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ABSTRACT 

This project concerned the application of photoviscosity to exper - 
imental  investigations of flow fields in fluid devices Milling Yellow 
dye solutions were  used in the experiments.  
ships between the optical phenomena and two -dimensional flow kine - 
mat ic s  were summarized and presented. 
for  applying the photoviscous technique to a var ie ty  of t ransparent  
models  simply and conveniently. The use of a rectangular  channel 
model ,  integral  with the fluid circulation sys tem,  was demonstrated 
as a calibration device fo r  obtaining the optic response of the photo- 
viscous liquid. 

The analytical relation- 

Tes t  equipment was developed 

The majori ty  of the quantitative testing was performed using a 
vortex model with no tangential flow. A comparison was made  of the 
radial  distribution of the fluid deformation rate  as determined (a) 
analytically, and (b) by photoviscous experiments  
poor,  which is attributed to the low aspect ra t io  (depth-to-width ratio) 
of the model.  The comparison demonstrated (a)  the importance of the 
aspect  ra t io  cr i ter ion,  i f  quantitative determination of a flow field is 
of in te res t ,  and (b) the need f o r  studying the three-dimensional s t r e s s -  
optic law for  Milling Yellow dye solution to extend the utility of the 
technique . 

The agreement  was 

The combination of photoviscosity with high-speed motion picture 
photography was found to be a potentially valuable technique fo r  studying 
the internal  dynamic response t imes in fluid flow models .  Several  kinds 
of qualitative information obtainable, using photoviscosity, a r e  de scribed. 
Recommendations a r e  made f o r  adding rheological calibration to optical 
calibration of the working fluid to refine the photoviscous technique. 
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FORE WORD 

This repor t  was prepared by the Research  Laborator ies  Division 
of the Bendix Corporation as par t  of the r e sea rch  and study performed 
under Contract  NAS 8-5407, Phase  111, "Development of a Photoviscous 
Technique for  Fluid Flow Studies," for  the George C. Marshal l  Space 
Flight Center ,  National Aeronautics and Space Administration. 

The project engineer f o r  the Marshall  Space Flight Center  w a s  
Mr .  J e r r y  A. Peoples.  

The technical work performed a t  the Bendix Research  Laborator ies  
Division was the responsibility of M r .  F. M. Faubert .  
was initiated by Mr .  B. S. F ich ter ,  who made many contributions through- 
out the project duration. 
Mechanics Department, headed by M r .  B. R. Teitelbaum. 

The project work 

The work was performed in the Applied 

The repor t  is published in two volumes. Volume I - Theory and 
Experiments  t rea ts  the analytical foundation of the photoviscous tech- 
nique and descr ibes  the resul ts  of experiments performed during the 
project.  
developed during the project,  and gives operating and maintenance 
info r mat  ion. 

Volume I1 - Photoviscous Tes t  Stand descr ibes  the equipment 



SECTION 1 

INTRODUCTION 

This report  p resents  a summary  of the work performed by Bendix 
Research  Laboratories Division under Phase  111, "Development of a 
Photoviscous Technique f o r  Fluid Flow Studies, ' I  Contract NAS 8-5407 
f r o m  the George C. Marshall  Space Flight Center ,  National Aeronautics 
and Space Administration. The effort was directed toward the quanti- 
tative use of photoviscosity fo r  studying the flow fields in fluid components. 
In this introduction the photoviscous flow visualization principles will be 
descr ibed briefly. 
of the equipment and procedures  developed a r e  given in subsequent 
sections. 

More detailed technical discussion and descriptions 

In recent  years ,  the photoelastic technique has  proved to be a 
powerful tool in the field of experimental s t r e s s  analysis.  
nique is based on the phenomenon of temporary  double refraction which 
occurs  in cer ta in  substances when subjected to  a sys tem of shear  
s t r e s s e s .  
placed between two polarizing plates and viewed by t ransmit ted light, 
visible fringe pat terns  a r e  produced. 
mater ia l  propert ies  and dimensions of the model, and to the s t r e s s  in 
the model. 
dimensional problems , but special  techniques have been found which 
permi t  analysis of three -dimensional sys tems ~ 

on photoelastic theory and practice has  been presented by Frocht . (5)  

An analogous phenomena was reported in the a r e a  of liquids in 

The tech- 

When such a substance, while in a s t r e s sed  condition, is 

These pat terns  a r e  related to the 

In general ,  the technique has  been used p r imar i ly  fo r  two- 

An extensive t reatment  

1873 by J. C. Maxwell,(14) when he reported the doubly refracting 
propert ies  in Canada Balsam. 
investigations have been performed on a wide range of liquids to 
determine the relative strengths of this doubly refrpcting character is t ic .  

Since that t ime,  many extensive 

This phenomenon in liquids has been r e fe r r ed  to  as  streaming 
birefringence, streaming double refraction, flow double refraction and 
photoviscosity. The t e r m s  a re  used interchangeably in the l i terature .  

The extensive investigations performed since Maxwell 's t ime 
have shown that a la rge  number of liquids exhibit some degree of 
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birefringence. 
develop even the f i r s t  fr inge a t  velocity gradients of in te res t  in normal  
hydraulic research .  

In most  liquids, however, the amount is too smal l  to 

'Those liquids exhibiting a low optical sensitivity (birefr ingence)  
require  point- by-point evaluation of the amount of birefringence by 
optical compensation techniques. 
usually display l inear  birefringent charac te r i s t ics ,  and the fluid behavior 
is Newtonian. 
in the fluids.)  

Liquids with a low optical sensit ivity 

(The viscosity is independent of the shear  s t r e s s  existing 

Liquids with a high optical sensit ivity can  be categorized as 
colloidal solutions ( in  contrast  to the fluids exhibiting low optical 
sensitivity, which a re  pure l iquids) such as bentonite, vanadium 
pentoxide, etc. These solutions exhibit birefringent charac te r i s t ics  
g rea t e r  than the pure  liquids by a factor  of about 108. 
i s t ics  of the solution include non-Newtonian flow behavior (viscosi ty  
a function of shear  s t r e s s )  in addition to nonlinear birefringent 
character is t ics .  

The cha rac t e r -  

A birefringent liquid produces a field of visible interference 

These 
pat terns  when subjected to  shear  s t r e s s e s  due to  flow, placed between 
polarizing plates,  and illuminated by monochromatic light. 
pat terns  a r e  alternately light and d a r k  bands in the flow field, 
patterns a r e  stationary in laminar  flows and exhibit a random eddying 
motion in turbulent flows. The dark  bands formed a r e  of two types,  
re fe r red  to  a s  isochromatics and isoclinics. The isochromatics  a r e  
related to the magnitude of the maximum ra te  of deformation in the 
flow, while the isoclinics a r e  related to the direction of this ra te  of 
deformation. If the polarized light is plane, both the isoclinics and 
the isochromatics a r e  visible; if c i rcu lar ly  polarized light is used, 
only the isochromatics appear.  

The 

When white instead of monochromatic light is used, color bands 
a r e  produced, ra ther  than da rk  and light bands. 
bands lack the detailed s t ruc ture  of corresponding da rk  and light 
monochromatic bands. 

Generally,  the color  

In 1953, Peebles ,  Barber ,  and J u r y ( l 5 )  reported finding a fluid 
which was well-suited f o r  quantitative flow analysis  f o r  steady two- 
dimensional flow. 
commercially-available dye, called Milling Yellow NGS". 

This fluid is an  aqueous suspension of a 
The 

:;< Trade  name of commercial  dyestuff produced by Allied Chemical 
and Dye Company. 
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suspension was shown to be ve ry  stable over long periods of t ime, and 
exhibited excellent birefringent charac te r i s t ics  f o r  concentrations a s  
low as 1.2 percent by weight. 
that of -MIL-0-5606 hydraulic oil, making it well-suited f o r  hydraulic 
t e s t  work. 

In addition, i t s  viscosity is s imilar  to 

The purpose of the present  investigation was to determine the 
applicability of the doubly-refracting Milling Yellow suspension f o r  
analyzing the fluid flow phenomena occurring in two-dimensional 
fluid s ta te  devices,  It was decided that the objectives of this project 
should be twofold, The f i r s t  objective was to  demonstrate  that a 
rectangular channel of high aspect  ratio (depth-to-width ra t io)  could 
be used to  obtain the birefringent charac te r i s t ics  of a fluid of any 
concentration and a t  any temperature ,  a s  a function of the s t ra in  rate.  
The second objective was to  demonstrate that the s t ra in  ra te  and 
velocity distributions obtained for  an actual fluid s ta te  tes t  model by 
the photoviscous technique would correlate  closely with the distributions 
predicted by purely analytical conside rations,  
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SECTION 2 

REVIEW OF PREVIOUS WORK 

A l a rge  number of investigators have concerned themselves with 
the molecular  physics aspects of these birefringent liquids. 
have been some who have attempted to utilize the birefringent charac te r -  
is t ics for  obtaining qualitative and quantitative conclusions concerning 
fluid flow problems. 

There 

As ear ly  as  1923, Humphrey(9) made qualitative studies on the 
transit ion phenomenon f rom laminar to turbulent flow, utilizing a col- 
loidal solution of vanadium pentoxide in water .  F u r t h e r  qualitative 
studies were  made along the s a m e  line by Leaf(12) in 1945, using 
bentonite sols to obtain information on locomotive firebox design. 
Binnie(') and Lindgren(13) a lso studied the laminar-  to- turbulent t rans-  
ition phenomenon, using benzopurpurin and bentonite, respectively. 

The f i r s t  at tempts a t  quantitative work were  made  by Alcock and 
Sadron( l )  in 1936. 
low optical sensitivity. It was stable over long periods,however, which 
was in s h a r p  contrast  to colloids used previously. 

They used sesame oil with a high viscosity and a 

From 1940- 1942, Hanser  and Dewey (4) ( 6 )  (7) perfermed very 
extensive qualitative and quantitative studies of two-dimensional 
velocity profiles using bentonite sols. 
shapes as automobile bodies, and used both white and monochromatic 
light sources  fo r  their  studies. The quantitative resul ts  f rom these 
studies were  extremely questionable, since they had assumed that the 
isoclinics were  related to the s t reamline directions r a the r  than the 
shea r  direction. A fur ther  weakening assumption was that the isochro- 
matic f r inges were  determined by the velocity gradient normal  to the 
s t reaml ines ,  ra ther  than the total shearing s t r e s s  in the liquid. 

Ros enbe rg  (''1 in 1952. He showed that the direction of maximum shea r  
s t r e s s  and the direction of the s t reamlines  were  coincident only for  
flow with paral le l  s t reamlines .  He also suggested a method for  ana- 
lyzing a general  two-dimensional flow problem f rom the isochromatic 

They studied such complex 

A careful  analytical study of flow double refract ion was made  by 
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bands appearing in  the field. 
summarized the non- l inear i t ies  involved in  the uti l ization of colloidal 
solutions in  flow visualization. 

He included a detailed bibliography and 

A s  was indicated previously, the application of colloidal solutions 
of Milling Yellow dye to study velocity profiles in  two-dimensional 
flow systems was reported by Peebles ,  Garber ,  and J u r y  in 1953. 
rheologic properties of this organic dye w e r e  later published by Peebles ,  
P rados ,  and Honeycutt . 

The 

( 1-71 

Quantitative techniques have been demonstrated by Prados  (18) 
for  flow between para l le l  wal ls ,  converging and diverging channels, and 
flows about a cyl indrical  obstacle in  a rectangular channel. P rados  
utilized Milling Yellow dye solutions to produce the fr inge pa t te rns .  
Sample calculations were  included fo r  each flow analysis .  A l l  s tudies  
used flow models having a depth-to-width ra t io  of a t  l ea s t  5. 
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SECTION 3 

THEORY 

The use of a doubly refracting suspension in  investigating a two- 
dimensional flow field requires  a familiarity with cer ta in  optical equip- 
ment ,  phenomena and t e r m s ,  which will be discussed here .  

3.1 POLARIZED LIGHT 

Light can be viewed a s  vibrations of an e l ec t r i c  field vector in 
planes perpendicular to the light propagation direction. 
light consists of vibrations of al l  ranges of amplitudes,  wavelengths , 
and orientations. In m o s t  birefringent studies,  polarized light is used. 
Polar ized  light can be classif ied into three categories ,  being plane 
polarized, elliptically polarized, and c i rcu lar ly  polarized. Plane polar- 
ized light consists of vibrations which a l l  have the same orientation; 
that is, a l l  lying in a single plane through the propagation direction line. 
Elliptically polarized light is characterized by two se ts  of vibrations 
having mutually perpendicula? orientations, being 90 degrees  out of 
phase with each other,  and having unequal amplitudes. If the amplitudes 
a r e  equal,  the light is r e fe r r ed  to as  c i rcu lar ly  polarized. 
of the two se t s  of vibrations in c i rcular ly  polarized light is a single 
e lec t r ic  field vector ,  of constant amplitude, which rotates  about the line 
of propagation a t  the light vibration frequency. 

Ordinary white 

The resultant 

Polar ized light is obtained.'by utilizing the propert ies  of cer ta in  
optical e lements ,  the most  common of which a r e  the Nicol p r i s m  and 
the Polaroid sheet.  
birefringence and that of the Polaroid sheet  is based on dichroism. 

The polarization of the Nicol pr i sm is based on 

In the birefringent mater ia l ,  an entering light ray  is resolved into 
two r ays  , both plane polarized with their  polarization orientations mutu- 
ally perpendicular.  
ordinary ma te r i a l s ,  and is  called the ordinary ray .  
the extraordinary r ay ,  follows a different law of refraction. 
of propagation for the two rays  in  the birefringent mater ia l  a r e  different 
also.  
viated from the optical path, and the extraordinary r a y  is transmitted.  
This r a y  is plane polarized with a specific orientation corresponding 
to an axis fixed in the Nicol p r i sm.  

One of the rays follows the law of refractiofi for  
The other,  called 

The speeds 

By the design of the Nicol prism element ,  the ordinary r a y  is de- 
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In the dichroic po la r i ze r s ,  the entering r a y  i s  a lso resolved into 
two plane polarized r ays .  
dichroic mater ia l .  Thus, the element  s e r v e s  as a f i l ter  which passes  
only l i g h t  having a specific polarization orientation with r e spec t  to an 
axis  fixed in the ma te r i a l .  
dichroic Polaroid sheets  provide the m o r e  economical method of ob- 
taining plane polarized light. 

One of these i s  strongly absorbed by the 

For  photoviscous flow visualization, the 

Circular ly  polarized light i s  obtained by placing ( in  the optical 
path) a quarter-wave plate o r  layer  which the light e n t e r s  af ter  leaving 
a plane polar izer .  The quarter-wave element  i s  made of birefr ingent  
ma te r i a l  and i t s  optic axes  have a definite orientation with respec t  to 
the plane of polarization of the entering light. The quarter-wave e l e -  
ment  resolves  the entering r a y  into ordinary and ex t raord inary  r a y s  
with equal amplitudes and perpendicular polarization orientations.  
The difference in speeds of the two r a y s ,  and a specific thickness of 
the quarter-wave element ,  cause the two r a y s  to  a r r i v e  a t  the end of the 
e lement  90 degrees  (or  a qua r t e r  of a wave length) out of phase.  
a r e  then sufficient conditions for the light to be c i rcu lar ly  polarized. 
Fo r  a given e lement  thickness,  there is only one wavelength of light 
which will r e su l t  in t rue  c i rcu lar  polarization. Other wavelengths 
resu l t  in ell iptic polarization. 
can be tolerated in a photoviscous flow visualization appara tus ;  S O  

exact  matching of the quarter-wave e lement  to the light wavelength 
being used is not c r i t i ca l .  

There 

In prac t ice ,  a fair degree of ellipticity 

Separate quarter-wave plates a r e  usually employed when Nicol 
p r i s m s  a re  providing the plane polarized light. When Polaroid sheets  
a r e  being used, a quarter-wave l aye r ,  integral ly  bonded to a Polaroid 
sheet ,  is  employed. 

If one cons iders  how the var ious  polarizing elements  operate on 
an incident light r a y ,  r ega rd le s s  of the physical phenomena involved, 
their  action can be summar ized  as follows: 
t ransmi t  only the component of the incident light vibration vector  which 
i s  along the polar izer  axis .  A quarter-wave e lement  will convert  an 
incident plane -polarized r ay  into a c i rcu lar ly  polarized ray .  
a quarter-wave element  wi l l  convert  an  incident c i rcu lar ly  polarized 
into a plane-polarized ray .  

A plane polar izer  wi l l  

Conversely,  
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3 .2  PHOTOVISCOUS FRINGE PRODUCTION 

The use of plane-polarized light to measu re  the amount of b i re -  
fringence produced by a s t r e s sed  substance has  been thoroughly investi- 
gated, and the quantitative features  of this phenomenon have been t reated 
by F r ~ c h t ( ~ )  and Je s sop  and Harr i s (” ) .  If plane-polarized light passes  
through a birefringent liquid and then through a second polar izer  (con- 
ventionally called an analyzer)  whose polarization axis is a t  90 degrees  
to that of the f i r s t  polar izer ,  the vibration of the t ransmit ted light can 
be descr ibed by 

6 
2 

R = A sin 2p sin - s in  w t 

where the symbols a r e  a s  follows: 

R = resul tant  light vector leaving the analyzer 

A = amplitude of the light vector leaving the polar izer  

w = frequency of oscillation of the light vector 

6 = relative retardation between the fast  and slow 
(extraordinary and ordinary) r ays .  

t = t ime 

p = angle between the polarizer axis and the local  
optic axis of the €luid. 

It should be pointed out that the effect of the local shearing s t r e s s  r e -  
sul ts  in the formation of two mutually-perpendicular optic axes  of the 
fluid. The orientations of these axes a r e  re la ted to the orientation of 
the maximum ra te  of deformation in the fluid. It is due to this effect 
that the fluid becomes birefringent,  s imi la r  to the mater ia l s  used for 
po lar izers .  

The proof of this relation can be demonstrated by considering 
the l ight vector leaving the f i r s t  polarizer as 

u = A c o s w t  (3.2) 

where the symbols a r e  defined above. 
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Referring to Figure 3-1, the components of this vector along the 
local  optic axes of the fluid can be determined to be 

S t  = A cos ( a t  - ; ) C O S  p (3.3a) 

Ft = - A  cos (a t + p) sin p (3.3b) 

where S '  and F' a r e  the components i n  the direction of the optic axes  
for  the light r a y  leaving the fluid. 
tive retardation that occur red  in passing through the fluid has  been 
divided between the fas t  and slow rays .  

It should be noted here  that the r e l a -  

The components of these r ays  leaving the analyzer then become 

(3.4a) 

F = - A  cos o t + - sin p cos p. ( ; I  
AXIS OF 

POLARIZATION 

(3.4b) 

OPTIC 
AXIS 

\ OPTII- 
\ I _  A Y I C  

AXIS  OF 
ANALYZER 

' I  

P-3922 

Figure 3-1 - Polar ized Light in Birefringent Fluid 
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The r e  sultant magnitude of these vectors is 

R = - A  sin P cos P [ cos ( w t t ;) - cos t - ;)I (3.5) 

By utilizing the tr igonometric identities that 

sin 2 P = 2 sin P cos P 

and 

6 
sin w t s in  - 2 = - 1 2 [cos t -+ pi - cos 

- ;]I 
the r e su l t  obtained is 

6 
2 

R = A sin 2 p s in  - sin w t 

(3.6a) 

(3.6b) 

a s  a s se r t ed .  

Since the intensity of the transmitted light is proportional to the 
square of its amplitude of vibration, z e r o  intensity occurs  only when 

P = N ( 5 )  N = 0 , 1 , 2  ,.... (3.7a) 

6 = 2 r N  N = 0 , 1 , 2  ,.... (3.7b) 

Thus, the intensity of the transmitted light is ze ro  when ei ther  the 
direction of the incident polarized ray is along any fluid optic axis ,  o r  
when the phase difference over the optical path is z e r o  or  some multiple 
of a whole wavelength. The phase difference 6 can be expressed  a s  

(3.8) 

where 

X = wavelength of the monochromatic light source 

L = optical path thickness in the fluid 

n - n = difference between the extraordinary and 
ordinary indices of refract ion 

e 0 

Equation (3.8) can be obtained by considering a side view of a 
tes t  dection, where the light is entering normal  to the wall, a s  shown 
in Figure 3-2 .  
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Figure  3 - 2  - P h a s e  Difference 
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Because of the doubly refracting propert ies  of the fluid, two rays  
of waves will be produced, and will t rave l  a t  different speeds through 
the liquid. 
thickness L i s  given by 

The number of cycles that each wave will undergo in this 

L c = -  
0 A 

0 

L c = -  

e 
e X 

where 

C , C = number of cycles for the extraordinary and 
e o  

X , X = wavelength of the extraordinary and ordinary 

ordinary rays  

e o  
r ays  in the fluid. 

The difference in number of cycles is 

L L - - -  
e 0 X A 

c - c  = 
e 0 

(3.9a) 

(3.9b) 

(3.10) 

It mus t  be recal led that both the ordinary and the extraordinary waves 
a r e  oscillating a t  the same frequency, and therefore the phase shift is 
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directly proportional to the relative displacement between the two waves , 
which in this case  i s  Ce - C,. Therefore,  the phase shift,  in cycles,  is 

(3.11) 

Multiplying the numerator  and denominator of both t e r m s  on the right 
hand side by A ,  and multiplying by 2 IT gives the phase shift in radians.  

(3.12) 

Recalling the definition for index of refract ion]  we have 

- n  (3.13a) 
h 
h e 
- -  

e 

h 
A 
- = n  

0 
0 

which upon substitution into equation (3.12) gives 

(3.13b) 

When a model of a fluid device is illuminated by monochromatic 
plane polarized light, there will be dark  bands produced by conditions 
corresponding to equations (3.7a) and (3.7b). 
by condition (3.7a) a r e  called isoclinics, and these bands a r e  loci where 
one of the local optic axes  of the fluid is aligned with the direction of 
vibration of the polarized incident light. The bands produced by condi- 
tions corresponding to(3.7b) a r e  re fer red  to a s  isochromatics .  If plane 
polarized white light is used rather  than monochromatic light, d a r k  
bands will occur in  the flow field only a s  a resu l t  of condition (3.7a) 
and for N = 0 in condition (3.7b). 
of a continuum of wavelengths, and no single phase difference is ob- 
tained which cancels a l l  the light. The isochromatics  will appear 
r a the r  a s  color f r inges,  and the relation between the color fringes and 
the fringe order  has been reported by Thurston ( 2 l )  as follows: 

Fringe Order  Color 

0 Black 

The dark  bands produced 

This is because white light consists 

1 Yellow 
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Fringe Order  Color 

2 Red 

3 Green  

4 Yellow 

5 Red 

6 Green ,  e t c .  

If quarter-wave elements a r e  inser ted  into the optical path such . 

that one is  placed between the polar izer  and the tes t  model and the other 
i s  placed between the model and the analyzer ,  c i rcular ly-polar ized r a the r  
than plane-polarized light en te r s  the liquid, and is changed back to  plane- 
polarized light before reaching the analyzer (second polar izer) .  
vibration vector of the circular ly-polar ized light is  continuously rotating 
around the propagation direction a t  the vibration frequency. 
tinuous rotation eliminates the possibility of dark  spaces  occurring from 
a condition predicted by (3.7a), since the entering r a y  vector has  no 
special  orientation with respec t  to the fluid optic axes .  
of c i rcular ly  polarized light eliminates the isoclinics.  

The 

This con- 

Thus, the use 

3.3 SHEAR-OPTIC RELATIONS 

There a r e  two basic theories a s  to what causes  a fluid to be aniso- 
tropic,or birefringent.  
theory,  and i t  a s sumes  that birefringence i s  generated by stretching 
and orientation of long polymer-like chains.  The second theory a s sumes  
that the birefringence is  generated by the orientation of suspended par t i -  
c les ,  which a r e  shaped like long rods.  
tion of such par t ic les  in viscous incompressible flow i s  extremely 
difficult, due to the complexity of the hydrodynamic equations. 
tion, there i s  the added complication of the Brownian movement effect. 
This effect resu l t s  from the interaction of the colloidal solution par t ic les  
and the molecules of the surrounding medium. 

The f i r s t  is r e fe r r ed  to  a s  the viscoelastic 

An accurate  analysis of the m o -  

In addi- 

Je f fe ry( lO)  obtained the equations of motion for smal l  ellipsoidal 
par t ic les  in which the Brownian movement  was neglected. Even with 
this simplifying assumption, he could obtain a solution only to the equa- 
tions for  the special  case of: 

u = c y ,  v = w = 0 
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where 

u = velocity in x direction 

v = velocity in y direction 

w = velocity in z direction 

C = constant 

y = geometr ic  coordinate 

Jef fe ry ' s  analysis  was extended by B ~ e d e r ( ~ )  for the same flow 
conditions, and included the effect of the Brownian movement.  He showed 
that the extinction angle (the angle between the optic axis of the particle 
and the direction of the maximum deformation r a t e )  and the birefringence 
were  functions of both the intensity of the Brownian movement,  and the 
velocity gradients  o r  the deformation r a t e .  
tion angle was 45 degrees  a t  low velocity gradients  and decreased  with 
increasing velocity gradient. 
and the birefringence on the deformation r a t e  were in general  nonlinear. 

It was found that the extinc- 

The dependence of the extinction angle 

The amount of birefringence in a doubly-refracting fluid can be 
expres sed  as the difference in indices of refract ion between the ordinary 
and the extraordinary r ays ,  and can be calculated from 

( n e - n  I = X p M E  
0 max  

where 

p = fluid viscosity 

A = wavelength of the monochromatic light source 

= maximum ra te  of deformation 
m ax 

E 

M = quantity called the Maxwell constant 

The equation indicates that for  a Newtonian fluid, the ra t io  

- n  
= X p M  I ne 01 

m ax 
E 

(3.14a) 

(3.14b) 

is a constant, for a fixed value of A .  
shown that for Milling Yellow dye solution, the relation between Ine - nol 

and Emax 
i t  has  been concluded that the Maxwell's constant is real ly  not a constant,  

However, experimental  data have 

is not l inear  even when the viscosi ty  p does not vary. 'Therefore ,  
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but ra ther  is a function of the maximum s t ra in  r a t e .  
theory that the birefringence of Milling Yellow dye resu l t s  f rom the 
orientation of par t ic les .  

This supports the 

The experimental  determination of the optical propert ies  of a 
photoviscous fluid a r e  usually obtained utilizing a device known a s  a 
concentric cylinder polariscope, which is shown in Figure 3-3. The 
fluid to be calibrated is placed in  the annular space between the two 
cylinders in which a known s t ra in  rate can be s e t  up in the fluid by 
causing the outer cylinder to rotate ,  
a t  the center of the annular space can be expressed  as 

The magnitude of this s t ra in  ra te  

(3.15) 

where r1 and r2  a r e  the inner and outer radi i ,  respectively,  and w is 
the angular speed by the outer cylinder. 
be obtained quite easi ly  f rom the Navier-Stoke s equations 

Proof of this expression can 

The experimental  techniques used in obtaining the values of the ex- 
tinction anglex and the birefringence a s  a function of s t ra in  ra te  in the 
cell  has  been described in detail by Peebles ,  Prados  and Honeycutt(17). 
(The extinction angle X i s  defined a s  the angle formed by the local optic 
axis and the direction of the maximum ra te  of deformation.) Basically,  
the birefringence i s  obtained by observing the fringes produced a s  the 
speed of the outer cylinder is increased,  and recording both the fringe 
order  N and the speed of rotation w when the fringe is exactly a t  the center 
of the gap. 
(obtained by equating (3.7b) and (3.8))given by 

By utilizing the relation between fringe order  and birefringence 

(3.16) 

and equation (3.15) for  a range of outer cylinder speeds,  a plot of b i r e -  
fringence ve r sus  s t r a in  ra te  can be obtained for the fluid. Determination 
of the extinction angle a s  a function of s t r a in  ra te  is obtained by aligning 
a se t  of c ross -ha i rs  which a r e  calibrated with respec t  to the plane of 
polarization with one of the four dark bands formed in the cell ,  as shown 
in  Figure 3-4. Four  such bands appear in the polariscope in the form of 
a c r o s s ,  and a r e  r e f e r r e d  to a s  the "cross  of isoclines". 

Figures 3-5 and 3 - 6  show the relationship of birefringence and 

The data was obtained a t  25.00°C, for different values 
extinction angle x to s t r a in  ra te  a s  obtained by Peebles ,  Prados  and 
Honeycutt(17). 
of solution concentration. 
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Figure  3 - 4  - Cross  of Isocl ines  

It should be pointed out that the calibration cu rves  of birefr ingence 

The effect 

Their  observations were  that a tempera ture  

and extinction angle as a function of s t r a in  ra te  a r e  not unique, but r a the r  
a r e  dependent upon fluid tempera ture  and condition of s t ra in .  
of temperature  on the shear-optic relation was observed by Peebles ,  
P r a d o s ,  and Honeycutt(17). 
increase caused a decrease  in birefr ingence,  while a temperature  decrease  
caused an increase  in  birefringence, for the same  value of shea r  ra te .  
The sensitivity of the fluid proper t ies  to tempera ture  change was noted 
for  variations a s  sma l l  a s  0.2 degree centigrade.  

The s t r a in  condition effect was recent ly  repor ted  by Hirsch,(8)  
where he showed that the optic response of the fluid will be different,  
depending on whether the fluid is subjected to pure gliding s t r a in  ( a s  in 
flow between paral le l  s t ra ight  wal ls) ,  o r  dilation s t r a in  ( s t r a in  produced 
by convergence o r  divergence of the flow). Hi rsch  showed that the cal i -  
brat ion curves  of the fluid for the two different types of s t r a in  ra te  will 
coincide only up to  a cer ta in  value of s t r a in  ra te  (as low a s  10 s e c - l ) .  
Then the calibration curve will branch off into two distinct curves .  The 
value of the s t r a i n  ra te  a t  which this branching occurs  has  been identified 
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Figure  3 - 5  - Birefringence as  a Function of Rate of Shear fo r  Liquids 
Tested ( F r o m  Reference 1 7 )  

F igu re  3 - 6  - Extinction Angle as a Function of Shear fo r  Four  
Representative Solutions in  a Moderate Shear  Range 

( F r o m  Reference 1 7 )  
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a s  the point where the fluid begins to exhibit a non-Newtonian behavior. 
It has been shown, however, that this "secondary" effect of the optic r e -  
sponse of the fluid has  negligible e f fec t  in determining the velocity pro-  
files in the flow, but does affect  the accuracy of the technique in obtaining 
the s t r e s s  distribution in the flow field. 

3.4 FLUID MECHANICS CONSIDERATIONS 

It has  been stated previously that the relationship between birefr in-  
gence and s t ra in  ra te  in a doubly-refracting liquid can be expressed  a s  

1". - "01 = E m ax 
(3.14) 

It i s  assumed that the deformation r a t e s  a r e  low enough that the "branch- 
ing" effect on the optical response,  r e f e r r e d  to above, i s  not encountered. 
It i s  expedient a t  this time to determine the relation between Emax, the 
maximum rate of deformation, and the velocity gradients that ex is t  in 
the f low field. 

A smal l  e lement  of fluid i s  shown in Figure 3-7, subjected to a 
generalized system of s t r e s s e s .  The shea r  s t r e s s  acting on a plane of 
unit length inclined at  an angle 6 to the horizontal may  be obtained by a 
force balance on the element  shown in Figure 3-8. Summing the forces  
in the direction of shear  s t r e s s ,  we obtain 

A t u A sin 5 cos  6 - u A cos 6 sin 6 t T A sin 6 cos 
X Y YX 

- T A cos 6 sin 6 = 0 
XY 

AI / ' IL 

I * x  

Figure 3 - 7  - Fluid Element 
Subjected to  a Generalized Two-  

Dimensional S t r e s s  System 

(3.17) 
P-3922 

=y 1;. 
Figure  3-8 - Resolution of 

Combined St  r es s e s  



Collecting like t e r m s  and utilizing some trigonometric identities, we 
obtain 

(. - a )  
X 

sin 2 6 t T cos 2 6 - - 
T6  2 XY 

(3.13) 

since 

T = T  
XY YX 

F r o m  the Navier-Stokes development of shear  and normal  s t r e s s  
in t e r m s  of velocity derivatives,  we obtain 

u = - p t 2 1 * z  au  
X 

(3.19a) 

( 3  19b) 

(3 .194  

where u and v a r e  the velocity components in the x and y directions 
respectively,  p is the hydrostatic pressure ,  and p is the fluid viscosity. 
Substituting these relations into equation (3.18), we have 

Equation (3.20) becomes m o r e  flexible if the coordinate system 
is t ransformed f rom the Cartesian system to a s t r eam coordinate sys -  
tem. The relationships between the two coordinate sys tems can be 
obtained from Figures  3-9(a) and 3-9(b). 

s = x cos + t y s in  + (3.2 l a )  

n = -x s in  + t y cos + 
u = v cos + 
v = V sin 4 

(3.2 l b )  

(3.2 I C )  

(3.21d) 

where 

+ = angle between streamline and x-axis 

s = distance along streamline 

n = distance along normal  to s t reamline 

V = velocity along s t reamline 
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Figure  3 - 9  - Directional Relationships in Two-Dimensional Flow Fie ld  

If we have some variable f which is a function of s and n, which 
in turn  a r e  functions of x and y, one can wri te  that since 

d n  a r  af  
a s  an 

d f  = - d s  t - 
then 

af  an + - -  a r  a r  as 
ax  a s  ax an ax 
- = - -  

af  an + - -  af  
ay  a s  ay an  ay 

a f  a s  - - -  - -  

(3.22a) 

(3.22b) 

( 3 . 2 2 ~ )  

Substituting values for  the par t ia l  derivatives of the s t r e a m  coordinates 
with respect  to the Cartesian coordinates,  equations (3.22b) and ( 3 . 2 2 ~ )  
become 

a r  a f  af  
ax  a s  an 
- = cos + - - s in  + - 

a r  
t cos cp - a r  a r  

a Y  as  an 
- = s in  4 - 

(3.23a) 

(3.23b) 

We can write that  

(3.24) t v s in  + ~ - cos + - - av 
ax ax 

av 
a Y  a Y  

= v cos  + 3 t sin 
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since both + and V a r e  functions of x and y. Applying equations (3.23a) 
and (3.23b) to equation (3.24), we obtain 

an 

an a s  an 

av  a U  av [ a s  an a s  ay  ax - - = v cos Q sir- + 9 t cos $I - a+]  t sin + [sin + - t cos + - - 

t v sin + [cos (p a +  - sin 91 - cos + [cos + - av - sin + "1 
(3.25) 

Combining like t e r m s  and applying trigonometric identities, we obtain 
equation (3.25) a s  

In a s imi la r  manner ,  we obtain 

Substituting equations (3.26) and (3.27) into equation (3.20) gives 

(3.28) 

F r o m  the general  definition of viscosity in two-dimensional flow, we 
have 

(3.29) 

Using equation (3.29) and combining like t e r m s  and simplifying in equa- 
tion (3.28) gives 

(3.30) 

F r o m  Figure 3-9(a), we note that 

(3.3 l a )  
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1 
an r '  
9 = -  ( 3 . 3  l b )  

where r and r '  a r e  the radi i  of curvature  of the s t reaml ine  and the 
normal  to the s t reamline,  respectively.  
tion (3 .30 )  yields 

This substitution into equa- 

In Cartesian coordinates,  the continuity equation for steady in- 
compressible,  two-dimensional flow is 

In t e r m s  of s t r eam coordinates,  we obtain 

where equations 
transformation. 

= o  av v 
a s  F 
- 

( 3 . 3 3 )  

( 3 . 3 4 )  

( 3 . 2 1 )  through ( 3 . 2 3 )  have been utilized to obtain the 

av 
a s  

Solving equation ( 3 . 3 4 )  for - and substituting into equation ( 3 . 3 2 ) ,  
we obtain 

If we differentiate equation ( 3 . 3 5 )  with respec t  to 5 and se t  the 
resultant to zero ,  we can find the orientation of the maximum shear  
s t r e s s .  Performing this differentiation, we obtain 

4v d E  
A=,=, (E - f ) sin ( 2  + - 2 e )  t - r '  cos ( 2  + - 2 e )  ( 3 . 3 6 )  
d e  

By noting that 
which g ives  

= 8 from Figure 3-9a, we can solve equation ( 3 . 3 6 )  

- 2 v  
r '  
- 

av v tan ( 2  + - 2 e)  = 
- _ -  
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Substituting this resu l t  into equation (3.35), we obtain af ter  simplifica- 
tion that 

m ax 
E (3.38) 

Equation (3.38) provides the desired relationship between the maxi-  
mum ra te  of deformation and the velocity gradient normal  to the s t r eam-  
line. The equation can be rearranged to solve for the gradient in t e r m s  
of the maximum s t r a in  ra te ,  since th i s  is the quantity obtained f rom the 
isochromatics  in birefringent measurements .  Solving, we obtain 

- 4 vL - _ -  a v .  f /E2 - - 
2 m ax an r 

r '  
(3.39) 

Equation (3.39) is of l imited value in solving for velocity profiles,  
since i t  requires  p r io r  knowledge of the rad i i  of curvature  of the s t r eam 
and normal  curves .  That i s ,  the s t ream pat tern must  be known through- 
out the field before equation (3.39) can be used to solve for  the velocity 
profiles.  
of t ime.  

In a general  flow field, this information is not known ahead 

The application of equation (3.39) to two special  flow cases  wi l l  
be demonstrated here .  In Figure 3-10(a), the flow is s t ra ight  and para l -  
l e l ,  corresponding to  a condition of pure gliding s t ra in ,  while in F i g -  
ure 3-10(b), the flow is diverging. A condition of pure dilation s t ra in  
is  obtained a t  the centerline of the channel. 

In Figure 3-10(a), the s t reamlines  and the normals  a r e  a l l  straight 
l ines ,  having infinite rad i i  of curvature r and r ' .  If we substitute these 
numerical  values into equation (3.39), we obtain 

av - =  & E  
an m ax 

In Figure 3-10(b), the s t reamlines  a r e  s t ra ight ,  indicating that 
the corresponding rad i i  of curvature a r e  infinite. The normal  l ines ,  
however,  have radi i  of curvature r '  equal to the radius to the normal  
line in question from the geometric point of divergence. In addition, 

av we have that the - a t  the channel centerline is zero.  If we substitute 
an 

these values into equation (3.39), we get 

V - * E  
r '  
- -  

m ax 

corresponding to a condition of pure dilation s t r a in .  on the centerline.  
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(b) Pure Dilation Strain A t  Channel Centerline 

Figure  3-10  - Two Basic Types of Shear  Strain 

If we rewri te  equation ( 3 . 3 7 )  by taking the inverse tangent of both 
s ides ,  we obtain the relation between the direction of the maximum de- 
formation and the s t reamline,  

-1  
2 + - 2 e  = tan (3.40) 

This equation shows that the s t reamline coincides with the direction of 
maximum shear  only for the case  where the normal  curves  to the s t r e a m -  
l ines  are straight l ines ,  which means that no divergence o r  convergence 
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of the flow field is occurring. Additionally, it indicates that the maxi- 
mum angle that can occur between the s t reamline and maximum shear  
directions is 45 degrees .  
line of a converging or  diverging channel. 
directions a r e  determined by the direction of the maximum rate  of 
deformation E, the isoclinics a r e  of l i t t le use in determining the s t r eam-  
line patterns where convergence or divergence of the flow occurs .  
Hence, equations (3.39) and (3.40) are  only of use when: 

This condition would occur along the center-  
Since the isoclinic fringe 

(1) the s t reamline pattern is known from the channel configuration 

(2) i t  is known that no convergence or  divergence of the flow 
occurs ,  o r  when 

( 3 )  the s t reamline patterns can be obtained by some other 
method, such a s  dye injection. 

In any one of the three cases  indicated above, the velocity profile 
can be obtained by graphical integration of equation (3.39), and utilizing 
the boundary condition that V = 0 on the channel walls.  

A method for analyzing a general  two-dimensional flow case  where 
the s t reaml ines  a r e  unknown and are  neither s t ra ight  nor paral le l ,  has  
been s u  gested by Rosenberg(20). It has been recently refined by Peebles  
and Liufl6) to  a degree where the isoclinics a r e  no longer needed, and 
the s t reaml ines  can be determined entirely f rom the isochromatic 
locations. 

The analysis requires  the introduction of the Stokes s t r eam function 
+ defined as 

W e  have shown previously that the 
inclined a t  an angle 5 with respect  to the 

(3.41a) 

(3.4 lb )  

shear  stress on any plane 
x-axis is given by 

( 3 . 1 8 )  
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If we differentiate this expression with respec t  to 5 and se t  the der iva-  
tive equal to  zero,  we obtain 

0- - u  

F r o m  trigonometric identit ies,  we fur ther  obtain 

s in  ( 2  e )  
m ax 

0- - u  
Y X 

/ (vy  - O - x ) z  ( 2  T x Y ) 2  

(3.4Za) 

(3.4Zb) 

( 3 . 4 2 ~ )  

where 5,ax i s  the direction of maximum shear  s t r e s s  with respect  to 
the positive x-axis.  

Substituting equations (3.42a, b and c )  into equation (3.18) gives 

- - T 
m ax 

(3.43) 

which becomes 

2 
= P  T 

m ax 
(3.44) 

upon substitution of equations (3.19a, b and c) .  
equation (3.44) i s  identically equal to the product of the viscosity and 
the maximum ra te  of deformation, p Emax. 
can write 

The right hand side of 

F r o m  equation (3.33), we 

Therefore,  we can expres s  Emax by 

2 
E m ax = J1 (+2 t (g2) 

(3.45) 

(3.46) 
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I .  

Substituting from equations ( 3 . 4 1 a  and b), equation ( 3 . 4 6 )  becomes 

- - J[-2a2 + 1 2  + [ a 2  - - -  + - a 2  +r 
2 

ax 
ax ay  2 

E 
m ax 

a Y  
( 3 . 4 7 )  

The measured  values of Emax a r e  obtained direct ly  f rom the 
observed isochromatic pat terns  formed over the flow field. 
culations for  the values of the s t ream function throughout the flow field 
can be c a r r i e d  out conveniently by writing equation ( 3 . 4 7 )  in finite dif- 
ference form and solving by numerical  i teration. Boundary conditions 
can be obtained f r o m  known values of the stream function along solid 
boundaries . 

The ca l -  

It has  been shown previously that the velocity gradient in t e r m s  
of s t r eam coordinates is related to the maximum ra te  of deformation 
in the fluid by 

I 3 

av - v 4 vL 
an 
- - - *  J.' + -  

r m ax 2 
r '  

( 3 . 3 9 )  

where r and r '  a r e  the radi i  of curvature of the s t reamline and normal  
to the s t reamlines ,  respectively. If we consider the case  of laminar  
flow between s t ra ight  paral le l  walls, 'r and r '  become infinite, and 
equation ( 3 . 3 9 )  simplifies to 

&E av - =  
an m ax 

( 3 . 4 8 )  

For  this par t icular  flow case ,  equation ( 3 . 4 0 )  becomes 

2 4 , - 2 8  = o ( 3 . 4 9 )  

which indicates that the s t reamlines  a r e  coincident with the direction 
of the maximum ra te  of deformation. 

This type of flow is mos t  simply obtained in a rectangular channel 
of high aspect  ra t io ,  where the aspect ra t io  is defined as channel depth- 
to-height. F o r  the high aspect  ratio channel flow, the velocity profile 
is essentially 
expressed  a s  

one-dimensional and, for a constant viscosity,  can be 

u = u 0 ( 1 - 5 )  ( 3 . 5 0 )  
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where 

U = velocity along the channel centerline 
0 

h = the half-height of the channel 

y = vert ical  distance measured  from the centerline of the 
channel a s  shown in Figure 3-11 

From a consideration of equations (3.19a, b and c) ,  we find that 
the s t r e s s  existing in the fluid i s  

since v = 0. If we divide both s ides  by p, we get 

- -  a U  L .  
a Y  

- - 2  u 
0 2  

h 

(3.51) 

(3.52) 

au  av 
ay  an 

Since - = - -, we can equate the magnitude of the maximum rate  of 

deformation to the flow in the channel. If we do this ,  we obtain 

= *2u0 L .  
h 

m ax 
E (3.53) 

R1 
N 0)  

a 

Figure  3-11 - Fully-Developed Laminar  Flow i n  a 
Rectangular Channel 
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One further simplification of the above equation can be made by 
noting that for a rectangular channel, 

3 Q  u = - -  
0 2 A 

( 3 . 5 4 )  

where Q is the volume flow ra te ,  and A is the cross-sect ional  a r e a  of 
the channel (L  x 2h). Equation ( 3 . 5 4 )  can be obtained from 

h 

Q = L u d A  = 2 U  0 1 (1  -$) L d y .  ( 3 . 5 5 )  

Substituting equation ( 3 . 5 4 )  into (3 .53)  g '  ive s 

= * 3  (A)  a r .  
h 

m ax 
E (3 .56 )  

The convenience of equation ( 3 . 5 6 )  can be realized when it is con- 
s idered  that the locations of the fringes in the rectangular channel can 
be obtained in permanent form by taking a photograph of the channel. 
By recording the volume flow rate corresponding to the particular 
photograph, the magnitude of the maximum deformation rate  can be 
calculated f rom equation ( 3 . 5 6 )  corresponding to the location of each 
fringe. 
Emax. By utilizing equation (3 .16 ) ,  one can then obtain the fluid cal ibra-  
tion of birefringence (ne - no) versus  maximum rate  of deformation E. 

In this manner ,  one can obtain a plot of fringe order  N ve r sus  

From a system standpoint, the use of a rectangular channel to 
obtain the optical response of a fluid ra ther  than a concentric cylinder 
polariscope provides a grea t  deal of convenience. One very  attractive 
feature is that the channel can be plumbed into the system in either 
s e r i e s  o r  parallel  with the t e s t  model, allowing a calibration fluid 
curve to be obtained a t  any time without breaking any hydraulic con- 
nections. 
is  much l e s s  severe  than that encountered with the polariscope. The 
temperature  regulator of the main system w i l l  provide a constant 
temperature  flow through the calibration channel for an indefinite 
length of t ime. 
ment  in addition to the photoviscous tes t  stand proper ,  and the cost  of 
the calibration channel i s  far less  than the cost  of the rotating con- 
centr ic  cylinders alone. 

Secondly, the problem of reproducing temperature  conditions 

Thirdly, there is no necessity to procure optical equip- 
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It i s  necessary  to point out here  that the use of the rectangular 
channel for obtaining the shear  optic relation for a fluid requi res  fully 
developed parabolic flow in the channel. An important consideration 
for flow in  a rectangular channel is the length from the entrance r e -  
quired to establish the parabolic velocity distribution descr ibed by 
equation (3.50). F rom Reference (19), 

v x  
- -  - 0.08 

-l 

3-26 

Q 
x 

d -  - - -  
h 2 v  L 

(3.57) 
ii hL 

where 

x = length for development of velocity distribution, in 
d 
v = kinematic viscosity,  inZ/sec 
- u = average velocity, i n / sec  

h = channel half-height, in 

Using the relationship 

- Q u = -  
2 h L  

where 

L = channel depth, measured  along light path, in 

Q = flow ra te ,  in’/sec 

we obtain 

(3.58) 

This expression can be used to predict  the length required for  fully 
developed flow in a rectangular channel for a given se t  of experimental  
conditions. 

If the fluid i s  in a non-Newtonian flow range,  the velocity d is t r i -  
bution will not have the parabolic form indicated by equation (3.50). 
(Appendix C i s  a t reatment  of non-Newtonian flow in a rectangular 
channel.) A s  a consequence of the modified velocity distribution, the 
deformation ra te  E will not va ry  l inear ly  f rom the channel centerline 
to the wall a s  descr ibed by equation (3.53). Thus, in a non-Newtonian 



I . 

case ,  we would expect the isochromatic f r inges to  be unequally spaced 
a c r o s s  the channel. The uniformity of fringe spacing then could serve  
a s  a check on whether the flow in the channel i s  o r  is not Newtonian. 
However, uniformity of fringe spacing would not be a satisfactory c r i -  
terion if  a non-linearity in the (ne - no) ve r sus  E relationship happened 
to compensate the effect of the variation of p with E. 

I. A bet ter  method of checking if the flow is Newtonian is by rhe-  
ological data. This could be obtained by measuring the p re s su re  drop 
ve r sus  flow ra te  relationship over a length of the channel, o r  a c r o s s  a 
constant-area capi l lary passage, with the flow non-turbulent. If the 
p r e s s u r e  drop ve r sus  flow rate relationship is l inear ,  the flow i s  
Newtonian in the range examined. Figure 3 - 1 2  shows typical rhe-  
ological curves  obtained for  various concentrations of Milling Yellow 
dye (from Reference 1 7 ) .  
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F i g u r e  3 - 1 2  - Variation of Viscosity with Shear Rate fo r  Various 
Concentrations of Milling Yellow Dye ( F r o m  Reference 1 7 )  
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SECTION 4 

EXPERIMENTAL PROGRAM 

4.1 PHOTOVISCOUS TEST EQUIPMENT 

The equipment required to produce visible fringe patterns in a 
photoviscous fluid is really very basic and very inexpensive. 
phenomenon can  be observed by simply shaking a sample of the fluid 
in a g lass  bottle placed between crossed  polarized sheets  and illum- 
inated by an ordinary light bulb. 
for  detail  examination of flow patterns in specific two-dimensional 
flow fields, the hardware requirements become m o r e  sophisticated. 

The equipment required for  obtaining quantitative data by the 

The 

However, if the technique is intended 

photoviscous technique can  be thought of as two separa te  sys tems.  
One sys tem is comprised of the optical components, while the other 
consis ts  of a l l  of the equipment needed for  the fluid circulation sys tem.  
Both will be discussed in the o rde r  indicated. 

OY E FLOW 
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I I \  
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Figure  4-1 - Schematic of Optical System 
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The basic function of the optical sys tem is to produce polarized 
light at an intensity such that the fr inge patterns in the flow model can 
be easily visualized and easily photographed. The optical components 
involved in this function a r e  shown schematically in F igure  4-1. The 
actual apparatus arrangement  i s  shown in F igures  4 - 2  and 4-3. The 
light source and the heat f i l ter  a r e  combined in one unit. 
produces white light and is rated a t  150 watts. A fan is a l so  enclosed 
in the unit to provide circulation of a i r  around the bulb. 
f i l t e r  removes that par t  of the spec t rum in the infra-red region, and 
is used to protect the monochromatic fi l ter .  

The lamp 

The heat  

The focus lens and the monochromatic f i l t e r  a r e  a l so  in one unit. 
The monochromatic fi l ter  passes  only the green  wavelength, and can  
be easily removed from the optical path to obtain white light. The 
focus lens assembly is used to provide an intense beam of light a t  
the f i r s t  sur face  m i r r o r .  The focus lens and the monochromatic f i l t e r  
a r e  mounted in a sliding t rack  s o  that the lens can  be positioned to 
provide a minimum amount of dispers ion at  the m i r r o r .  

The collimating lenses  produce a collimated bundle of light r ays ;  
that is, there  i s  no convergence o r  divergence of the light beam. 
lens is located at i ts  focal distance f rom the m i r r o r ,  and the other  
lens is used to provide a point image a t  the c a m e r a  lens. 

One 

The polarizing sheets  a r e  purchased i tems from the Polaroid 
Corporation, and a r e  actually a combination of a polar izer  and a 
qua r t e r  wave plate. 
shee t  acts as a plane polar izer .  When the sheet  is  r eve r sed  with 
respect  to the light direction, c i rcu lar ly  polarized light i s  obtained. 
However, if the c i rcu lar ly  polarized mode is used, the light beam 
must  undergo a reflection a f te r  passing through the polar izer .  This 
is  required by the par t icular  construction of the combination qua r t e r  
wave and polarizing sheet  ma te r i a l  used for  both the polar izer  and 
analyzer in the equipment. The reflection r e v e r s e s  the sense  of 
rotation of the light vibration vector in the circular ly-  polarized 
beam. The r eve r sa l  is necessary  for  the c i rcu lar ly  polarized light 
to be converted to plane polarized light of the proper  orientation in 
the analyzer. 

When light passes  through in one direction, a 

The c a m e r a  used for  all  of the experimental  work was a Honeywell 
Pentax 35 m m  single lens reflex, equipped with a 55 m m  focal length 
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Figure 4-2 - Lower Optical Deck and Polaro id  Fixture 

Figure 4-3 - Upper Optical Deck and Polaroid Fixture 
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f / 2  Takumar lens in combination with a Spiratone 3x Telextender lens. 
Kodax Tri-X film ASA-400 was used f o r  photographing the fr inge 
patterns. 

All of the optical equipment is mounted rigidly in fixtures which 
a r e  bolted directly to aluminum base plates. 
the light source,  the lens assembly,  the pivot m i r r o r  and the f i r s t  col- 
limator. 
f o r  the camera .  
m i r r o r s  a r e  contained in a s t ruc tu re  which a l so  s e r v e s  as a holder 
f o r  the tes t  models.  
which allows rotation of the polar izer  and analyzer  together s o  that 
isoclinic photographs at  different orientations can  be taken. 

The lower plate holds 

The upper plate holds the second col l imator  and an adapter  
The polar izer  and analyzer  and two f i r s t  sur face  

This s t ruc ture  is equipped with a hand c rank  

The fluid circulation sys tem is shown schematically in F igu re  4-4. 
The source of power is a centrifugal pump and motor  combination 
manufactured by Oberdorfer Company. 
power at 3450 rpm, and the pump supplies 17 gallons pe r  minute a t  
10 psig discharge pressure .  

The motor  del ivers  1 / 3  horse -  

The impel ler  and the casing a r e  bronze. 

The settling chamber  is  a s ta inless  s tee l  cylinder with a 1.5 
gallon capacity. 
of the fluid s o  that the tempera ture  may be sensed as accurately as 
pos s ible. 

The settling chamber  i s  used to dec rease  the velocity 
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Figure  4 - 4  - Schematic of Flow Circulation System 
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The temperature  of the Milling Yellow solution is regulated with 
a Jordan  mixing valve and temperature senso r  and a Vickers shell-  
and-tube heat  exchanger. A schematic diagram of the mixing valve 
is shown in F igure  4-5. 

The tempera ture  regulation uses the feedback principle. F r o m  
the F igu re  we s e e  that the des i red  temperature sett ing is obtained by 
positioning a spring K 
the valve is a t  steady-state. Now, if a sma l l  dec rease  in the dye solution 
tempera ture  Tf should occur,  the pressure  P1  will dec rease  a co r -  
responding amount. Alternatively, an increase in  the valve sett ing Tset 
can  be made manually. 
the p r e s s u r e  P1  t imes the area A I  of the diaphragm, and the spr ing load. 
Due to the resulting unbalance, the diaphragm will move up until a force  
equilibrium is achieved. The motion of the diaphragm is transmitted 
d i rec t ly  to the sliding valve, which, as shown in F igure  4-5, causes  
an  increase  in the valve a r e a  for  the hot water  flow and a decrease  in 
the valve area for the cold water  flow. 
of the output flow to tne heat  exchanger, an  increase  in  dye solution 

which var ies  the load on diaphragm A1. Assume 
S 

Ei ther  case  violates the force balance between 

Due to the net increase in  enthalpy 
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Figure  4 -5  - Mixing Valve f o r  Tempera ture  Control 
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temperature  is effected. The tempera ture  of the solution continues to 
increase  until the fluid in the senso r  reaches  a tempera ture  level that 
produces a p r e s s u r e  fo rce  g r e a t  enough to overcome substantially the 
initial force unbalance. 
position with the e r r o r  between commanded and actual  fluid tempera tures  
a t  a v e r y  small  value. 

The valve has  now reached a new steady-state 

The cold and hot water  are supplied to the valve by Norgren 
p res su re  regula tors ,  which tend to hold a constant differential  p res -  
s u r e  across  the sl iding valve. It c a n  be seen  that the feedback principle 
used in  regulating the tempera ture  will a l so  minimize changes in dye 
solution temperature  due to variations in  water  temperature .  

Figure 4-6 represents  the regulator sys t em in block d iagram 
form,  where 

- - 8F 
aT  

set  

S 
K 

V 
aA 

V 
K 

I- 

Change in  spr ing load to change in 
des i red  fluid tempera ture  

Spring r a t e  of the bias  spr ing 

Change in  valve area with respec t  
to t rave l  

Turbulent flow coefficient of the 
sliding valve 

b 1 

P-3922 

+F + 
I 

Figure 4-6  - Block Diagram of Tempera tu re  Regulating System 
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- - a p  - 
aTfluid 

P r e s s u r e  drop ac ross  the valve 

Specific heat a t  constant p re s su re  

Inlet temperature  of the cold water  

Inlet temperature  of the hot water  

Heat exchanger t ransfer  function, 
change in output fluid temperature  for 
a change in heat input 

Area of diaphragm 

Change in p re s su re  of liquid in the 
sensor  for  a change in sensed fluid 
tempera tu re. 

The dye flowing f rom the heat exchanger can  be spli t  into two 
supply l ines,  each line having i ts  own flowmeter. The flowmeters a r e  
manufactured by F i sche r -Por t e r  Co. and a r e  calibrated in percent of 
volume flow. 
per  second of water.  
and g lass ,  and the floats a r e  of stainless steel .  

3 
At 25"C, the 100 percent flow point corresponds to 5.85 in 

The tube assemblies  a r e  made of s ta inless  s teel  

The supply tank is a purchased item from Tamco Products.  The 
tank and spigot a re  made of polyeurethane, and the tank has  a 5 gallon 
capacity. The re turn  lines to the tank en ter  through dril led holes in 
the cap. The holes a r e  slightly larger  than the tube d iameters  s o  that 
the tank will essentially be vented to a tmosphere while the amount of 
evaporation is minimized. 

The lines and fittings connecting the hydraulic components a r e  
s ta inless  s teel  and plastic. All of the dye flowing through the model 
is f i l tered down to 40 microinches by a Culligan f i l ter  located on the 
discharge s ide of the heat exchanger. 
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4-8 

4.2 TEST MODELS 

The bulk of the quantitative testing performed with the Milling 
Yellow dye was done on a rectangular channel of high aspect  ra t io  
and a model of a fluid s ta te  vortex valve. A description of both of 
these models will be given here .  

The rectangular channel, which was used  pr imar i ly  for  obtaining 

A l l  of the s ide walls a r e  1 / 4  in. 
the optic response of the fluid, is shown in F igure  4-7. 
was fabricated entirely of plexiglass. 
stock. 
machine screws were  used to ensure  sealing. 

The channel 

The assembly was bonded together with c l e a r  cement,  and 

The model of the fluid s ta te  vortex valve is shown in F igu re  4-8. 
The c r i t i ca l  This model a l so  was fabricated entirely f rom plexiglass. 

dimensions a r e  indicated in the Figure.  The height h of the mixing 
a r e a  in the vortex field is adjustable f rom 0.125 to 0.312 inch. The 
supply flow is introduced by four equally spaced fittings around the 
outside of the model. 
supplying twelve equally spaced 0.030 tangential jet  openings around 
the periphery of the vortex mixing chamber .  

The control flow enters  a plenum chamber  
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F i g u r e  4-8 - V o r t e x  V a l v e  D i m e n s i o n s  
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SECTION 5 

E X  PE R IMENT A L  PROGRAM 

The scope of our  experimental investigation w a s  basically two-fold. 
The f i r s t  objective w a s  to show that the rectangular channel descr ibed 
previously could be used i n  lieu of a concentric cylinder polariscope to 
obtain the optic response of the doubly-refracting fluid. 
objective was to determine the applicability of the photoviscous technique 
in obtaining velocity profiles i n  fluid s ta te  devices.  This  determination 
was to be based on a correlation between the velocity and shear  d i s t r i -  
bution i n  a vortex valve with pure radial  flow, obtained by the photoviscous 
technique, and that distribution predicted f r o m  analytical considerations.  
The technique followed i n  the investigation w i l l  be presented i n  the fol- 
lowing discussion. 

Our second 

5.1 PREPARATION F O R  TESTS 

P r i o r  to any testing, it was necessary to p repa re  a solution of 
the Milling Yellow dye that would display both good birefringent and 
viscous propert ies .  
grams of Milling Yellow powder to 8 ,000  grams of distilled water ,  
adding an additional 4 ,000  g r a m s  of distilled water ,  and boiling the en- 
t i r e  batch down to about 8,000 d (8,000 graLms). This Lmethod U s c a l l  *- J 7 

provided us  with a solution of about 1.4 percent by weight, and exhibited 
satisfactory birefringent character is t ic  s . 

The solutions were usually prepared by adding 120 

Before installing the fluid i n  the sys tem,  the concentration was  
checked a s  accurately as possible,  using a 100 g r a m  sample of the 
solution. This s tep was found to be ve ry  desirable ,  since the value of 
the concentration cannot be determined accurately,  once the fluid has  
been circulated through the system. The  reason is that the l ines and 
the fittings tend to add contaminants to the fluid, which show up i n  the 
concentration analys i s .  

At first it might appear that this inability to  determine the solution 
concentration would prove to be a problem. 
necessary  to know the value of the concentration, since a fluid calibration 
can be obtained at  any t ime with the rectangular channel. 

However, it is real ly  not 

The only 
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purpose f o r  obtaining the concentration w a s  to co r re l a t e  the optic 
response obtained f r o m  the calibration channel with the data published 
by Peebles,  Prados ,  and Honeycutt(”). 

Another s t ep  required p r io r  to the  actual testing was  to cal ibrate  
the camera  sett ings and fi lm speed f o r  the amount of light t ransmit ted 
through the model at a typical flow condition. Photographs were  taken 
of the channel with var ious f /numbers  and shut ter  speeds.  These photo- 
graphs were  evaluated, based on sharpness  and clar i ty  of the fr inge 
pat terns ,  and i n  this m a n n e r ,  we w e r e  able to de te rmine  the best c a m e r a  
sett ings.  F o r  ou r  original testing, i t  was  found that with the par t icular  
f i lm and lens  sys t em mentioned previously,an f /2 .8  opening at a shut ter  
speed of 1/15 second produced good photagraphs. It is suggested that 
this procedure be repeated any t ime  a new flow model is used, o r  if a 
change is made f r o m  white to monochromatic light. 

F i n a l l y ,  i t  was necessary  to cal ibrate  the f lowmeters  and check 
the temperature  regulation of the mixing valve and heat exchanger. 
f lowmeters w e r e  calibrated with a 2,000 ml graduated cylinder and a 
stop-watch. 
the 10, 20, 30, 40,  50, 60, 70 and 100 percent  divisions indicated on the 
tube of the flowmeter.  The accuracy  of the t empera tu re  regulator 
sys t em w a s  determined by setting a flow rate and recording tempera ture  
readings from a thermometer  in  the model inlet line. 
that ,  fo r  the most  par t ,  the  regulator functioned fa i r ly  well, but intermittant 
random variations f r o m  the mean t empera tu re  w e r e  observed. F o r  
this  reason, the fluid tempera ture  was recorded every t ime  a photograph 
was taken of a par t icular  flow pattern. 

The 

Readings w e r e  taken fo r  float positions corresponding to 

It was observed 

It should be mentioned that the f lowmeters  should be recal ibrated 
every  t ime a new batch of dye i s  used, and that the calibration will v a r y  
somewhat with tempera ture  due to  viscosity changes. 
that a complete se t  of calibration runs be made upon changing the fluid 
i n  the system. 
the fluid i s  changed again. 
data  would be f r o m  19°C to 26”C, with da ta  points being recorded fo r  unit 
t empera ture  increments .  

It is suggested 

This  will el iminate the problem of recalibration until 
A reasonable t empera tu re  range for  calibration 

5.2 RECTANGULAR CHANNEL 

The f i r s t  phase of the testing was  to  de te rmine  the correlat ion 
between the shear-optic response as obtained f r o m  the rectangular 
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channel with the data  published by Peebles ,  P r a d o s ,  and Honeycutt (17)  . 
The  procedure  followed h e r e  was  to s e t  the t empera tu re  of the fluid as 
closely as possible  to  25°C. 
t empera tu re ,  the flow r a t e  w a s  var ied unt i l  a reasonable  f r inge  pa t te rn  
w a s  vis ible  i n  the 0.25 inch section of the channel. 
channel section h a s  a 1 0  to 1 aspec t  ra t io ,  whereas  the 0.50 inch channel 
section h a s  only a 5 to 1 rat io . )  A reasonable  f r inge pa t te rn  was  felt 
t o  be any pat tern having 7 o r  m o r e  distinct equally spaced f r inges  as 
shown typically i n  F igu re  5-1. 
photograph was  taken, using circular ly-polar ized monochromatic light 
and the flow rate and the f luid t empera tu re  w e r e  recorded  immediately.  
This  procedure  w a s  continued f o r  increasing values  of flow until tu rbu-  
lence  w a s  observed.  

After the f luid had reached th i s  equi l ibr ium 

(The  0.25 inch 

Once such a pat tern w a s  obtained, a 

The  procedure  followed i n  obtaining the calibration da ta  wil l  now 
be d iscussed .  
least seven f r inges  i n  t he  s m a l l e r  section of the channel, and the  da ta  
was  checked to  make  s u r e  that the fluid t empera tu re  w a s  ve ry  c lose  to  

A photographic pr int  w a s  selected,  which displayed at 

F igure  5-1 - Typical Fr inge  P a t t e r n  i n  Rectangular Channel 
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25.0"C. 
channel, start ing a t  the channel centerline and working out to both w a l l s .  
If w e  equate equations (3.14a) and(3.16) 

Then the fringe o rde r  N was assigned to each fringe in the 

we obtain 

I ne - no[ = x p . ~  E 
max 

N = W E m a x  L 

(3.14a) 

(3.16) 

(5 .1)  

where 

N - fringe o rde r  N = 0, 1,  2 ,  .... 
p. - fluid viscosity 

M - Maxwell constant 

E - maximum ra te  of deformation 
max 

L - optical path distance through the fluid . 
F r o m  equation(5.l)we see  that the fringe o r d e r  is a monotonically 

increasing function of the maximum ra te  of deformation. 
constant viscosity, the maximum deformation ra te  is direct ly  proportional 
to the distance f r o m  the channel centerline,  and is  equal to zero at the 
center .  Therefore ,  the fringe at the channel center  corresponded to 
N = 0, the next fringe w a s  N = 1,  and so on. F r o m  symmetry conditions, 
this  same o r d e r  had to exist  on either side of the centerline.  Knowing 
the order  corresponding to each fringe,  the birefringence at  each point 
was calculated, using equation (3.16). 

Assuming 

It w a s  necessary a t  this point to determine the maximum ra t e  of 
deformation at  channel positions corresponding to the location of each 
fringe.  These values were  computed using equation (3.56). 

E 
max 

(3.56) 

These results together with the resu l t s  obtained using equation (3.16) 
allowed u s  to make a plot of birefringence, ne - n ve r sus  maximum 
ra te  of deformation E. 
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Since the value of our  fluid concentration did not match exactly 
any of the values for  which the published data is available, it  was 
necessary  to interpolate these values f r o m  the given curves.  To do 
this accurately,  a cross-plot  of fluid concentration ve r sus  birefringence 
using ra te  of deformation a s  a parameter  was made for  a range of de-  
formation r a t e s .  
data i s  shown in  F igure  5-2(a),  where the dashed curve is the resul t  
of the interpolation. 
ordinate i n  5-2(b) and extending a horizontal line through this point, 
the curves  of constant r a t e  of deformation a r e  intersected (points x 
and y).  
sections,  we could obtain the plot which i s  shown dashed i n  F igure  5-2(a) .  

This plot is shown in F igure  5-2(b),  and the published 

By locating the value of our  concentration on the 

Noting the value of birefringence corresponding to these inter-  

The correlation was  concluded by superimposing the data points 
obtained f r o m  the analysis of the photographs. 

The curves  shown in F igure  5-3 show the correlation that was 
obtained when the shear-optic relation obtained with the rectangular 
channel of high aspect ratio was compared with the published data in 
the l i t e ra ture ,  using fluid concentration a s  a common denominator. 
Both curves  were  obtained for  a fluid tempera ture  of 25.0"C. It i s  
evident that the correlation is not close. 
indicative of disagreement between the rectangular channel and rotating 
cylinder polariscope methods of calibration. Milling Yellow dye is a 
commerc ia l  dye and i s  not prepared on a chemically-pure basis .  
i s  to say,the batch of dye that w a s  used in preparing our tes t  solution 
v/euld nct necessar i ly  contain the same constituents on a percentage 
basis  as that used by Peebles ,  Prados ,  and Honeycutt (17) .  All data 
taken with the rectangular channel in the cur ren t  study have been given 
birefringence v s  deformation ra te  relationships of a consistent nature,  
a s  that  shown in  F igure  5-3. 
conclude that the utilization of a rectangular channel of high aspect  
ratio to obtain the optic response of a t e s t  fluid will provide accurate  
calibration data. 

This resul t ,  however, i s  not 

This 

Based on the foregoing discussion, we 

5.3 VORTEX VALVE 

Our next s tep was to remove the rectangular channel f r o m  the 
optical path and replace it with the fluid s ta te  vortex valve model. 
convenience of the calibration channel becomes ve ry  apparent at this 
point, since no hydraulic l ines  must be broken to make this change. 

The 
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( a )  Birefringence Versus Deformotion Rate For  Concentration Of 1.34 (Shown Dashed) 
Superimposed On Data Points From Reference 17 

("=-no) x 105 - BIREFRINGENCE 

(b) Cross Plot Of Data From Reference 17 Using Deformation Rate AS A Parameter 

:Figure 5-2 - Birefringence, Shear Rate and Concentration Relationships 
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F i g u r e  5-3 - Correlation of Rectangular Channel Data with 
Published D a t a  

With the vortex v a l v e  model in place i n  the optical path, the flow 
ra te  was  varied to t r y  to establish a condition where 3 f r i n g e s  would be 
visible simultaneously in the field of view. This condition was felt  to 
be necessary ,  since we were  concerned with radial  distribution of the 
f r inges ,  which requi res  at  least  three data points. Care  was taken to 
make  s u r e  that the o rde r  of each fringe was known, precluding the 
possibility of mistaking the second o rde r  f r inge for the f irst ,  and 
so on. 
field was not obtainable with the fluid a t  25°C for  flows up to 100 percent.  
This  condition, i n  fact ,  w a s  not achieved until the fluid tempera ture  
was  decreased  to 19.0°C, and then occurred only fo r  a flow between 50 
and 70 percent.  It should be mentioned he re  that this testing w a s  done 
with a chamber height i n  the vortex field of 0.125 inch. 

It w a s  observed that a condition of 3 visible f r inges i n  the vortex 

Having determined the conditions necessary  to produce the de-  
s i r ed  fringe pat terns ,  photographs were taken, using circular ly-polar ized 
monochromatic light f o r  flow ra t e s  ranging f r o m  10 percent to 80  percent.  
The flow ra t e s  and fluid temperatures  were  recorded with each photograph. 
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Having obtained all the photographic data  f r o m  the vortex valve 
model, it was necessary  to put the calibration channel back i n  the light 
path and obtain fringe pat terns  a t  the s a m e  fluid tempera ture  that was 
used f o r  testing the vortex model. The procedure was the same  as i n -  
dicated previously, with flow and tempera ture  data  being recorded fo r  
every photograph. 

Upon completion of this s e r i e s  of t e s t s ,  a l l  of the exposed f i lm 
was processed. 
pr ints  were made of each exposure,  which provided us  with a 2-to-1 
magnification of the actual model s ize .  

F o r  convenience of analysis,  8 i n .  x 1 0  in. glossy 

The vortex testing w a s  repeated for  a chamber  height i n  the vortex 
field of 0.312 inch. 
previously. 

The procedure w a s  exactly the same  as indicated 
The resu l t s  of both t e s t s  will be discussed l a t e r  in detail .  

In  obtaining the analytical and experimental  correlation of the 
velocity distribution i n  the vortex,  it was  f i r s t  necessary  to determine 
the relationship between birefringence and maximum ra te  of deformation 
for  the fluid at  19°C. 
f r inge patterns formed in the calibration channel flowing at  19°C. 
procedure i n  constructing this plot w a s  the s a m e  a s  that indicated previously. 
F r o m  the photographs of the vortex model, we w e r e  able to plot the  
fringe order  as a function of radius for  a specific flow ra te .  
particular photograph contained th ree  visible f r inges.)  
ra te  of deformation w a s  obtained for  each fringe by f i r s t  calculating 
the birefringence ( n e  - no)  for  each fringe f r o m  equation (3.16), and 
then using the calibration curve to determine the maximum ra te  of de-  
format  ion, Emax, corresponding to those calculated values of birefringence. 
F igu re  5-4 shows a typical photograph of the vortex valve for  pure 
radial  flow, using circular ly  polarized monochromatic light. 

This was obtained f r o m  the photographs of the 
The 

(Th i s  
The maximum 

The velocity distribution occurr ing i n  the vortex valve can be 
obtained entirely f r o m  the continuity equation, assuming that the flow 
i s  one-dimensional. With this  assumption, the continuity equation i n  
cylindric a1 coordinate s become s 

(5.2) 
a 

where r 
tion of equation (5.2)  with respect  to r gives 

is the radius and vr  is the radial  velocity component. 

C 

a 

Integra- a 

(5.3) - v = -  
r r 
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Figure  5 - 4  - Vortex Valve, 55 P e r c e n t  Supply Flow, Z e r o  Control  
Flow, 18.2"C , Circu la r ly  Polar ized  Monochromatic Light 

where  C is a constant  of integration. 
the  flow is toward the cen te r .  

The  minus s i g n  indicates  tha t  
Recalling equation ( 3 . 3 9 ) ,  we have 

( 3 . 3 9 )  

where  n is the normal  to  a s e t  of s t r eaml ines ,  r i s  the rad ius  
of c u r v a t u r e  of the  s t r eaml ine ,  r '  is the rad ius  of cu rva tu re  of the 
no rma l  to a s e t  of s t r eaml ines ,  and E is the maximum r a t e  of defor -  
mat ion.  Since i n  our  c a s e  the flow in the  vor tex  is pure ly  rad ia l ,  we 
have that  a i 1 -, r i s  infinite, and r '  i s  equal to r 

these  s implif icat ions,  we obtain 

a Making 
an ra  a e  a'  

I- 2 r 
( 5 . 4 )  
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which can be rewrit ten as 
2 v  

r 
r = * -  E 

m ax 
a 

Substituting equation (5.3)  into (5.5) gives 

2 c  
2 

= * -  E 
m ax 

r 

( 5.5) 

~ 

a 
F r o m  a continuity consideration, we have that the volume flow Q can be 
expressed as 21T 

r 

Q- /  r v h d e =  C h 2 n  a r  
0 

where h i s  the chamber  height. Rearranging equation (5.7) gives 

Q C =  
2 r h  

which when substituted into equation (5 .6 )  gives 

Q 

l ~ h r  

- - 
m ax 2 

a 

E 

where  the positive value has  been assumed 

(5.7) 

(5 .9)  

Equation (5.9) was  used to determine the theoret ical  deformation 
r a t e  distribution. Values of the  deformation r a t e  w e r e  calculated c o r r e s -  
ponding to the radial  locations of the f r i n g e s  in the photograph. 
calculations fo r  obtaining this  corre1ation:are shown i n  Appendix B. 

Sample 

The resu l t s  of the vortex valve testing a re  shown in F igure  5-5(a) 
and 5-5(b). F igu re  5-5(a) is f o r  a vortex chamber  height of 0.125 inch, 
and Figure 5-5(b) is fo r  a height of 0.312 inch. 
F igures  that correlation between the analytical and experimental  d i s -  
tr ibutions is very  poor. 
s e e m  to indicate that the maximum rate of deformation v a r i e s  with the 
rad ia l  position r as 

It is seen f r o m  both 

It should be noted tha t the  experimental  r e su l t s  

a 
1 
0.8 
a 

cc- E 
m ax 

r 
(5.10) 

This  functional relationship is significantly different  f r o m  that predicted 
by equation (5.9) ,  which indicates that  E varied inversely with the radius  
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F i g u r e  5-5  - Maximum Deformation Rate Distribution in  Vortex Valve 
for  P u r e  Radial Flow Experimental  and Analytical 

squared. 
the aspect  ratio i n  the direction parallel  to the light path is much l e s s  
than unity, which indicates the flow field is  essentially three-dimensional.  
This means  that the magnitudes of the s t r e s s e s  in planes perpendicular 
to the light path a r e  of the same order  as i n  planes paral le l  to the light 
path, over  most  of the vortex chamber height. 

It i s  felt that this  poor correlation s t ems  f r o m  the fact  that 

In  photoelasticity, the s t r e s s e s  in planes perpendicular to the 
light path have no optical effect. 
law i n  t h ree  dimensions for  the photoelastic mater ia l .  Unfortunately, 
the s t ress -opt ic  law in three  dimension for  birefringent liquids of the 
Milling Yellow dye type has  not yet been established. Our conclusion 
i s  that while the quantitative treatment of two-dimensional flow fields 
by photoviscous techniques can be accomplished, the similar t reatment  
of three-dimensional flow fields a re  not as yet within the s ta te-of- the-ar t .  

This i s  a resul t  of the s t ress -opt ic  

5.4 HIGH SPEED PHOTOGRAPHY 

All of the above investigations utilizing the doubly- refracting 
proper t ies  of the Milling Yellow dye solution to obtain quantitative data 
were  confined to the steady-state domain, ;where the velocity components 
were  functions of coordinate positions only. However, it w a s  determined 
that quantitative data could be obtained i n  the t ransient  domain if some 
high speed photographic techniques were  employed. 
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Our par t icu lar  investigation was  confined to determining the t ime 

A Hycam Co.  high speed movie c a m e r a  was  used i n  conjunction 
response of the vortex valve when subjected to a s tep  change in tangential 
flow. 
with a 1,000 watt white light source  to  record  the t rans ien t  phenomenon. 
Tes t  runs were  made for  f i l m  speeds of 500, 1 ,000  and 2 ,000  f rames pe r  
second. The  control flow line was  modified with the addition of a solenoid 
valve, which was used to provide the s tep  input to the vortex model, i n  
series with the manual Val-ve. 

processed film by simply running the film slowly through a viewer.  
noting the amount of footage required f o r  63 percentage of the change 
to occur ,  and by knowing the film speed, we w e r e  able to calculate the 
t ime constant. The  calculated t ime obtained by this  method compared 
quite well with analytical  predictions. 

The t ime constant was determined f r o m  the 
By 

5.5 QUALITATIVE STUDIES 

The use  of the photoviscous technique is definitely not l imited to 
investigations of a quantitative nature ,  but r a the r  is  even more  powerful 
i n  providing qualitative information. Phenomena such as vortex fo rma-  
tion, f low instability and laminar-to-turbulent t ransi t ion can be inves- 
tigated with photoviscosity. 

To employ the photoviscous technique i n  a qualitative manner ,  the 
monostable flip-flop and the vortex valve descr ibed previously were  
tes ted.  The  qualitative data was  obtained by simply viewing the models  
with c i rcu lar ly  polarized monochromatic light and varying the flow r a t e s  
through them. Photographs were  taken fo r  any flow condition that looked 
par t icular ly  interesting. The qualitative information that w a s  of i n t e re s t  
w a s  wall attachment and switching i n  the flip-flop and noise generation 
i n  the vortex valve.  

The resu l t s  of the qualitative tes t ing w e r e  very encouraging. 
F igures  5-6, 5-7,  5-8 and 5-9 a r e  photographs of the  monostable fl ip- 
f lop f o r  increasing values of the supply flow, and f r o m  the f igures  it 
was  deduced that the s ide w a l l  design w a s  geometrically c o r r e c t  i n  p ro-  
moting good wall attachment. 
of the vortex valve model f o r  two different values of swi r l  flow. 
these photographs, it was concluded that the mixing of the individual 
tangential je t  flows with the supply flow is not confined to the plenum 
chamber,  as had been previously assumed.  
all the way to the outlet hole, 

F igu res  5- 1 0  and 5- 11 a r e  photographs 
F r o m  

Rather,  the mixing occur s  
In addition, it was  concluded that the  
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tangential j e t s  should be located f a r the r  ups t r eam f r o m  the edge of the 
button to reduce noise generation. F igure  5-12 shows the mixing pat tern 
obtained after moving the tangential j e t s  fu r the r  ups t ream.  The photo- 
graph was t a k e n  using plane -polarized monochromatic light. 
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SECTION 6 

CGi\jCLVSiONS AND RECOMMEND AT IONS 

Based on the work that has  been per formed,  the following conclu- 
sions have been reached: 

( 1 )  The equipment which h a s  been developed provides a convenient 
and useful means  fo r  examining a variety of fluid flow fields geometr ies .  

( 2 )  The calibration channel approach descr ibed in Section 5.2 
h a s  many advantages over  the rotating cylinder polariscope for  conven- 
iently calibrating the photoviscous liquid being used. The calibration 
procedure obtains the birefringence v s  deformation rate relationship 
for  the liquid at a given temperature .  

( 3 )  At present ,  quantitative information on the fluid velocity field 
i n  a model  ( s t reaml ine  pat tern)  can be obtained only where three-dimen- 
sional effects a r e  not significant. 
flow f ie lds  is a consequence of incomplete knowledge of the s t ress -opt ic  
law fo r  Milling Yellow dye solutions. 
the lack  of correlat ion between observed and predicted fr inge pat terns  
in the vortex valve experiments  described in Section 5.3. Amplification 
of the two-dimensional flow cr i ter ion will be given below. 

The limitation to  two-dimensional 

The limitation i s  i l lustrated by 

( 4 )  Existing methods "" allow numerical  computation of the 
velocity field i n  two-dimensional flow,using the isochromatic f r i n g e  
pattern. Also, the  shear 
r a t e s  i n  the fluid must  not exceed the point where the viscosity becomes 
var iable ,  if the flow i n  the model is to  represent  that of a constant-  
viscosity fluid. Another reason for  staying i n  the constant-viscosity 
range f o r  the photoviscous fluid is to avoid inaccuracies  caused by 
different optic responses  to gliding and dilation shear deformations,  

Of course ,  the flow must  not be turbulent. 

( 5 )  The measurement  of internal dynamic response t imes  i n  fluid 
flow components can be accomplished by using high speed motion picture  
photography i n  conjunction with photoviscoys flow visualization. 
i s  potentially a ve ry  useful experimental  method. 

This  
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(6)  Qualitative information can be obtained readily by the photo- 
viscous technique, even when the flow field is three-dimensional.  Such 
information includes the observation of flow instabil i t ies,  Coanda effects,  
.vortex formation, and the transit ion between laminar  and turbulent flow 
regimes.  The qualitative application of photoviscosity offers promise 
a s  a method for diagnosing performance difficulties in fluid flow com- 
ponents and for guiding de sign modifications 

In ( 3 )  above, the c r i te r ion  of two-dimensional flow was stated in 
connection with quantitative determination of a flow field f rom photo- 
viscous data. A confined flow is considered two-dimensional i f  the 
aspect  ratio of the flow geometry i s  l a rge .  Figure 6- l ( a )  i l lustrates  a 
flow geometry where the aspect  ra t io ,  defined a s  L / h ,  is  l e s s  than unity. 
Over most  of the light path through the fluid, the shear  r a t e s  in planes 
perpendicular to the light direction a r e  of the same magnitude or  g rea t e r  
than the shear  r a t e s  in planes paral le l  to the light direction. This is  a 
three-dimensional flow geometry.  

VE LOClTY 

LIGHT 
DIRECTION 

LIGHT 
DI R ECTlON 

LIGHT DIRECTION 
INTO PAPER 

L 
h 
- 

(a) Three -Dimensional Flow 

LIGHT 
DI R ECTl ON 

INTO PAPER 

(b) Two - Dimensional Flow 

< 1  

? 1  
L 

h 
- 

N N m 

a 
Figure  6-1  - Aspect Ratio of F l o w  Passage  
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Figure 6 - l (b )  i l lustrates  a case where the aspect  ra t io  L / h  is 
l a r g e r  than unity. Over mos t  of the light path, the shear  r a t e s  in planes 
perpendicular to light direction a r e  negligible , compared with the shear  
r a t e s  in planes paral le l  to the light direction. 
flow geometry.  A s  a rule-of-thumb, the aspect  ra t io  should be a t  l ea s t  
5 ,  o r  preferably 10 or  g rea t e r ,  to ensure a two-dimensional flow. The 
pract ical  significance of the aspect  ra t io  c r i te r ion ,  regarding quantita- 
tive analysis of the flow field in fluid state devices,  is i l lustrated in 
Figure 6-2. The distance L is a t  least  5 t imes  grea te r  than the l a rges t  
dimension Dm of the amplif ier  contour. 

This is a two-dimensional 

Our recommendations concerning the photovis c ous technique a r e  
a s  follows: 

(1)  The equipment developed should be put into use for studying 
the flow fields in fluid flow components of in te res t ,  particularly in fluid 
state device s . 

(2)  Where the aspect  ra t io  cri terion for two-dimensional flow is 
m e t  by the model,  quantitative determinations of the viscous s t r e s s  and 
s t reamline patterns should be made.(") Otherwise, qualitative observa-  
tions should be made,  such as those relating to noise generation in fluid 
state amplif iers .  

(3) Specific attention should be given to using high speed motion 
picture photography in conjunction with the photoviscous tes t  equip- 
ment ,  since this appears  to be a uniquely advantageous method of 
measuring internal response  t imes ir, fluid stzte devices. 

(4) The rectangular channel method of calibrating photoviscous 
fluid should be used in conjunction with the t e s t  equipment developed. 

F igu re  6 - 2  - Device Model with La rge  Aspect Ratio 
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(5) Rheological measurements  should be added to  the photoviscous 
fluid calibration procedure.  
passage permanently installed on the t e s t  stand, and capable of being 
valved into the fluid circulation system when required.  
p ressure  a c r o s s  the capillary passage would be measu red  by a mano- 
m e t e r ,  and the viscosity calculated f rom the flow ra te  and differential 
p ressure  data. 
accurate modeling of experiments according to Reynolds number,  and 
the checking of the Newtonian shear  ra te  range of the fluid. 

This might be accomplished by a capillary 

The differential 

The determination of fluid viscosity will permit  the 

(6)  Fur ther  study should be done to determine the s t ress -opt ic  
law in three dimensions fo r  Milling Yellow dye solution. The objective 
should be the extension of present  quantitative methods to flow geome- 
t r i e s  having smal l  aspect  ra t ios .  
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LIST O F  SYMBOLS 

Svmbol Me anine 

t 

a = "Breakpoint" shear  ra te  

A =  

A =  

b =  
V 

c =  
c =  

P 
E =  

f =  

F =  

Light vector amplitude; Diaphragm a r e a  

Valve a r e a  

Dim e n s ionle s s num be r 

Wavelength; Constant 

Specific heat a t  constant pressure  

Deformation ra te  

Functional notation 

Force 

F' = Component of light r a y  vector along optic axis 

h = Channel half height; Vortex spacing 

L = Optical path thickness in  the fluid 

L / h  = Aspect ra t io  

M = Maxwell constant 

n = Normal to a set  of s t reamlines;  Index of refraction 

N = Fringe order  

p = Hydrostatic p re s su re  

A P  = P r e s s u r e  drop a c r o s s  valve 

Q = Volume flow ra te ;  Heat flow 

r = Radius of curvature of streamline 

rl = Radius of curvature of normal curve to a s e t  of s t reaml ines  

r r = Inner and outer rad i i  of Polariscope 
1 2  

r = Geometric radius in vortex valve 
a 
R = Resultant r a y  vector a t  analyzer 

6-'7 



Symbol 

S = Streamline 

Me aninn 

S' = Component of light r a y  vector along optic axis 

t = Time 

T = Temperature  

u = Amplitude of light vector a t  any t ime;  Velocity in x direction 

U = Average velocity 

U = Velocity along channel centerline 
0 

v = Velocity in y direction 

V = Velocity along streamline 

w = Velocity in z direction 

x = Valve t ravel  

x = Development length in channel 
d 

x ,  y ,  z = Position coordinates 

p = Angle between the polar izer  axis and the local optic axis  
in the fluid 

8 = Par t i a l  derivative symbol 

6 = Relative retardat ion (phase shif t )  

8 = Angle formed by deformation rate  with x axis 

X = Wavelength 

p = Absolute viscosity 

v = Kinematic viscosity 

6 = Arbi t ra ry  angle with respec t  to x axis 

IT = Constant (3 .141  6. .) 

u Normal s t r e s s  

T = Shear s t r e s s  

9 = Angle formed by s t reamline with the x axis 



Symbol 

X = Extinction angle 

= Stokes s t r eam function 

Me anine 

w = Angular frequency; Frequency of light ray  vector 

Symbol 
Subscripts Me anine 

e = Extraordinary 

o = Ordinary 
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APPENDIX A 

SHEAR-OPTIC CALIBRATION CURVE 

In Section 5.2, the procedure  for  obtaining the shear-opt ic  r e -  
lation fo r  a photoviscous liquid was indicated. 
demonst ra te  the procedure  with actual calculations,  using the fringe 
pa t te rn  shown in F igu re  A-1 as a n  example. 
taken using circular ly-polar ized monochromatic light. 
light sou rce ;  X = 2.32 x 
the channel was 1.46 cubic inches per second. 

This Appendix will 

The photograph 

The volume flow r a t e  through 

was 
(Sodium vapor  

inches). 

The fr inge o r d e r s  and the i r  locations as measu red  on  the pho- 
The actual dis tances  of the fr inges tograph are  shown in  Table A-1. 

from the channel center l ine are  given in  the next column. 
dis tance is equal to the distance on the photograph divided by the p r in t  
magnification fac tor .  
of the s m a l l e r  channel sect ion on the photograph, which is actually 
0.25 inch.) 

The actual 

(This  f ac to r  is obtained by measur ing  the spacing 

Figure  A-1 - Calibration Channel, 1.46 in3/,,, Flow Rate ,  
25.0°C, Circular ly  Polar ized  Monochromatic Light 

A -  1 



Table A-1 - Fringe O r d e r s  and Thei r  Locations 

Fr inge  
Orde r  

0 

1 

2 

3 

4 

5 

6 

7 

Dis tance  From 
C ente r l ine  

(Photo)  ( inches)  

0 

0.030 

0.060 

0.090 

0.120 

0.150 

0.180 

0.2 10 

Actual 
Dis tance  
( inches)  

0 

0.0167 

0.0334 

0.05 

0.066 

0.083 

0.10 

0.1167 

f B i re f r ingenc  
(ne  -no) x 10 

0 

0.92 7 

1.85 

2.78 

3.71 

4.64 

5.56 

6.48 

Deformat ion  Rate  
E ( s e c - 1 )  

m ax 

0 

7.48 

14.50 

22.40 

29.65 

37.20 

44.80 

52.10 

In the next column is thegbirefringence corresponding to each 
fringe.  The numerical  value is obtained f r o m  equation (3.16) 

where  

L -  

A -  

N -  

NA 
Ine - n - -  

01- L 

optical  path thickness; 2.5 inches 
-5  

wavelength; 2.32 x 10 

fr inge o r d e r ;  ( 0  to 7) 

inches fo r  sodium vapor 

(3.16) 

f o r  this case.  Substituting the values f o r  A and L into equation (3.16) 

( n  - n  ) x l o 5  = 0.927 N . 
e 0  

The last column gives the value of the deformation r a t e  existing 
in the fluid a t  the positions corresponding to each of the fr inge locations.  
The values are  calculated f rom equation (3.56) which gives 

E 
h m ax 

(3.56) 

A - 2  



10 

0 

Figure A-2 - Birefringence Versus  Deformation Rate for  Figure B-1 

where  
3 

Q - volume f low rate;  1.46 in  / s e c  

A - cross-sect ion a r e a  of the channel; 0.625 in  
2 

(0.25 x 2.5) 

y - actual  f r inge location; variable 

h2 - 
2 2 

= 0.015625 i n  channel half-height; (0.125) 

Substituting these numerical  values into equation (3.56) gives 

= 448 y 
m ax 

E 

where y takes on the values indicated in  the column entit led "Actual 
Distance". The resul tant  plot is shown in F igure  A-2. 

A -  3 



APPENDIX B 

VORTEX VALVE CORRELATION 

This  Appendix demonst ra tes  the procedure  descr ibed  in  Section 5.3 
f o r  determining the cor re la t ion  between photoviscous experimental  and 
fluid mechanics  theoret ical  r e su l t s .  The case  for  which the cor re la t ion  
is examined is a vortex valve with-only r ad ia l  flow. 

In F igure  B-1 is shown a p'notograph of the Vortex valve taken 
with c i r cu la r ly  polar ized monochromatic  light. 
the valve was  2.76. cubic inches pe r  second, and the fluid tempera ture  
w a s  18.2"C. No control  ( swi r l )  flow was present .  

The supply flow through 

Figure B-1 - Vortex Valve, 50 Pe rcen t  Supply Flow, Z e r o  Control 
Flow, 18.2"C, Ci rcu lar ly  Polar ized Monochromatic Light 

B- 1 



The photograph shows three radial  f r inges present  in the valve,  
and from other  photographs of the same valve for  lower flow r a t e s ,  it 
w a s  determined that these three  fr inges a r e  the second, third and fourth 
o r d e r  fringes. The second fringe is located at the outer  edge of the valve,  
while the fourth fringe is just  outside the outlet fitting. 
of the walls of the vortex valve in this photograph is 0.125 inch, and the 
light source used was a sodium vapor lamp. 

The axial  spacing 

The values of the maximum rate  of deformation corresponding to 
each of these fr inges were  obtained f r o m  a cal ibrat ion curve of the fluid, 
obtained by flowing the rectangular  channel at the same fluid tempera ture  
and taking photographs of the fringe pa t te rns  produced at var ious flow 
ra t e s .  A typical photograph of the flow channel is shown in F igure  B-2. 
The flow rate  through the channel was 1.433 cubic inches p e r  second, 
and this photograph was also taken using c i rcu lar ly  polar ized sodium 
vapor  light. The calibration curve w a s  obtained following a procedure 
identical with that shown in Appendix A. 
is shown in F igure  B-3. 

The fluid calibration at  18.2"C 

The value of the deformation rate  corresponding to each fringe in 
the vortex model i s  obtained by computing the amount of birefringence 
corresponding to the fringe f rom 

N A  
Ine - n  I = -  

0 L (3.16) 

where 
-5 

A = wavelength of sodium vapor light; 2.32 x 10 

L = optical path thickness;  0.125 inch 

inches 

Substituting these values gives 

5 
Ine - n  I x  10 = 18.5 N . 

0 

In Table B-1, the values of the deformation r a t e s  a r e  taken f rom 
an extrapolated curve of F igure  B-3, since the maximum birefringence 
obtained with the calibration channel was  l e s s  than the minimum bire  - 
fringence existing in the vortex valve. (It  was thought that this neces -  
s a r y  extrapolation w a s  introducing a large e r r o r  in the correlation, 
but when the birefringence in the vortex was reduced by increasing the 
optical  path thickness,  no significant change in the cor re la t ion  of expe r i -  
men ta l  and theoretical  resu l t s  was seen.) 



Figure  B-2 - Calibrat ion Channel, 1.433 in3 / sec  Flow Rate ,  18.2"C, 
C i rcu la r ly  Po la r i zed  Monochromatic Light 

F igure  B-3  - Shear-Optic Response fo r  T e s t  Fluid a t  18.2"C 



Birefringence 
5 - n ) x 10 ("e o 

Table B - 1  - Values of Deformation Rates  

&-nax Em ax 
From Figure B-3 Calculated 

Actual 
R adiu a 

Fringe 
Order 

2 

3 

4 

1 .oo 
0.56 

0.334 

Photo 
Radius 

2.4 

1.35 

0.8 

1 74.0 

VORTEX RADIUS - r,, (INCHES) 

F i g u r e  B - 4  - Maximum Deformation Rate Distribution in Vortex 
Valve for  P u r e  Radial F l o w  - Experimental  and Analytical 
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The columns entitled "Photo Radius'' and "Actual Radius" c o r r e s  - 
pond to the rad ia l  position of the fringes as indicated by the photograph 
and the actual position of the fringe when the scale factor  of the print  
is taken into account. (The outer  diameter  of the valve is 3.00 inches.) 

The theoret ical  deformation rates a r e  calculated f rom equation (5.9), 
which gives 

Q 
m a x  2 

T T ~  h 
a 

(5.9) - - E 

where 

Q = volume flow ra t e ;  2.76 cubic inches pe r  second 

h = spacing in the vortex valve; 0.125 inch (a l so  equal 
to L, the optical path thickness) 

r = radius;  inches 
a 

Substituting these numer ica l  values into the above express ion  
we obtain 

- 7.04 - -  
2 E 

... max 
I 
a 

The values of ra used for calculation correspond to the radial  positions 
of the three fringes.  The resaltant plot is shown in F igure  B-4. 
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APPENDIX C 

FLOW OF A NON-NEWTONIAN FL'U'ID IN A RECTANGULAR 
CHANNEL OF HIGH ASPECT RATIO 

The non-Newtonian behavior of Milling Yellow dye photoviscous 
fluid h a s  been descr ibed by Peebles ,  P r a d o s  and Honeycutt(17).  F igure  
C-1 is a plot of the data  given in Reference 1.  U p  to a point the v is -  
cosity is constant, and then it drops off with increasing shea r  ra te .  
W e  will consider only the constant viscosity range and the range where 
the viscosity is falling. 
the viscosity is asymptotically approaching a new constant value. 

That is, we will not consider the r a n g e  where 

With this simplification, w e  will approximate the viscosity vs .  
shear  ra te  relationship by two straight l ines.  The f i r s t  one is horizontal  

1000 

100 

W 

L 

2 
W 
U 

I 
a 

10 

0 

1 10 1 02 103 
SHEAR R A T E - ~ / S E C  

1 o4 105 

Figure C-1  - Variation of Viscosity with Shear Rate for  Various 
Concentrations of Milling Yellow Dye (F rom Reference 17) 
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. 
b 

and indicates the Newtonian, constant viscosity region, and the shear  
ra te  at the end of this region is denoted by - a. 
slope - b and passes  through - a. Since this  is a log-log plot, the equation 
relating viscosity and shea r  ra te  in  this  region is :  

The second line has  a 

where 

P =  

-a = 

b =  

au = 

b 

P o [  3 
a Y  

vis c o s it y, c e nt ipo i s e 

viscosity in the low shear  r a t e  
region, centipoise 

"break point" shear  ra te ,  s ec  

dimensionless number 

shear  ra te ,  sec  

- 1  

-1 

a Y  
The quantities a and b a r e  constants for  a given solution concentration 

Figure C - 2  shows a cross-sect ion of a paral le l  wall channel of 
unit depth. The axis l i es  along the center  l i n e  of the channel and the y 
axis is perpendicular to the centerline.  The half height of the channel 
i s  h. Assuming no velocity i n  the y direction and a p r e s s u r e  gradient 
i n  the x-direction, the Navier-Stokes equation reduces to the familiar 
f o r m  

h 

1 
h 

I 

- - _ _ _  

VELOCITY PROFILE 

Figure C - 2  - Channel Coordinate System 
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w h e r e  

p = p r e s s u r e  

x = d i s t a n c e  a l o n g  l eng th  of c h a n n e l  

y = d i s t a n c e  p e r p e n d i c u l a r  to c h a n n e l  w a l l s  

u = v e l o c i t y  in  x - d i r e c t i o n  

p = a b s o l u t e  v i s c o s i t y  

T h e  f low is though t  of as two  d i s t i n c t  p a r t s ;  o n e ,  Newton ian ,  
a n d  the s e c o n d ,  non-Newton ian .  At the  c e n t e r l i n e ,  t h e  s h e a r  rate is 
z e r o ,  so  t h e  f low is Newton ian ;  f r o m  there,  the Newton ian  r e g i o n  e x -  
t e n d s  o u t  to the po in t  w h e r e  & = -a, t h e n  from this po in t  to the w a l l ,  

t h e  f low is non-Newtonian  a n d  t h e  v i s c o s i t y  o b e y s  t h e  l a w  
a y  

t 

b 

ay 
as i n  (1) a b o v e  

In t h e  Newton ian  r a n g e  p = p = c o n s t a n t ,  a n d  equa t ion  ( 2 )  becomes 
0 

Y 
In t h e  non-Newton ian  r a n g e  equa t ion  ( 3 )  is s u b s t i t u t e d  in to  e q u a t i o n  

( 2 )  r e s u l t i n g  in  

r 

The b o u n d a r y  c o n d i t i o n s  are: 

aU 
a Y  

a t y =  0,  - - 0  - 

a t y =  * h , u = O  . 
w h e r e  

h = h a l f - h e i g h t  of c h a n n e l  

c-3 



The matching conditions at the boundary between the  Newtonian 
and non-Newtonian regions are  

- -a, u = u  aU 
a Y  a y = yal - - 

aU 
a Y  

Equation (4)  can be  integrated direct ly  to get - and u a s :  

- = -  - ( 6 )  aU 1 

O l Y F Y ,  

dp y t c1 
dx aY PO 

2 
2 

dp y t c  y t c  1 u = -  - 
dx 1 

Po 

( 7 )  

Integrating equation (5)  once gives 

- 
3 .  

- - Y dp t c [ !E)l-b Po ( -a )  b dx 

It is  convenient he re  to  eliminate C 3 by using equation ( 6 )  and the 
matching condition of & = -a at y = y . Since = 0 at  y = 0 ,  

C = 0 .  Therefore ,  
a Y  a a Y  

1 

o r  

Y '  
aU 1 dP - = -  - 

dx 
a Y  PO 

The matching condition gives 

dx 
Substituting equation ( 1  0 )  into equation (8) :  

- dP 
dx -a Po 

- dP c3 
1 -b  

b ( -a )  = 
Po ( - a )  dx 

( 9 )  

1 -b  1 - b  
c3 ( - a )  = ( -a )  
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This  last equation shows that C3 = 0 f o r  all values of b. Therefore  
equation (8)  i s  simplified to 

1 
1 - b  

(11) au a Y  = [ po(Ya)b -3 dx 

Integration of equation (1 1 )  produces 
1 

r 7 

1 lye) 1 - b  t c4 . 
1 - b  

2 - b  

Using u = 0 at y = h, C c a n  be evaluated to leave 4 
1 2 - b  7 

1 - b  

u = -  2 - b  1 - b  [ h b d P ]  dx - h[[*) -1J . (12)  
Po( -a) 

At this  point, we will make the following definition: 
dP -h - 
dx 

P =  

a 
This  non-dimensional quantity, P, is t he  rat io  of the  p r e s s u r e  f o r c e s  
to  the  shearing fo rces ,  Equation (12) now becomes 

i 2 - 5  
1 - b  

- -  ah ( l - b ] ( p l - b ) [ ( + )  2 - b  -ll ' P  - < -  1 h < 1 .  (14) 
U - - -  

C is evaluated f r o m  equations ( 7 )  and (14)  by using the velocity 
2 

matching condition, u = u at y = y,. F r o m  equation (14) ,  a 

2 - b  
U 1 - b  

a 
ah 

- -  - -  

F r o m  equation ( 7 )  

U 
a 1 c2 

t -  - =  - -  
ah  2 P  a h  
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Solving these for  ‘2 gives 
ah 

1 
1 - b  

P 
1 - b  - -  

ah  - 2 P  ( 2 P b )  2 - b  
c2 - -  

Thus equation ( 7 )  becomes 

1 
1 - b  

(1 7 )  P 
1 - b  
2 - b  

t 
b 

t 
U 

ah 2 2(2 - b ) P  

Fur the rmore ,  substituting equation(l3)into equation ( 6 )  w e  get 

1 au Y - - = - p -  
a a Y  h 

1 
P .  

< -  Equations (17) and (18) a re  valid i n  the region 0 < - - h  
Compared with the famil iar  parabolic velocity distribution ex-  

pression fo r  a constant viscosity liquid, equations (14) and (17) seem 
ve ry  complicated. 
simple.  Assume that the 1.32 percent solution of F igure  C-1 is to be  
used.  Then b = - and a = 8 0 / s e c  and the governing equations become 

However, for  a special  case ,  they become quite 

2 

2 
U [XI - =  - 

ah 2 
t 

1 
6 P  
- 

1 Y - < - - 1  
P h 

t 
P 
3 
- 

Y 1  o < - < -  
h P  

Equations (19) and (20) pertain to  the non-Newtonian region and 
show that the square root viscosity variation only jumps the o r d e r  of 
the equations by one. 
the square.  h 

The velocity va r i e s  as the cube of - y, ra ther  than 
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a 

c 

P u r e  Newtonian flow resu l t s  when P = 1 ,  that  is, when the region 
of p = p 
to  this  ca se  as follows: 

= constant extends to the wall. Equations (21)  and (22) apply 
0 

U - -  - 
ah 2 

Y 
a a Y  h 

- - -  1 aU - - -  

When the p r e s s u r e  is low enough such that only par t  of the 
Newtonian range is i n  u se ,  P s t i l l  equals unity but a must  be replaced 
i n  equations ( 2 3 )  and (24) by 

- 
-h GP . [E d x l  

As the p r e s s u r e  is increased,  P becomes g rea t e r  than one, non- 
Newtonian flow appears  at the wa l l ,  and par t  of the velocity distribution 
becomes cubic instead of parabolic. F igu re  C-3 shows the effect of 
P on the velocity profile, and Figure C-4  shows how var ies  with P. 

The s t ra ight  par t s  of the curves i n  F igure  C-4 show the extent of the 
Newtonian region. 

a Y  

1 .o N 

b = 0.5 N ol 

a 

0 0.2 0.4 0.6 0.8 1 .o 

h 
? - 

Figure C - 3  - Velocity Prof i les  fo r  
Various Amounts of Non-Newtonian 

F1 ow 

0 0.2 0.4 0.6 0.8 I .o 

Figure C - 4  - Shear S t r e s s  Distr i -  
bution for  Various Amounts of 

Non -Newtonian Flow 

I 

h 
- 
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