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ABSTRACT 

There is presented herein a method of achieving a variable 

geometry inlet without recourse to mechanical devices. The 

principles of viscous mixing and basic inviscid fluid mechanics 

are combined by utilizing mass flow injected along the wall of 

an inlet to provide the desired area changes. 

an analysis for a two-dimensional turbulent jet mixing into an 
adverse pressure gradient f i e l d  is presented and numerical so- 

lutions for conditions of interest are discussed. It is shown 

that the basic scheme is a sound one: its drawbacks are discussed 

and improvements suggested. 

For this purpose 
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ANALYTICAL STUDY OF AERODYNAMIC MEANS OF 

CONTROLLING SUPERSONIC INLET FLOW 

PART ONE 

I. INTRODUCTION* 

The use of v a r i a b l e  geometry i n l e t s  becomes a necess i ty  when 

air-breat%ing propulsion devices  are employed a t  high supersonic 

Mach numbers. For example, an a i r c r a f t  c r u i s i n g  a t  Mach 3 must 

also possess  the off-design capab i l i t y  of e f f i c i e n t  Mach 2 oper- 

a t ion .  To da t e ,  a l l  v a r i a b l e  geometry i n l e t s  are mechanical i n  

operat ion (see Figure 1). A movable ramp i s  usua l ly  employed t o  

provide t h e  contour change necessary f o r  e f f i c i e n t  off-design 

operat ion.  Such mechanical devices  have obvious drawbacks; e.g., 

their w e i g h t  and the w e i g h t  of the  equipment needed t o  move t h e m  

up and down wi th in  the i n l e t .  It i s  our purpose here t o  suggest 

and analyze a poss ib l e  aerodynamic means of providing v a r i a b l e  

geometry i n l e t s .  

Consider t h e  following s i t u a t i o n  a s  depicted schematically i n  

Figure 2 ;  a simple two-dimensional converging channel w i t h  t h e  a r e a  

r a t i o  necessary t o  provide dece lera t ion  from a Mach 2 incoming flow 

t o  s l i g h t l y  supersonic condi t ions  a t  the  t h r o a t .  This ,  very 

c rude ly ,  i s  the job an i n l e t  must perform. Now, assume t h i s  same 

i n l e t  has an incoming flow of Mach N o .  3 ;  t h e  dot ted  l i n e  r ep resen t s  

the add i t iona l  area reduct ion necessaxy tc ~ r c ? v i d e  nea r  sonic  con- 

d i t i o n s  a t  the throat. Consider next Figure ( 3 ) ,  w h e r e  t h e  l o w e r  

w a l l  of t h i s  i n l e t  is shown w i t h  a s l o t  t o  f a c i l i t a t e  t a n g e n t i a l  

m a s s  i n j e c t i o n  along the i n l e t  l e n g t h .  L e t  the i n j e c t e d  mass flow 
~~ 

* The authors  w i s h  t o  acknowledge the guidance provided by D r .  
Antonio Ferr i . 
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be subsonic and have t h e  same stat ic  pressure  as  t h a t  of t h e  main 

stream a t  t h e  po in t  of i n j e c t i o n .  The dot ted  l i n e s  represent  the 

s t reamline emanating from t h e  l i p  of the s l o t  s p l i t t e r  p l a t e .  Since 

t h e  e x t e r n a l  f l o w  h a s  an adverse pressure g rad ien t  f i @ l d  and the  

flow from the slot  is subsonic, then i f  the e f f e c t s  of  viscous mix- 

h g  are ignored t h i s  s t reaml ine  w i l l  spread and, indeed, g r o w  a t  

an i n f i n i t e  rate as .the slot  f l o w  is dece lera ted  towards zero 

v e l o c i t y  (Curve #1 i n  Figure 3). However, t h e  viscous e f f e c t s  w i l l  

tend t o  mix t h e  high s tagnat ion  pressure,  high v e l o c i t y  o u t e r  f l o w  

i n t o  t h i s  subsonic s lo t  flow and energize it. Hence, a s t reaml ine  

configurat ion,  such as Curve 2 ,  i n  Figure 3, is possible. I n  fact, 

I 

by varying the m a s s  f l o w  of t h e  jet it 

by using t h e  t w o  counteract ing e f f e c t s  

viscous mixing, any des i r ed  s t reamline 

s t reaml ine  acts as a solid w a l l  t o  the 

should be possible t o  ob ta in ,  

of i n v i s c i d  area increase  and 

pa t t e rn .  This  sp l i t t e r  plate  

incoming main f l o w  and t h u s  

provides  t h e  means for obta in ing  a v a r i a b l e  geometry i n l e t  without 

recourse  t o  mechanical devices.  

The a n a l y t i c a l  formulation of the scheme discussed above: 

namely, t h e  t a n g e n t i a l  s lo t  i n j e c t i o n  i n t o  a tu rbu len t  boundary 

l a y e r  is a d i f f i c u l t  one. A conceptually simpler a n a l y t i c  model 

would be t h a t  pe r t a in ing  t o  f r e e  tu rbu len t  jet. T h i s  uould amount 

t o  ignor ing  t h e  effects of shear a t  t h e  w a l k  however, it would re- 

t a i n  t h e  e s s e n t i a l  dynamic f e a t u r e s  or' this schezie, r;&.zely the 

counterac t ing  effects o f  i n v i s c i d  area spreading and viscous mixing 

of the h igh  and l o w  energy streams. Such an ana lys i s  is developed 

i n  the next  section and i s  applied t o  problems of phys ica l  i n t e r e s t .  
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11. MIXING ANALYSIS 

consider the mixing of a two-dimensional turbulent jet into 
a moving stream with an arbitrary pressure gradient (Figure 4). 
standard boundary layer techniques are assumed to apply here, the 

conservation equations are: 

If 

2) Momentum 

'0 L J 
3) Enerqy 

4) State - 
(4 p = mT I 

where: 
T = stagnation temperature 

P€ =' eddy viscosity 

respectively 
u, v = axial and normal velocity components 

P a = L**-l-**1nnt Drandt l  Nuher = (P€)C C.U&YU*I..I ..- ------ U 

K 

K, Cp = turbulent conductivity and specific 
heats respectively 

P p(x) = external pressure 



. 
i 

The boundary and i n i t i a l  condi t ions  are: 

x = o  u = u ( y ) ;  T = T(y) 

I I t  is  convenient for the numerical procedure w h i c h  f o l l o w s  t o  
~ 

i 

compute f l o w  p r o p e r t i e s  as funct ions of the stream funct ion  $; t h u s ,  

a t ransformation of independent variables (x, y ) + ( x ,  9) is defined 

as : 
I 

I ( 5 )  

The t ransformation (5 )  i d e n t i c a l l y  satisfies the c o n t i n u i t y  Equation, 

Equation (1) ; the momentm' and energy equat ions,  E-uations (2) and 

- (3) , become respec t ive ly :  
r 1 
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I 

Equations ( 5 ) ,  (6), and ( 7 ) ,  form a set of parabolic p a r t i a l  

d i f f e r e n t i a l  equat ions for w h i c h  an explicit f i n i t e  d i f f e rence  

i n t e g r a t i o n  w i l l  be employed, following the a n a l y s i s  of Reference 

(1). Referr ing t o  Figure ( 5 ) ,  i f  F(x, 9) is  any dependent va r i ab le ,  

than  a t  any gene r i c  p o i n t  denoted for b r e v i t y  by n,  m, the pa r t i a l  
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d e r i v a t i v e  i n  the a x i a l  d i r ec t ion  may be approximated by a backward 
difference as: 

The p a r t i a l  d e r i v a t i v e  i n  the $ d i rec t ion  i s  approximated by the 

c e n t r a l  d i f f e rence  as: 

and t h e  second d e r i v a t i v e  operator becomes: 

where : - - an-l,m + an-l, m * 1 n-1, m 2 % 
a 

2 

U s e  of t h e  d i f f e rence  apppoximations, Equations 8-11, transforms 

t h e  p a r t i a l  d i f f e r e n t i a l  equations i n t o  the following s e t  of l i n e a r  

a lgeb ra i c  equations: 



where ; 

The l i n e a r  a lgebraic  Equations ( 1 2 )  and (13)  are subject t o  a 

s t a b i l i t y  c r i t e r i o n  which governs the permissible  g r i d  s i z e .  I 

1 Based on t h e  Von N e m a n ,  & a b i l i t y  ana lys i s ,  (Reference ( 2 ) ) ,  

1 

I 

which i s  s t r i c t l y  appl icable  t o  l i n e a r  equat ions w i t h  constant  
c o e f f i c i e n t s ,  t h e  c r i t e r i o n  2 s :  

I 

F i n a l l y ,  it i s  necessary t o  say a word about the form assumed 

for the eddy v i s c o s i t y ,  
~c;uac,icz (14). F G ~  9 1 s  p l ~ p o a e s i  followin9 Reference (31, t h i s  

has been taken as: 

(DE), appearing i n  the coe f f i c i en t  a ,  

1 R e 2  2 
= K6 (ue-u0) (-) ( L) 

P Y 
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* where 9 is the transformed radial coordinate defined as: 

4 
b1 is the transformed jet radius, i-e-, the value of rl at which: 

1 

u -u - -  e -  
u -u e o  

= 0.01 

and U is the velocity on the jet centerline, 
0 

The above analysis has been programmed for digital computation 
on an I.B.M. 7094 digital computer. 
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I I I. CALCULATIONS 

A set of ca l cu la t ions  w e r e  performed t o  assess t h e  e f f e c t  of 

t angen t i a l  m a s s  i n j e c t i o n  as a means of  obtaining t h e - d e s i r e d  a rea  

change. The slot i r r ject ion w a s  approximated with t h e  use of t h e  

above discussed je t  mixing ana lys i s ;  t hus  ignoring the  e f f e c t  of 

t he  shear  a t  t h e  wal-l, I t  is evident  t h a t  t h e  q u a l i t a t i v e  e f f e c t  

of t h e  mixing is  demonstrated by a je t  ana lys i s  which does not  re- 

q u i r e  complex a n a l y t i c a l  and programming problems r e s u l t i n g  from 

t h e  no-sl ip  condi t ion on t h e  w a l l ,  The jets w e r e  i n j e c t e d  a t  sub- 

s o n i c  Mach numbers i n t o  a f i e l d  with an adverse pressure  grad ien t ,  

The s ta t ic  pressure of the j e t  was taken t o  be the same as t h a t  

present  i n  t h e  main stream a t  the poin t  of  i n j e c t i o n ;  hence, t h e  

s tagnat ion  pressure of t h e  jet  is much l o w e r  than t h a t  of the  main 

stream, 

t 

As descr ibed earlier, based on purely i n v i s c i d  considerat ions,  

t h i s  subsonic jet advancing i n  an adverse pressure  f i e l d  would de- 

celerate and spread, with its cross-sect ional  area approaching 

i n f i n i t y  as t h e  s ta t ic  pressure approached t h e  s tagnat ion pressure  

of t h e  jet. The e f f e c t  of mixing tends t o  counteract  t h i s ;  i-e.,  

high v e l o c i t y  high s tagnat imi  pressure flow from t h e  main stream, 

mixes i n  and energizes  t h e  jet stream, decreasing the cress- 

s e c t i o n a l  area of t h e  j e t  and allowing it to  pass  through high 

adverse pressure g rad ien t  f i e l d s ,  These t w o  counteract ing e f f e c t s  

should enable t h e  a t ta inment  of an a r b i t r a r y  je t -spreading contour,  

for  a given pressure  grad ien t ,  by varying t h e  Mach number and m a s s  

f l o w  of t h e  i n j e c t e d  jet, Figure 6 shows, schematical ly ,  t h e  

sepa ra t e  e f f e c t s  of adverse pressure grad ien t ,  mixing, and t h e  
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combination of t h e  two. 

I n  addi t ion ,  there e x i s t s  the p o s s i b i l i t y  of using a 

number of je ts  s t a t ioned  a t  var ious downstream p o i n t s  as 

another con t ro l l i ng  parameter. The add i t iona l  jets would 

be used i n  the following way; suppose it w e r e  no t  poss ib l e  

t o  obta in  enough of an area change from a s i n g l e  j e t ,  as 

would occur i f  mixing energized t h e  j e t  flow t o  such an 

ex ten t  tha t  the s t reamline contour reached a peak and then 

began to decrease: then,  a t  this poin t  an add i t iona l  sub- 

sonic  je t  would i s s u e  i t s  low speed f l o w  and the process 

would start a l l  over again. I n  t h i s  manner mul t ip l e  je ts  

may be used t o  aid i n  overcoming the  s t rong  effects of t u r -  

bu len t  mixing. 

Figure 7 shows a sample ca l cu la t ion  f o r  a s i n g l e  je t  

i n  an a r b i t r a r y  adverse pressure  grad ien t  f i e l d .  

responding pressure d i s t r i b u t i o n  is shown i n  Figure 8 .  For 

The cor- 

this  c a l c u l a t i o n  the free stream Mach number h a s  been chosen 

equal t o  3;  the je t  Mach number equal t o  .45.  Since the 

s t a t i c  pressure of the j e t  and main flow are equal and the 

s tagnat ion  t o  s ta t ic  pressure  r a t i o  of the je t  is 1.15, the 

s tagnat ion  pre5s-a-S cf the jet i s  273.5 p.s . f .  The s o l i d  curve i n  

Figure 7 r ep resen t s  the loca t ion  of the s t reamline emanating 

from the l i p  of t h e  sp l i t t e r  p l a t e  w h i c h  i n i t i a l l y  separates 

the je t  and the main f l o w .  

l i n e  i s  equivalent  t o  a body seen  by the main stream. 

dashed l i n e  r ep resen t s  the loca t ion  of the same streamline i f  

The contour formed by t h i s  stream- 

The 
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t h e  effects of viscous mixing are ignored; i t s  loca t ion  approaches 
i n f i n i t y  as the s t a t i c  pressure  approaches the s tagnat ion  pressulte 

of the jet. 

The f a c t  t h a t  the so l id  l i n e  i n  Figure 7 grows less s teeply  

than the dashed l i n e  i s  due t o  the energizing of the jet  f l o w  by 

viscous mixing with the main stream. However, it i s  apparent 

t h a t  for t h e  chosen pressure gradient t5c transfer of m ~ m e n t u r n  

between the two streams i s  not  rap id  enough t o  balance the in- 

v i s c i d  spreading e f f e c t .  To be sure no such  s t reamline could 

e x i s t  i n  a supersonic stream; the f l o w  would separa te  from t h e  

i n l e t  w a l l  w i t h  a r e s u l t i n g  break-down of the boundary layer  

type flow. 

The next  ca l cu la t ion  performed attempts t o  avoid t h i s  by 

decreasing the pressure gradien t .  Tne p r o p e r t i e s  of the j e t  and 

main stream i n  t h i s  example are i d e n t i c a l  t o  those  of Figure 7 

and the s t reaml ine  p a t t e r n  i s  shown i n  Figure 9. Consider f i r s t  

reg ions  I ,  11, and I11 of Figure 9. The pressure  d i s t r i b u t i o n  

i s  shown i n  Figure 1 0 ; i t  has  been divided i n t o  l i n e a r  segments 

for computational. convenience. Dotted l i n e s  are drawn i n  

Figure 9 t o  ind ica t e  t h a t  the apparent d i s c o n t i n u i t i e s  of the 

s teamlines  are by no means physical  i n  nature:  

t o  the discontinuous pressure  d i s t r i b u t i o n  shown i n  Figure 10 

and it i s  reasonable t o  assume t h a t  a smooth d i s t r i b u t i o n  would 

r e s u l t  w i t h  a smooth pressure  va r i a t ion .  W i t h  t h i s  i n  view it 

appears t h a t  an appreciable  area increase has  been obtained 

u t i l i z i n g  a s i n g l e  s lo t .  However, c lose r  examination of t h i s  

system from t h e  po in t  of view of asking i f  t h i s  i s  a phys ica l ly  
stable flow i s  of importance. I n  Figure 11 there i s  p l o t t e d  t h e  

v e l o c i t y  p r o f i l e s  a t  s t a t i o n  D (X = .13 f t )  of Figure 9.  This 

they occur due 
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f igu re  shows t h a t  t h e  bulk of the  jet i s  composed of f low with 
v i r t u a l l y  zero momentum and any such flow w i l l  be subjec t  t o  dis; 

turbances of a f luc tua t ing  nature and produce buzzing of the i n l e t  

s i m i l a r  t o  t h e  phenomena found i n  c i r c u l a r  i n l e t s  w i t h  v o r t i c a l  

l ayers .  To overcome t h i s  i n s t a b i l i t y  t h e r e  has been posi t ioned 

a t  s t a t i o n  D an add i t iona l  slot w i t h  t h e  i d e n t i c a l  p rope r t i e s  of 

the f irst  slnt, 

dotted l i n e  AB r ep resen t s  t h e  displacement due t o  t h e  s l o t :  i n  

This is indicated on Figure 9 and once again the 

p r a c t i c e  t h i s  abrupt change would not occur s ince  t h e  s l o t  would 

be buried i n  the w a l l .  The curves labeled C and D represent  t h e  
I 

I streamline loca t ion  fo r  t h e  two d i f f e r e n t  pressure d i s t r i b u t i o n s  

labeled i n  Figure 10. As can be seen t h e  two pressure g rad ien t s  

d i f f e r  by a very small amount and y e t  the s t reamlines  exh ib i t  
I 

e n t i r e l y  d i f f e r e n t  behavior. 

p r o f i l e  for  curve C i s  enlightening. 

and once again it is  apparent t h a t  t h e  majori ty  of the j e t  has 

v i r t u a l l y  no momentum and a s i t u a t i o n  of i n c i p i e n t  separat ion 

exis ts .  If t h e  pressure  gradient  is  lowered s u f f i c i e n t l y  to 

allow mixing t o  energize t h e  j e t ,  t h z  area decreases r ap id ly  

as shown i n  curve D of Figure 9. 

Again examination of t h e  ve loc i ty  

This is shown i n  Figure 1 2  

There are two conclusions t o  be drawn from t h i s  set of calcu- 

l a t i o n s .  I n  t h e  f i rs t  place if any appreciable area increase  is 

t o  be r e a l i z e d  mul t ip le  s l o t s  must be used.  I n  addi t ion the new 

s l o t  or s l o t s  m u s t  be introduced before  the i n i t i a l  stream has 

l o s t  so much of i ts  momentum t h a t  i n s t a b i l i t y  occurs. Secondly, 

and t h i s  i s  an obvious po in t ,  the  Mach number of t h e  j e t  and 

main flow should be as c lose  t o  each other a s  i s  reasonable: i . e .  

the d i f f e r e n c e  i n  s tagnat ion pressure of t h e  two flows should be 

as small  as  poss ib le .  
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With t h i a  i n  mind t h e  next s e t  of ca l cu la t ions  w a s  performed. 

I n  order t o  pfovide a more favorable s e t  of condi t ions t h e  main 

stream Mach number was reduced t o  2 and the  j e t  Mach number r a i sed  

to .8 .  The s l o t  i n j e c t i o n  scheme consis ted of 4 s l o t s  shown 

schematically i n  Figure 13. The dashed l i n e  r ep resen t s  t h e  

des i red  contour which would r e s u l t  from t h e  four s lo t s  heated 

along t h e  wal l ,  An i n l e t ,  two f e e t  i n  depth,was considered t o  be 

operat ing i n  a Mach number 2 airstream. It is  des i red  t o  f ind  a 

s l o t  i n j e c t i o n  scheme whereby t h e  necessary a rea  reduct ion and 

pressure grad ien t  i n  t h e  i n l e t  would be obtained. Assuming a 

Mach number of 1 . 2  a t  t h e  i n l e t  t h roa t ,  t h e  a rea  reduct ion due 

t o  t h e  jets should correspond t o  a depth of -6 f e e t  and t h e r e  

should e x i s t  a s t a t i c  pressure r a t i o .  

The r e s u l t  of such a ca lcu la t ion  i s  shown i n  Figure 14; t h e  

assoc ia ted  pressure gradien t  i s  shown i n  Figure 15. Again the  

apparent d i s c o n t i n u i t i e s  i n  t h e  dashed curve i n  Figure 14 arise 

from t h e  physical  displacement of t h e  s l o t  hardware which can, of 

course,  be e a s i l y  removed i n  any r e a l i s t i c  design. The s o l i d  l i n e  

shows t h e  ne t  e f f e c t i v e  area vai ia t ioc.  I t  222 be seer, t ha t  the 

area decrease due t o  t h e  jets i s  about 1.0 foo t ,  while t he  pressure 

r a t i o  i s  only 2.6 t o  1. However, t h e  physical height  of t h e  s l o t s  

account for  approximately -4  f ee t  and i f  t h e  s l o t s  a r e  buried i n  

t h e  wal l  a s  suggested above, it would seem t h a t  t h e  required area 

reduct ion  has  been obtained 

s l i g h t l y  low. 

although t h e  pressure r a t i o  is 

L 
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I n  Figures 16 ,  17, 18 t h e r e  a re  shown the ve loc i ty  dis-  

t r i b u t i o n s  a t  the axial loca t ion  immediately before  the three 

add i t iona l  s l o t s  respec t ive ly .  Although there i s  no way t o  

a n a l y t i c a l l y  determine the optimum number of s l o t s  t o  use :  i .e .  

t o  determine a lwer bound on t h e  s l o t  momentum below which 

i n s t a b i l i t y  would occur,  examination of Figures 16 ,  1 7 ,  18 

%?odd seem t o  indicated that  the s l o t  momentum has indeed been 

decreased s i g n i f i c a n t l y .  Any fur ther  decrease of s l o t  momentum: 

i.e. decreasing the number of slots or  amount of mass flow out  

of the s l o t s ,  should r a i s e  se r ious  ques t ions  as t o  the s t a b i l i t y  

of the flow. 

Even though the des i r ed  area reduct ion i s  r e a d i l y  obtained 

by using the mul t ip le  s l o t  i n j ec t ion  scheme it i s  concluded f r o m  

Figure 16, 17, 18, tha t  it w a s  necessary t o  use four s l o t s .  The 

r e s u l t i n g  m a s s  f l o w  corresponds roughly 

m a s s  i n  the typical i n l e t .  Hence, fo r  t h i s  scheme, t h e  l o s s e s  

involved i n  capturing and slowing down th i s  high amount of m a s s  

f l o w  t o  subsonic ve loc i t ies  might be considered t o o  extreme for  

practical  use. 

t o  20% of the capture  

Since the po in t  of view t a k e n  here i s  t o  design a system t h a t  

WOUld b8 of practical  i n t e r e s t ,  the study of t angen t i a l  i n j e c t i o n  

w a s  terminated. However ,  the basic premise of using mixing e f f e c t s  

t o  c o n t r o l  the contour of an i n l e t  has been demonstrated as a v a l i d  

one, and it is  now bel ieved t h a t  the d r a w b a c k  of t h e  high z z s s  flcw 

rates necessary can be removed i f  the jets are issued a t  an angle 

to the main stream ins t ead  of t a n g e n t i a l  t o  it. I n  t h i s  way, 

i n v i s c i d  i n t e r a c t i o n s  may be u t i l i z e d .  Such a study w a s  i n i t i a t e d ,  

making use  of the same a n a l y t i c a l  model, and i s  reported i n  P a r t  I1 

of t h i s  report. 
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