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The problem of Lyapunov' s s t a b l e  equilibrium i s  formulated f o r  

o r t h o t r o p i c  rec tangular  p l a t e s  which are hinged over t h e  contour and are 

compressed i n  two d i r e c t i o n s  by constant loads. It i s  shown, t h a t  t h e  

s t a b i l i t y  cr i ter ia  given f o r  t h e  problems considered i n  [l] and [2] fol low 

from condi t ions  i n  which t h e  energy i n t e g r a l  possesses t h e  p rope r t i e s  of 

a Lyapunov func t iona l .  The condition of p o s i t i v e  d e f i n i t e n e s s  of t h e  

energy i n t e g r a l  is es t ab l i shed  by  means of estimates r e l a t e d  t o  t h e  com- 

p l e t e n e s s  of c e r t a i n  spec i f i ed  systems of func t ions  [3]. 

1. The equat ions  of small d e f l e c t i o n s  w(x,y,t) of o r tho t rop ic  plane,  

r ec t angu la r  p l a t e s ,  hinged over t h e  contour and compressed o r  s t r e t c h e d  i n  

two d i r e c t i o n s  by cons tan t  loads, '  can, : a f t e r  i n t roduc t ion  of dimensionless 

v a r i a b l e s  be brought i n t o  t h e  form 
. .  

1 x-1 

Here a1 > 0 and a2 > 0 are dimensionless r i g i d i t i e s ,  a 

less loads ,  p o s i t i v e  f o r  tensions.  

t h e  terms: 

and a4 are dimension- 3 

I f  one adds on t h e  l e f t  hand s i d e  of (1.1) 

a% 
6 ayat and a - a% 

5 a x a t  a -  (1 .3)  

and a one can a l s o  t ake  3' a4' 6 then  by t h e  s e l e c t i o n  of t he  parameters a 

i n t o  account t h e  e f f e c t  of a l i q u i d  flowing along theuiddle  su r face  wi th  
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constant velocity in the direction of the x or y axis [4] on the plates. 

The dimensionless coordinates x and y lie in the square K ( O  < x 

0 e y <1) and the time t is in some interval, to < t < tl belonging 

to the real axis. 

1, - -  
- - - . c  

The equations (1.1) and (1.2) allow the solution 

w(x,y,t) p 0 

corresponding to the equilibrium of the plates. 

stability of t h i s  equilibrium choose as metric the perturbed functional 

For the investigation of the 
+ 

I determined in the "points" 

where the function w(x,y,t) belongs to the class W of sufficiently smooth 

solutions of the problem (1.11, (1.2). 

Let us denote the "static" part of the metric by 



. 
c 

-3- 

The equi l ibr ium (1.4) is considered s t a b l e  i f  f o r  a l l  E > 0, t h e r e  e x i s t s  a 

6(c) > 0 such t h a t  f o r  a l l  s o l u t i o n s  W(x,y,t)EW s a t i s f y i n g  a t  t h e  i n i t i a l  t i m e  

t t h e  condi t ion  
0 

P(Z(t0)) < 6 

f o r  a l l  t > to t h e  condi t ion  - 
(1.7) 

is s a t i s f i e d  i n  t h e  region where t h e  so lu t ion  w(x,y,t)  is defined. 

I n  order t o  f indsh  t h e  formulation of theFoblem of s t a b i l i t y  l e t  

u s  d e f i n e  more accu ra t e ly  t h e  s o l u t i o n s  w(x,y,t) of class W: In t h e  region 

where t h e  s o l u t i o n s  w(x,y,t) are defined they must be  continuous i n  t h e  

v a r i a b l e s  x ,y  and t toge ther  wi th  t h e i r  d e r i v a t i v e s  which occur i n  obta in ing  

from t h e  equations (1.1) and (1.2) t he  r e l a t i o n s  

dH 
- 9  0 d t  (1.9) 

(1.10) 

It is obvious t h a t  f o r  any s o l u t i o n  w(x,y,t)sW t h e  r i g h t  hand s i d e  of (1.5) 

is  a continuous func t ion  of t h e  t i m e  t. 

Below i t  is  shown, t h a t  i f  t h e  condition 

4 2 2  4 2 a m + 2 m n + a n + a m + a n2 > o (m,n = 1,2, . . . )  
1 2 3 4 (1.12) 
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is  f u l f i l l e d ,  t h e  func t iona l  H(z) possesses t h e  following property: 

(1) For any E: > 0 one can f i n d  a number ~ ( e )  > 0 such t h a t  t h e  condition 

H(z) > u f o r  p(z)  - > e (1.13) 

is f u l f i l l e d .  

Apart from t h i s ,  It is  evident from (1.5), (1.9) - (1.11) t h a t  t h e  

f u n c t i o n a l  H(z) possesses t h e  following p rope r t i e s :  

(2) 

t i m e  t. 

(3)  

For any s o l u t i o n  w(x,y,t)eW the  func t iona l  H does no t  i nc rease  with 

For each IJ > 0 one can f i n d  a S(u) > 0 such t h a t  t h e  condi t ion  

is s a t i s f i e d .  

Theorems 5.2 [5,6] s t a t e s  accordingly t h a t  t he  p r o p e r t i e s  (l), (2)  

and (3) are s u f f i c i e n t  f o r  s t a b i l i t y  i n  the  sense ind ica ted  by t h e  i n e q u a l i t i e s  

(1.7) and (1.8). Therefore t h e  s t a b i l i t y  of t h e  equi l ibr ium (1.4), s a t i s f y i n g  

condi t ions  (1 .12)  is  proved If it can be shown t h a t  p roper ty  (1) def ines  a 

p o s i t i v e  func t iona l  H(z) wi th  r e spec t  t o  t h e  metric p(z ) .  

2. Every orthonormal system of func t ions  

= CT s i n  mnx m = 1.,2,..  

m = 0  

is complete i n  the  i n t e r v a l  0 - -  c x < 1. 
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From [7,8] follows t h a t  t h e  following orthonormal system of func t ions  

is complete i n  the  r ec t ang le  K: 

L e t  us  nex t  examine t h e  Four ie r  c o e f f i c i e n t s  of t h e  d e f l e c t i o n  w(x,y,t)  w i t h  

respect t o . t h e  system (2.3): 

(2.7) 

Then, making use  of the.boundary conditions (1.2) and t h e  p rope r t i e s  of t h e  

func t ions  (2.1) - (2.6) we obtain:  

m,n = 1,2, , . ,  
2 2  dx dy = - a m a  ' a 2 W  I I a T 4 m n  mn 0 0  

J h & n n  J, d x d y = a m n a  2 '  mn m,n = 1,2 , . . ,  
0, 0 

a 2, I I  

m = O  

m,n = 1,2 , . , .  

n = O  

m,n = 1,2,... 

dx dy = am a f mn 
l a w  i I Gam'  

0 0  

0 0  
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Under t h e  made assumpt ionad  r e l a t i v e  smoothness of t h e  d e f l e c t i o n  w(x,y,t)  

a l l  t h e  func t ions ,  f o r  which t h e  Four ie r  c o e f f i c i e n t s  are given by t h e  formulas 

(2.8), are square i n t e g r a b l e  over K. Therefore from (2.8) and t h e  completeness 

condi t ions  of t h e  system (2.3) - (2.6) one f inds :  

(2. 9) 

.. 00 

w 2  2 2  / I dk dy - T~ 1 amnm 
0 0  m,n=l 

m 
2 2  i 1  

$ {$)2 dx dy - n2 1 amn 
0 0  m,n=l 

With (2.9) follows f o r  t h e  f u n c t i o n a h  d (1.6) and (1.11) t h e  r ep resen ta t ions  

00 

p,(z) r 2  1 a:n[r2(m 4 + m 2 2  n + n 4 + m 2 2  + n 1 + sup w 2 
1 m , n d  K 

2 2 a,m t a .n  2 2  2 4  a,m4 + 2m n + a n 

(2.10) 

(2.11) 

3 4 
4 4  + I 

f(m,n) = 
m4 + n4 m + n  
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Taking i n t o  account t he  i z i t i a l  condi t ions (1,2) one obta ins  a l s o  

Hence, applying t h e  Buniakovskii-Schwartz i n e q u a l i t y  one f i n d s  

1 
sup w2 - < $ 
K 0 

Let f o r  t h e  g i w n  meanfng of 

2, 2 OD 2 2 2  
$ $7) dx d y -  7r4 1 
0 m,n-1 a mn m n (2.12) 

4 t h e  parameters of he problem, al, a2, a3 2nd a 

t h e  condi t ion  (1.12) be f u l f i l l e d :  then t h e  condi t ion  

4 2 2  4 a3m2 + a n 2 
4 

4 4  > 0, m ,  n = 1, 2... 
a m  + 2 m n  + a n  

- 2  + f(m,n) = 4 4  
1 

m + n  m + n  
(2.13) 

i s  a l s o  s a t i s f i e d .  

The f i r s t  term of (2.13) exceeds f o r  any n, m = 1, 2,.,. t h e  p o s i t i v e  

number min (a 1, a 2 j  3 yl; t he re fo re  it foliows from (2.13; t h a t  f o r  any considered 

p a i r  of numbers (m,n) ly ing  i n  a bounded square 1 ~ r n L  M; 1 L n  LM, where M 

is a s u f f i c i e n t l y  l a r g e  number t h e  inequal i ty  f(m,n) > y > 0 is s a t i s f i e d .  1 

A r m y  L& Lltfmace number of p o s i t i v e  numbers f (m,n) , m, n - 1, 2, , . . M. 
There is n o h g  to be a .mallest number y2 > 0. 

4y > 0, from (2.13) one has 

Therefore denote min(l,yl,y2) 5 

f(m,n) - > 4y > 0 m, n = 1,2,..  

and from (2.101, (2*11) ,  (2.12), (2.14) one ob ta ins  

H p  y P S ( Z >  0 < Y < 1 

(2.14) 



-8- 

Hence t ak ing  i n t o  account t h e  s t r u c t u r e  of t h e  func t iona l  (1.5), t h e  estimate 

f o r  (1.10) becomes 

from which fol lows t h e  condi t ion  of p o s i t i v e  d e f i n i t e n e s s  of (1.13) f o r  

U ” Y E .  

The s t a b i l i t y  of t h e  equi l ibr ium (1.4) i s  thus  demonstrated f o r  condi t ion  

(1.12) being s a t i s f i e d .  

Fur ther  i K  shouid be  noted t h a t  the add i t ion lo f  t h e  gyroscopic terms 

(1.3) t o  (1.1) does no t  change t h e  r e l a t ionsh ips  (1.9) - (1.11) and t h e  r e s u l t i n g  

s u f f i c i e n t  condi t ion  f o r  s t a b i l i t y  (1.12). 

a2 t h e  s t a b i l i t y  condi t ion  (1.12) 

a4 a convex region of s t a b i l i t y ,  A, 

1’ 3. 

determines i n  t h e  p lane  of parameters a 

formed by t h e  i n t e r s e c t i o n s  of an i n f i n i t e  number of ha l f  planes corresponding 

For f ixed  va lues  of t h e  parameters a 

3’ 

t o  t h e  va r ious  va lues  of t h e  parameters m, n - 1, 2,... . 
The f i g u r e  g ives  a r ep resen ta t ion  

I I A  
L 

I 83 
l o  

of t h e  kind o f l eg ion  of s t a b i l i t y  

A with i t s  boundary cons i s t ing  Of 

sho r t  p ieces  of s t r a i g h t  l i n e .  

(see f i g u r e  175 [l] ) . 
It can be  v e r i f i e d  t h a t  f o r  t h e  problem considered (l.l), (1.2) 

t h e  equi l ibr ium under v i o l a t i o n  of condi t ion (1.12) w i l l  n o t  be s t a b l e ,  

Actual ly  i n  t h a t  case a t  least  f o r  one pa.ir of numbers m, n t h e  l e f t  s i d e  

of (1.12) w i l l  be e i t h e r  zero o r  negat ive and t h e  equat ions ( 1 , l )  and (1.2) 

w i l l  a l low a so lu t ion  
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r e spec t ive ly  which w i l l  no t  s a t i s f y  t h e  condi t ion (1.8) f o r  a l l  t > t . 
Therefore i t  is  clear, t h a t  each poin t  i n  the  a 

found on t h e  boundary of t he  region A, o r  ou t s ide  t h i s  region corresponding 

t o  an uns tab le  condi t ion of t h e  equilibrium (1.4). 

0 - 
- a4 parameter plane can be 3 

I n  t h i s  a r t i c l e  t he  quest ion of the  s t a b i l i t y  p rope r t i e s  of t he  

equi l ibr ium (1.4) f o r  v i o l a t i o n  of condition (1.12) f o r  t h e  case wi th  t h e  

terms (1.3) present  has  no t  been considered. 
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