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ON THE USE OF A PRIORI S'WTISTICS I N  PROBLEMS OF PLASMA TURBULENCE 

Ronald C. Davidson 

Department of Physics, University of California, Berkeley, California 

ABSTRACT 

The usual procedure i n  problems of uniform plasma turbulence i s  t o  

perform an a pos te r ior i  stat  i s t i c a l  averaging ( the random phase approximation) 

on perturbation solutions t o  the  Vlasov Equation. 

i n  which ensemble averaging is  done a p r i o r i  i s  advocated i n  t h i s  a r t i c l e .  

Using the  Vlasov equation as the dynmical equation f o r  an individual system, 

equations a r e  constructed f o r  the  time evolution of correlat ions i n  a spa t i a l ly  

homogeneous ensemble of such plasmas. This hierarchy, which is ident ical  t o  

the  BBGKY hierarchy without t he  e f fec ts  of single  p a r t i c l e  encounters, auto- 

mat ical ly  embodies t h e  random phase approximation. 

of equations i n  the  weak turbulence parameter E /nmvav2, the questions of 

closure and time va l id i ty  a r e  examined. 

A more d i rec t  formulation 

Upon ordering the  system ' 
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1. IMTHODUCTIOIV 

I n  recent years considerable research has been devoted t o  the study 

of spa t ia l ly  uniform turbulence i n  a s l i gh t ly  unstable ( i n  velocity space) 

plasma, With few exceptions the  dynamical equation used has been the 

col l is ionless  Vlasov equation with self  consistent e l ec t r i c  f i e ld ,  10 Le. ,  

e 
a a 1 b a 

f (l)+zl* fa (1) = - E(x , t ) *  f (1) 
&1 -1 1 -1 al - -1 

where 

$a a is the  coulomb potent ia l  (e e /Ix - x  I ) ,  na is  the  number of i ' t h  
i a a 4 -2 1 2  1 2  

species par t ic les  per unit  volume, (l),(2),.e. denote the  phase space co- 

ordinates (ZIC,:-V),(X v ) ... g and n f ( i )  i s  the  (smooth) number density 
i i  

of t h e  a i l t h  species at (x.,v ) at time t. 

Fourier analyse Eq, (1) wi th  respect t o  tfie posit ion variable and obtain the  

&'y2 ' a .  a 
The general procedure has been t o  

-1 -i 

solution i n  a perturbation expansion 

and correspondingly 

where the  expansion parameter i s  essent ia l ly  

J. 

It is assumed that P~)( -v l90)  i s  such as t o  give weak ins t ab i l i t y  i n  a Landau 

3 analysis.  Once the  solution t o  Eq. (1) i s  obtained t o  a given order, say 6 , 
appropriate s t a t i s t i c a l  averages (see f o r  example Ref. 8)  a re  then performed 

1 
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a poster ior i  over a spa t i a l ly  uniform ensemble i n  order t o  obtain kinet ic  

equations for  the  energy density i n  the turbulent e l ec t r i c  f i e l d  spectrum and 

for  the  background dis t r ibut ion fa  (Zl,t ). 

referred t o  as the  random phase approximation, consists of averaging over the  

phases of the f irst  order f i e l d s  E( l ) (k , t )  (E(k,t) = fi E(k,t))  assuming these 

phases a re  random. For example 

0 The averaging technique, usually 
1 

k 
.y.y rv 

N 
* 

It i s  usually assumed tha t  T is zero i n i t i a l l y  (viewed effect ively as the 

product of three random numbers); that it remains zero i n  the time scales of 

in te res t  must i n  general be proven. 

f i e l d  amplitudes the procedure is t o  consider products i n  a l l  possible pairs ,  

i.e., 

As f o r  the average of four first order 

The averages 3-5 are c lear ly  compatible with the spa t i a l  homogeneity of t h e  

ensemble; 

by order and then performing a s t a t i s t i c a l  average inherently en ta i l s  much more 

information (and presumably algebra) i n  the  ear ly  stages of the analysis than 

i s  required t o  describe the turbulent ensemble. A more direct  approach would 

be t o  carry out the  s t a t i s t i c a l  averaging a p r i o r i  ra ther  than a pos te r ior i  

hzwever the  en t i re  procedure of solving the Vlasov Equation order 
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and obtain dynamical equations for  ensemble quantit ies at  the outset. 

Util izing Eq. (1) a s  the dynamical equation fo r  an individual system, 

i n  Sec. I1 a hierarchy of equations is constructed for the correlations i n  a 

spa t ia l ly  homogeneous ensemble of Vlasov plasmas. 2j11 The formalism auto- 

matically embodies the averaging procedure given i n  Eqs. (3)-(5). 

it i s  demonstrated that t h i s  Vlasov hierarchy is ident ica l  t o  the  BBGKY 

hierarchy f o r  a spa t ia l ly  homogeneous ensemble i f  the e f fec ts  of single par t ic le  

In  addition 

encounters a re  deleted from the  BBGKY formalism. In  Sec. ,I1 the Vlasov hier- 

archy i s  ordered i n  the weak turbulence parameter X .Y E / n m ~ : ~  and the  questkm 

of closure and time va l id i ty  of the formalism a r e  examined. 

2 

11. Tm VLASOV HIERARCHY 

Working within the Vlasov framework we rewrite Eq. (1) as 

L 

From Eq. ( 6 )  the  following chain of equations can be simply constructed 

advancing fa fa i n  terms of fa  fa fa , and f f f i n  terms of fa f a  fa fa , 
1 2  1 2 3  al &2 a3 1 2 3 4  

etc., 
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S 

a (fa fa *..fa ) +I { (xl. a f ... f 3 + ( 8 ' 0  l)} 
-1 &1 a 

s'& 1 2  

. (8s 1 . . 
Equation (6) is t o  be interpreted as the  dynamical equation fo r  an 

individual system. We now imagine a col lect ion of such Vlasov systems and 

average Eqs. (6)-(OS) over t h i s  ensemble. The ensemble average, (fal...f ), 
an 

may be viewed as the  arithmetic mean of f 

systems, or  as an average over a (probability) dis t r ibut ion of systems. 

... fa 
al n 

taken over a large number of 

With 

the problem of spa t i a l ly  uniform turbulence i n  mind, it is assumed that the 

various averages a r e  - invariant under 

t rans la t ion  
12 

The analysis fo r  a spa t ia l ly  inhomogeneous ensemble is  a simple 

extension of the  technique 

concluding section of t h i s  

convenient t o  write fa i n  

i.e., 
1 

described here and the  r e su l t s  a r e  quoted i n  the  

a r t i c l e .  In 

terms of i t s  

f = (fa ) + "fa , 
&1 1 1 

the discussion which follows it i s  

ensemble average plus a fluctuation, 

(6f ) = 0 . 
"1 

Averaging Eqs. (6)- (8s) and u t i l i z ing  the  macrosccrpic charge neutral i ty  condi- I 
t i o n  naea = 0, give the  following chain of equations fo r  (f  ), (Sf, 6f ), a a &1 1 2  ... . 

a '"fa "fa ) + { (vl. a (Sf, 6fa )) 4- (1 w 2 ) )  

1 2  -1 1 2  
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at a (6f 6f 6f )+ L C'l {xl. a (6f" 6i" 69 )+(S"l)} 

-1 1 82 &3 s'=2 &1 a2 a3 

- <6fa 6fa )(6f 6f )I + ( s ' o l )  ' 
1 4 "2 &3 > }  

S 

) ) + (1 d)} a a (Sfa ... (6fa 0 . .  6f ) +I { (&. 
-1 1 s'=2 1 

- (6f 6f >(Sf, 0 . .  6f )I +(1 W S ' )  
"1 &S+l 2 > I  . . 

By vi r tue  of the  assumed spa t i a l  uniformity of the  ensemble 

(f ) i s  independent of x -1' &1 

(6f 6f ) depends on the difference zl-&, 
&1 a2 . . 

and s imilar ly  (6f 6f ... 6f ) may be taken as a function of the differences 
&1 a2 

x -x x -x *..,x -x t o  ensure invariance under translation. -1 4'-1 -3' -1 -s 



The system of equations, (10)-(1.3s), w i l l  be prac t ica l  t o  use only i f  the  

ensemble averages, (8f .. .6f ), i n  sane sense become small as s increases 

(as is  expected i n  problems of weak plasma turbulence). and closure can be 

obtained at some level. An a l te rna te  

hierarchy can be constructed frcm Eqs. (10)-(13s). 

"1 

This i s  examined at a l a t e r  point. 

We define t h e  s-irreducible 

correlation function, g , by subtracting from s al.. .a 
irreducible correlations of l a r e r  order. Keeping in  

evident that 

S 

E <6fa 6fa 6f 6f a 2ga, a 4Sla2a3a, 1 2 3 a4 1 4  2 3  

€3 f (6f 6f 0 . .  6f ) 
a1a2***as "1 "2 

as, s-s~gasr+l '  ..as 

. 
The swn c is  over permutations of {1,2,...,~), and s ' = (s-1)/2 if (1,2,...,4 M 
s i s  odd, and s/2 if s is even. 

(10)-(13s), we have 

Util izing def ini t ions (14)-(1TS) i n  Eqs. 



8 

4 

b 

S 

X a sga,. . .a S +I { (Y a sgal .* .aj  + ( S ' u l ) )  

s'=2 

. % 

s 'I M 



9 

Equations (18)-(2lS) form an interconnected chain i n  which(,f 

two-correlations, +; 2g i n  tu rn  is driven by three-correlations, 3g, etc. 

) is  driven by a i  

The different ia l - integral  operator acting on the  s-correlation g i n  s alse.as 
Eq. (2 lS )  i s  c lear ly  a time derivative plus s Landau operators acting on 

par t ic les  1,2,* . ,s, respectively. Since the original. dynamical (Vlasov) 

equation i s  void of the e f fec ts  of single pa r t i c l e  encounters, the  only many- 

body interactions described by the  hierarchy (18)-(2iS) a re  col lect ive and may 

be roughly classif ied as wave-part ic le ,  multivave-particle and multiwave. As 

such, a valid description v ia  Eqs. (18)-(2lS) can be expected only f o r  times 

l e s s  than the relaxaticmtimc due t o .  single pa r t i c l e  encounters. 

We re i t e r a t e  tha t  u t i l i z ing  the Vlasov hierarchy (Eqs. (18)-(2lS)) 

i n  problems of plasma turbulence represents a more direct  approach than the  

usual procedure (see f o r  example Ref. 8)  since the s t a t i s t i c a l  averaging i s  

done a p r i o r i  ra ther  than a posteriori .  

the  averaging process described i n  Eqs. ( 3 ) - ( 5 ) ,  since relat ions (14)-(16), 

This formalism automatically embodies 

the  spa t i a l  homogeneity of t he  ensemble, and 
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where 

Equations (22)-(24) a r e  ident ica l  i n  fo ra  t o  Eqs. (3)-(5) if the  irreducible 

correlations, ,g s ,Z 4, a r e  omitted. 

l a t i ons  i n  t h i s  manner must be exmined i n  the  context of Eqs. (18)-(2iS). 

This and related problems of closure a re  examined at a l a t e r  point where an 

Conditions for neglecting higher corre- 

expl ic i t  ordering of the Vlasov hierarchy i s  performed. 

It i s  evident that the  hierarchy (18)-(2lS) i s  ident ical  t o  the 

BBGKY hierarchy'' f o r  a spa t i a l ly  homogeneous ensemble of plasmas i f  all terms 

associated with the discreteness of matter are deleted. These discreteness 14 

terms, which a r e  displayed i n  Eqs. (A-1) and (A-21, may formally be mnoved 

from the BBGKY formalism by subdividing the  charged pa r t i c l e s  in to  smaller and 

smaller units such that 

e 3 0 , n e = constant, a a a  
ma + 0 , n m = constant . a a  

u n a  -B 0 , 
I n  t h i s  l i m i t  collective e f fec ts  a re  retained as the  plasma frequency, w 

t h e  Debye length, $, remain 

and 
constant; P' 

however, the plasma parameter of smallness, 
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E - (l/nhD 3 ), tends t o  zero thus removing the  effects of single pa r t i c l e  
P 

encounters. 

limit of the BBCKY hierarchy. 

if Eqs. (18)-(2iS) a re  t o  represent an acceptable plasma description excluding 

the e f fec ts  of single pa r t i c l e  encounters. One ar r ives  a t  the same conclusion 

i n  the E + 0 version of the Klimontovich formalism'* (since the BBGKY hierarQy 

may be obtained from the faimontovich framework). Alternatively the s imi la r i ty  

may be demonstrated d i rec t ly  by taking advantage of the similar form of t he  

dynarnical equation describing the phase function 

The Vlasov hierarchy (18)-(2lS) i s  then ident ical  t o  the E + 0 P 
This identity should i n  f a c t  be the case 

P 

and Eq. ( 6 ) .  This i s  shown i n  
I 

Appendix B. 

TI10 WEAK TURBUSXNCE ORDERING 

As mentioned ea r l i e r  the hierarchy (18)-(2lS) (or the E + O  version 
P 

of t he  BBGKY formalism) w i l l  

correlations ,g become small 

some level. For purposes of 

Eqs. (18)-(2is) we introduce 

be a pract ical  

as  s increases 

estimating the  

description t o  use only jf t he  

and closure can be obtained a t  

re la t ive  magnitudes of t e r a s  i n  

2 (#) - character is t ic  strength of po ten t ia l -  e /ro, where 

r effect ive range of potent ia l ,  

v - character is t ic  pa r t i c l e  speed, 

T 

0 

av - typ ica l  time scale of interest .  

For simplicity, a single species of interact ing electrons i n  a fixed background 

of neutralizing ions is  assumed. Taking ro 
of 

t o  be of order,,the Debye length, i.e., 
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then 

In addition 

from t h  normalization ondition Jfdv = 1. On t h  rv 
short time l e  

T - (rdvaV) - (l/w ), t he  terms i n  Eqs. (18)-(2iS) then stand i n  the  r a t i o  
0 P 

f :  gv 3 
2 av ' 

respectively. 

The basic parameter of smallness i n  weak plasma turbulence is  the  

ratio of the energy density i n  the fluctuating e l ec t r i c  fields t o  the kinetic 

energy density of the  plasma pazticles,  L e * ,  

It is also implici t ly  assumed i n  u t i l i z ing  Eqs. (18)-(2lS), that 

€ * < A  (31) 

That is  t o  say t he  energy density i n  the turbulent, f luctuat ing f i e l d s  i s  

assumed large compared t o  the  energy density i n  the fluctuating f i e l d s  tha t  



would ex is t  i n  thermal equilibrium since 

J. 

nmv E -- 2 ( ' ~ o G ~ ) ~ ~ ~ .  E&. 
av 

For a single species of interact ing electrons, (GE*SE) may be wri t ten 
- . C I  

Making order of magnitude estimates as before, Relation 30 becomes 

ry 2gVav %gl. 

With 2g - h and noting that g has g g driving terms, we assume 3 2 3  - h 2 t o  leading order 
3g 

Similarly 4g has g g driving terms giving 2 3  

(33) 

(34 1 

- A 3 t o  leading order , (35 1 4Q 

and i n  general 

s- 1 g - h  . 
S 

The level of sophistication with which we describe the  evolution of 

'k'j (Eq. (18)) and the energy density o r  t h e  e l e c t r i c  f i e l d  (Eq. (32)) depends 

v i t a l l y  on the accuracy of description of 2g. 

remarks can be made regarding closure of t h e  hierarchy (18)-(2lS) i n  the con- 

t e x t  of t he  estimates (26)-(2gS) and (33)-(36s). In  order t o  calculate  *g  t o  

order A and describe t h e  leading order 2g f o r  times t - ~ d h ,  4g and higher 

cor re la t ions  may be neglected. 

2 t o  a n  accuracy A . 

With t h i s  i n  mind,the following 

2 

This follows upon noting t h a t  g i s  needed only 3 
Similarly, t o  calculate  *g t o  order hn and describe the  
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*u 

leading order 2g f o r  times t - -rdAn-', 
omitted. 

comments of t h i s  section is the asswllption that the in s t ab i l i t y  ( i n i t i a l l y )  

driving the fluctuating f i e l d s  is  suff ic ient ly  we& that the  ordering 

g and higher correlations may be 114-2 
It must be emphasized that inherent i n  the estimates and associated 

i s  not worsened ( t o  g - say) during the course of time, 

In the  case of a r e a l  plasma, the  plasma parameter E 

S 

although small, 
P 

i s  not zero as is  implici t ly  assumed i n  u t i l i z ing  the hierarchy (18)-(2lS). 

Consequently Eqs. (18)- (2 lS)  w i l l  not hold indefinitely,  as the ef fec ts  of 

single pa r t i c l e  encounters w i l l  ultimately play a ro le  i n  the time evolution 

of the plasma. 

the Vlasov hierarchy, the additional terms re la t ing  t o  single pa r t i c l e  encounlm 

In order t o  obtain some estimate of t he  regime of va l id i ty  of 

a r e  exp l i c i t l y  displayed within the BBGKY framework i n  Appendix A. There it 

i s  shmn tha t  the dominant contribution i n  the  equation f D r  

E ff ,  and of order E f P p s - 1  S 

i n  leading order i n  the  context of the estimate ,g 

g i s  of order 2 

g i n  the equation for g. These e f fec ts  a re  negligible 

, and the inequality 1 

they 
>YE * hmever,.,<do become important i n  times t where P' 

A 

P 
t - F T o .  (37 1 

Depending on the smallness of E 

appreciable length of time through the  col lect ive effects  of wave-particle, 

multiwave and multiwave-part i c l e  interact  ions as described by the  hierarchy 

(18)-(2lS). 

e f fec t s  of single pa r t i c l e  encounters, A - 1  and A-2, must be included i n  Eqs. 

(18)- (2lS) .  

consistent wi th  E .;< h, i s  c lear ly  E 
P P 

re la t ive  t o  A,the ensemble may evolve for  an 
P 

Hawever, for times longer than the estimate given i n  Eq. (37) the  

The maximal ordering including single pa r t i c l e  encounters but 
2 - A . 



C0lTCI;UDING RENARIIS 

I n  problems of weak plasma turbulence the motivation i s  strong t o  

use the Vlasov or BBGKY hierarchies where appropriate, with closure a t  a 

cer ta in  level. 

embedded i n  these formalisms and no a pos ter ior i  averages need be performed. 

The usual "random phase approxima,tion" is automatically 

I n  conclusion we s t a t e  without proof that  i f  the assumption of 

spa t i a l  uniformity of the ensemble is removed i n  the  analysis of Sec. I the  

net resu l t  

and t o  the 

i s  t o  add t o  the l e f t  hand side of Eq. (18) 

L 

l e f t  side of Eq. (2lS)  (s = 2,3, ...) 

+ ( s 'o l ) )  . 
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Administration, Contract No. NGR 05-003-220 and i n  par t  by the U.S. Atgmic 
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Allan Kaufman, D r .  John Davson and Dr.F!i.eter Schram for valuable comments i n  

The author is  also grateful  t o  Professor 

reviewing the manuscript . 
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APPEEDIX A 

Single Par t ic le  Encounters 

In  the  BBGKY formalism the  inclusion of single pa r t i c l e  encounters 

associated with discreteness of matter add t o  the  r igh t  hand s ide of Eq. (19) 

the terms 

T' "3yiq-S (A-1) 
( 1 a 

&1 2 -1 

Similarly, the addition t o  the right side of Eq. (21s) for g s ala2. . .a is 
S 

s-lg.. .a. e . + sQ.. .ai. . . 
-1 1 3 

Making order of magnitude estimates of (A-1) and (A-2) with 

and 

w e  have 

and 

respectively. 

estimates (A-3) and (A-4) may be rewritten as 

Scaling w i t h  respect t o  the  short time scale T~ - rkav - l/w P' 



E (I'f:*g) , P 

E (f - g:  g: g - g: g - g:...) , P s l s  2 s 2  3 s 3  
where 

is the  usual plasma parameter of smallness. Assuming as i n  the  t ex t  that t o  

leading order 

p- 1 
k3- 9 6 (A-7 1 

it is clear  from the above estimates that the dominant e f fec t  of single pa r t ide  

encounters i n  the equation f o r  sg is of order 

E P2 , 
P (A-8) 

For t he  hierarchy (18)-(2lS) t o  represent 8 valid description i n  leading 

orders on the  short time scale T ~ ,  we thus require that 

>>E e (A-9 P 

This is just the  condition that the energy density i n  the  turbulent fluctua- 

t i n g  f i e l d s  be large campared t o  the energy density tha t  would exis t  i n  the  

fluctuating f i e l d s  i n  thermal equilibrium. 

The estimates (A-3) and (A-4) indicate t h a t  the system of equations 

(18)-(2lS) holds only f o r  times t such that 

tS.;-T, A 

P 
(A-10) 

For times longer than t h i s  the  effects of single pa r t i c l e  encounters, ( A - l )  

and (A-2), must be included. The time estimate, ( A - l o ) ,  may be lengthened by 

strengthening the  inequality (A-9) through an increase of the plasma mean 

kinet ic  energy. This decreases E and s t re tches  out t he  relaxationtime due t o  

single  pa r t i c l e  encounters, thus allowing the plasma t o  evolve for  a consider- 
able length of time through collective interactions as described by Eqs. (18)- 

P 
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The Klimont ovich Formalism 

The phase function 

s a t i s f i e s  the equation 15 

Z 

6 (Z1-Z' )6 (X1-Z' (B-2) 

by vi r tue  of the c lass ica l  equations of motion 

d d - dt z i ( t )  = ~ ( t )  ; rn - v (t) = - i d t  -i 

With the  exception of the  &function term appearing i n  t h e  integral ,  Eq. (B-2) 

is  ident ica l  i n  form t o  Eq. (6). Using the  expl ic i t  fo ra  of p given in(B-l), 

t he  def ini t ion of the s-par t ic le  reduced d i s t r i b u t i m  

d(s+l). . . Na NB. 0 . .  

1 2  
(1,2, ... ,s) 3 v y i  

S 
ale. . a F 

where f is  the Liouville distribution, and the  normalization condition 
Na1N,2* 

P 

=JfN N ... d(1) ... , 
a, a, L Z  (N OJ, V 00, N/V 4 n, B constant), 

averaging over f it is straightforward t o  show i n  the N-V l i m i t  b 

(denote by superbar) that 
'A Nqa2* 

.L A 



In  the l i m i t  i n  which discreteness e f fec ts  a r e  deleted, we have that 

cy (1,2,*.*,8) = p (l)pa (2)...p (s)' Fal. . .a S "1 2 

and that the equation for pa (l)...~ (sj i s  ident ical  i n  form t o  the equation 
S a 1 

fo r  (f (1)**.fa (s)) obtained b averaging Eq. (gS)* The equations for  Fa (1) 
&1 S s d al...aa) 1 

and f o r  the irreducible correlatiok+,arG- then t r i v i a l l y  the  same as Eqs. (18) 

and (2lS) fo r  (f (1)) and g 
S s al...a &1 
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