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NEUTRAL (ZERO) POINTS OF THE MAGNETIC FIELDS

Geomagnetizm i Aeronomiya by Yu. D. Zhugdzhda
Tom 6, No. 3, 508=511,
Izdatel'stvo "NAUKA", 1966

SUMMARY /}7;#

The geometry of a magnetic field is investigated in the immediate
vicinity of the neutral points. The complete classification of neutral
points of a free field is described in detail.

It is shown that the neutral points of a force-free field in the im-
mediate vicinity are reduced to the neutral points of a free field with a
precision to the terms of higher orders. lhe simplest neutral points of
a static field are considered.

" il
* *

At present the most probable source of energy of a solar flare is
estimated to be that of the magnetic field of sunspots. A series of ex-~
perimental [1, 2] and theoretical works [3 = 5] relate the solar flare
events with processes taking place at neutral points of a magnetic field,
that is, in those points where the magnetic field becomes zero. In connection
with this it is of interest to resort to the classification of all the pos-
sible types of neutral points, lines and surfaces and to the geometry of
the field in their vicinity. Because the Sun's atmospherehas a high conduc-
tion and distributed currents may exist, considered in the work were not
only the neutral points of a free field (field in vacuum), but also those
of a force-free field and of a field in a state of hydrostatic‘equilibrium
with the medium (static field). As far as we know a systematic investiga-
tion of these problems is not available in literature, though some of the
particular questions have been considered (3, 6,7].

* NEYTRAL'NYYE (NULEVYYE) TOCRKI MAGNITNYXH POLEY.



METHOD OF INVESTIGATION. Within a sufficiently close neighborhood

of a neutral point the magnetic field may be represented in the form of

a series by powers of coordinates, The first terms of the series that
are not zero describe a field characteristic fora given type of neutral
point, whose geometry remains invariable within a wide range of parameter
variations of field sources. If in the close vicinity of a neutral point
the field depends linearly on coordinates, that is, if the first linear
terms of the expansion in series are not zero, we shall describe it as a
first order point. In the vicinity of a second order point the fielad is
already a quadratic function of coordinates, etc. Therefore the problenm
of finding points of all types amounts to the problem of searching for the
solution of field equations in the form of series by rising coordinate
powers.

The method applied allowed to ascertain the character of field beha~
vior in the neighkorhood of the neutral point, digressing from the general
conplex pattern of an arbitrary magnetic field, and to establish all tkre
basic types of neutral points.

FREE FIELD, The frece fieldis described by the ecquations

rotH=0, divH=0 (1)
and a scalar potential msy be introduced for it irn sueh a way that
H = grad .

The scalar potential must satisfy the Laplace eguation

Ap = Q, (2)
In the ne%ghborhood of the neutral point the scalar potentizl, as well
as the magnetic field intensity, may be expanded in series by increasing
coordinate powers, In the most general case such a series, satisfyinc Za. (2),
is expressed by spherical functions and in s herical coordinates, having the
form
w n
V= 2?""[ @nPn (€038) + 2| (Bnmcos mp + Ynm Sin m) Py (cos 6) ] (3)
n=2 mei
where ds, ffam and Ynm are arbitrary constants. In tlis solution to each

spherical function corre:ponds a specific type of neutral point, distinect




3.

from other types., Evidently, the field geometry in the vicinity of each
of the these types of neutral points does not depend on the arbitrary con-
stants entering into the general eguation. The free magnetic field near
tke arbtitrary neutral point may be represented as the sum of the field cor-
responding to these simvle trpes of neutral points.

The scalar potential of the field in the neichborhood of neutrzl points

of the order by is expressed by means of spherical functions with n = p + 1.

Neutral Plane, In order that there exist a neutral plane ( let us assurse
it to be coinciding with the plane © = 90°), it is necessary that the poten-
tial (3) and its cerivatives with respect to coordinates convert to zero
on it, It is not difficult to see that these conditions are satsified only
at unconditiosnal equality to zero of the magnetic field about the entire
svace, Therefore, a neutral vlane, and consequently, a neutral surface can-
not exist in a free field. ‘''he obvious corrolary of that is the impossibi-
lity of existence of bounded configuration of a free field,
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Neutral Line, The scalar potential in the vicinity of a point lyving

on 2 neutral line coinciding with the axis g, is described by sectorial

spherical functions of the forn

rmP,™(cos 9)2‘;; no. (4)

Classifying these neutral points, we classify in fact the neutral
lines to which these points belong. There is one trpe of neutral line of
each order., Each type enters twice in the meneral solution and only tle

field patterns find themselves rotated by the angle ¢ = n/2n arcund the



axis g. A neutral line of third order corresponding to n=U4 is drawm

in Fig. la. The neutral oine coincides with the axis 2. The magnetic

lines of force lay in planes parallel to the plane xy. In each such plane
there are four asymptotes on which lie the lines of force passing through
the neutral line. The pattern of the lines of force in the neighborhood of
the neutral line oif the order p=n — 1 differs from the above-considered
only by the number of asymptotes, which is equal to n. The asymptotes are
always symmetric relative to the axis z.

INTERSECTIONS OF NEUTRAL LINES

-The cubic spherical functions of the form
' rn P1 (cos 8) 008 me. (5)
with ms: n give the expression for the marnetic field potential in the
neighborhood of the neutral point lying at the intersection of neutral
lines. & unit sphere with its center at the considered neutral point is
shown in Fig, 2. The meridians and the
parallels on the sphere are the intefsec-

tion lines with the surfaces on which the

potential ¢ = 0. The parallels constitute
the intersections of the sphere with infi-
nite cones, o1 which the summits are at the
neutral point, The family of these cones

is described by the equation
Pr(cos0)=0. (6)

The fomily consists of (n~=m) cones
and at the same time (n = m) is an odd num=-
ber and the equatorial plane is part of the
family, The cones are disposed symmetrically relative to the equatorial
plane, Moreover, the equation has a root 0 = 0 of multiplicity m. The
meridians are the intersections with the planes passing through the axis z.
The family of the planes is described by the egquation

sinme =0, (7)
It consists of planes symmetrically disposed relative to the axis z.

The magnetic lines of force are perpendicular to the above-considered

equipotentiel surfaces. Consequently, the intersection lines of the planes




with the cones are neutral lines, The axis g 1is also a neutral line
when m > 2. Therefore, the neutral line of the order (p=n- 1) cons-
titutes the intersection of 2m (n= m) + 1 neutrzal lines at m > 2, and

by one less when m=1.

Ascertaining the type of neutral lines intersecting at the considered
points is of interest. Near the intersection of neutral lines the
magnetic field is distorted in the neighborhood of everyone of them on
account of the proximity of other neutral lines. As one draws farther
away from the point of intersection, the "distortions' of the field pattern
decrease to the extent that the determination of the type of each of the

neutral lines becomes possible,

It is found that, except for the neutral line coinciding with the
axis z, all the other neutral lines are of first order. As to the one

coinciding with the axis 2z, it has the order (m -« 1).

In order to mzke out the geometry of the masnetic field in the neigh-
borhood of the intersection point, we shkall consider one of the solid
bangles by which all the space with surfaces with Y =0 iz divided. 1In
this solid angle all the lines of force aporoach the asymptote at infinity,
the position of which beins determined by the condition of attaining the
function's Pj(cos8) extremum ard satisfying the condition sin me == 1, The
planes drawn through that asymptote and each of the solid angle's raibs
constituting neutral lines, divide the entire pyranid into several parts
(by the number of sides). The lines of intersection of these planes with
the unit sphere for one of the solid angles are shown in Fige. 2. A4ll the
lines of force belonging to one such part of the solid angle pacs into the
neighvoring solid angle as one draws nearer the sumuit, intersecting the
general face at a right angle. In the neighboring solid angle they also
£il1ll only that part of it, which is bounded by planes drawn through the
edges of this s0lid angle and its asymptote. One of the two possitle
variants in the alternation of line of force directions in solid anrles

is shown in Fig. 2, where the crosses indicate that witlin the bounds of



this solid angle the lines of force are directed inside the unit sphere,
"while the dots indicate the opvosite direction. A second possible variant
takes place when the directions of the lines of force are opprosite to those
indicated in Fig. 2.

The exact mutual disposition of all the described geometric objects
for any neutral point among the described class is easy to find with the
help of the tables of values of Legendre polynomials. Two neutral points
of each of the described types enter into the general solution , with fielad
patterns turned relative to one another oy the anzle ¢ ==n/2m around the

axis g.

Isolated Neutral Points. The zonal spherical functions r*P,(cos0), deg-

cribing the field in the vicinity of the isolated neutral point, enter

into the general solution of the Laplace equation for the potential. Only
one tyve of such a neutral point of the given order exists. The magnetic
lines of force in the neighborhood of such points form a family of patterns
of revolution around the axis gz.

The structure of the field in the plane passing through the axis z.
is plotted in Fig, 16 for the case of an isolated neutral point of third
order. The number of asymptotes is always by one unit greater than the
order of the point., The asymptote position is determined by the extrema
of the corresponding spherical harmonic.

FORCE-FREE MAGNZTIC FIZLD.

A force-free marnetic field satisfics the equations

[HrotH] =0, divH =0. (8)
If we traensform the first equation after taking the divergence from
the left~hand part, we shall ottain
Hrotj = 4n/c(j)2 )
The corollary of this equation is: in a neutral point of a force=~

free field the current j= (c/4n)rotH is zero. The first equation of a
force~free field may be written in a different form

rot H = qH, (10)

where @ is an arbitrary scalar function of coordinates, Since there is

no current at the ncutral point, &« is finite at that point and, consequently



may be expanded in series by coordinates

a = ao+ a4 azy + asz + ... (11

When the considered point is the neutral point of n-~th orcer, the
field expansion in series by coordinates must be~in from the terms of
n-th order. At the same time the expansion in series for & nay begin
from the terms of arbitrary order m, and this would include m = 0, i, e.
a7 0. When substituting these series into the free-force field equation
(10), it is found that the terms of the order n + m and higher will be
in the right-hand part, while the terms of the order n «~1 and higher
will be dn the left~hand part. Consequently, in the neighborhood of the
considered neutral point rot H is zero with a precision to terms of the
(n + m)~th order, that is, the distinction between a force-free field and
a free field is manifest only in the terms of the (n + m)-th order and
higher, Thus in a force-free field, in a sufficiently small neighborhood
the neutral points cannot be differentiated by the field geometry from
the neutral points of a free field, provided in the field expunsion only
the first series terms which are not zero are tsken into account. Conse-
quently, the whole classification of neutral poinis of a free field is auto-
matically transferred to the force-free field.

STATIC FIELD,

A field in a static equilibrium with a conductirg medium satisfies the
equations
[HrotH} = —4nVp, divH=0. (12)

In order for the eguation to be satisfied at the neutral point itself,
it is necessary that the pressure gradient convert to zero and, consequently,
the expansion of pressure in series by coordinates must have the following

form:
p = po + Pz + pazy + psy? + puyz + pszi 4 pex + ... (13)

The expansion in series for the field components may be written in the

tensor form

H; = aijz; + Qi iaZTiZp -I— 1S W7 S T I (14)
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The problem of search for the field structure near the neutral points
amount to seeking the temsors airj..:, satisfying the equation. In its
general form the problem is not resolved because of eguation's nonlinea~-

rity. Let us consider the neutrzl points of first order.

The Isolated Neutral Point,- The field equations (12) for the case of
neutral point of first order is satisfied if the tensor ajj describing

- the field's linear part is antisymmetric or symmetric. The antisymmetric
tensor corresponds in reality to the neutral point lying on the neutral
line, that is, such a tensor always has one intrinsic value equal to zero.
The second solution correspontis to the case when the quadratic terms in

the pressure expansion (13) are unconditionally zero and the linear part
of the field is a free field, and the force character of the field must be
manifest only in subsequent terms of the series. Consequently, in a static
field there may exists isolated neutral points only on condition that this
field is free with a precision to the terms of subsequent orders,

The Neutral Line. The magnetic field in the vicinity of a point lying

on the neutral line of first order may, by coordinate rotation, always be
brought to the form

Hy = apy, Iy = ayz. (15)

The field is in equilibrium with the medium in the case when the
pressure is p = po + P + psy?, wkere pr = —(1/8n)ay(axy — ap) ané Pz =
'==-—(1/8n)am(am-—au)-The line of force ecuation has the form

| aply® — anz® =C. | (16)

There exist two types of neutral lines. 1If ays and a,, are of saue
sign, the lines of force constitute hyperbolae lying in planes parpendicular
to the neutral line, and the neutral point constitutes a peculiar point of
saddle type (Fig. 3a). Contrary to free field, the lines, on which lay the
lines of force, passing through the neutral point may intersect at any angle,
it drawing nearer the neutral point from the side of the sharp angle between
these lines the pressure rises, and at drawing nearer from the side of the
blunt angle — it drops.

If a,, and 85y have a different sign, the lines of force constitute
ellipses with semiaxes |aw!™ and lan|~ (Fig. 3 ). The pressure increases

no matter which aide the rapprochement with neutral line takes place from,
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The Neutral Surface. - Contrary to the force-free and free fields

there may existsin a static magnetic field a neutral surface of first order.
In the vicinity of a point lying on such a surface the field depends on

the coordinates in the following fashion :
Hy = ays2, HV == a32. (17)
At the same time p= Py + Pg z° and the field is in equilibrium
with the medium so long as a2+ a,®= —8nps. The lines of force constitute

a family of lines parallel to the neutral plane. un either side from the

neutral plane a3, 423 and p5 can be different.

L
* *

The described classification of the neutral points of a free field
is complete, that is, either any neutral point is one of the described
neutrsl points, or the field near that point may be represented as the sum
of the fields of simplest neutral points,

The neutral points of a force~free field in & small neighborhood with
a precision to terms of higher orders coincide with the corresponding neutral
points of the free field. This is why the classification of neutral points

of a free field extends also to a force-free field,

Because of nonlinearity of static field equations, only the neutral
points of first order were considered., Controry to free and force-free
fields, a neutral surface may exist in a static field. Another peculiarity
of the latter consists in the presence of two types of neutral lines of
first order.

The author expresses his gratitude to S. I. Syrovatskiy for the general
guicdance in the work.

sxx3x THE END s#xxsx

Contract No, NAS=5~ 9299 Translated by ANDRE L. BRICHANT
Consultants & Designers, Inc.
Arlington, Virginia on 3 August 1966
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