 220 kHz would not produce interchannel inter-
ference for transponders using single-sideband modulation (Figure 1) and
doppler shifts up to 185 kHz would be acceptable for phase modulated
carriers (Figure 1). Interference is possible if the unused sidebands
of one transponder (regions shaded with horizontal lines) overlap a
region (cross hatched) that could be occupied by the doppler-shifted useful
components of another channel. No fifth order intermodulation products
were considered in drawing the single-sideband spectrum in Figure 1. If
they had been included, the two upper diagrams on the figure would have
been even more similar to the two lower diagrams. Again, only the
presence in the phase modulated signal of sidebands near large multiples
of the fine range tone frequency significantly distinguish the two types of
modulation.

Until a two tone intermodulation test can be performed using the
tunnel diode amplifier, the tunnel diode mixer and the first IF amplifier
in tandem, no definite conclusion can be drawn about the amplitude of
receiver generated intermodulation components. With limited infor-
mation about the amplitude of intermodulation components, one has

difficulty establishing the degree to which receiver nonlinearities should




influence the assigning of carrier frequencies to the four transponder
channels.

A close examination of equations C-6 and Table D-1 shows
certain intermodulation terms which are unaffected by the spacing between

carriers (i.e. if w¢ in equation C-6). These terms correspond
v

2 i wc"3
to the interaction of one carrier, e.g., carrier #1, with another carrier,
e.g., carrier #2, and with the sidebands of carrier #2. This interaction
produces about carrier #1 sidebands that are identical in frequency and
phase to the sidebands about the carrier #2. No manipulation of the
transponders, except reduction in transmitted power, changes the ampli-
tude of the intermodulation sidebands. The ratio of power in the inter-
modulation sidebands to power in carrier #1 is not a function of the
amplitude of carrier #1. At the output of the first IF amplifier the
carrier for each transponder signal will have superimposed upon it the
sidebands of the carriers for the other three transponder signals.

The carriers and sidebands of three distinct transponder signals
interact to produce sidebands that could possibly lie in the passband of
the fourth transponder signal. Location in frequency of these intermodu-
lation components is a function of the spacing of the carriers of the three
signals. In normal operation these intermodulation products probably
will affect the operation of the system less than those that are mentioned
in the previous paragraph and that are unaffected by the spacing of the

four carriers. Only the weakest of the four channels will be more

affected by the intermodulation products due to intermixing of all three



of the other channels. If the weakest signal is significantly weaker than
the other three, it probably is not being used for measuring range and
velocity. The tentative conclusion is that the intermodulation products
arising from the interaction of three different transponder signals should
not influence the assignment of carrier frequencies.

Finally, certain of the intermodulation components are due to an
interaction between two signals (i. e. vaJ = wcvz in equation C-6 and
Table D-1). If the signals from two transponders are much stronger than
the signals from the other two, the intermodulation products from the
mixing of these two signals could be amplitudes that are sizable fractions
of the amplitudes of the other two transponder signals. Because large
differences in signal level could occur during launch of the vehicle; either
the carrier spacing must be such that two signal intermodulation products
do not lie in the passband of the other two channels, or provisions must
be made to reduce the power radiated by transponders when the vehicle
is near to the site.

At present no general technique exists for selecting an optimum
carrier spacing to assure that two signal intermodulation products do
not lie in the passband of other channels. Channel assignment is made
even more difficult if transponder transmitter intermodulation products
are included in the consideration. Hopefully, a two-tone intermodulation
test of the receiver will show the two-signal intermodulation products

are no problem if , during launch, the transmitted power is reduced at

transponders located close to the launch site.




Whether or not receiver nonlinearities are a problem, the type of
modulation used for the transponder transmitters is not likely to influence

the assignment of carrier frequencies to any significant degree.




APPENDIX A

SPECTRUM OF TRANSPONDER SIGNAL - SINGLE SIDEBAND

If the signal transmitted by a transponder were an ideal single
sideband signal, the frequency spectrum could be easily obtained. Ideally

the signal S(t) has the form

S(t) = ap cos wct + a3 cos (we - wy) t+ a,cos (we ~ wa) t

+ a3 cos (we -w3)t+a;cos (we -wy)t (A-1)

where

we = 2wf., f. is the carrier frequency

w, = 2wf;, £, = 2.2688125 X 10° Hz

w, = 2wf,, £, = 2.340820765 X 10° Hz

w3 = 2wf3, f3 = 2.340892235 X 10° Hz

wg = 2mfy, f, = 2.342 X 10° Hz (fine range tone)

The sideband amplitudes are related to the carrier amplitude by the
equations

The spectrum could be passed by a channel with pass bands centered at
f="Ac, =1, -1, £f=1.-1,, £f=1_-1f;, and f = f_ - f4, each with band-
widths of 320 kHz. The 320 kHz bandwidths would be sufficient to pass

doppler shifts of £160 kHz (corresponding to about 11,000 m/sec).



Unfortunately, equation (A-1) does not adequately represent the
signal from an actual transmitter. Nonlinearities in the transmitter
generate intermodulation components, and incomplete cancellation of the
upper sidebands results in spurious signals at the frequencies f = f¢ + ],
f=1f.+1,, f=1c+1f;, andf = f. + f,. The output Vo(t) of the transmitter

can more correctly be written as

volt) = a1 S(t) + a1 S, (t) + a3 S3(t) (A-2)

where

S(t) @ S(t) in equation (A-1)

Su(t) = bicos (we + wy)t + b, cos (we + W)t
t b3 cos (we + w3t + by cos (we + wylt

a1 - linear voltage gain

a3 - voltage gain for cubic terms
The Su3(t) term which could be included is assumed to be negligible.

An expression for S*(t) is readily derived by writing

4 4 4

Ss(t): Z Z Z akl-akz-ak3.cos(wc-wkl)t-cos(wc -wkz)t-cos(wc-wk3)t
k=0 kZ:O k3:0
(A-3)

with wy = 0. Using a trigometric identity for the expansion of the product

of three cosine terms, we obtain
3.1 \
S¥(t) = Y ZEZ ay, * ak, - ak, {COS (we + Wk, + Wk, = wka)t
ky k; k3

+ cos (we + Wk, t Wk, - ‘*’kl)t + cos (we + wg, twk, - ‘*’kg)t (A-4)

+ cos (3wt + wk, T @k, +wk3)t}
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The term containing 3w, is of no interest, and the others can be combined

to give

S¥e) = 3 .
S°(t) = 7 Z Z 2" 2k, COs (we +wk1 tw, - ‘*’k3)t (A-5)

kl—O k,=0 k;=0

Figure A-1 shows the relative magnitudes of certain of the terms in S3 (t).
A list of the frequencies at which the spectrum of S3 (t) is nonzero is given
in Table A-1 together with the relative amplitude of the spectrum at each
frequency.

The coefficients ap, a;, a3, b;,..., by can be determined only by
making appropriate feed-through and intermodulation tests on the trans-
mitter. However, because the transponder sites will be unattended, a
reasonable assumption is that spurious responses due to both uncancelled
sidebands and intermodulation terms will have considerably greater power
than -50 db below the carrier power. With this assumption, all of the
frequencies listed in Table A-1 should be included in the spectrum that is
used for investigating problems of interchannel interference.

The spectrum of the transponder signal will translate up or down
in frequency by as much as 160 kHz due to the velocity of the target. The
carrier and the sidebands must, therefore, be considered to occupy
320 kHz frequency intervals that are centered at the frequencies listed in
Table A-1. Superimposing all of the frequency intervals in which the
carrier or some sideband (desired and undesired) could be located, one
obtains a collection of intervals in which the carrier or principal side-

bands of another channel should not appear. Table A-2 is a list of the

... "



(3) ¢S NI SW¥EL A0 AANLITIWY TAILVIIT

-V d49nNoOIid

ZHY €L - Fo = Im O
suo3 a8uea sury = ¥m v o
’ - ™ —
19tr1xed = 9m
Y org = I -
8- G 8-
G G-
g2 G- 7- W
ap 0 —4 -
. . (o)
g .O+ o+ S0+ [1)9]
W
o
&
SLOT+ o
+ Y
ap €1+ ap el Fa
—




e

TABLE A-1

RELATIVE AMPLITUDES OF TERMS IN S? (t)

Frequency

)
!

= (f; - f2) =70 Hz

+
w
L
@H’U"O

o
g

TABLE A-2

Power

m™m

(POWer

-12
-12
-12

reference

)in db

FREQUENCY INTERVALS FOR A GIVEN SINGLE SIDEBAND
CHANNEL IN WHICH INTERFERENCE MAY BE EXPECTED

Frequencies listed should be superimposed on an appropriate carrier

coinciding with zero frequency of the spectrum below.

-2.502 MHz

-0.233 MHz

+2.109 MHz

+4.378 MH=z

to

to

to

to

-2.109 MHz

+0.233 MHz

+2.502 MHz

+4.844 MHz




intervals. (The frequency values given in Table A-2 are specified
relative to the carrier frequency.) Figure A-2 shows the intervals

that include the carrier and the principal sidebands.
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APPENDIX B

SPECTRUM OF TRANSPONDER SIGNAL - PHASE MODULATED

The brassboard model of the AROD system will have single
sideband transmitters at each transponder site. Because distortion

is often present in signals generated by single sideband transmitters,

in the amplifiers of a transmitter do not distort an ideal phase modu-
lated signal; therefore, phase modulation of the up-link (transponder
to vehicle link) carrier might be preferable to single sideband modu-
lation. The spectrum of a phase modulated signal has characteristics
which may, however, limit the applicability of this type signal.

A phase modulated signal will have a spectrum that is several
times wider than the modulating waveform, unless the modulation index
is much less than unity. For instance, a carrier (frequency f.) modu-
lated by a single tone (frequency f,) has a line spectrum with the lines
located at the frequencies f = f. * n fmy (n=1, 2, 3,....). If several
phase modulated signals are to occupy transmission channels with closely
spaced center frequencies, interchannel interference can occur from
the higher order (than the first) sidebands of a signal in one channel
appearing in the passband of another. The AROD vehicle tracking receiver
has four parallel channels to simultaneously receive signals from four

transponders.




The following equation (Reference 1) is especially convenient for
exhibiting the properties of the spectrum of a signal S(t) that is a carrier

phase modulated with four superimposed modulating tones:
S(t) = E EZZZ nnl, nz, n3, ny <08 (21cht + ¢n1, Nz, N3, n4) (B-1)
) np; N3 ng
where
™
¢n, n, ny ng = 2T (nyfy+n,f,+n3fs+ngfy)t+(n;+n, +n; + n4)i

nnl, nz, n3, n4 = Jnl(él) : an(éz) " Jn3(63) * Jn4(64)

fo = carrier frequency
f, = 2.2688125 (10°%) Hz
£, = 2.340820765 (10°) Hz

fi @ 2.340892235 (10°) Hz

2.342 (106) Hz (fine range tone)

t—n
»
i

Ja(x) = Bessel function (first kind) of order n

861,06, 63 64 = modulation indices for the four tones

Each time dependent term in the series is a sinusoid; therefore, the
spectrum is zero everywhere except at the frequences f = % (fo + n; f; +
n, f, + n3 f3 + ny f4). The power at the frequency f = fc + n; f; + n; f; +

! E%? 2 To

n; f3 +ny; f, (in a resistor of one ohmj is — .
3 I3 4 fa ( ) 2 nj, n;ns, Ny

determine the frequency band which this signal occupies, one must
specify the power level below which the contribution from a sideband
may be considered negligible and must compute the frequency intervals

over which the spectrum is translated due to doppler effects.

———— e ——

v et
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In order to facilitate making a direct comparison with the single
sideband signal presently being considered for the up link, the relative

2
. . I
Power in a Sideband _ =~ T1,N2,03,04
Power in Carrier Iy, 0,0,0

power ratios ) have been com-
puted for a number of sidebands in the phase modulated signal. Modu-

lation indices were chosen so that the principle sideband to carrier power

ratios were as follows:

IT1,0,0,0 1
2 T4
Io,0,0,0

2

To,1,0,0 _ 1
2 4
Mo, 0,0,0

2

Io,0,1,0 1
2 "1
o, 0,0,0

2

Io,0,0,1 _ 1
2 2
Mo, 0,0,0

2
n;,Nnzns3 Ny

Table B.1 is a list of values of > for the sidebands that
Mo,0,0,0

are particularly important for determining the frequency intervals in
which the signal has significant power (relative to the carrier power).
In Table B.1, the sideband frequencies are written in the form
f=fc+mf, + ms(fy - £3) + m, (f4 - £5) + m, (f;, - £;), which is more
convenient than the form f = f. + n; {;+ npf; +nj3 f3+ n4 f4, and better

illustrates the relationships of various sidebands to the harmonics of the
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TABLE B-1

POWER SPECTRUM REFERRED TO CARRIER

- PowerIM
requency

Power . rrier
(f; - f,) =70 Hz
fp -11
2fp -37
3fp -71
4fp -108
f, fp -17
f, £ pr -43
f; + 3fp -76
f; % 4-fp -114
f, - fp -24
f, - 2fp -53
fz - 3fp '91
f; + fp -24
fy + pr -53
f, fp -14
fy, +2f -40
f, @ 3fp -15

)in db



fine range tone frequency (fy). The relative power at frequency

f=f.+myfy+t my(fy-1£3)+m,(fy-1)+m;(fy-1£) is

2
-m,, -m;, -m3, (Mm;+m,+m3+my)

2
Iy, 0,0,0

As an example, the relative power at several frequencies f = f. + m f,
is shown in Figure B-1. One observes that at least the third order side-
bands (at . * 3 w,) and perhaps the fourth order ones should be included
in any considerations of interchannel interference.

In the intervals between harmonics of the fine range tone some
contribution to the spectrum is present at all multiples of f; - f, = 70 Hz;
however, only the sidebands located close to harmonics of the fine range
tone have appreciable power. Figure B-2 shows the relative power at
frequencies f = fo £+ m;(fy - £;), £ =f. + £, 2 m;(fy - ;) and f = . - 1, +
m, (fy - f;) . Table B-1, which was mentioned previously, contains
values of the power in sidebands located close to multiples of the fine
range tone.v Because f; - f3 << f; -fyand fy - f, <<f -f,, the gross
characteristics of the spectrum are determined by the terms at fre-
quencies f = f. + my fg + m, (f4 - ;) . The effect of including the multiples
of f4 - f3 and {4 - f, is to show th.e power in sidebands located within
several kilohertz of the frequencies f = f3+ my 4 + m, (f4 - f)).

For maximum vehicle velocities of 11, 000 m/sec. the
doppler shift in the spectrum will be from -160 kHz to 160 kHz. The

carrier and each sideband must, therefore, be considered to occupy



JR S —

SANVd JdIS ANOL IDNVY IANIA
J0 TIATAT dIMOd

I-9 3d9NDOId
ZHW
25€ "2 RTIE
- 06~
8 "€V - 1
_IOMI
€ LZ- A
lm.Hl
G2 'el- 1
= @l
€~ 4 €
auo], aduey aurjg
IDTIL®D 15 .m0 g
A U9 15 mog o

Is1IIe)D)

qap




TANNVHD INO 404
NWNA1DOddS NOILVINAOWYHHLNI oYUV

Z2-9 3aNdOIA

ZHIN 2¥¢ 'z = 2uoj aduex aury = Vo

ZHY €L - Yo = o
I9TIIE®D

Om

B . I T

-0¢-
~461-

~3+o3

Yo + Om
- Omromog

WIlisamog

oo qp




320 kHz frequency intervals (Figure B-3). Using the frequencies listed
in Table B-1, one can construct the frequency regions which will contain
some appreciable power from the phase modulated signal if the range of
doppler shift given above is taken into account. Table B-2 lists the
frequency regions obtained from just such a construction, using
frequencies with power greater than the carrier power less 50 db. If
one accepts the more or less arbitrary decision to include all terms

not more than 50 db down from the carrier, Table B-2 establishes

the frequency regions which should not contain the carrier or principal
sidebands of any other RF channel of the vehicle tracking receiver. The

frequency values in Table B-2 are measured relative to the carrier.




TABLE B-2

FREQUENCY INTERVALS FOR A GIVEN CHANNEL IN
WHICH INTERFERENCE MAY BE EXPECTED

The frequencies listed should be superimposed on an appropriate carrier

coinciding with zero frequency of the spectrum below.

-11.797 MHz to -11.404 MHz
-9.528 MHz to -8.989 MHz
-7.259 MHz to -6.647 MHz
-4.917 MHz to -4.305 MHz
-2.648 MHz to -1.953 MHz
-0.306 MHz to +0,306 MHz
+1.953 MHz to +2.648 MHz
+4.305 MHz to +4.917 MHz
+6.647 MHz to +7.759 MHz
+8.989 MHz to +9.528 MHz

+11.404 MHz to +11.797 MHz

NOTE: Doppler shift figures on maximum velocity of 11, 000 m/sec?
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APPENDIX C
OUTPUT FROM RECEIVER FRONT-END - SINGLE SIDEBAND
MODULATED SIGNAL
The signal received at the vehicle receiver from the transponder

number v (v =1, 2, 3, 4) can be represented by the expression

i
Sy{t) = E, }. a, cos (we  t + wyt+ 0, Y) , (C-1)
v=0
where
we,, - carrier frequency (including doppler shift of signal from
vth transponder),
Wy - frequency of yth modulating tone (w, = 0),
0, v - phase shift in signal due to transit time from vehicle to
transponder and return, and
E, - amplitude of signal from vth transponder.
At the input to the vehicle receiver, the signals from the four
transponders are superimposed; therefore, the input is
4 4
S(t) = ) Z E, ay " cos (wcvt + wYt + eV»Y) . (C-2)
v=1y=0

A reasonable representation of the output voltage of the receiver

front-end is given by

Vo(t) = a1 S(t) + a3 S(t) . (C-3)



Directing interest to the S3(t) factor, we observe that

4 4
3 _ § § . . . . .
St) = {Evl EV‘2 EV3 a\(l aY2

Vi, V2, v3 =1 v1,v2,Y3=0

. cos (valt + let + 0, v

. cos (w¢, t+ oy
2

2t: + evz, YZ)

- cos (we v3t + wY3t + 6V3, Y3) }

If one neglects terms with the carrier frequency we, towc, T
1 2

the expression for S3(t) can be written as

3, 1 . .
S (t)—-‘I EV1 EVZ- EV3 aYl a

+cos(w + w -w H+(wy +w, -—w, )t
( C > C 5 Cl ( YZ Y3 Yl

+ estY + ev:«}’Y3 Vl'Y])
+ cos ((wcv3 + wCVI - wcvz)t + (wy3+ le - wYZ) t

W

(C-4)

CV3

(C-5)




By collecting terms, one obtains

4 4
3 E E
3 T e . -
S(t) = I E"l Evz EV3 aLYl aY? aY3
Vv, vyl Yi»YzrY3=0
(C-6)
. + - )t + ( + - t
CcOoSs [(WCVI (A.)Cvz Q)Cv3 le (L)YZ wY3)
D!
+ 0 + 0 , -8 .
vl’Yl VZ’\Z v3’Y3]

Equation (C-6) clearly exhibits the spectrum of S$*>(t). Spectral

lines are located at the frequencies

w =va1 +wcvz -wcv3 + ((,o\(l+wY2 -st) , (C-7)
where V,»V,,V, assume all possible combinations of the values
v =1,2,3,4 and Y,»Y, Y, assume all possible combinations of the
values y=0, 1, 2, 3, 4. Present in the signal are the components of

all combinations of the sum of two carrier frequencies minus the fre-
quency of another carrier together with all combinations of the sum of the
frequencies of two modulating tones minus the frequency of another.

A better appreciation of the significance of the term S3(t) can be
obtained by examining the cube of the only one single-sideband modulated

signal.



It can be shown (Appendix A) that

4
3
3 T e .
Sv(t) =3 aYI ayZ a\(3
Yl’ YZ’ Y3 =0
(C-8)
cos [wcvt + (le + wYZ - wY3) t
+ ev,Y1+ ev,\(2 - ev.\(3]
By examining equations (C-6) and (C-7), one observes that the
equation for S’(t) is simply a superposition of terms like 83 (t), but
with the carrier frequency translated to
we, =W, +wcv - We, - (C-9)
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APPENDIX D

MATHEMATICAL ANALYSIS FOR DETERMINING EFFECT OF
NONLINEARITY ON AROD AIRBORNE RECEIVER
USING PHASE MODULATION

The voltage output of the IF amplifier of the AROD airborne
receiver, for the case of phase modulation, is given to a close approxi-

mation by the equation

Volt) = o) SR(t) + a3 SR> (t)

where
Sr(t) = E, cos ¢,(t) + E; cos ¢, (t) + E; cos ¢3 (t) + E; cos ¢g4(
¢, (t) = wclt + A6, (t) )
b2 (t) = wc t+ N8 (1) ,
$3(t) = o t+AB (1)

dalt) = o t+ N0 (0

o,(t) = e(t-giéﬂ) ,

0, (t) = e(t-ZRz(t)) ,
8,(t) = 9<t -ZRC”t)) ,

D-1

(D-1)

t), (D-2)

(D-3)

(D-4)

(D-5)

(D-6)

(D-7)

(D-8)

(D-9)



B4(t) = 6 (t_;?__l:‘;i)_) , and

B(t) =€), cos wyt + €, cos wyt + €3 cos wit + £4cos wyt

where

@, and &3 are constants,

(D-10)

(D-11)

E,, - the amplitude of the signal from the mth transponder
(for m =1, 2,3, and 4),
V(t) - the voltage output of the IF amplifier of the AROD airborne
receiver,
A=32 - the multiplication factor,
R, - the distance from the first transponder to the space vehicle,
R; - the distance from the second transponder to the space vehicle,
R, - the distance from the third transponder to the space vehicle,
Ry - the distance from the fourth transponder to the space vehicle,

Sr(t) - the signal received at the space vehicle receiver from the

four transponders,

We - the angular frequencies of the carrier waves in radians

per second,

Wy - the angular frequencies of the modulating waves in radians

per second, and

€Em - the modulation indices for m =1, 2, 3, and 4.

The modulation index is the ratio of the frequency deviation to the

modulating frequency.

and

Let b; = E; cos ¢,(t) ,
b, = E; cos ¢2(t) ’
by = Ej3 cos ¢3(t)

by = E4 cos ¢4(t)

D-2

(D-12)
(D-13)
(D-14)

(D-15)



From equations (D-2), (D-12), (D-13), (D-14), and (D-15), one obtains

and

SR(t) = by, + b, + by + b,

SR*(t) = (b; + bz + by + by)?

By expanding equation (D-17), one obtains

SR*(t) = by* + by? + by? + b,?
+ 3b;b,? + 3b;%b, + 3bybg? + 3b,%by

+ 3by%b, + 3b;%by + 3by%by + 3b,2b,

-+

3bybs? + 3b;by? + 3b,by% + 3b,b,?

-+

From equations (D-12), (D-13), (D-14), (D-15), and (D-18), it

may be shown that

SR3 (t) = d; cos ¢; + d; cos ¢, + d; cos ¢; + dy cos oy

+

+

c; cos 3d; + ¢, cos 3¢z + c3 cos 3¢y + c4 cos 3d,

ds[ cos(d; - 2¢,) + cos(d; + 24;)]

de[ cos(d, - 24;) + cos(d, + 2¢y ]
d, [ cos(d; - 2¢4) + cos(d; + 2¢4]
dg{ cos(d, - 2¢;) + cos(d, + 2d5)
dy[cos(d; - 2¢;) + cos(d; + 2¢;]

djo[ cos(dy - 2¢;) + cos(d, + 2¢;]
djy [ cos(ds - 2¢) + cos(d; + 2¢;)]

diz[ cos(dy - 2¢2) + cos(ds + 2¢)]

D-3

(D-16)

(D-17)

(D-18)

6bybyby + 6bybyby + 6bybyby + 6bybyby .




+ dj3{cos(d; - 2¢3) + cos(d; + 2¢;3)]
+ dyg[cos(d) - 2¢,) + cos(d; + 2d4)]
+ djs{cos(dp, - 2¢3) + cos(d, + 2¢3)]
+ dijg[cos(d, - 204) + cos(d, + 2¢4)]

+ Cl-’[COS(q)l +¢z +¢3) + COS(¢1+¢Z "(1)3) + COS(q)l —¢Z +¢3)
+ cos(d) -P, -¢3)]

+ cig(cos(d; +dz+dy) + cos(d; +dp -dy) + cos(d) -z +by) (D-19)
+ cos(d; -d, -0y ]

+ cig[cos(dr T3 +d4) + cos(dy +d; -dy) + cos(dy -b; +dy)
+ cos(d; -d; -4 )]

+ Ccao[ cos(dp +d; +dy) + cos(dy+dsy -dy) + cos(d, -y +b,)
+ cos(d; -3 ~d,)]

where
E 3
e = - , (D-20)
E 3
c2 = , (D-21)
Ey’
¢y = =3 , (D-22)
3
c, = E;— (D-23)
3E, E,°
c5 = =12 , (D-24)
3E,*E,
g = =1 =2 , (D-25)




3E,E,?2
2

2
¢ - 3E23 E,

2
. = 3ELTE;
9 2
3E,%E,

Cilp = 2

2
i = ——'13E2 =
2

3E,’E,
‘1z = T

2
- 3E, E,
3 2

3E,E,?
‘1 = T

3E,E,?
Ci5 = 22

3E, E,?2
CM___EE.__L_

_ 3E,E;E,

Ci7 = 2

3E,E, E,
i =

o 3EIEE,
19 2

o . 3EEE,
20 — 2

3cy + c5 + c13 + Cyg

3Cz + cg + Cps5 + Cyp

(D-26)

(D-27)

(D-28)

(D-29)

(D-30)

(D-31)

(D-32)

(D-33)

(D-34)

(D-35)

(D-36)

(D-37)

(D-38)

(D-39)

(D-40)

(D-41)



I

3C3 + C7 + C9 + Ci1 N

3C4 + Cg + CIO + Ci12 B

_ 1 3E, E;°

Tees T Ty ’

. _ 3E,’E,

= 2% T T4 ,

1 _ 3E,E,*

- ZC'T - 4 s
2

= le, = 3E;"Es ,
4

1 _ 3E,*E,

= 2C9 = 4 ’

Y _ 3E,*E,

= 2C10 “ 4 ’

1 _ 3E,*E,

= 2¢n = 4 ,

_ 1 _ 3E,*E,

- Z—CIZ - 4 >

2

_ 1 _ 3E1E3

= 2€C13 = 4 s

_ 1 _ 3E B’

- EC14 - 4 ’

2

e, s 2EED L

_ 1 _ 3E;E,°

- Eclé - 4

(D-42)

(D-43)

(D-44)

(D-45)

(D-46)

(D-47)

(D-48)

(D-49)

(D-50)

(D-51)

(D-52)

(D-53)

(D-54)

(D-55)



By disregarding all terms far removed from the carrier frequency

and those terms exactly at the carrier frequency, equation (D-19) reduces to

3E, E,? 3E,2E
SR (t) = ——;—L cos(d; -2¢,) + —2——" cos(dz - 2¢;)

3E,E,2 3E,%E
+ =274 cos(d; - 2¢4) + —-—34——5- cos(dy - 2¢3)

4
3E,2E IE,%E,

+ ——4—1 cos(p; - 2¢,) + = cos(ds - 2¢)
3E,%E 3E,2E

+ ﬁ:——}' cos(d; - 2¢;) + _‘%4——4C05(¢4 - 2¢2)
3E,E,? 3E,E,?

+ —;—l—cosm - 243) + —2-—‘— cos(d; - 2¢4)
3E,E,? 3E,E,°

t cos(d, - 2¢;) + s cos(dy - 2¢,)

R [cosm td2 - 4y) + cos(dr - ¢z + &)

+ cos(¢; - ¢ - ¢3)]

+ 3E\E By cos(dy + &z - dg) + cos(d; - ¢z + ¢y)

2

+ cos(¢; - & - ¢4):]

3 E
; —EZE—‘*-'Lcosm F by - da) + coS(y - by + bg)

+ cos(p; - by - ¢4)]

+ 3E7_;53E4 l:cos(¢z t+ &3 - dyg) + cos(dpy - 3 + by)

+ cos(d, ~ P3 - ¢4):]

From equations (D-3) - (D-6), inclusive, it may be shown that

equations (D-57) - (D-62) are valid.

(D-56)



265 - ¢35 = (way)t + Ak(t) (D-57)
where
Wag = 2Wwcj - Wcj (D-58)
and

k(D) = 204(6) - 6;(t) : (D-59)

where i, j, and k are integers.

Similarly,
b = d5 = by = (gt + Py (t) (D-60)
where
Wap = Wy Ty Fwemy (D-61)
and
brlt) = 6i(t) = 85(t) £ 0,,(t) ) (D-62)

where i, j, k, and m are integers.

From equations (D-56) - (D-62), inclusive, the amplitudes,
carrier frequencies, and modulating frequencies for each of the terms
in equation (D-56) were determined. The frequencies and amplitudes of
the intermodulation components are listed in Table D-1.

Equations (D-7) - (D-10), inclusive, may be written in the form

0;(t) = G(t --Z-B&ii-t-)) , (D-63)

where i = 1, 2, 3, and 4.




TABLE D-1

AMPLITUDES, CARRIER FREQUENCIES, AND MODULATING
FREQUENCIES OF IM COMPONENTS DUE TO NONLINEARITY

Amplitudes of Carrier Frequencies of M Modulating
IM Components IM Components Frequencies

3E,E,?
_—sz‘ a5 Wa, = chz - Wcy Yy (t)

i

2 6,(t) - 8, (t)

3E,°E,
4

I

Wy, = chl - Wc, P (t) = 264 (t) 8; (t)

3E,E,2
34 a4 Wy = 20¢ - Wc, 413“1) = 294“) 63(t)

Ya (t) = 265(t) ~ 0,(t)

2
3E,"E; as Wa, = 2we, - W Ps (t) = 26, (t) - 65(t)

—g Wa, = 20¢; - wc, be (t) = 26, (t) - 84(t)

3E,’E
—e3 as Wa = 2we, - Wc Uiq (t) = Zez (t) e3 (t)

a, O = 2. - galt) = 26, (1)

84 (t)

3 2
ESEZNN wa, = 2, -wc, Yo (t)

26, (t)

6, (t)

2
3E1Es7 o, 26, (t) - 0 (t)

g (t)

|
&
0
£
1
€
0
[

3E,E,?2
__Z_}__ 0.3 wa'll = ch3 - wCz 4’11 (t)

265 (t) - 6 (t)




TABLE D-1 (Continued)
Amplitudes of Carrier Frequencies of IM Modulating
_I_I\_AE,(,ELP?E&S, ﬁfﬁ‘lﬁll’_COmp_onents Frequencies
3E, E,° . ,

z a, Gap, = o, "W, bz (t) = 204(t) - 02(1)
3Elj:3£‘3(1s wy, woyp e, T Wy Gy () = 01(t)+02(t)_05(t)
SF_llez E, Qs Wy, oo, twe, - @, Pyg (B) = 0, (1) +05{t) ~ 02(t)
3E1§3z__P:1 as T s (1) = 02(1) FO,(t) -0y (t)
}__ELZEA__E‘*.% way, ¢ wey towe, -, bre(t) = 01(t)+0,()-04(t)
2_1131_2@&.531 a, wag, T wep b e, - we, bip (0 = 0D +00) = 041)
E_E:_Lf‘.é_Fii as wae | we twe, Twey Wye (1) = (')z(t)+()4(t)-()1(t)
fSElf*L—E* as wag, T owep bowey Twey Brg (0 = 01D O, (1) =04(t)

! _51«:12E,E4 a, Wayy = Woy T@e, T e Wao (1) = 01(t)+04(t) - 7 4(1)
E_LZELE @ way T woy, T, T a1 (1) = 0,(6)+ 04(1)-01(8)
E_E%EAEA as wa,, = wop t e, - we, bap () = 02(t)+05(t) - 04(t)
_3_E_:£.§_1_E.:i ¢ wa,, = W, T wWog T Yoy Pa3 (8) = 0,(t) +04(t) - 04(1)
_3_}‘3%5351 a3 a4, = Wo, ¥y - Oc pg (1) = 05(t)+ 04(t) - Oa(t)
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It may then be shown that for the case of the range tones, equations

(D-64), (D-65), and (D-66) are valid.

Bi(t) = ¢ cos(wit+8,;) + ¢ cos{wt+ 85 ;)
(D-64)
+e3 cos(wst+ 85 5) + €4 cos{wgt+ 85 ,) ,
where i=1,2,3, and 4,
Gj(t) = g cos(wt+ 6]"1) + g cos(wt+ 8j,2)
(D-65)
+e; cos{wit + 6j,3) + g4 cos{wgt + 6j’4) )
where j=1,2,3, and 4, and
B (t) = € cos(wit+d) ) + e cos(wt+ 5k,z)
’ (D-66)
+ €3 cos(wst+ Ok 3) + g4 cos(wgt+ bk, 4) ,
where
5m,n - Phase angles of the range tones which depend on the
. Rn
transponder range (1. e., am,n = 2 Wy * T) ,
Wi - angular modulating frequency in radians per second, and
€m - modulation index for m =1, 2, 3, and 4.
An examination of the angular modulating frequencies listed in
Table D-1 indicates that all these frequencies can be represented by an
equation of the type
P (t) = 05(t) + 65(t) - 6, (t), (D-67)

where 6(t), Gj(t), and 6y(t) are given by equations (D-64), (D-65), and (D-66).

respectively.



From equations (D-64) - (D-67), inclusive, it may be shown that

YUm(t) = €1 [cos (w1t + 85 ;) + cos (wt + 6j’1) - cos (w,t + 5k,1)]

+ e, [cos (wpt + 61,2) + cos {w,t + f’j,z) - cos {wt + 6k,z)]

(D-68)
+ e3 [cos (wat + 85 ;) + cos (w3t + 65,3) - cos (w3t + bk, 3)]
+ &4 [cos (wat + 85 4) + cos (wyt + 85,4) - cos (wat + 8k,4) ]
From equation (D-68), it is evident that
bg(t) = Pl o K(e) + P10 Ke) + Pyl ds K(t) + Pyl ds K(t) (D-69)

where

P,LisK(t) = e, [cos (w,t + 6i,,) + cos (w;t + 6j,1) - cos {wyt + 8x,1) ], (D-70)
P,L i K(t) = ¢, [cos (wyt + 6i,,) + cos (wpt + 6j,z) - cos (wpt + 6k,z)] , (D-71)
P3i’j'k(t) = €3 [cos (w3t + 8j,3) + cos (w3t + 6j,3) - cos (wst + 6k’3)],and (D-72)
P4i’j’k(t) = g4 [cos (wyt + 61,4) + cos (wget + 6j,4) - cos (wgt + 8k,4) ] - (D-73)

By application of Euler's formula and elementary trigonometry,

it may be shown that
Ymlt) = €1F11’J'k cos (w;t + a,i» 3 ky

+ EZFZi’j’k cos {w,t + dzi’j'k)

(D-74)
+e3F3b 0 K cos (wat + dyirdr k)
+ 54F4i’j’k cos {wat + d4i»j:k) ,
where
A, = cos (6, m) + cos (6j, m) - €08 (8k, m) (D-75)
B = sin (8§, m) + sin (85 1)) - cos (8y ) » (D-76)

D-12




p bk A Z+B_ 2 I (D-77)

and
.. B
i, i,k = m
dm J = arc tan (K;) o (D—?S)
From equations (D-75), (D-76), and (D-77), it can be shown that
1.3 _ i, j, k -
le,J,k_!ﬁ/3+2HmlJ | , (D-79)
where
Hml’J’k:COS(5i,m- 6j,m) - cos (6, m - ék,m) - cos (5j,m- ok, m) - (D-80)

It is thus evident from the previous analysis, that the modulating fre-
quencies listed in Table (D-1) reduce to expressions of the form given
by equation (D-74).

In accordance with equation (D-7), Reference (1), the components of
the signal at the output of the first IF amplifer of the AROD airborne

receiver due to nonlinearity, are given by the equation

+ 00

™
Si,j, k(t) = Ei,j,k E In,, n, nsn,  cos [A(t)+(n1+nz+n3+ ng) E] ,
- 00
nj, Ny, N3, Ny (D-SI)
where
Mny,ns ngn, = In,(Ne1F1) = Tn,(Ae2F2) - Jn (ke3F3) - T, (heyFy), (D-82)
Alt) = [(wg; +we; - wey ) t+ nufont + di 33 K) + np(w,t + d, 130 K)

(D-83)
+n3 ((.03t+ d31’j’k)+n4 (w4t+d41,J,k)] ,

corresponding to the modulating frequencies listed in Table D-1, and where

D-13



Jnm is a Bessel function of the first kind and nm'Ch order with

argument Nem Fpy, for m =1,2,3, and 4, and \ = 32,

D-14
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