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Foreword 

The motions observed i n  the  ea r th l s  atmosphere display spatial and 
temporal scales  which range from those fo r  sound waves t o  those of t he  

large-scale standing planetary waves. The same may be expected t o  be t rue  

of the atmospheres of other planets.  
been expended on the  la rges t  scale  c i rculat ions of other planets ,  but ap- 

parently much less a t ten t ion  has been paid t o  smaller sca le  motions, such 
as acoustic and internal-gravity waves. 

To date, considerable e f f o r t  has 

I n  a preliminary step t o  the study of these phenamena i n  other 

atmospheres, where addi t ional  physical processes may be important, the  

present state of understanding of these waves i n  the ear th ' s  atmosphere 
was reviewed. 

Gravity Waves" t o  the NATO Advanced Study I n s t i t u t e  on "Atmospheric Motions 
and Turbulence Between 30-120 km" held at Lindau on Lake Constance, W. G e r -  

many, September 19-30, 1966 was the occasion fo r  writ ing down these sum- 
maries of several  aspects of t he  problem. 

An invi ta t ion  t o  present two lec tures  on "Atmospheric 

These reviews are thus a concise statement of our present under- 
standing, end a starting point fo r  considerations of similar phenomena 
i n  the atmospheres of other planets.  

These t rea thents  are each self-contained, w i t h  separate pagination 
and bibliographies. 
has been inser ted between them t o  f a c i l i t a t e  opening t o  the  second paper. 

For the convenience of t he  reader,  a colored sheet 

The preparation of these papers was primarily supported by NASA 
Grant NSG-173, for  which I am very gra te fu l .  

rial shown i n  the  second paper resu l ted  f r o a n  s tudies  supported by the  

National Science Foundation under Grant NSF GP 2371 and Office of Naval 
Research Contract Nonr 266(70j. 

Previously unpublished mate- 

I would l i k e  t o  thank Professor S, L. Hess f o r  h i s  encouragement 

i n  t h i s  work, and Professor R. L. Pfeffer  for  interesting m e  i n  t h i s  

problem, unpublished material  and physical insights .  

John C.  Gi l le  
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1. Introduction 

I n  lec tures  today and tomorrow, we shall be speaking of the nature, 
propagation and ducting of infrasonic waves i n  t he  t e r r e s t r i a l  atmosphere, 

Clearly, i n  two t o  three hours we cannot go in to  great mathematical detail. 
We w i l l ,  therefore ,  attempt t o  do th ree  things: 

1. To see the basic mathematics and physics upon which the  r e su l t s  

a r e  based; 

To develop a physical feeling f o r  the processes going on, and 

To discuss qua l i ta t ive ly  the r e s u l t s  of numerical calculations,  

so t ha t  we may understand their  implications. 

2. 

3 .  

I hope t h a t  with th i s  broad overview of an area of intriguing but 
d i f f i c u l t  problems, some of you w i l l  be suf f ic ien t ly  interested t o  turn t o  

t he  references and f i l l  i n  the d e t a i l s  which w e  must here omit. 

2. The Perturbation Equations 

To develop the  basic equations, l e t  us consider a f l u i d  i n i t i a l l y  
a t  rest ,  and stratified i n  the  v e r t i c a l  direct ion.  
wave amplitudes are small compared t o  the  wavelength, so t ha t  t h e  equations 

of motion may be l inearized. 
and thermal t r ans fe r ,  whether conductive or  radiat ive.  
f o r  length scales  much less than t h e  radius of t he  ear th ,  and time scales  
much less than a day, we w i l l  neglect curvature and rotat ion.  

We assume tha t  t h e  

Also, we w i l l  neglect the e f f ec t s  of viscos i ty  
Since we are looking 

We introduce the  following symbols: 

x, Y, 2 

u ,  v, w 
P O ( Z ) ¶  P 1  

P,izi, p1 

no(z), n1 

rectangular coordinates, z v e r t i c a l  

ve loc i t ies  i n  direct ions x, y,  z, of perturbation order 

basic and perturbation density 

basic nnd perturbation pressure 

basic and perturbation entropy. 

The basic equations are developed by Eliassen and Kleinschmidt (1957). 
We have the  equations of 

1) Momentum 
-c 

P K  DZ = - V P + P g  ( f i ler  ' s equations ) 

which becomes with our assumptions 

- QPO 
dPO - =  
dz (Hydrostatic equation) 



, Y 

Y 

as t he  only zeroth order equation, and 

au 
P o Z  = - -  

P o  aw 
ax 

+ Q P 1  = - - a t  az 

2) Continuity 

which yields  

3) Entropy conservation (adiabatic motion) 

which becames 

anO + w -  = 0 .  - a? 
a t  az 

To t h i s  w e  add the  equation of state 

p = pRT 

2 

where R = gas constant f o r  air  

T = temperature. 
The s t a t e  of a pure f lu id  can be specified by any two of the four 

Thus var iables  p ,  p, n and temperature T. 

where 
c = (adiabatic) sound veloci ty  

y = c / c  
P V  

In  the stratified equilibrium s t a t e ,  

- -  = c  2 dpo dnO 
+ yo dz - - go* 0 -  

dPO 
az  dz 

while f o r  small perturbation from th i s  s t a t e  
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. and for adiabatic motion 

2 aril - -  - c  o - + Y o a t  a t  a t  

We can get r i d  of t h e  entropy terms by combining 5, 7, and 8 t o  f ind  

apol 2 - -  w [- a% 
a t  - ‘0 a t  QPO - co 5- - -  

The perturbation density can be removed w i t h  (4) t o  give 

(9) 

Final ly ,  taking a / a t  of 2 and 3, we can get r i d  of t h e  perturbation 

pressure,  and are left  with 

This derivat ion has followed tha t  of Tolstoy (1936) (Appendix). 

They we a l so  derived i n  Lamb (1945), i n  Eckart (1960), and many other 
places 

We sha l l - look  f o r  solutions of t h e  form 

i ( k x - w t )  

i (kx-ut ) 
u = U ( Z )  e 

w = W ( Z )  e 

where k is the  horizontal. w a ~ e  zz15er 

w is  the  angular frequency 
t i s  the t i m e  

L e t  us also suppress the zero subscript  of c and p which w i l l  be taken 

hereaf ter  
On 

t o  be the  basic s t a t e .  

subs t i tu t ion  i n  (11) , w e  find 



c 4 
d 

dz where - i s  indicated by a prime, and frm (12) 

I 

. 

We may note immediately t h a t  f o r  w l a rge  t h i s  reduces t o  the  acous- 

t i c  wave equation, while gravi ty  e f fec ts  enter  i n  terms important f o r  small 
w. 

Both coeff ic ients  depend on gradients of density and sound velocity.  

The la t te r  are most important f o r  t he  high frequency range. 

great deal of insight  by assuming c = constant. 
We can get a 

Then 

The term i n  square brackets 

3. The Vaisaa Frequency 

has a par t icu lar  explanatior?. 

Consider a single element of f l u i d ,  contained w i t h i n  a f lex ib le ,  

insulat ing membrane, and displaced ve r t i ca l ly  from i t s  equilibrium posi- 
t ion .  When released, i ts  motion w i l l  obey t h e  equation 

p $ =  - g A p  

where t is  the ve r t i ca l  distance from equilibrium and Ap is  the  differ- 

ence between intern& iizZ sxtc?mn_l density.  

ronment) where Ap (environment) is the  change of density experienced simply 

because of motion i n  a stratified f luid.  

would have 

Ap = Ap ( in te rna l )  -Ap ( e w i -  

For an incompressdble f l u i d  we 

~p = - ~p (environment) = -5 * (2) dz 

Ap ( in te rna l )  is  due t o  the  conpressibi l i ty  of the  f l u i d  within 
Since the pressure i s  the same inside and out,  t he  membrane. 

AP ( in te rna l )  = 5 dPO 
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which, by v i r tue  of 2.2 and 2.5 may be wri t ten 

c2 AP ( in te rna l )  = - cp g 

Combining (11, (21, and ( 4 )  

motion 

as the 

ca l led  
waves. 

d 

a t  C 

5 

( 4 )  

( 5 )  

When the  term i n  brackets is greater  than zero*, simple harmonic 

w i l l  r e s u l t  , with 

angular frequency. 

the Brunt frequency. 
This is t he  Viisal; frequency, sometimes 

Clearly, it must be relevant f o r  gravi ty  

4. Waves i n  an I n f i n i t e ,  Isothermal Atmosphere. 

An equation of t he  form of 2.15 may be transformed i n  a standard 

manner [see Tolstoy (1963), Sect. 41 which i n  t h i s  case is 

t o  reduce 2.15 t o  t he  form 

h " +  n2 h = 0 

where 

i s  seen t o  be a v e r t i c a l  wave number. 
We shall scenetimes f ind  it convenieiit t o  meke the addi t ional  

assumption (equivalent t o  an isothermal atmosphere) t ha t  

( 4 )  -z/H -2vz 
p = P O e  = e  

where p is t he  density at the or ig in  of z ,  H is the  sca le  height, 0 
2 RT C 

I3 Y€4 
H t - = -  

- 
*Stabi l i ty  against  convective overturnings requires N2 > 0. 
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and v is a wave number character is t ic  of the  s t r a t i f i c a t i o n  

v = - - Y L  1 
- 2  2H 2c 

With these approximations, (3) becomes 

2 w * 2 k 2 2  2 n r: - - k  + - N  - V  
2 w 2 

C 

These assumptions a r e  rather un rea l i s t i c ,  since N and v vary 

considerably i n  t h e  atmosphere. However, consideration of t h i s  model 

w i l l  provide us w i t h  physical insight which w i l l  be helpful i n  con- 
sidering more r e a l i s t i c  s i tuat ions.  

There are three separate e f fec ts  i n  the  equation f o r  n2: 
2 2  

(1) Cmpress ib i l i ty ,  which enters i n  terms w2/c2 and g /c 

Incompressibility corresponds t o  c = Q). 
( 2) S t r a t i f i ca t ion  : 

In  p.  These terms vanish i n  homo- d d2 
P I  2 

dz geneous atmospheres. 
2 (3) Gravity. This enters  only i n  the  def in i t ion  of N . 

L e t  us start wi th  a simple case, and add complexity. 

4.1 Incompressible, homogeneous case. ( c  = Q), v = 0, g # 0) 
2 2 f nz Equation ( 5 )  becomes n = - k . Thus h a e , an exponential. 

N o  real propagating wave system e x i s t s  without boundaries. 

the gravi ty  waves at an air-water in te r face ,  f o r  example. 

These are 

4.2 Compressible, homogeneous case,  without gravi ty .  (c # O D ,  V = 0, Q = 0) 

Thus h and w obey the acoustic wave equation, and since 

2 
(7 1 w 2 

w - - - = c2 = constant, 
2 2 K2 k + n  

wave propagation is  isotropic and non-dispersive. 
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4 . 3  Density s t r a t i f i e d ,  compressible f l u i d s ,  with g = 0. (c # -, v # 0) 

. 
becomes 

or  

In  our isothermal atmosphere with constant sca le  height, ( 5 )  

w2 = c2 (k2 + n2 + v2) 
a 

Because of t he  symmetry between k and n,  propagation i s  again 
2 isotropic ,  but note t h a t  f o r  w < v2 c2 unattenuated propagation is  

not possible.  This frequency 

forms a low frequency cut off t o  these waves. 
acoustic equation a t  high frequencies 

Since they approach the  

these are acoustic type waves. 
This cut off uo is  a resonant frequency f o r  propagating waves, 

We may graph t h i s  resu l t  i n  t he  w - K plane as shown i n  Figure 
charac te r i s t ic  of a dist r ibuted mass - spring system. 

1 (after Tolstoy, 1963). Note 

t h a t  t h e  slope of a l i n e  from the  or ig in  t o  a point on the  curve i s  
V = w/K, t h e  phase veloci ty ,  and is given by V = w/K = c (1 - wo/w ) 

Since the  slope changes f o r  different  w, t he  propagation i s  dispersive.  

(Plot t ing w vs k would be s i m i l a r . )  

2 2 4 2  . 
O f  g rea te r  i n t e re s t  than the  phase veloci ty  i s  the  group veloci ty  

2 1/2  
0 w 

U(K)  = - - - c (1 -7) 
w 

dK 

t h e  veloci ty  with which the  energy is  propagated. 

t h e  slope of the  w-K curve. 

It is, of course, 

As w -* wo, V * but U * 0. 

The cut-off frequency wo may eas i ly  be calculated u s i w  

c = 3.3 

H = 8 .  

w = .02 0 
2a 
0 

Po = - w 

4 10 cm/sec, 

10 cm, t o  be 5 

-I sec , corresponding t o  

= 5 minutes. 



Fig. 1. Dispersion of acoustic waves in an infinite medium 
,with density stratification. (After Tolstoy, 1963) 

Fig. 2. Dispersion of plane internal waves in an infinite, 
incompressible fluid due to density stratification. 
(After Tolstoy , 1963) 



c 

Thus, "sound" waves of period > 5 minutes w i l l  not propagate. 

4.4 St ra t i f i ed ,  incompressible case w i t h  gravi ty .  (c = =, u # 0, g # 0) 

or  

where 

Again, usinlj (41, ( 5 )  becomes 

n2 = k2 [, - 11 - v 2 

kN 
2 112 a =  i (k2 + n2 f v ) 

2 We note immediately tha t  we must have N2 > w , i . e . ,  N is  a high 

frequency cut-off for  propagating waves. 

longer symmetric i n  the  equations, propagation is  anisotropic,  as w e l l  

as dispersive.  

Also, since k and n are no 

Graphing as before i n  Figure 2 (after Tolstoy, 1963) we see the  

cut-off and a l so  that t h e  la rges t  group and phase ve loc i t ies  occur near 
w = 0 while V, U + 0 as w + N. 

4.5 Compressible stratified fluid with gravity.  (c  # =, v # 0, g # 0) 

Equation ( 5 )  becomes 

where 2 
2 N2 = 2 ug - 

C 

(For the values used previously, th i s  leads t o  a period of about 7 minutes 
Equation (12) may be written with the a i d  of (8) and (101, 

Acoustic and in t e rna l  type solutions are both present,  and may 

be w r i t t e n  
w 2  

a 
= $[l-($) + . . . 

"A 

- 2 "i * - w [I+(-) + . . . 
"I i "a 
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The e f fec t  

on in t e rna l  waves 

of gravi ty  on acoustic waves and of compressibility 
i s  of order 

2 
wi 

2 '  
a 

- 
w 

which Tolstoy (1963), shows t o  be only .2 at i t s  maximum. 
these solutions,  we must first compare 

To compare 

Since y hr 1.4 i n  t h e  atmosphere, wo > M. 
(after Tolstoy, 1963). 
acoustic waves or  compressibility on t h e  in te rna l  gravi ty  waves i s  t o  

move t h e  solutions s l i g h t l y  toward each other.  

anisotropic and dispersive.  
curves of n = 0, which delimit  the acoustic type solut ions,  t he  in- 

t e r n a l  gravi ty  type solut ions,  and the  region between where no propa- 
gating body waves exist i n  an i n f i n i t e  medium. 

type waves i n  the  region n2 

The r e s u l t s  are shown i n  Fig. 3 
We see that t h e  e f f ec t  of t he  gravi ty  on the  

Again propagation is 
We have therefore  3 regions separated by 

2 

The l i n e  marked Lamb 

0 will be discussed later. 

4.6 Fluid Motions i n  Acoustic Gravity Waves. 

Having explored the  dispersion diagram, let  us  consider t he  nature 

of the  f l u i d  motions. 
have the  quantity h given by a sinusoidal function of a l t i t ude .  

from 4.1, it is  c l ea r  tha t  

We s a w  from 4.2 t h a t  f o r  a propagating wave we 
However, 

is an exponentially growing function of a l t i tude .  

k ine t ic  energy divergence, since 

' z ~ y  = 1/2 pw2 = 2 po e 

This does not lead t o  

(16) 1 -2vz -1/2 h)2 = - h2 
(PO 2 

which is bounded. 
Now W' = ( i n  + v)  W 

and 2.13 becomes 

(17) 

-e2 kn + i k c 2 ( v . -  g )  

2 2  2 u =  
k c - - w  



. w 

E VAN E SC E N T 

0 0  

N 

k 

Fig. 3. Regions of solutions for a compressible, stratified 
Dashed curves correspond fluid in a gravity field. 

to netzlect of qravity (ma) and compressibility (ai). 
(After Tolstoy, 1963) 

A C O U S T I C  W I N T E R N A L  G R A V I T Y  
MODE D E C R E A S I N G  MODE - W > > y o  I v = N  t 

t I 

0 
0 

Fig. 4. Particle orbits for a horizontally propagating wave 
for the two families of solutions. The horizontal 
orbit size is much less than a wavelength. 
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Again, t h e  horizontal  kinet ic  energy density is obviously bounded. 
We can derive t h e  pa r t i c l e  o rb i t s  from (18) without d i f f i cu l ty .  

c 

Acoustic Wave Orbits. 

As noted above, gravity does not grea t ly  a f f ec t  the acoustic 

branch. 

introducing 
For simplicity we shall set g = 0. Then, wi th  (18) and 

Putting 

k (n - i v )  
E =  2 2 5  

n + v  

s i n  u t  + kn cos ut  
n2 + v2 

ku 
2 2  5 = cos u t ;  6 = 

n + v  

and t h e  p a r t i c l e  o r b i t  is given by 

2 2  k v  kn k2 2 

n2 + v2 (n2 + v2) ’ s2 + 2 <  - n2 + v 

t h e  equation of an e l l i p s e  w i t h  t i l t e d  axes ( f o r  n2 + v2 > 0 ) .  

For high frequencies, n2 >> v , (22) reduces t o  2 

indicating l i nea r  
standard acoustic 

! L = -  k 
5 n 

motion i n  t h e  d i rec t ion  of propagation, as w i t h  

waves. In the par t icu lar  case of a horizontally 

propagating wave (n  = 0) , (22) becomes 

2 k2 2 k2 s + 2 5  = 2 ,  
V V 

indicating displacement transverse t o  the  direct ion of propagation, 
tending toward being completely transverse as k + QD. It is easy t o  

demonstrate t h a t  the vo r t i c i ty  = - - - is  not zero. 

of uniform density a r e  sound waves purely longitudinal and i r ro t a t iona l .  

From (21) it can be seen that  t he  p a r t i c l e  t races  i t s  o r b i t  i n  a clock- 
wise direct ion.  

au aw 
az  ax Only i n  f l u i d s  
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Gravity Waves. 

We may start wi th  2.13, se t  c = -, and make use of (19) t o  f ind  

c n + i v  6 = --- 
k 

and again i f  

r; = cos u t  

V n 5 = - - sin w t  - COS u t  k 

then 2 n V 

w 

which is  a l so  the  equation of a t i l t e d  e l l i p s e  f o r  w < 8 .  

Again looking only at horizontal propagation, fo r  w -N, 

112 
k = * a ,  5 + 0  (27) 

N /u 

and the motion is transverse. As w + 0 

t * O  

6 + u/k, and the  motion is again longitudinal.  This behavior 

and the  intermediate s teps  a r e  summarized i n  Fig. 4. 
t r a j ec to ry  is executed i n  a counterclockwise d i rec t ion  - opposite t o  
acoustic waves. 

From (26) the  

Midgley and Liemohn (1966) have given a very interest ing dis- 

cussion of p a r t i c l e  o r b i t s  and propagation. 

4.7 Polarization 

Taking the 

w/z = u/x 

Relationships. 

form from 1, w e  can write 

where A is a constant, presumed small. 
Substi tution i n  equations 2.1, 2.4,  arid 2.13 leads t o  t h e  follow- 

ing  polar izat ion relat ions:  



12 
2 2  2 = u(u2 - k c ) 

. 

2 R = n w 2 - i k  2 g ( y - l ) + i T  

2c 

These relat ionships  may be thought of as representing vectors on 
a complex diagram, showing t h e  r e l a t ive  amplitudes and phases of the  

d i f fe ren t  osc i l la t ing  components. 

Note t h a t  these relationships indicate  t h e  percentage perturbation 

of pressure and density increases wi th  height. 
where our perturbation treatment w i l l  not be applicable, and non-linear 
e f f ec t s  must be considered. 

A height w i l l  be reached 

A t  very low frequencies, we have 

which r e l a t e s  density perturbations t o  horizontal  ve loc i t ies .  
We can crudely think of the motions i n  t he  following qua l i ta t ive  
For the acoustic waves, f l u id  comes together,  is compressed, and ways. 

sinks i n t o  a denser region before the  compressed f l u i d  e l a s t i c a l l y  ex- 
pands and is  buoyed up on the  second half  of t h e  cycle. 

For gravi ty  waves, f l u id  comes together too  slowly t o  be grea t ly  

compressed. It si&.s, is compressionally heated; i t s  density becomes 
lower than i t s  surroundings and it i s  buoyed back up, causing the  f l u i d  
flow direct ion t o  reverse. 

Midgley and Liemohn (1966) have discussed the  physical details 

much more carefui ly .  

5 .  Phase and Group Velocit ies;  Propagation Surfaces and Energy Flow 

The information of Section 4.5 can be seen i n  another way. 

picking an w, as a period (= -), fo r  a se r i e s  of k we may solve fo r  n. 
The points k ,  n for  a given are plot ted i n  Figure 5 ,  taken from Hines 

(1960). Such surfaces a re  known as propagation surfaces,  and are dis- 

cussed a l so  by Tolstoy (1963) and Eckart (1960). The family of e l l i p ses  

represents a sequence of acoustic waves, while the hyporbolas represent 
i n t e rna l  gravi ty  waves. 

By 
2lT 
w 



c 

n ( n i l )  

FiR. 5 .  Propagation surfaces of acoustic gravi ty  waves. The 
periods i n  minutes are shown i n  boxes on t h e  corres- 
pondina curves. The cut off periods f o r  acoustic and 
qravi ty  waves a r e  4 .4  and 4.9 minutes respectively.  
(After Hines, 1960)  
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An interest ing point can also be noted here. 

bola for  a par t icu lar  period, we see tha t  t h e  r a t i o  

constant over a l l  but a small part  of the curve. 

with horizontal  wavelengths somewhat l e s s  than t h e  maximum, t h e  wave can 
only propagate i n  one direct ion;  
on the  direct ion of propagation. 
Li fsh i tz  (1959, pp. 44-46). 
v e r t i c a l ,  but note t h a t  these waves cannot propagate ver t ica l ly .  

period gravi ty  waves, then, we have a family of wave f ronts  t i l t e d  s l i gh t ly  

from the  horizontal ,  moving upward or  downward. 

Looking at t h e  hyper- 

kin i s  nearly 
For waves of t h a t  period, 

a l te rna t ive ly ,  t he  frequency depends only 

This point i s  a l so  noted by Landau and 
The longer periods propagate c loser  t o  t h e  

For long 

w w Remembering t h a t  Vx = Vz = - n’ we can form a ref rac t ive  index vector 
ck cn rlx=w,n = - .  z w  

This is plot ted i n  the next f igure  (6)  ( a f t e r  Hines, 1960). Here 

t h e  distance from the  or igin gives the  index of re f rac t ion  - waves with 

period l e s s  than l m i n u t e  a re  seen t o  propagate i so t ropica l ly  with t h e  
speed of sound, while smaller rl values represent more rapid propagation. 

Note t h a t  acoustic wave phase may propagate much more rapidly near wo than 
i n  the  high frequency l imi t ,  and more rapidly ve r t i ca l ly .  

wave phase propagates more slowly than sound, and more rapidly horizontally. 

In te rna l  gravi ty  

The group veloci ty  may be writ ten 

and i s  known from general considerations t o  be the veloci ty  of energy pro- 
pagation, Since the l i n e s  i n  the last f igure  a r e  l i n e s  of constant w ,  we 

see  t h a t  U is perpendicular t o  these l i nes  and directed toward shorter 
periods. This is i l l u s t r a t e d  i n  the  inse t ,  where it is c lear  t ha t  t h e  

v e r t i c a l  direct ion of energy propagation may be opposite t o  the  d i rec t ion  

of phase propagation. 
accompany upward energy propagation, although f o r  longer periods the  flow 

is nearly horizontal .  

Specificaiiy,  a ciow~wsd phsse ;rcpsge.%inn may 

See also Eckart (1960). 

6. Boundary Conditions and Boundary Waves 

A t  a r i g i d  horizontal surface, the  normal veloci ty  must vanish, or  

A t  the  surface between two compressible f lu ids  (labeled 1 and 2)  

of d i f fe ren t  dens i t ies ,  we require 



2 j 
?lz 1 

I 

I 

Fig. 6. Contours of constant period i n  t h e  ox, qZ domain. The 
yeriods ( i n  minutes) are shown i n  boxes or! t h e  corres- 
pondinp curves. The hasic nr,rameterc are as f o r  Pin. 
5 .  The re la t ion  between phase a n d  enemy promession 
i s  indicated by t h e  aeometric construction i n  t h e  i n s e t .  
(After Hines, 1960) 
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and 

P 1  = P2 ( 3 )  

However, since the  surface separating t h e  f l u i d s  a l so  moves, we must 

express t h i s  as 

Since 

condition ( 5 )  may be wri t ten ( fo r  our 2-dimensional case) 

2 2 c p1 [ i  k U1 + W1'] = c p2 [i  k U + W2'] 1 2 2 

For the  case of a f r e e  surface, p2  = 0, and (6)  becomes 

i k U  +W1' = 0 1 

I n  general, remembering 
0 

c= W' - w 
2 2  2 U = i k  

k c  - w  

w e  have 
2 2 2  

2 2  

c (k2 c1 - w ) 

p1 c (k2 c2 - w ) 
(8) 2 2 2 

1 

(k  g W1 - w2 W1') = p2  ( k  g W2 - o2 W2') 

The presence of boundaries allows addi t ional  wave types t o  those 

discussed above. Boundary waves are waves whose energy is  concentrated 
at a boundary of discontinuity of one or  more parameters ( c ,  p ,  p ' )  and 

correspond t o  n2 c 0 on both sides of t h e  boundary - i .e. ,  an exponential 
va r i a t ion  of amplitude. 

g ive  a vanishing of energy density as z .+ 00.  

On physical grounds, w e  demand t h a t  these waves 

Tolstoy (1963) discusses these waves f o r  several  s i tua t ions .  We 
w i l l  mention only t w o  which a re  of par t icu lar  i n t e re s t .  
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Here The f i r s t  of these i s  the  Lamb wave (Lamb, 1945, p. 548). 
w e  satisfy B. C. (1) by se t t i ng  W 0 everywhere. Then, from 2.12, 

o r  2 (2v - g / c  ) z  
u =  *z=o e 

if  c2 = constant. 

S t a b i l i t y  of the medium requires 2u > g/c2, so the amplitude 
increases with height. However, 

-2vz 2(2u-g/c 2 p u 2  = e  e = e 2(v-g/c 2 ) z  

which does go t o  zero. 
Another wave i n  a stratified compressible f lu id ,  a t  a f r e e  

surface of medium 2, z e 0, is found from (8), with p1 = 0. 

where 

We a r e  looking fo r  solutions of t he  form 

- V  z n 'z 2 
W2 a e 2 e  

Then we have as a dispersion re la t ion  

2 
3 -  + n :  2 - v2 2 
w 

(13) 

is r e a l .  

This has surface waves, and a l s o ,  subst i tut ing 
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in to  (17) one f inds 

n21 = (% C - v2) 

Putting (19) and (18) in to  (16) proves t h a t  (18) is  a solution. 
(IS), we have 

By 

This represents a horizontally traveling sound wave, with a small 
v e r t i c a l  component a r i s ing  from buoyancy e f f ec t s  i n  the  gravi ty  f i e l d .  

The condition for  energy density -+ 0 as z -* -03 is the same as f o r  t he  
Lamb wave. These we may term Lamb-type waves. 

We can make the  following remarks about t he  Lamb waves and 

Lamb-type waves. 

acoustic waves, t ravel ing pa ra l l e l  t o  t he  density s t r a t i f i ca t ion .  
they need the  presence of a boundary, t o  prevent the loca l  energy density 
from becoming i n f i n i t e  i n  one direction. 

F i r s t ,  they are  not t r u e  boundary waves, but modified 

Second, 

The posit ion of these waves has previously been indicated on the  
diagnostic diagram. 

7. Reflection and Transmission Coefficients. 

7.1 Some general remarks. 
The standard procedure for obtaining r e f l e c t i  n and trammission 

coeff ic ients  a t  an interface between layers  with constant coeff ic ients  
is  t o  consider a wave of un i t  amplitude incident on a boundary, which 
is pa r t ly  re f lec ted  (with amplitude R )  and par t ly  transmitted with 
amnlitude T. 

If  t he  incident wave is i n  medium, 1, these are respectively 

The boundary conditions a re  invoked t o  solve f o r  R and T. 

( kx+nlz-wt ) i e 

R ei 

i T e  

( kx-nlz-wt ) 

( kx+n2z-wt 

It is  in te res t ing  t o  note t h a t  t h i s  only specif ies  t h e  w, k of 

If the  two media a r e  somewhat d i f fe ren t ,  so t ha t  the  transmitted wave, 

t he  w(k) acoustic curves of t h e  first medium in te rsec t  t h e  in te rna l  wave 
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solutions of t he  second medium, we have suf f ic ien t  conditions t o  allow 
transformation of an acoustic wave t o  an in te rna l  wave. 

t h i s  w i l l  be possible if c2 > c 
As we s a w  before, 

An obvious condition is t ha t  1' 

N 2 > v  1 1  c - - 9' 

It is a l so  necessary that t h e  slope of t h e  in te rna l  wave solution 

These a re  not suf f ic ien t ,  since they do not 

1 

fo r  2 near w = 0 exceed cl. 

require the  intersect ion of w and w2 curves. 

7.2 Calculation of the  Reflection Coefficient. 

We w i l l  i l l u s t r a t e  t h e  technique by considering discont inui t ies  
i n  density gradient i n  the  presence of a gravi ty  f ie ld .  

half spaces i n  contact a t  z = 0. 
We have two 

-2v z 1 I n  half space 1, z 0 P1 = Po e 

-2v2z 
while i n  half  space 2, z > 0 p2 = p0 e 

c = c2 1 while 

Applying the  boundary conditions 6.2 and 6.8, at z = 0 leads immediately 
t o  

1 + R  = T 

from whence 

+ i (nl - n2) R = -  v2 - v1 
v - v2 + i (nl + n2) 1 

If n i s  imaginary and n1 real, 2 

n2 = i n2' 
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and R -2ix e 

+ n l  -1 u2 - u1 2 where x = t an  
1 n 

since IRI = 1, t h i s  corresponds t o  t o t a l  r e f l ec t ion  of plane body waves. 
Recalling 

w 2 k2N2 2 n2 = - - k  +--t, 
2 

w 
2 

C 

N2 2 2  
2% - g /c 

we see t h a t  i f  u < u 
ref lected.  

gravi ty  waves would be subject t o  t o t a l  re f lec t ion .  

then N1 < N2, and only acoustic waves w i l l  be 1 2' 
On the other hand, if u2 < ul, N2 < N1, then only in t e rna l  

1 v2* These r e s u l t s  are shown graphically i n  Fig. 7 ,  f o r  u 
Looking at  Fig 7 ( a )  it is c lea r  t h a t  gravi ty  waves i n  the  l ined 

area ( i n  region 2) w i l l  not propagate i n  region 1, while acoustic waves 

i n  the  cross hatched area ( i n  region 1) w i l l  not propagate i n  region 2. 
This indicates  t h a t  these waves w i l l  be re f lec ted ,  as shown i n  (b). 
I n  t h i s  case w e  have t o t a l  re f lec t ion  of energy from t h e  in te r face  with 
a change of phase given by 2x. 

If we have a 3 layer  s t ructure ,  with a region 2 of f i n i t e  thick- 

ness between two semi-infinite spaces of region one, we would expect 

t h a t  i n t e rna l  gravi ty  wave energy once i n  the  layer ,  would propagate 

along it, unable t o  ge t  out.  See Fig. 8. 
This occurs because region 2 is a region of la rge  N. I n  the  

atmosphere, we expect regions of maximum N t o  a c t  as channels f o r  i n t e rna l  
waves. 

Similarly,  a region of minimum w a c t s  as a t r a p  f o r  acoustic waves, 0 

These processes a re  counterparts of t h e  opt ica l  processes of t o t a l  
i n t e rna l  r e f l ec t ion ,  and the layers mentioned above a r e  similar t o  " l igh t  

pipes". 

as does t h e  c l a s s i c a l  l o w  sound veloci ty  channel. 

8. Reflection and Duction i n  t h e  Atmosphere. 

With t h e  general ideas of re f lec t ion ,  l e t  us explore some possible 

cases. We note first t h a t  for an isothermal layer 
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Fig.. 8. Schematic indication for ducting by a region of large N. 
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1/2. c = T  , 

Thus, fo r  a w a r m  layer  1, cold layer 2, we may draw the  diagram (see 
Fig .  9 )  f o r  waves incident from region 1. 

In  t h i s  case, sound waves below a ce r t a in  frequency w i l l  be 
re f lec ted  by the  cold layer ,  as w i l l  some of t h e  gravi ty  waves with 

n w 0. 

w i l l  enter  region 2. 

However, those w i t h  n1 >> 0 (propagating upward more strongly) 

I n  t h i s  case, t h e  warm layer ac t s  t o  r e f l e c t  high frequency sound 
waves and in te rna l  waves, while l e t t i n g  low frequencies pass through. 
Note tha t  t h i s  latter is due t o  a region of large N values i n  the  region 

of incidence, while the  former i s  due t o  t h e  higher sound veloci ty  i n  
region 2. 

1 

I n  Figure 11, from Tolstoy (13631, we see a p lo t  of c ,  N ,  and wo 

f o r  t h e  atmosphere f o r  the lowest 200 km. 
(which is T 
a succession of regions w i t h  warm troposphere, cold stratosphere, warm 
stratopause region, colder mesopause, and hot thermosphere. Thus qual i ta-  

t i v e l y  w e  could expect a ser ies  of re f lec t ing  layers ,  re f lec t ing  d i f fe ren t  . 

types of waves, wi th  t h e  warm thermosphere being t h e  most important. How- 

ever, when we consider layers rather than half-spaces, we must ask whether 

t h e  slab is th ick  enough t o  act  as a half  space. 

quantum mechnics and opt ics  suggest t ha t  an incident wave may penetrate 

about one wavelength i n t o  a region where it has an imaginary wave number. 
I f  the thickness of t h e  layer  or layers  is greater  than t h i s ,  we may expect 
our half-space insight  t o  hold. 
than t h i s ,  the  wavelength w i l l  not notice t h i s  region very much, and inte- 
g ra t e  its ef'fect w i t h  tha t  of t h e  rsgioiis of resh wz~e xzkr QT! either 

side. 

Looking at  the  curve f o r  c 
we see that very broadly we can categorize the  atmosphere by 

Physical insight ,  from 

If the  layer i s  appreciably l e s s  thick 

We note a l so  t h a t  regions of ducting are c l ea r ly  shown: 

1) Min wo - most important i n  thermosphere 

2 )  Max N - Upper mesosphere, stratosphere 

3) Min c - Upper mesosphere, stratosphere. 
Again, wavelength considerations must be borne i n  mind - too long 

a wavelength may not be trapped, and a l so  may not "fit" i n  the  waveguide. 
A f i n a l  point should be made here. I n  a non-isothermal atmosphere, 
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Fig. 10. Differences of characteristic diagrams for cold 
half-space 1, warm half-space 2. Shaded areas 
show reflection by reqion 2. 
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1/p -can d P  be large, and N > w This is  shown f o r  two regions of t he  dz 0' 
atmosphere i n  Figure 11, where dT/dz exceeds about 2.3'/-. 
case, the gravi ty  and acoustic wave sequences can not be separated. 

The p lo t  i n  re f rac t ive  index space w i t h  w as parameter is  shown i n  
Figure 12 (taken from Hines, 1960). The change i s  not great f o r  w 

or  w > 3N, but when w 

An in te rna l  gravi ty  wave with large horizontal and v e r t i c a l  wavelength 
may propagate much faster than the  speed of sound, while sound waves may 
propagate more slowly. Most distressing, the d i rec t ion  of energy propa- 
gation can reverse i n  a very narrow in te rva l ,  passing through i n f i n i t e  
values. 

I n  t h i s  

.3w, 
< o < Nthere is a complete change in t h e  diagram. 0 

I n  the next lec ture ,  we shal l  consider t h e  propagation of waves 
i n  a r e a l i s t i c  atmosphere. 
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. 
Acoustic-Gravity Wave Ducting i n  the  Atmosphere 

by Vertical Temperature Structure 

1. Early Studies of Atmospheric Wave Propagation 

Lamb (1945) and Pekeris (1948) considered the propagation of 

waves i n  one layer  atmospheres, with both uniform temperatures and 
constant lapse r a t e s .  

ered ana ly t ica l ly  t h e  propagation i n  an atmosphere wi th  a troposphere 

having a constant lapse rate and an isothermal stratosphere.  They 

both found solutions involving confluent hypergeometric functions,  

and it is c lear  that  an attempt t o  extend t h i s  t o  many layers  would 
be an involved project .  

Pekeris (1948) and Scorer (1950) a l so  consid- 

I n  addition, both predicted the  existence of a cut  off  f re -  
quency, below which waves would not propagate. 

by considering t h e  temperature d is t r ibu t ion  used by Pekeris (Fig. 1). 
This may be approximated by a two layer  atmosphere, with the lower layer  

warmer, as shown i n  Figure 2. 

This  may be understood 

The shading represents the regions where propagating s t ra tospheric  
solutions ex i s t ;  
continue on upward, and be absent at  the  suface f a r  from t h e  source. 

Conversely, those solutions for  t he  troposphere which cannot propagate 
i n  t he  stratosphere a re  ref lected,  channeled i n  t h e  troposphere, and 
observable at  great distances. Above w w e  see tha t  no trapping ex i s t s ,  

and thus high frequency (short  period) waves should be absent from baro- 

grams of nuclear explosions measured several  thousand kilometers from 
t h e  detonation, if the  atmosphere has such a s t ructure .  

tropospheric waves i n  these pa r t s  of t he  diagram w i l l  

C 

I n  f a c t ,  t he  solution Pekeris found corresponds t o  t h e  Lamb type 
waves, but again the  same reasoning holds - those %rcp;ee w i l l .  he see!? 

at la rge  distance,  those not trapped w i l l  "leak" upward and no appreci- 
able energy w i l l  remain a t  the surface at great  distances. 

The observations of these short-period waves led Yamamoto (1957) 
and Hunt, Paher and Penney (1960) t o  consider more complex atmospheres. 

Rather than consider their r e su l t s  exp l i c i t l y ,  l e t  us see how the  prob- 
lem w a s  formulated by Pfeffer (1962) and Press and Harkrider (1962) and 

see the  r e s u l t s  fo r  some simple but i l l u s t r a t i v e  atmospheres calculated 
by Pfef fe r  and Zarichny (1962). 

1 
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Fig. 1. Temperature dis t r ibut ion considered by Pekeris. 

Fin. 2.  Characterist ic diagram f o r  two layer  atmospheve with 
warm troposphere, cold stratosphere.  



2 

2. Matrix Formulation of t h e  Isothermal Layer Approach. 

We s h a l l  discuss the  formulation due t o  Pfef fe r  (1962),  (here- 
after referred t o  as P) .  

very similar. 
disturbance a t  a large distance from a point explosive source, and so 

used cy l indr ica l  geometry. 
e ra t ion  of free modes; we sha l l  continue t o  use rectangular coordi- 

nates.  

That of Press and Harkrider (1962) (PH) is  

Both of these papers treated t h e  calculat ion of t h e  

This i s  not necessary i n  a general consid- 

The method is  t o  write a soluble equation f o r  one quantity,  

write a general form of t h e  solution i n  each layer  with undetermined 
coef f ic ien ts ,  then determine t h e  coeff ic ients  from t h e  boundary con- 
d i t ions  on pressure and ve r t i ca l  veloci ty .  Following t h e  c l a s s i ca l  
treatments,  w e  may write an equation f o r  t h e  divergence, defined as 

We assume 

i ( kx-ut ) 
¶ = P ( Z )  e P1 

i(kx-ut) d = D(z) e 

Then, remembering equations 2.11, 2.12, and 2.10 from the  first 

lec ture ,  

a a 
we obtain,  by taking ax of A + of €3 

A 

d C  2 u2 + k2 (%E+ 2 N')] D = 0 (1) k + -  D" + (c - gy)? D '  + [- 1 2 

C w c  C 

of B and subst i tut ing from A Taking - a 2  
a t 2  
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and from C 

(see a l so  Lamb, 1945). 
Equation (1) is  a second order d i f f e ren t i a l  equation wi th  var iable  

coeff ic ients  - t he  one used by Pekeris (1948) which has confluent hyper- 

geometric f'unctions as its solutions.  Instead of t rying t o  extend t h i s  
z treatment, P assumed tha t  each layer was isothermal ( i . e . ,  c 

and used a la rge  number of layers t o  express t h e  temperature variation. 

= constant)  

For t h e  nth layer ,  w e  have 

Solutions may be expressed as 

D(z) = 

where z i s  measured from 

n' z 
e + bn e 

[a e n 

the base of the  layer ,  and 

Putting ( 4 )  i n to  ( 2 )  gives 

- 
2 2 2  1 

+ bn 1' cn 2 k 2 - z g y w  - w  c n 

Putting ( 4 )  and ( 5 )  i n to  ( 3 )  r e su l t s  i n  -Lk 2 2  k - u 4 ] P  = a [ $ g 2 y - w 2 c  n 2 - 
n 'nw 

+ bn n 

0 .  

( 4 )  

v z n'z n * ] e n  n e n 

( 5 )  

J 
-n'z n 

2 
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Now P and W are expressed i n  terms of t he  a 's  and b's. We could 

have begun by w r i t i n g  a general form of t h e  solution f o r  W, then expres- 
sing P i n  terms of t h i s ,  and applying the  boundary conditions. Th i s  re- 

s u l t s  i n  a s l igh t ly  more cumbersome set of equations (Pfeffer ,  p r iva te  

ccmmnication) although the  r e su l t s  would be equivalent. 
To eliminate t h e  2N constants, we must apply 2N boundary conditions. 

These are 
1. 

2. 
A t  t he  surface, W = 0. 

I n  t h e  top layer  (a half-space) t he  t o t a l  kinet ic  energy i s  

f i n i t e ;  
real, since t h e  in te res t  w a s  i n  propagating, not attenuating 

waves. 

i.e., % = 0. Also, Pfeffer  required t h a t  nIpj be 

A t  each of the N - 1 interfaces between layers ,  %re require 

1. 
2. 

Vert ical  ve loc i t ies  on both s ides  of the  interface t o  be equal. 

The t o t a l  pressure be continuous across t h e  interface;  
the form P,(z) - B; prn 5 = P ~ + ~ ( Z )  - Q P & + ~  5 

put i n  

where 5 i s  t h e  height of t h e  interface above i ts  equilibrium value, and 

p, i s  the perturbation pressure i n  the mth layer .  

Since 

these boundary conditions can be formulated 

where B, H denote the bottom and top of t he  layers ,  and 

- - 
Apn - 'H,n 'B,n+l' 

We can now write 

t 

n n 
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Then 

n .  

By induction we write 

or 

which may be 

where 

= 

written 

= 0, *J+ w~~ - e2 'BN 
A 
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1 2  2 2 
p i w [F g y - w2 cN + g cN %I4 - 

This is  t h e  dispersion relationship.  By specifying c2 and thick- 
ness of each layer ,  we can solve f o r  w(k) or V = w/k o r  U = - dw dk 
pract ice ,  t h i s  is  done by a t r i a l  and er ror  method, i n  the  following 

manner : 

I n  

(1) se lec t  k;  

(2) 
( 3  
( 4 )  calculate  wBN, pBN; 
(5) subs t i tu te  i n  (9 ) .  
I n  general, t h i s  w i l l  not be a solution. 

guess an w as a solution; 

evaluate the  [%] , multiply together and ge t  t he  0 Is ; 

One must then guess 

another w ,  and t r y  again. 
c lose i n  on the  proper value. 

From t h e  s i ze  of the  remainder one can soon 

(6)  Do f o r  enough values of k t o  get  a family of w(k) or  equiv- 
a l en t  curves. 

Since a l l  t he  numerical r e s u l t s  t o  be presented are e i the r  group 
or  phase velocity as a function of period, Figure 3 shows t h e  r e s u l t s  
f o r  an isothermal atmosphere i n  t h i s  new p l o t ,  as a point of reference. 

I n  Figure 4 (from Pfeffer,  1962), r e su l t s  &re shown f o r  Pekeris'  

atmosphere, comparing h i s  analytic solution with a numerical calculation 

i n  which the  constant lapse r a t e  has been approximated by 20 isothermal 
layers.  

not introduced any serious errors  by our approximation method. 

The agreement can be seen t o  be very good, indicating we have 

This was t h e  only Jus t i f ica t ion  given by Pfeffer  (1962). Hines 
e-. (lyb>) expressed C G - A ~ ~ E  &niit t h e  va l id i ty  of t h e  isothermal layer  ap- 

proximation procedure, primarily because terms involving v e r t i c a l  deri-  
vat ives  of scale  height (or c ) were neglected. Recently Pierce (1966) 

has shown t h a t  t h e  procedure can be rigorously ju s t i f i ed .  

t h a t  the formulation by P or  PH i s  equivalent t o  the  expression he derives,  

and is accurate SO long as c2 does not change too grea t ly  over a layer  
height. 

of layers  i s  probably s t i l l  t h e  best  method of assessing accuracy. 

2 

He remarks 

As he presents no c r i t e r i a  for  accuracy, increasing t h e  number 
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3.  Hueristic Results f o r  Simple Akmspheres. 

3.1 Pekeris'  Model Atmosphere 

Turning now t o  the  r e su l t s  themselves, we see t h a t ,  as implied by 
Fig. 2, we  have a short  period cut of f .  

t h e  group and phase ve loc i t ies  approach a speed *./.91that of t he  sound 

speed a t  t h e  ground - corresponding t o  a temperature of 235'K. 
waves "feel" both stratosphere and troposphere, and perform on averaging 

We a l so  see tha t  f o r  long periods, 

These long 

3.2 Yamamoto's Model Atmosphere 

The observation of waves w i t h  period below the  cut  of f  suggested 
that t h e  high temperature region of ozone absorption should be included. 

I n  Fig. 5 we see t h e  temperature a l t i t u d e  curve used by Yamamoto (1957). 

In  Fig. 6, taken from Pfeffer  and Zarichny (1962) (PZI), we see the  calcu- 

l a t e d  U and V curves plot ted against period. 
has vanished, as we expect. 

The short  period cut  off  

Also i n t e re s t in s  is how closely the  velocity-period curve is  given 
We can by t h e  crude calculations based on the  4 th ick  isothermal layers.  

understand t h i s  by considering t h a t  fo r  short  period (short  wavelengths) 

t h e  waves are mainly confined t o  a single  layer ,  while the  longest ones 
sample la rge  distances,  and the details of t he  s t ruc ture  do not a f fec t  
them. 
of t h e  layer  thicknesses. 

The discrepancies are largest  near X s20 km which is of the order 

The next two f igures ,  a lso from PZI, i l l u s t r a t e  t he  e f f ec t  of a 

warm thermosphere. 

(1) 

There axe three in te res t ing  features: 

The thermosphere a f fec ts  primarily the  longest period waves. 

This is  t o  be expected - t he  longest wavelengths penetrate 
fu r thes t  i n to  t h e  thermosphere. 
Inverse dispersion may occur - i.e. speed decreasing with 

increasing period. 
A long period cut off may occur. 

graphically i n  Fig. 9. 

(2) 

( 3 )  This i s  i l l u s t r a t e d  

Fig. 9 shows the  region of propagating ("cellular") solutions i n  
t h e  hot thermosphere by shading. 

l i e  i n  these regions would not be trapped. 

next sect ion)  means only cer ta in  solutions are propagated i n  the  lower 

Solution i n  t h e  lower atmosphere which 

The formation of modes (see 
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Fig. 5 .  Yamamoto's model atmosphere.. (After  Pfeffer  and Zarichny, 
1962 1 
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Fig.  6. Variation of group veloci ty  (U) and phase ve loc i ty  (V) with 
period f o r  t h e  fundamental mode f o r  each of two four  l aye r  
models. The curves &re f o r  t h e  atmosphere shown i n  Fig.  5 .  
Sauares and t r i a n g l e s  are f o r  t h e  four isothermal l aye r s  
shown i n  t h e  i n s e t .  
mean of t h e  correspondinq l aye r  i n  Fig. 5 .  
off  curve represents t h e  boundary between c e l l u l a r  and non- 
c e l l u l a r  solut ions i n  t h e  i n f i n i t e  layer .  
and Zarichny, 1962) 

The temperature of each layer  is t h e  
The dashed cu t  

(After P fe f f e r  
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phere shown i n  t h e  i n s e t .  
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Fig. 10. The dependence of f luctuat ing pressure and ve loc i t ies  
across a guide with perfect ly  re f lec t inq  r i g i d  boundaries, 
f o r  the  f irst  few modes. (After Budden, 1961) 



atmosphere. 
Each of these and the  f’undamental has a long period cut o f f .  

These are i l l u s t r a t ed  by t h e  l i n e s  labeled n = 1, 2, 3, etc .  

4.  A Brief Digression on Wave Guide Theory. 

The r i g i d  lower boundary w i l l  ac t  t o  r e f l e c t  a wave f ront  incident 

obliquely upon it, and we  have seen that  an upper s t ruc ture  t h a t  r e f l e c t s  
o r  r e f r ac t s  waves incident obliquely on it back t o  the surface also exists. 
The poss ib i l i t y  of forming a wave guide mode of crossing wave f ronts  exists. 
In addition, we can have waves f o r  which both re f lec t ions  take place above 

t h e  surface.  

magnetic and acoustic theory together, i s  given by Budden (1961). 
follow h i s  treatment i n  the first part of t h i s  section. 

A very luc id  treatment of t h i s  subject,  developing electro- 

We w i l l  

Consider a wave guide whose boundaries are the  planes z = 0 and z = 
h, with re f lec t ion  coeff ic ients  

-2ix.C Rg ( 0 )  = e z = o  
(1) 

z = h  -2ix f R(0) = e 

f o r  a plane wave whose normal makes an angle 0 with e i the r  boundary. 

If some quantity obeying t h e  wave equation is given by 

-i (kx+nz ) F1 = Fo e 

After r e f l ec t ion  at z = h, and return t o  t he  lower boundary 

-i (kx-nz ) .-2inh F2 = R ( 0 )  Fo e 

( the l a s t  fac tor  takes account of phase change of t he  wave in t ravel ing 

UI, t o  and back from the  upper boundary). 

bot tam,  
After F2 is ref lec ted  from the 

-2inh F3 = Rg(0) R(0) e F1’ 

The condition t h a t  a wave guide exists i s  tha t  F1 and F must be ident ical .  

This requires 
3 
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For a plane of perfect re f lec t ion ,  R = 1. Thus, i f  upper and lower 
surfaces are r ig id  boundaries, 

or  

nh = mn ( 3 )  

where m is  an integer ,  t he  mode number. 

Those modes are s imilar  t o  TM electromagnetic modes, and a r e  shown i n  
Fig. 10 ( a f t e r  Budden, 1961). Note that an m = 0 mode is  possible here. 

A free surface i s  one which cannot sustain any change of pressure. 
For displacements, R = -1. 

the equations indicate  that they a r e  l i k e  TE electromagnetic modes. 

propert ies  are shown i n  Fig 11 ( a f t e r  Budden, 1961). 
possible,  

Again we f ind  nh = mn, but a detai led study of 

Their 
Here no m = 0 mode is  

The more usual geophysical case is given by one r ig id  and one free 
boundary. Here we f ind  

and again no m = 0 mode is  possible. 

(from Budden, 1961). 
Here u and w a re  shown i n  Fig. 12 

The pa r t i c l e  motions a re  shown i n  Fig. 13. 
We can write 

K s i n  0 = n ( 5 )  

where K is the wave number along the  d i rec t ion  of a wave normal. Then 

has a minimum frequency of propagation, corresponding t o  s i n  8 = 1, and, 
with Kc = wc/c 

(7) (m - 1/2) ac 
wcim: = h 

w 

w 
C I n  general - = sin 8, 

and noting t h a t  t h e  wave fronts  move i n  the x di rec t ion  so t h a t  kx - ut = 
K cos ex - u t  = const.,  t h e  phase veloci ty  is  given by 

2 2 1/2 (9) c ( l  - wc /w 1- C - - -= w w V 3 Z - z -  
k K COS e COS e 
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Fig. 11. The dependence of perturbation pressure and ve loc i t i e s  
across a guide with perfect ly  re f lec t ing  free  boundaries, 
f o r  t h e  f irst  few modes. (After Budden, 1961) 
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Fig. 12.  The dependence of perturbation pressure and ve loc i t i e s  
across a Ruide with one r iq id ,  one f ree  boundary, f o r  
t h e  f i rs t  few modes. (After Budden, 1961) 



- 
RIGID WALL 

z 

t, \ 

\ 
t 
f 
/ - 

RIGID WALL 

t, 
(b)  

Fiq .  13. P a r t i c l e  o r b i t s  fo r  a sound wave of mode 2 i n  a quide 
with one ri ,Tid,  one f r e e  boundary. Figure ( a )  i s  f o r  
mode with frequency g r e a t e r  than  cu t  o f f  (propagat ion)  
f i q u r e  (b )  f o r  frequency below cu t  o f f  (evanescent ) .  

i 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

PERIOD 

FiK. 1 4 .  Phase v e l o c i t y  and group v e l o c i t y  as a func t ion  of  per iod  
f o r  any mode i n  a wave guide wi th  p e r f e c t l y  r e f l e c t i q  walls. 
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w 1/2 
C The group veloci ty  is u = c (I - T)  

w 
This behavior is shown i n  Fig. 14. 
I n  the  general case, from (1) and (2) 

For stratified media, Tolstoy (1954) shows how ref lec t ion  coef f ic i -  

ents  may be calculated f o r  a layered mediuc;, and how t h i s  formulation may 

be generalized t o  a medium with continuously varying parameters. 

general, x depends on w and k. 
t h e  method of calculeting ref lect ion coeff ic ients  has been discussed i n  the  

first lecture .  

I n  
For thick layers  (approximating half  spaces) 

Equation (11) makes very c l ea r  that there  a re  two sources of dispersion: 
(1) Dispersion appearing i n  t h e  equations f o r  n. This depends 

on in t e rna l  f l u i d  resonances, and appears i n  unbounded f lu ids .  

Tolstoy (1963) has termed th i s  s t ruc tu ra l  dispersion. 
The interference between upward and downward t ravel ing waves 

leads t o  dispersion. 

by Tolstoy (1963). 

( 2 )  

This has been termed geometric dispersion 

Tolstoy a l so  shows that f o r  exponential modes (n 01, m = 0. There 

is then no v e r t i c a l  phase var ia t ion,  t he  wave f ronts  are normal t o  t h e  planes 
of s t r a t i f i c a t i o n .  
of the zeroth acoust ical  mode .  

u n t i l  t h i s  point.  

These a re  the Lanb type waves, which thus play t h e  ro l e  

This is  the  wave which has been discussed 

Following PZI, we s h a l l  refer t o  t h i s  as  t he  fundamental. 

The e f fec t  of t he  boundaries i s  t o  "quantize" the  v e r t i c a l  wave number 
n, forcing it t o  assume (non-zero) integer  values. 

case of t he  ocean i n  Fig. 15 (frm Eckart, 1960). 

than the  atmosphere, it i l l u s t r a t e s  the general behavior 

This is shown f o r  the  

Although t h i s  i s  simpler 

5 .  Higher Modes i n  Simple Atmospheres. 

We see i n  Fig. 15 tha t  t he re  are several  d i scre te  w's corresponding t o  

a s ingle  k, which a r e  a l l  solutions.  

Yamamoto's atmosphere. 

t he re  are long period cut-offs f o r  these modes. 

of calculat ions by Pfeffer and Zarichny (1963) and FYeffer (1964) 

These have been calculated by PZI, f o r  

Since the w a r m e s t  layer is  the  upper half-space, 

It is more instruct ive however t o  consider i n  greater  d e t a i l  t h e  series 



Fig .  15. w vs k diagram for  t h e  qeneral case of an ocean of  constant 
Low frequency reqion near depth and constant N ,  00, and c .  

t h e  ear th ' s  ro ta t ion  frequency R i s  not considered here.  
(After Eckart, 1960)  
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on the  COSPAR atmosphere, which is shown i n  Figure 16. In  t h i s  section we 
shall consider t he  higher modes f o r  t h e  COSPAR atmosphere terminated a t  52 

km by an isothermal half space. 
mination at 110, 300, and TOO km. 

Later we w i l l  consider the  e f f ec t s  of ter- 

In  the  case of 52 km termination mere is j u s t  ape tapratwe 
minimum, o r  conventional sound channel. 
are presented by Pfeffer (1964) and shown i n  Fig. 17. 
have long period cut-offs i n  both acoustic and gravi ty  modes. 

t o  longer wavelengths i n  t he  duct becoming incident at higher angles on 
the  half  space, u n t i l  they are no longer returned. 

cut  off  because the  upper half space is s l i g h t l y  cooler than the surface. 
The longer periods f o r  the  fundamental have higher ve loc i t ies  than t h e  

shorter  periods. 

The f’undamental and higher modes 
Note tha t  w e  again 

This i s  due 

The fundamental is not 

Figure 18, a l so  from Pfeffer (1964) shows the  location of t h e  kinet ic  

energy f o r  t h e  various modes at various periods. 
is t o  the l e f t . )  

(The temperature p ro f i l e  

Taking the  fourth acoustic (&A) mode as  an example, we  note t h e  four 

nodal planes a t  16 and 21 sec periods, and the  l imited energy along t h e  tem- 
perature incl ine.  
at  the  top. 
turned. This is the cut-off period f o r  t h i s  mode. 

t o  be between the  two regions of high temperature. 

A t  25 seconds, t h e  energy curve i s  not coming back t o  zero 
Energy is penetrating on i n t o  the  half space, and not being re- 

Here the ducting seems 

On the  other hand, the fourth gravi ty  mode has only 3 nodes. Again 
mode cu t  of f  is signalled by t h e  sudden increase i n  half space energy - 
here at 340 sec period. 

The behavior of the  gravity modes is  l e s s  eas i ly  understood than t h e  

However, we note the  tendency t o  concentrate i n  t h e  region acoustic modes. 
of large N (along t h e  temperature inc l ine) .  

duct f o r  the first gravity mode at  288 seconds. 

This region =p?eers t o  be the 

A t  303 seconds, where the  wavelength is  greater ,  t he  lower re f lec t ing  
region seems at  the  top of t h e  region of negative temperature gradient,  and 

eventually at t he  ground. 
The fundamental energy, a t  short  periods, i s  concentrated i n  the  low 

speed channel - where w e  saw the acoustic energy was. 
between the  85 sec,  Fundamental and lA a t  80 seconds, and the  difference a t  

Note the  s imi la r i ty  
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103 and 93, respectively. 
very c lear  with energy concentrated at  t h e  surface. 
at  the warm surface than i n  the cold channel which increases t h e  fundamental 
velocity with increasing period. 

A t  long periods i t s  exponential character becomes 
It i s  the  higher speed 

The real atmosphere possesses two temperature minima, of course, but 
t he  modes of t h e  lower channel are very helpful i n  understanding the  modes 
of t he  whole atmosphere. 

6. Ducting i n  an Atmosphere w i t h  Two Sound Channels. 
PZI noted that important character is t ics  of waves recorded at  the 

ear th 's  surface due t o  explosions i n  the  lower atmosphere might be strongly 
influenced by the mesospheric temperature minimum, and t h a t  firm conclusions 
about wave propagation i n  t h e  atmosphere required theore t ica l  calculations 
based on models with two sound channels. 
atmospheres w i t h  two minima have been obtained by Gazarysn (1.9611, Weston 

(1962), Press and Harkrider (1962) and Pfeffer and Zarichny (1963) (here- 

after denoted as PZ 11). 

Velocity-period relationships for  

6.1 Effect of termination height on t h e  F'undamental mode. 
PZ I1 calculated the properties of the fundamental and compared t h e  

results when the  atmosphere was terminated by an isothermal half space at  

52, 110, and 130 km. An 
immediately comprehensible effect  is the lower short  period velocity for  
the 110 and 130 km atmospheres, due t o  the  concentration of short period 
acoustic-like waves i n  the  upper (slow) sound channel. We also note the 

high velocity of long-period waves, due t o  t he  influence of the  high tem- 
perature, high speed region, between 110 and 130 km. 

The results are shown i n  the next figure (19). 

I n  the  upper portion of f igure 20 is a p lo t  of kinetic energy density 
w a i n s t  a l t i tude .  It shows tha t ,  fo r  shor', p e i - i d s ,  the kinetic energy den- 

s i t y  of t he  waves is  concentrated i n  the  stratospheric sound channel f o r  the 

52 km m o d e l ,  and i n  the  mesopause channel f o r  the  110 and 130 km models. 
The intermediate period waves (150-290 sec)  , which have horizontal 

wavelengths from 46-94 km, w i l l  not f i t  i n  e i the r  channel. 
t o  t he  r igid surface of the earth, with kinet ic  energy decreasing exponen- 
t i a l l y  with height. These wave speeds w e  not influenced s ignif icant ly  by 
temperature dis t r ibut ion above the  stratopause. 

These are bound 

The previous f igure showed 
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Fig. 19. Theoretical velocity-period curves f o r  t h e  fundamental 
mode of t h e  COSPAR atmosphere f o r  th ree  termination 
heights. (After Pfeffer  and Zarichny, 1963) 
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Fis.  20. Vert ical  p rof i les  of t h e  k ine t ic  eneray of t h e  waves 
per un i t  volume a t  selected periods. The v e r t i c a l  
scale  and the temperature p ro f i l e  are shown on t h e  
l e f t  hand side of t h e  f igure.  The phase veloci ty  
curves are  shown a t  t h e  bottom f o r  t h e  three  models. 
(After Pfeffer and Zarichny, 1963) 
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t h a t  t h e  group and phase veloci t ies  nearly coincide over t h i s  range of periods. 
For periods > 290 sec,  the waves are sens i t ive  only t o  major d i f fe r -  

The kinet ic  energy per un i t  ences between the lower and upper atmospheres. 
volume decreases exponentially with a l t i t u d e  i n  the  52 and 110 km models, 
but i s  confined t o  t h e  upper atmosphere i n  the  130 km model. 
decrease with height i n  the  f i r s t  two cases is charac te r i s t ic  of all models 

i n  which t h e  temperature m a x i m w l  i s  at  the  surface. 

The exponential 

6.2 Modes i n  the  300 km COSPNi Atmosphere. 

Proceeding as before t o  f ind a l l  w's associated with a par t icu lar  k ,  

PZ I1 shows, fo r  t h e  300 km COSPAR atmosphere, t he  velocity-period curves 

shown i n  Fig. 21. 
Here we see the  great complexity of 5 acoustic and 5 gravi ty  modes, 

Not shown,the fundamental has a cut-off with greater  detail  on t h e  inset .  
f o r  period > 1000 sec,  due t o  the w a r m  thermosphere and a l l  other modes cut  

off before t h i s .  

energy is  leaking up from t h e  lowest  layers .  
c l ea r ly  i n  Fig. 22 for  a similar atmosphere, calculated by PH, although t h e i r  
fundamental does not cut  off.  Note that  So i s  what we have cal led the  funda- 

mental ,  S1 i s  the  first acoustic, e tc . ,  while GR 

f i rs t  gravi ty  mode. 

This, of course, r e f e r s  t o  the  surface,  and only means t ha t  
The cut-offs a r e  shown more 

i s  what w e  have cal led t h e  0 

I n  Figure 23 w e  see the  same calculat ion on an expanded veloci ty  sca le ,  

and compared t o  t h e  52 km "fundamental" and first acoustic mode. 
Note t h a t  t h e  phase velocity curves for  the  fundamental. mode, f i r s t  

gravi ty  mode and t h e  first three acoustic modes are step-like functions, with 
ra ther  s teep short  and long period branches, separated from one another by 

nearly horizontal  intermediate period branches. 
yne Qi'-G--" ~elce- l ty  clumes have broad maxima, separated from one another 

by small but d i s t i n c t  intervals  of period. 
selected horizontal  portions of t h e  phase veloci ty  cuves coincide with the  
phase veloci ty  curve of t he  52 km model atmosphere, while other horizontal  
portions coincide with the  f irst  acoustic.  
i t y  curves coincide w i t h  t h e  52 km group veloci ty  curves. 

horizontal  portions l i e  along common l i n e s ,  but t h e  v e r t i c a l  portions of the  

curves f o r  d i f fe ren t  mode numbers a r e  seen t o  be very closely aligned. 

The nost surprising point i s  t h a t  

The plateaus of t he  group veloc- 
Not only do t h e  
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F i g .  21. Dispersion curves f o r  t h e  fundamental mode, t he  first 
f ive  acoustic modes, and the  f i rs t  f i v e  8;ravity modes. 
(a) Phase velocity vs. period; ( b )  group veloci ty  
vs .  period. The d e t a i l s  of t h e  velocity-period rela- 
t ionships  between 270 and 340 m sec-1 a re  Riven i n  the  
in se t s .  (After Pfeffer  and Zarichny, 1963) 



Fig.  22. Phase and group veloci ty  f o r  t h e  ARDC standard atmosphere. 
Shaded regions correspond t o  c e l l u l a r  solut ion i n  t h e  
thermosphere. (After Press and Harkrider, 1962) 



Fig. 23. Comparison between dispersion curves f o r  t he  52 km and 
300 km models, showing t h e  quasi-horizontal portions of 
t h e  phase and group veloci ty  curves f o r  t h e  300 km model 
coincide with the solut ions for t h e  52 km model. 
( E !  phase velocity vs. period; (b) group veloci ty  vs. 
period. 
points a t  which v e r t i c a l  p ro f i l e s  of kinet ic  energy were 
calculated and are  shown i n  Fig. 26. (After Pfeffer  and 
Zarichny , 1963 

The small l e t te rs  i n  the  upper f igure r e f e r  t o  
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FZ I1 agrees with the  conclusion of PH t h a t  "the character of t h e  propagating 
disturbance at  any time is  perhaps better represented by pseudo-dispersion 

curves formed by segments of several  modes". 
c lear ly  s t rongly dependent on t h e  lower sound channel and t h e  warmer regions 

around it. 
unaffected by what happens above 100 km, and these are, i n  agreement with 
PZ 11, t h e  horizontal  portions.  The v e r t i c a l l y  r i s ing  portions of t he  curves 
depend on t h e  atmosphere above 110 km, and therefore we would not expect them 

t o  be strongly excited by near surface disturbances, whether of t h e  lee-wave 
or  point impulse type. 
(where P is  t h e  per iod);  
periods. 

These horizontal  portions are 

PH present a l l  t h e  properties of t h e i r  dispersion curves which are 

4 2  I n  addition, amplitudes a re  proportional t o  (dU/dP) 

again, we expect l i t t l e  surface amplitude at these  

This suggests t h a t  one miaht look f o r  these holes i n  t h e  spectrum on 
observed barograms. 

evidence From recorded barograms t h a t  narrow in te rva ls  of period are missing 
f o r  periods where these v e r t i c a l  curve segments are. 

PZ I1 does t h i s  i n  a very ingenious manner, and presents  

The e f f ec t  of l a t i t u d i n a l  and seasonal Trariations have been calculated 
However, these a f f ec t  mainly the lower atmosphere, and thus by PZ I1 and PH. 

say l i t t l e  about t he  wave spectrum above t h e  second sound channel. 

i n  t h i s  region have been incorporated by PZ 11, whose r e s u l t s  are shown i n  
Figure 24. Note t h a t  t h e  COSPAR atmosphere appears t o  allow higher frequency 

(shor te r  period) waves t o  leak upward i n  both t h e  fundamental and first grav- 
i t y  modes. It would be in te res t ing  t o  look for a var ia t ion  i n  wave spectra  

at  ionospheric heights with sunspot cycle,  t o  see i f  there  i s  t h i s  tendency 
for high so la r  index t o  go w i t h  longer period waves. 

Variations 

6 . 3  Mode interact ion.  

L e t  us take a moment t o  try tc ucderstand this phencmenon of mode 
Tolstoy (1956) has segments corresponding t o  portions of la rger  curves. 

discussed t h e  technique of separating a complex layered waveguide in to  two 
partial  waveguides along a nodal surface. 

are applied along t h i s  surface, the t w o  guides are solved separately,  and 
then overlaid.  

w ,  k i s  applicable t o  the  complete wave guide. 

lower guide i s  R, t h e  upper u ,  and of t h e  complete guide m, then 

Then free boundary conditions 

For those values of w having t h e  same k's as solut ions,  t h i s  
If the  mode number of t he  
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Fig. 24. Dispersion curves for model atmospheres consisting of the 
tsi i iperature s t r u c t . ~ r e  E+- LE;ON in winter UD to 90 lan merged 
with a nighttime atmosphere for a period of minimum solar 
activity due to Harris and Priester (solid curves) and with 
the mean COSPAR atmosphere (dotted curves ) . 
(a) phase velocity vs. period, (b) group velocity vs. 
period. The atmospheres are shown in the inset. (After 
Pf ef f er and Zaric hny , 1963 ) 
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Considering a temperature s t ruc ture  l i k e  t h a t  i n  Fig. 16, l e t  us 

imagine a boundary surface through t h e  stratopause region a t  52 km. Now 

considering separately the  w, k solutions of t h e  upper and lower guides, 
we f ind tha t  t h e  v e r t i c a l  curves correspond t o  sect ions of acoustic modes 
of t he  upper channel, while as noted, t h e  horizontal  portions are similar 
t o  t h e  fundament,& and first acoustic of t h e  lower channel. We can trans- 
f c r m  the PZ r e s u l t s  i n t o  t h e  w-k plane as indicated i n  Fig. 25. 

Letters have been put i n ,  corresponding t o  the  appropriate portion 

of t he  PZ I1 curves. The curves have a l so  been labeled with mode numbers 
u and R f o r  t h e  two half-wave guides. 

t i o n s  f o r  t h e  whole wave guide are  possible,  with m given by (1). 

Where intersect ions occur, solu- 

I n  camon with Tolstoy's (1955, 1956) findings about e l a s t i c  wave 

propagation, the  modes of t h e  complete wave guide follow a path made up ap- 

proximately of segments of upper modes a l te rna t ing  w i t h  segments of lower 
guide modes. 

a solut ion t o  the  whole wave, guide, with m = 2, w i t h  both nodes (and we ex- 
pec t ,  t h e  energy) i n  the  upper channel. 
t he  lower fundamental, the  complete mode switches t o  follow t h e  lower mode 

l i n e .  
atmosphere with no upper channel. 

concentration, i s  a l t e r ing  i t s  solution. 
the complete mode again switches t o  the upper mode - energy is  i n  the  upper 
channel, and the lower channel solut ion is  i n  t r a n s i t i o n  t o  one w i t h  one 
mode - t he  lower first acoustic. 

Consider, fo r  example, t he  path beginning on u = 2. This i s  

A t  t he  in te rsec t ion  (2,O) with 

We ant ic ipa te  energy i n  t h e  lower channel now, i n  common w i t h  an 
The upper guide, w i t h  l i t t l e  energy 

A t  t h e  next in te rsec t ion ,  (1,0), 

As implied above, when the complete guide mode i s  following an 
upper mode l i n e ,  i t s  charac te r i s t ics  are those of t h e  upper guide, and it 
is  strongly coupled t o  the  upper modes; 

ments it looks l i k e  a lower mode. 

s imilar ly ,  on the lower mode seg- 

This is  completely corroborated by the  energy density curve of PZ I1 
Looking first a t  t h e  horizontal  portions of t h e  velocity-period (Fig. 26). 

curves,  we  note the  c lose  correspondence between t h e  energy density of t h e  

modes (wri t ten i n  t h e  form m ( u , ~ ) ) ,  3(3,0) ,  2 (2 ,0) ,  l ( 1 , O )  - l ( - l ,o )  and 
t h e  II = 0 mode of t h e  lower channel alone. 

t h e  R = 1 l ine .  

Also 4(3,1) and 3(2,1) follow 

Similmly,  looking a t  t h e  v e r t i c a l  portions,  w e  see g, f 
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F i g .  25. S z h e ~ s t i c  c?iagrm of mode in te rac t ion  i n  an atmosphere 
w i t h  two sound channels. 
t h e  portion of a COSPAR amosphere below and above a 
f i c t i t i o u s  f r e e  surface a t  about 52 km. 

Lower and upper modes are for  
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Fig. 26. Vert ical  p rof i les  of t h e  k ine t ic  energy of the  waves per 
un i t  volume. (a )  comparieon between prof i les  f o r  t h e  52 
km and 300 km models a t  t h e  points a ,  b ,  c , d ,  e ,  a ' ,  and 
b' of Fig. 23; ccirrpai-fss~a & ~ = c g  t h e  prcf j . les n_t. nnints 
g, f ,  and r ;  i ,  h and s; j and k; 1 and m ;  n and 0; and 
p and g of Fig. 23. Curves are normalized t o  have same maxi- 
mum amplitude. 

(;j) z - --- 

(After Pfeffer and Zarichny, 1963) 
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and r are 3(3,0), 4(3,1) 5(3,2) all have u = 3, and i, h, s are 2(2,0), 

3(2,1) ,  4(2,2) have u = 2. 

energy minimum i n  t h e  lower channel, and u = 2 or  3 correspond t o  2 or 
3 energy minima i n  the  upper channel. 
so l i t t l e  energy i n  the lower channel t h a t  t he  number of nodes cannot be 

seen on t h i s  scale.  

Mote also t ha t  a = 1 corresponds t o  one 

I n  the  v e r t i c a l  branches, there  is  

Another interest ing sequence i s  t o  follow t h e  course of m = 3 and 
m = 2. 

m = 3  m = 2  

Curve U a P 
s ec t ion 

Curve U 9, P 
section 

Q 3 1 4  sec i 2 34 sec 
a 0 27 sec b o 36 5ec 

h 2 39 sec 3 1 46 sec 
b' 1 56 sec 

A further corroboration of t h e  nature of t h e  v e r t i c a l  portions of 

t h e  curves is seen i n  Fig.  27, which i s  fo r  an atmosphere with a r i g i d  top 

and isothermal half-space a t  t h e  surface. 

upon the lower boundary f o r  i t s  existence, it should disappear. On t h e  

other hand, since a l l  but the longest period waves a re  located below 300 km, 

the presence of the l i d  should have l i t t l e  e f fec t .  This i s  seen t o  be the  

cage. The gravi ty  modes are ident i f ied by t h e i r  approach t o  a long period 
high veloci ty  asymptote, while  t h e  acoustic modes approach i n f i n i t e  veloci- 
t i es  o r  cut  off at  long periods. 

Since the  fundamental depends 

One can ask fo r  m t h e r  physical ins ight  i n t o  these points of sudden 
It appears from the formulation of Eckart (1960) t ha t  they are re- change. 

l a t ed  t o  the reia$ive p s f t i c ~ s  nf the points where w = g( z) and w/k = C ( z ) .  

I n  his formulation of the  problem, the r e l a t i v e  posit ions of these points on 
a phase diagram determine the  character of t h e  solution. 

examination of t h e  solutions for  an atmosphere w i t h  one temperature minimum, 
and constant lapse rate thermosphere he remarks tha t  when the  v e r t i c a l  de- 

scr ip t ion  of t he  solution "...contains two osc i l la tory  segments separated by 

a non-oscillatory one, small changes i n  k and w may produce large quantita- 
avechanges i n  the  phase path." 

amplitude between upper and lower channels. 

A f t e r  a qua l i ta t ive  

These changes include switching the  maximum 
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Fig. 27. Phase veloci ty  vs. period fo r  t he  COSPAR atmosphere bounded by 
a r i g i d  surface at t h e  ground and a half  space above 300 km 
( so l id  curves) and fo r  t he  same atmosphere with t h e  boundary 
conditions reversed (dotted curves).  (After Pfeffer  and 
Zarichny . 1963) 
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The phase diagrams a l so  explain t h e  appearance of ex t ra  nodes i n  t he  

numerical calculations of a given mode, since it is possible t o  add any num- 

ber of pairs of cancelling nodes without affect ing t h e  net mode number. The 

application of an Eckart-type analysis of the  modes of an atmosphere w i t h  

two temperature minima should provide fur ther  understanding of t he  relevant 

mode in%eEacOtons t&&ng place. 

6.4 Energy density.  

Energy density diagrams (Figs. 26 and 28) provide qui te  useful  infor- 

mation, since neither pressure osc i l la t ions  nor wave motions can be observed 

where there  i s  no energy. 

The in te res t ing  case of pressure osc i l l a t ions  and simultaneous iono- 

spheric disturbances i s  seen t o  be r a re ,  but we quickly note p o s s i b i l i t i e s  
a t  about 270 sec (F,lG), 707 s e c  ( 1 G , 2 G )  400 t o  497 sec (3G). 
a l so  the  periods we would expect t o  see excited by broad band sources i n  the  

lower atmosphere, l i k e  volcanic ac t iv i ty ,  earthquakes and atmospheric motions. 

i n to  the  ionosphere can be picked out - 1077 sec (F) and 720 t o  800 sec ( 1 G ) .  

These might be observable a t  great heights. 

These a r e  

Similarly,  t h e  periods for which large amounts of energy a r e  leaked 

7. Same Diabatic Effects 

7.1 Radiative damping of acoustic gravi ty  waves. 

Golitsyn (1965) calculates t h a t  i n  t h e  troposphere, t h e  damping of 

vaves by rad ia t ive  heat t ransfer  w i l l  be 6 orders of magnitude greater  than 
the viscous damping, although he f inds  a t  100 km t he  radiat ion damping w i l l  

be less than viscous damping, as t h e  viscous damping increases while radia- 
t i o n  damping decreases somewhat wi th  height (Golitsyn, 1963). 

This numerical r e s u l t  is based on a simple model of gray o r  frequency 
Unfortunately, t h i s  model may lead t o  qurl i ta t im.& independent absorption. 

misleading r e s u l t s  as w e l l  as  numerical inaccuracy. 
a t i v e  diss ipat ion of a temperature disturbance i n  a gray gas has been 

transformed by Goody (1964) into a form applicable t o  a non-gray gas. 

v a l i d i t y  of t h i s  technique for  t he  calculat ion of rad ia t ive  s t ab i l i za t ion  

of a f l u i d  against  ce l lu l a r  convection has been demonstrated by G i l l e  and 

The expression f o r  radi- 

The 
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Goody (1964). 
phere should be made. 

Quantitative studies of rad ia t ive  damping i n  t h e  real atmos- 

Laboratory t e s t ing  may a l so  be possible. 
One par t icu lar ly  interest ing poss ib i l i t y  is  t h a t  very low frequency 

waves may propagate with the  isothermal sound veloci ty ,  CT = 
than t h e  adiabatic veloci ty  Cs = 'm. 

fi ra ther  

7.2 Photochemical destabi l izat ion of gravi ty  wave near t h e  mesopause. 

A number of recent studies,  notably Leovy (1964) and Lindzen and Goody 

(19651, have developed l inearized forms of the  equations of motion i n  which 

photochemical and rad ia t ive  heat sources are included. Naturally enough these 

involve a considerable number of d ra s t i c  simplifications.  

applied these ideas t o  gravi ty  waves near t h e  mesopause. 
mechanism can be found, i . e . ,  mechanism giving the  waves i n  t h e  mesosphere a 
posi t ive growth rate, it would be nearly equivalent t o  putting a source i n  

t h i s  region. 
energy fed in to  it and amplify t o  observable s ize .  
mechanism i s  frequency dependent, it has implications f o r  the  expected re- 

su l t i ng  spec t im.  

Leovy (1966) has 
I f  an amplification 

A strongly attenuated wave coming up from belowicould have 
I f  t h e  amplification 

We can see t h e  physical basis f o r  an amplification i f  we consider a 

column of the  atmosphere displaced from i ts  equilibrium posit ion.  
warmed by diabat ic  processes when displaced upward, it w i l l  be at a higher 

temperature when it canes down, and have less negative buoyancy than on the  

way up. Clearly, the restoring force has been reduced, and the  wave ampli- 
tude w i l l  be attenuated. Here, we have a negative correlat ion between t e m -  

perature and v e r t i c a l  velocity - a circumstance known i n  theo re t i ca l  

meteorology t o  be associated with the destruction of k ine t ic  energy. 

If it is 

Conversely, if t h e  column cools on upward displacement, i t s  negative 
buoyancy i s  reduced, and it comes down wit'n greateF velocfty threcgh the 

equilibrium posi t ion than it possessed going up. 
What diabat ic  processes might be involved? Leovy's (1966) treatment 

included t h e  photochemistry of oxygen and ozone, and led t o  perturbation 

terms representing t h e  following ef fec ts :  

(1) Absorption of solar radiation by f luctuat ing amounts of molecular 

oxygen ; 
Absorption of so lar  radiat ion by f luctuat ing amounts of ozone; (2) 



. 

(3 )  Chemical energy released by formation of molecular oxygen and ozone 
from atomic oxygen. 

(4)  Infrared radiat ion.  

I w i l l  merely state here the r e s u l t s  he found, which apply t o  gravi ty  
3 6 waves with period 10 sec P C 10 sec. F i r s t ,  since infrared radiat ion 

a c t s  t o  destroy the temperature difference between the displaced column and 
i ts  surroundings, destroying buoyancy, t h i s  always destroys wave energy. 
Second, t he  recombination heating and absorption of so la r  energy by ozme is  
a destabi l iz ing e f f e c t ,  when the  atomic oxygen mixing r a t i o  increases w i t h  

height. 

circumstances. 
However, absorption by molecular oxygen is  s tab i l iz ing  under these 

I n  a numerical calculation, he f inds  an exponential growth rate 
-1 (omitting infrared radiat ive e f fec ts )  greater than 3 x 

f o r  w > 2.10 

2 1/2 days. 

eddy losses about the same f o r  A -30 km. 

but  the longest waves. 

sec near 90 km, 
-4 (P -v 1 1/2 hours). This indicates  a doubling of amplitude i n  

sec,  and The fadiative damping is roughly calculated t o  be 
Damping thus w i l l  s t i l l  remove a l l  

These r e s u l t s  apply t o  mean conditions, and growth r a t e s  vary as the  

square of t he  atomic oxylTen concentration. 

winter mesosphere may be oxygen r i ch ,  t h i s  mechanism could be given a quali- 

t a t i v e  test by looking fo r  seasonal var ia t ion  of wave amplitudes and spectra 
i n  t he  upper mesosphere. 

Since it appears t h a t  the  upper 

Certainly there  are a number of very in te res t ing  ideas i n  t h i s  paper, 
and further work on these l ines  should be undertaken. 

8. Future Problems in Wave meory. 

As is cer ta in ly  c l ea r ,  at present only a beginning has been made i n  
the study of acoustic-gravity wave propagation i n  the  etixqhere.  

important problems rmain ing  have been discussed elsewhere - notably t h e  
e f f e c t s  of winds, electromagnetic forces ,  and non-linear interact ions.  

d iaba t ic  e f f e c t s  of rad ia t ive  heating and photochemistry have been mentioned 
above. 

%me 

The 

There are still important problems connected with the  ducting e f f ec t s  
Eckart  (1960) and Weston (1961, 1962) and Pitteway of temperature s t ructure .  

and Hines (1965) have deduced general results for continous d is t r ibu t ions  
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of atmospheric parameters. A number of theore t ica l  d i f f i c u l t i e s  have been 
lucidly s e t  fo r th  by Hines (1965), and although some have been answered by 
Pierce (19661, it appears tha t  more work w i l l  be necessary before the  nature 
of ducting and mode formation i s  f u l l y  c l a r i f i ed .  

The e f f ec t  of horizontal  var ia t ions a l so  remains f o r  future  consid- 
Although veloci ty  period curves have been calculated fo r  d i f f e r -  eration. 

ent l a t i t udes  by PZ I1 and PH, no one has considered propagation along a 
path i n  which there  are horizontal var ia t ions of temperature, heights  of 

thermal features ,  topography, or wind. 
phere observer as w e l l  as the  constructor of synthetic barograms, since 

energy not confined i n  a duct may be available t o  exci te  disturbances at  E 

region heights. 

This i s  relevant t o  t h e  upper atmos- 

(This problem has been suggested by Pfeffer.  

I n  a l l  our discussion of wave propatation, we have said very l i t t l e  

about sources of wave energy. 
t i o n  and diss ipat ion processes i n  an atmosphere w i t h  winds, it w i l l  be 
d i f f i c u l t  t o  know whether the  source of energy l i es  i n  the  &mer  atmosphere 
o r  not. It is  c lear  t h a t  nuclear explosions, volcanic eruptions and earth- 
quakes do c rea te  wave trains at grea t  heights. 

meteorological disturbances i n  t h e  troposphere are able t o  propagate energy 
t o  these heights i s  not c lear .  

Unti l  we have a c l ea r  p ic ture  of the ref lec-  

Under what conditional 

A f i n a l  question might be vhether, by observation at the surface or  

w i t h  ionospheric sounding, we can obtain an atmospheric seismogram, which 
could then be inverted t o  yield information about the  atmosphere o r  t h e  

source. J. V. Dave of t he  U.S. National Center for  Atmospheric Research 

has remarked tha t  t he  Umkehr method of obtaicing height d i s t r ibu t ion  of 
ozone is  l i k e  unscrambling an egg. If so, we have the omlet of source, 

wind, and temperature t o  unscramble and properly reconst i tute .  

on t h i s  would not appear possible u n t i l  we nave better ;02:tior?s t n  the 

forward yoblem. 

A r e a l  start  

Uoking back a t  these rather  large holes i n  our knowledge, it seems 

fair  t o  say t h a t  t h e  development of theory enablillr; us t o  handle the  com- 

p lex i ty  we see i n  nature, and the  observational search f o r  confirmation of 

these theories  promise t o  keep us supplied w i t h  challenging problems for  
t he  foreseeable future.  
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