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Root Locus Asymptotes
For The Sum Of Two Polynomials

Of The Same Degree

by N(}R/

Allan M. Kralll

Introduction. There seems to be a considerable amount of

confusion concerning the asymptotes of the root-locus diagram of

the sum of two polynomials having the same degres. The subject
is either ignored [8], an improper impression is given because the
parameter involved is festricted to non-negative values [4], or
else incorrect statements are made concerning it [7; page 195, last

line]. The fact is that asymptotes do exist when the parameter is

real valued and are important in the construction of the root-locus
diagram. The confusion arises becauée the root-locus does not
approach the asymptotes as the parameter approaches + «, but instead
as if approaches -1.

The reason for this is quite simple. As the parameter approaches
-1, the coefficient of the highest power of the polynomlial approaches

zero, and the polynomial is reduced in degree
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be relatively prime, and let

m-1
m G-i - bn-i i
K(Z) = 2 + (a : - ) Z )
n-m n-m
, X . n . , , - ig the coef-
where 841 bl are complex constantsyand CI bn-m i

ficient of the highest power of g(z) - h(z) which is non-zero.
Clearly m < n., We wish to consider the root-locus of
ié

F(z) = g(z) - Ke™ h(z) =0

as K wvaries from -« to 4w, 6 is a fixed, real constant. We

prove the following.

Theorem. Let 6 # 0, 6 # 7. Let
M = |csc 6| [sip(]ai‘ + 105 1)1

The root locus of F(z) (as K varies between -» and +w) lies

within a circle centered at the origin with radius p = M + 1.

Let 6 =7. (6 = 0 is the same except K changes sign.)

As K approaches -1 from above and below, the root locus of F(z)

becomes asymptotic to the 2(n-m) lines passing through

a - b
2 = [bl ‘{ n-m-+1l n—m+]}]/(n_m> ,

®n-m ~ Prom

making angles

larg(ea,_, - bn-m) - arg(K+l) + (2r+1)m]l/(n-m)

where r =0, 1, ..., n-m~-1, Further the 2(n-m) quantities (for

“Svncevong

K >=1 and K <=1)




become arbitrarily good estimates for n-m roots of F{z) =0

as K apprcaches =1.

Proof. Let 6 # 0, 6 #m. Consider

8(z) = F(z)/[l - ke*®y
16
- Kel b, .
- Zn + n“l] Zl,
z 1l - Kew

The roots of ¢(z) =0 and F(z) = 0 are the same. It is well

known that if M 1is an upper bound for the coefficients of zo,

ceas zn'l, then a circle centered at the origin with radius p =M + 1
contains all of the roots ¢(z). Thus we must find an upper bound
for the quantities (a; - Ke 19 bi)/(l - Keie) which is independent
of K.
Let a, B Dbe any of the pailrs 8y bi’ and consider the
mapping
f=(a-wB)/(1l - w),

As ®w wvaries along the straight line Kele, which pasges through

the origin with inclination 6, b describes a circle with center

center

i
Q
1
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and radius

8 - al/|1 - 229,

radius

Therefore a maximum for f on the circle is lcenter\ + radius.
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Using the triangle inequality, we note that

|£] < [lal+B]1/]sin 8].
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Thus if

M

li

|cse 6] sgp[lai\+‘bi\],
the result follows.
. = £ = - K iminati
Let 8 =m. If W= (a . bn_m)/(K + 1), elimination
of K in F(z) = 0 yields
hiz) + Wk(z) = 0.
The result then fcllows from theorem 2 of [5].

An Example. Let us consider

z(z+1) (242) + K(z+3) (z2+1¥2) (z-1NB) = 0.
It is apparent from the relative locations of the points
z = 0, -1 and -2 and the points 2z = =3, r(E; and —iJEL that
the positive root-locus (X > O) consists of two branches
beginning at z = 0 and 2z = -1, which meet at =z = -1 + %;:,and

ctiv

D

then approsch z = i/2 and z = -1,/2 resp

h

ly. A third
brarcn begins at z = -2 and approaches z = =3, The regative

root-locus (K < 0} 1is =ot =zt 21l clear.

Howaver, 1f we let W = -8/ (X + 1}, the sguatiorn is transformed
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The positive root-locus (W > O) consists of a branch beginning
at z = 1,/2, becoming asymptotic to the line through the center
of gravity at an angle of 60°; a branch beginning at =z = -1./Z,
becoming asymptotic to the line through the center of gravity at
an angle of 300°; and a third branch beginning at z = -3, which

approaches z = -x» along the real axils.

The negative root-locus (W < 0) has two branches which begin
at z =% 1/2 and meet at z = -1 + l%. One branch then
approaches + « glong the real axls. The other moves leftward
along the real axls and meets the third branch, which began at
z = =3, at z = =1 = %; . These then split to become asymptotic
to the lines through the center of gravlity at angles of 120o
and 2400. It 1s now apparent what the original negatlve root locus

conslsts of.

If z = x + 1y, the root-locus satisfles the equation

y[3x2 + bx + 2 - y2] 0.

That 1s, 1t consists of the line ¥y O and the hyperbola

3(x + 1)2 - y2 =1, (See [6].)

Thls article was supported in part by NASA Grant NGR 39-009-041.
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