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A FURTHER STUDY OF ELASTIC FOUNDATION MODELS') 

Arnold D. Kerr* and Warren J. Rhines** . 
SUMMARY 

I n  t h e  p r e s e n t  paper  t h e  s tudy  of foundat ion  models i n i t i a t e d  i n  Ref. 

[13 i s  continued. A t  f i r s t  i t  i s  shown t h a t  t h e  response expres s ion  of 

t h e  Pas t e rnak  model can be de r ived  from the  continuum p o i n t  of view when 

t h e  assumption is made t h a t  t he  in-p lane  stresses and t h e  in -p lane  d i s -  

placements are z e r o  throughout t h e  foundat ion  l aye r .  It i s  a l s o  shown 

t h a t ,  by expanding formal ly  the  exac t  p r e s s u r e - d e f l e c t i o n  r e l a t i o n s h i p  

f o r  t h e  upper s u r f a c e  of an e l a s t i c  l a y e r  which rests on a r i g i d  base ,  

0 .  

. 

t h e  response  expres s ions  of  a number of models are obta ined ,  t h e  type  

depending upon t h e  number of terms r e t a i n e d  i n  t h e  expansion. 

INTRODUCTION AND STATEMENT OF PROBLEM 

I n  a r e c e n t  paper  A. D. Kerr [l] d i scussed  a number of  foundat ion  

models which have been publ i shed  i n  t h e  l i t e r a t u r e .  This  s tudy  showed 

t h a t ,  i n  o r d e r  t o  c o n s t r u c t  foundat ion  models, one may proceed e i t h e r  by 

i n t r o d u c i n g  s i m p l i f y i n g  assumptions about  some of t h e  expected d isp lacements  

a n d / o r  stresses i n  t h e  equa t ions  of a continuum [2-41 o r  by s t a r t i n g  wi th  

t h e  Winkler foundat ion  and, i n  o rde r  t o  b r i n g  i t  c l o s e r  t o  r e a l i t y ,  as- 

suming some k ind  of  i n t e r a c t i o n s  between t h e  s p r i n g  elements  [5-81. 

1) P a r t  of t h e  m a t e r i a l  contained i n  t h e  p r e s e n t  paper  i s  taken  from the  
Ph. D. D i s s e r t a t i o n  submit ted by one of t h e  au tho r s  (W. J. R. ) t o  New York 
Univers i ty .  

New York, N. Y . ,  Member ASME. 

New Je r sey ,  Assoc. Mem. ASME. 

*) Profes so r ,  Department of  Aeronaut ics  and As t ronau t i c s ,  New York Univers i ty ,  

**) Member of  Technical  S t a f f ,  Bell  Telephone Labora to r i e s ,  Inc. , Whippany, 
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A t h i r d  approach t o  c o n s t r u c t  response expres s ions  i s  t h e  formal 

mathematical  procedure.  A n  example i s  t h e  approach used by J. Ra tze r sdor fe r  

who expanded formal ly  Wieghardt ' s  i n t e g r a l  r e l a t i o n  f o r  l oad  and d e f l e c t i o n s  

and r e t a i n e d  terms of low o r d e r  [9, 101. 

used by Favre [ll, 121 who obta ined  expres s ions  of t h e  Pas te rnak  type. 

The approach by W. J. van d e r  Eb and A. D. de  Pater C131 which i s  c l o s e l y  

r e l a t e d  t o  some of t h e  d e r i v a t i o n s  by K. Wieghardt [14]  should a l s o  be 

men t ioned . 

Another expansion technique  w a s  

In  t h e  p r e s e n t  paper  t he  s tudy  of  foundat ion  models i s  cont inued.  A t  

f i r s t  i t  i s  shown t h a t  the response express ion  of t h e  Pas te rnak  model can 

be de r ived  from t h e  continuum p o i n t  of view, 

model f o r  t h e  Pas te rnak  foundat ion.  Then i t  is  shown t h a t  by expanding 

formal ly  t h e  e x a c t  p r e s s u r e - d e f l e c t i o n  r e l a t i o n s h i p  f o r  t he  upper s u r f a c e  

of an e l a s t i c  l a y e r  which rests on a r i g i d  base ,  t h e  response express ions  

of  a number of models d i scussed  i n  [l] are  obta ined ,  

upon t h e  number of terms r e t a i n e d  i n  the  expansion. 

thus e s t a b l i s h i n g  a "continuum" 

t h e  type depending 

2 



A I~CONTINUUM~~ MODEL FOR THE PASTERNAK FOUNDATION 

We consider a weightless elastic layer of thickness H which rests on 

a rigid base and is subjected to loads on its free surface ( z  = H) as shown 

in Fig. 1. 

E. Reissner [ 4 ]  by assuming that throughout the layer the in-plane 

stresses are zero, i. e., 

(1 1 = ( J  = 7  = o  

as well as that at the upper and lower surface the in-plane displacements 
ux Y XY 

are zero, i. e. , 

u = v =  O a t  z = 0 and z = H (2  1 

obtained the following response equation at the surface z = H 

p - ($)vap = (+)w -@+w 

where 

aa aa 
v 2 = a i + a y 2  

and E and G are parameters of the foundation material. 

Using the same notation, the response expression of the Pasternak 

foundation is 

p = k W -  $W 
P gP 

where k and g are foundation parameters. 
P P 

Derivations of Filonenko-Borodich in connection with his membrane 

model [53 suggest that the assumption that throughout the layer 

( 3 )  

(5) 

u = v = o  

3 
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w i l l  y i e l d  t h e  response express ion  of t h e  Pas te rnak  foundat ion.  

T o  show t h i s  w e  s u b s t i t u t e  t he  assumptions l i s t e d  under (6) i n t o  

t h e  e q u i l i b r i u m  equat ions  (Ref .  [151 P. 229) t h e  s t r e s s - s t r a i n  e q u a t i o n s  

(Ref. [15] p. 7 and p. 9), and t h e  s t r a i n - d i s p l a c e m e n t  r e l a t i o n s  (Ref. [l5] 

p. 6 )  and o b t a i n  

XZ 
aT 

=O - aZ 

U 

= -  z V 

E U z  ; Y EUZ ; z E € = -  V E t -  

X 

(8b ) = -  I T  1 a - T  . 
Yxy 0 ; 'xz G xz ' 'yz G yz 

€ " 0 ;  
X 

= o ;  
XY 

€ " 0 ;  
Y 

aw 
yYz a Y  

= -  

The f i r s t  two e q u a t i o n s  i n  (8a) and (9a) i nd ica t e  t h a t  v h a s  t o  be 

assumed equal  t o  ze ro .  

From (7a) and (7b) i t  follows t h a t ,  as i n  t h e  Reissner  foundat ion,  

t h e  s h e a r  stresses are independent of  z ,  i . e . ,  

7 = 7 ( X , Y )  (10) 

7 = T ( X , Y >  (11) 

XZ XZ 

Y Z  YZ 

an u n r e a l i s t i c  r e s u l t  p a r t i c u l a r l y  f o r  t h i c k  foundat ion  l a y e r s .  However, 

s ince foundat ion models are introduced t o  s tudy  t h e  response o f  t h e  foundat ion 

s u r f a c e  t o  a p p l i e d  l o a d s  and n o t  t o  s tudy  t h e  stresses and displacements  

w i t h i n  t h e  foundat ion material ,  t h i s  d e f i c i e n c y ,  as w e l l  as a n o t h e r  which 
4 
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w i l l  be po in t ed  out  later,  may i n  general  be of no s e r i o u s  consequence. 

I n t e g r a t i n g  (7c) wi th  r e s p e c t  t o  z ,  n o t i n g  (ll), we o b t a i n  

a T  a?. 
- - - z($ + J )  + f ( x , y )  

% a Y  

From t h e  boundary cond i t ion  

i t  follows t h a t  

and thus  

From t h e  t h i r d  equat ion  i n  (8a) and (9a) it fo l lows  t h a t  

a w  O Z  

a Z  E 
- = -  

S u b s t i t u t i n g  (15) i n t o  (16),  and then i n t e g r a t i n g  t h e  r e s u l t i n g  equat ion  

wi th  r e s p e c t  t o  z ,  we ob ta in  

a7 

EW = - zp(x ,y )  + z(H-;)(> X + -)+ a Y  g (x ,y )  

From t h e  boundary cond i t ion  

w(x,y,O) 0 (18) 

i t  fo l lows  t h a t  

g(XtY) = 0 (1 9) 

Noting t h e  second and t h i r d  equat ions  i n  (8b) and (9b) ,  E?. (17)  

assumes t h e  form 

~ w ( x , y , z )  = - Z P ( X , ~ )  + G~(H-:) v 2 w  

A t  z = H Ea. (20) becomes, s e t t i n g  w(x,y,H) = - W(x,y,) ,  

p =($w -(y)*z w 

5 



. 
This expres s ion  i s  i d e n t i c a l  t o  t h e  response eouat ion  of t h e  Pas t e rnak  

foundat ion  given i n  (5) i f  we s e t  

E 
P H  
k = -  

- GH - -  
gP 2 

It should be  noted t h a t  boundary cond i t ion  (18) imp ies t h a t  a t  z = 0 

aw = 0 and - = 0, which, i n  view of Eqs .  (7a) ,  (7b) ,  (8b) and (9b) l e a d s  

t o  a c o n t r a d i c t i o n .  

a w  
a x  a Y  

DERIVATION OF THE RESPONSE OF VARIOUS FOUNDATION 
MODELS FROM A FORMAL EXPANSION OF AN EXACT RESPONSE 

EXPRESSION FOR AN ELASTIC LAYER RESTING ON A R I G I D  BASE 

The mechanical foundat ion  models which were introduced i n  [2-8]  were 

a l l  a r r i v e d  a t  by making v a r i o u s ,  sometimes a r b i t r a r y ,  s i m p l i f y i n g  assumptions 

concerning t h e  mechanical behavior  of t h e  suppor t ing  foundat ion.  In  t h i s  

s e c t i o n  an a t tempt  i s  made t o  provide a sys t ema t i c  b a s i s  f o r  t h e  gene ra t ion  

of foundat ion  models from an a n a l y t i c a l  p o i n t  of view. 

For t h i s  purpose,  l e t  us  cons ider  a foundat ion  l a y e r  of depth  H 

s u b j e c t e d  t o  a normal p r e s s u r e  a t  t h e  top  s u r f a c e  which rests on a r i g i d  

f r i c t i o n l e s s  base  as a p l ane  s t r a i n  problem (Fig. 2 ) .  The d e r i v a t i o n  of 

t h e  r e l a t i o n s h i p  between t h e  contac t  p r e s s u r e  and v e r t i c a l  d e f l e c t i o n  a t  

t h e  upper s u r f a c e  i s  s i m i l a r  t o  the  one given by Bosson [16] for  t h e  case  

of  g e n e r a l i z e d  p l ane  stress,  and hence only  t h e  major s t e p s  w i l l  be repea ted  

he re .  

From p lane  e l a s t i c i t y  i t  i s  known t h a t  when a func t ion  @ ( x , y )  

s a t i s f i e s  t h e  biharmonic equat ion  

o4@ = 0 

6 



and t h e  proper  boundary cond i t ions  then t h e  stresses i n  t h e  body may be 

determined from 

Fur the r  i f  w e  d e f i n e  a displacement  func t ion ,  Y(x,y) ,  which s a t i s f i e s  

then i t  can be  v e r i f i e d  t h a t  t he  displacements  are given by 

Following Bosson, who employed t h e  procedure devised  by W. M. Shepherd 

c171, we assume t h e  stress func t ion  f o r  t h e  foundat ion  l a y e r  i n  t h e  form 

n=O 

S u b s t i t u t i n g  (28) i n t o  (23) we ob ta in ,  a f t e r  some reduc t ions ,  t h e  

SymboJic form 

+ g s i n ( z D ) X 2  Z + *[+ s i n  zD - +cos (zD)]X3 

where 

n = 1, 2 ,  ... (30 1 dR Dn I - 
dxn 

The corresponding displacement  func t ion ,  4 ,  accord ing  t o  Bosson i s  

1 1 1 
D D3 3 JI ( x , z )  = sin(zD)Xo - -cos (zD)% + F s i n ( z D ) X 2  - -cos(zD)X 

A f t e r  s a t i s f y i n g  t h e  boundary cond i t ions  a t  z = -H 

7 



.- 
and one boundary cond i t ion  at t h e  i n t e r f a c e  z = 0 

t 

w e  ob ta in ,  denot ing  

t h e  fo l lowing  r e l a t i o n s h i p  between t h e  p r e s s u r e  and d e f l e c t i o n  a t  t h e  

i n t e r f a c e  z = 0 

Bosson, p o i n t s  ou t  t h a t  by expanding t h e  o p e r a t o r s  i n  h i s  equat ion,  

(35  1 

which i s  equ iva len t  t o  (35) ,  i n  ascending powers of (HD), assuming H t o  

be  s m a l l ,  and then  r e t a i n i n g  only  the  l e a d i n g  terms i n  t h e  expansions,  

one o b t a i n s  t h e  Winkler response.  This  argument and some of  t h e  r e l e v a n t  

d e r i v a t i o n s  are a l s o  reproduced i n  Ref. [18]. 

A t  t h i s  p o i n t  i t  i s  of i n t e r e s t  t o  i n v e s t i g a t e  what response equa t ions  

are obta ined  from ( 3 5 )  when h ighe r  o r d e r  terms are r e t a i n e d  i n  t h e  expansions.  

To s tudy  t h i s  problem we expand t h e  o p e r a t o r s  i n  ( 3 5 )  a s  i n d i c a t e d  

above, n o t i n g  t h a t  

siny.cogx, = a  - - 3 

and o b t a i n ,  a f t e r  d i v i d i n g  the  r e s u l t i n g  equat ion  by 2 H E / ( l - $ )  and 

s e t t i n g  E / ( I -$ )  = E’, 
8 



a - H d 2  @ d 4 p + 2 H  'G-H G+ - 
E' 2 '- 3E' dx4 45E' dx 315E' dx 

6 8  
d2W $ d4W d6W 2 H  d W +  

= d x Z - 3 h X 4 + 1 5 d x b - 3 1 5 d x S  . . -  (37 )  

It can be seen  t h a t  by r e t a i n i n g  only t h e  l e a d i n g  term on each s i d e  of 

Eq. (35), i t  reduces  t o  

E' d2W 3=,2 
I n t e g r a t i o n  of (38) y i e l d s  p = (E'/H) Wt-ax+b. 

expec ted  t h a t  p I O 9  i t  fo l lows  t h a t  a = b = 0. Thus Eq. (38) i s  of t h e  

S ince  f o r  W E  0 i t  i s  

same form as t h e  response  of t h e  Winkler foundat ion  

p = kW (39) 

which c o n s i s t s  of a l a y e r  of  c l o s e l y  spaced independent l i n e a r  s p r i n g s  as 

shown i n  Fig. 3. 

Re ta in ing  terms whose c o e f f i c i e n t s  c o n t a i n  powers of H up t o  and 

i n c l u d i n g  J f  y i e l d s  

E' L W  - - -  E ' H  d4W 
$=F d?? 3 dx4 

which, by a similar argument a s  above, reduces t o  t h e  same form a s  t h e  

response  of t h e  Pas t e rnak  foundation 

d 2 W  p = k W -  
P gP ZF 

which c o n s i s t s  of a s p r i n g  l a y e r  w i t h  s h e a r  i n t e r a c t i o n s  as  shown i n  

F ig .  4 ,  o r  expres s ion  (21) der ived  i n  t h e  p r e s e n t  paper.  

Reta in ing  terms up t o  and inc lud ing  l? y i e l d s  

which i s  of t h e  s a m e  form as t h e  response  of t he  foundat ion  model d i scussed  

r e c e n t l y  i n  1191 
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which c o n s i s t s  of an upper and lower s p r i n g  l a y e r  in te rconnec ted  by a 

s h e a r  l a y e r  as shown i n  Fig. 5, o r  express ion  (3) of t h e  Reissner foundat ion  

model. 

Reta in ing  terms up t o  and inc luding  €? y i e l d s  

Jf E'  d 2 W  - E'H d4W E'I$ d6W 
$ - y d x = F z  3 dx 1 5  dx6 -7+- (44 1 

which i s  o f  t h e  same form a s  t h e  response of t h e  foundat ion model shown i n  

Fig.  6 .  

Reta in ing  terms up t o  and inc luding  H5 y i e l d s  

--E+-+=- Jf d4 2€? d6 E' 8 W  E ' H  d4W E ' P  d6W 
9 - 3  dx4 4 5 d x  H Z - T d X 4 ' 1 5 d x 6  

which i s  of  t h e  same form as t h e  response o f  t h e  mechanical model shown i n  

Fig.  7 

where D i s  t h e  f l e x u r a l  r i g i d i t y  of t h e  bending l a y e r .  

It may b e  o f  i n t e r e s t  t o  p o i n t  o u t  t h a t  t h e  model shown i n  Fig.  8 

y i e l d s  t h e  response express ion  

which, a p a r t  from t h e  c o n s t a n t  c o e f f i c i e n t s  is  i d e n t i c a l  t o  (47). Thus, 

t h e  model which corresponds t o  a h i g h e r  o r d e r  response express ion  i s  n o t  

unique. 

LO 



It is of  i n t e r e s t  t o  f i n d  out  w h a t  models w i l l  correspond t o  even 

h ighe r  o rde r  approximations and i n  p a r t i c u l a r ,  assuming t h a t  t h e  expansions 

i n  Eq. (35) converge, t o  determine what mechanical model w i l l  y i e l d  a re- 

sponse expres s ion  l i k e  t h e  cont inuous e las t ic  l a y e r .  I n  Fig. 9 foundat ion  

models which c o n s i s t  of  sp r ing ,  shear ,  and bending l a y e r s ,  and which cor- 

respond t o  r e t a i n e d  terms up t o  and inc lud ing  H I o  are t abu la t ed ,  and they  

i n d i c a t e  an answer t o  t h i s  ques t ion .  The non-uniqueness of t h e  p r e s e n t a t i o n  

of h ighe r  o r d e r  models should be noted. 

REMARKS AND CONCLUSIONS 

A t  t h i s  p o i n t  it i s  of i n t e r e s t  t o  n o t e  t h a t  t h e  foundat ion  model 

sugges ted  by Hethnyi [7]  c o n s i s t s  of an  upper and lower s p r i n g  l a y e r  i n t e r -  

connected by a bending l a y e r  ( l i k e  t h e  model i n  Fig. 7 but: wi thout  t h e  

s h e a r  l a y e r )  and i t s  response equat ion  i s  

k D d 4 p  d4 W 
dx4 (1 + < ) p  + dx4 = kW + F (49) 

Comparing (49) wi th  (47) i t  appears  t h a t ,  from the  p o i n t  of  view of 

t h e  formal expansion d i scussed  above, t he  HetLnyi model r e t a i n s  terms of  

h i g h e r  o r d e r  than those  i t  omits. 

The d e r i v a t i o n s  of  t h e  response expres s ion  of t h e  Pas te rnak  model by 

g e n e r a l i z i n g  t h e  Winkler model, o r  by r e t a i n i n g  terms i n  t h e  expansion f o r  

a cont inuous  l a y e r  as performed i n  t h e  p r e s e n t  paper ,  show t h a t  t h e  physi-  

c a l  s i g n i f i c a n c e  of  t h e  second term i s , a t  l e a s t , , t h e  e f f e c t  of shea r  i n t e r -  

a c t i o n s .  Therefore ,  t h e  a s s o c i a t i o n  of t h i s  term wi th  only  an in -p lane  

f o r c e  f i e l d ,  which i s  sometimes encountered i n  t h e  l i t e r a t u r e ,  may be m i s -  

l e a d i n g  from t h e  p o i n t  of view of t h e  real  mechanical behavior  of t he  

foundat ion .  

11 



The method of  formal expansion shows that t h e  f i r s t  o r d e r  approximation 

r e p r e s e n t s  t h e  c o m p r e s s i b i l i t y  o f  t h e  foundat ion l a y e r  i n  t h e  Winkler sense.  

The n e x t  o r d e r  term r e p r e s e n t s  t h e  e f f e c t  of  s h e a r  i n t e r a c t i o n s  in  t h e  

Pas te rnak  sense ,  e t c .  Although the  procedure i s  formal i n  t h a t  t h e  

convergence of t h e  f i n a l  series has n o t  been proven, t h e  agreement be- 

tween t h e  obta ined  response express ions  and t h o s e  o f  a number of mechanical 

models i s  noteworthy. I t  appears  t h a t  t h e  models and t h e i r  o r d e r  of  

p r e s e n t a t i o n  as shown i n  Fig. 9 could b e  used, i f  necessary ,  as a 

guide f o r  t h e  c o n s t r u c t i o n  of foundat ion models of h i g h e r  order .  
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