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ABSTRACT 

The flow of a laminar two-dimensional incompress- 

i b l e  j e t  flowing over a curved sur face  i s  analyzed f o r  the  

case  of small curvature. The zeroth order  s o l u t i o n  i s  the 

same a s  f o r  a j e t  over a f l a t  surface., Therefore,  t o  f i n d  

t h e  e f f e c t s  of curvature  on the j e t ,  the  f i rs t  order  sol- 

u t i o n  i s  found, The f i r s t  order  s o l u t i o n  i s  found by the  

use  of  a s i m i l a r i t y  t ransformation and a pe r tu rba t ion  of 

the  stream funct ion.  The use of a s i m i l a r i t y  transformatbn 

r e s t r i c t s  the  type of surface curvature  t h a t  may be consid- 

e red ,  so t h a t  the allowable sur face  shapes are a l s o  found. 
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SYMBOLS 

AI - Constant i n  expression f o r  stream func t ion  

C, , Cz - Constants used i n  fdriding s imi la r i ty  r-quirem n t s  

f - Veloci ty  p r o f i l e  funct ion i n  s imaar i ty  transformation 

fa - Veloci ty  p r o f i l e  funct ion i n  s imi la r i ty  transformation 

f o r  a f l a t  sur face  

f, - Per turba t ion  of f t o  allow f o r  e f f e c t s  of sur face  

curvature  

fbo-  Value of  f,  evaluated a t  k = d  

f,e - Value of  fr evaluated a t  I ~ M  

H - Quantity t o  descr ibe  the  c h a r a c t e r i s t i c s  of a given 

j e t ,  s ee  equation (41) 

h - C h a r a c t e r i s t i c  j e t  width 

J - Momentum f l u x  of  j e t  pe r  u n i t  j e t  depth 

K - Surface curvature ,  1 / R  

- Non-dimensional surface curvature ,  KL 

L - C h a r a c t e r i s t i c  length  of j e t  run 

m - J e t  mass flow rate per u n i t  j e t  d;epth 

P - Pressure 

P& - Atmospheric pressure  

P 
R - Surface r ad ius  of curvature 

0 

- Non-dimensional pressure,  (P-P, >/pug 
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- Non-dimensional surface r a d i u s  of  curva ture ,  R/L 

R e  - Reynolds number, URL/g 

u - J e t  v e l o c i t y  i n  x-d i rec t ion  

u 

v - Je t  v e l o c i t y  i n  y-d i rec t ion  

v - Non-dimensional ve loc i ty  i n  y-d i rec t ion ,  v/VR 

- - Non-dimensional ve loc i ty  i n  x-d i rec t ion ,  u/U* 

- 
- * - Modified non-dimensional j e t  v e l o c i t y  i n  y-d i rec t ion ,  

[/ t Ey(h/L)_7i7 

VR - C h a r a c t e r i s t i c  j e t  ve loc i ty  i n  y-d i rec t ion  

x - Distance p a r a l l e l  t o  sur face  

x - Non-dimensional d i s tance  p a r a l l e l  t o  su r face ,  x/L 
- 

y - Distance normal t o  the su r face  

y - Non-dimensional d i s tance  normal t o  sur face  
- 

o( -. Exponent of x-var ia t ion  i n  stream func t ion  

p - Exponent of x-var ia t ion  i n  

f - Car tes ian  coordinate  used i n  f ind ing  sur face  snapes 

&'I- Order  of  magnitude 

)c 

/dc - Absolute v i s c o s i t y  

Y - Kinematic viscosi ty , /U/P 

f - Fluid  dens i ty  

26 - Shearing s t r e s s  a t  the wa l l  

y - Non-dimensional stream func t ion  
- 
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INTRODUCTION 

The flow of a laminar two-dimensional i ncmpress -  

i b l e  j e t  i n t o  a qu ie s i en t  atmosphere of the same f l u i d  is 

t r e a t e d  by Sch l i c t ing  (page 164, r e fe rence  1). The prob- 

lem of  a j e t  flowing along a s t r a i g h t  wal l  i s  t r e a t e d  by 

Glauert  ( re ference  2), When the  wal l  i s  curved, as  shown 

i n  f i g u r e  1, then no known s o l u t i o n  e x i s t s  i n  the  l i t e r a -  

t u r e .  A j e t  on a convex shaped curved su r face  can remain 

a t t ached  f o r  r e l a t i v e l y  long lengths  of j e t  run ( re ference  

3).  The tendency of the j e t  t o  remain a t tached  t o  the  

curved sur face  i s  commonly termed the Coanda Ef fec t .  

If t h e  j e t  i s  t o  remain a t tached  t o  a curved sur- 

f a c e ,  a pressure  grad ien t  must e x i s t  ac ross  the  j e t  t o  

balance the c e n t r i f u g a l  force  of the  curving j e t  of  f l u i d .  

If t h e  surrounding atmosphere i s  assumed t o  be i n f i n f t e l y  

l a r g e ,  then t h e  s t a t i c  pressure along the o u t e r  edge of 

t h e  j e t  must be a constant.  Therefore,  the pressure  along 

the  w a l l  i s  lower than atmospheric pressure  (convex sur- 

f a c e  cu rva tu re ) ,  wi th  the pressure  on t h e  wal l  i nc reas ing  

as the  j e t  proceeds along t h e  su r faces  Therefore,  t h e  j e t  

as  a whole, i s  flowing aga ins t  an adverse pressure  grac)ient. 

The reason t h a t  the j e t  u s u a l l y  remains a t t ached  

t o  the wal l  r a t h e r  than immediately sepa ra t ing  i s  the 

- 1 -  



A T M O S P H E R E  ~ p, 

Figure 1.--Schematic diagram of a j e t  flowing 
over a curved surface.  
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viscousmixing o r  shear ing a c t i o n  o f  the  j e t .  If t h e  j e t  

s e p a r a t e s ,  then t h e  f l u i d  between the j e t  and the w a l l  w i l l  

be ac ted  upon by the  j e t ,  That i s ,  the j e t  w i l l  e n t r a i n  

par t  of the f l u i d  i n  the region between the j e t  and t h e  

sur face .  This  en t ra ined  f l u i d  i s  then replaced by f l u i d  

t h a t  must flow i n  from the atmosphere downstream. b o r d e r  

f o r  t h i s  f l u i d  t o  flow i n t o  the reg ion  between t h e  j e t  and 

t h e  w a l l ,  t h i s  reg ion  must have a pressure  lower than the 

atmosphere. If the  entrainment r a t e  of the j e t  i s  high 

enough, then t h e  pressure  on the wa l l  w i l l  be low enough 

t o  make the  j e t  t u rn  such t h a t  i t  w i l l  become a t tached  t o  

t h e  surface.  
T h i s  a n a l y s i s  i s  an at tempt  t o  f i n d  su r face  shapes 

t h a t  w i l l  a l low s i m i l a r  shapes of t h e  v e l o c i t y  p r o f i l e s  a t  

d i f f e r e n t  sur face  loca t ions ,  and the r e s u l t i n g  v e l o c i t y  

p r o f i l e s .  SYnce separa t ion  of a two-dimensional flow re- 

q u i r e s  a zero s lope of the v e l o c i t y  p r o f i l e  a t  t he  wal l ,  

the  s i m i l a r  shaped v e l o c i t y  p r o f i l e s  can have a v e l o c i t y  

p r o f i l e  with a zero slope a t  the wa l l  a t  some l o c a t i o n  only 

i f  i t  has a zero slope at  a l l  su r f ace  locat ions.  Therefore ,  

a s o l u t i o n  w i t h  s i m i l a r  ve loc i ty  p r o f i l e s  t h a t  has  a ve- 

l o c i t y  p r o f i l e  wi th  a non-zero s lope a t  t he  wa l l  cannot 

separate a t  any downstream loca t ion .  
This a n a l y s i s  does n o t  consider  t he  d e t a i l s  of  the 

genera t ion  of a pressure g rad ien t  a c r o s s  the  j e t  a t  the j e t  

o r i g i n .  It  assumes t h a t  the requi red  pressure  g rad ien t  

a l r eady  ex i  s t s 



ANALY SI S 

- Flow Equations 

The assumptions f o r  the  development of t h e  s i m -  

p l i f i e d  momentum equations f o r  j e t  flows a r e  e s s e n t i a l l y  

the  same as f o r  boundary l aye r  flows, That i s ,  the wid th  

of the j e t  a t  any loca t ion  i s  very small  compared wi th  t h e  

l e n g t h  of run  of  t he  j e t  t o  the same loca t ion ;  and tha t  

the Reynolds number, based on a c h a r a c t e r i s t i c  v e l o c i t y  

and a c h a r a c t e r i s t i c  length of j e t  run,  i s  very l a r g e ,  

When the c h a r a c t e r i s t i c  r ad ius  of curvature  i s  the same 

o r d e r  of magnitude as t h e  c h a r a c t e r i s t i c  length  of  j e t  

run ,  then the  terms i n  the momentum equat ions conta in ing  

the sur face  curvature  a r e  no l a r g e r  than order  (h/L) b a t i o  

of c h a r a c t e r i s t i c  j e t  wid th  t o  c h a r a c t e r i s t i c  run of the 

jet)-, where (@L) 1. Therefore,  t o  an approximation that  

cons iders  only u n i t  order  terms i n  the  momentum equat ions,  

t he  e f f e c t s  of curvature  do not  e n t e r ,  For boundary l a y e r  

flows p a r t  of the e f f e c t s  of curvature  can e n t e r  through 

the e x t e r n a l  flow, so  tha t  t he  e f f e c t s  of a curved sur face  

are considered even though they do not  appear i n  the bound- 

a r y  l a y e r  equations.  For the  j e t  problems t h e r e  i s  no ex- 

t e r n a l  flow t h a t  can contain the e f f e c t s  of curva ture ,  so 

t h a t  the e f f e c t s  of curvature  must be contained i n  the 

- 4 -  
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boundary l a y e r  l i k e  equations i f  the  curvature  i s  t o  be 

considered a t  a l l ,  Therefore, the momentum equat ions f o r  

t he  j e t  w i l l  have t o  consider terms of  order  (h/L) a s  w e l l  

a s  t h e  u n i t  order  terms. 

The complete con t inu i ty  and momentum equat ions 

f o r  s teady,  incompressible and two-dimensional flow over 

a curved su r face  can be w r i t t e n  as (page 112, re fe rence  1); 

(1) R a u  + av v =*  c o n t i n u i t y  equation: - - + -  m y  a x  JY R + Y  

x-momentum equa ti on: 

y-momen tum equa t i  on : 

The two momentum equations (2  and 3)' can be com- 

bined i n t o  a s i n g l e  equation by c r o s s - d i f f e r e n t i a t i n g  and 

e l imina t ing  the pressure gradient .  When terms of order  

(h/L]* and smaller a r e  neglected,  t h e  following i s  t h e  

r e s u l t i n g  non-dimensional equat ion (Appendix A) 

The non-dimensional c o n t i n u i t y  equat ion can be 

w r i t t e n  a s  (Appendix k ] ;  
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Equations ( 4 )  and ( 5 )  can be combined i n t o  a single 

equat ion  by the in t roduct ion  o f  a stream funct ion  t h a t  

i d e n t i c a l l y  s a t i s f i e s  the con t inu i ty  equat ion,  That i s ;  

Equation (4) w r i t t e n  i n  terms of the  stream func- 

t i o n  i s ;  

Boundary Condi ti= 

If the w a l l  i s  assumed t o  be impermeable and i f  

t h e  no s l i p  condi t ion  i s  assumed t o  apply a t  the wall, then; 

- 
(7) z = \ r * = o  u+ ji=o 

The v e l o c i t y  of the j e t  i s  zero i n f i n i t e l y  far  away from 

t h e  w a l l ,  so t h a t ;  

R=O ut 7-00. (8)' 

The s o l u t i o n  of  equat ion (4)  r equ i r e s  one more boundary 

condi t ion.  The ou te r  region of t h e  j e t  i s  s i m i l a r  t o  the 

o u t e r  region of a two dimensional f r e e  j e t ,  which has  a 

v e l o c i t y  p r o f i l e  t h a t  goes t o  zero asymptot ica l ly  as y 

goes t o  i n f i n i t y .  Therefore, i t  seems reasonable t o  

assume t h a t  a s u i  t a b l e  boundary condi t ion  would be: 
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The boundary condi t ions  (7), (8) and ( 9 )  i n  terms 

o f  the stream func t ion  a r e ;  

and 

S i m i  l a r  i t~ Trans f orma t i on 

The s o l u t i o n  of equation (6)' could be attempted 

by a number of d i f f e r e n t  approaches. The approach chosen 

i n  t h i s  a n a l y s i s  i s  t o  use a s i m i l a r i t y  transformation. 

This  type of transformation changes equat ion (6) t o  an 

o rd ina ry  d i f f e r e n t i a l  equation. However, the  type of so l -  

u t i o n  obtained i s  r a t h e r  r e s t r i c t e d .  That i s ,  t he  veloc- 

i t y  p r o f i l e  a t  d i f f e r e n t  sur face  l o c a t i o n s  i s  the same as 

a t  any o t h e r  l o c a t i o n  except f o r  a s c a l e  f a c t o r .  This  

type of t ransformation therefore  precludes t h e  p o s s i b i l i t y  

of  p r e d i c t i n g  the separat ion po in t  of the j e t ,  That i s ,  

i f  t he  v e l o c i t y  p r o f i l e  i s  on the verge of s epa ra t ion  a t  

one su r face  loca t ion ,  then i t  i s  on the  verge of separa- 

t i o n  a t  a l l  sur face  loca t ions  because o f  t h e  s i m i l a r  shape 

o f  t h e  v e l o c i t y  p r o f i l e s .  

The s i m i l a r i t y  t ransformation assumed t o  e x i s t  

for t h i s  problem i s  of the form; 

E- = A  2"'frl) d h e v e  ? =  7/2@ (12) 

where A i s  an a r b i t r a r y  cons tan t ,  N a n d  p are cons t an t s  t o  

be determined l a t e r ,  andf (q)  denotes a func t ion  of  Q 
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which w i l l  be found from the s o l u t i o n  o f  the  d i f f e r e n t i a l  

j? p = c ,  

equation. 

j u s t  be w r i t t e n  as f .  

will be denoted by p r imes  on f .  

For t he  remainder of the a n a l y s i s ,  f ( 7 )  w i l l  

Derivat ives  of f w i t h  r e spec t  t o  Q 

The boundary condi t ions on f can be found from 

equat ion (12) and the  boundary condi t ions  on$. They a r e ;  

(13) f - f ' s o  at ?to 

(14) f'=f''=O a4 2'00 

When equation (12) i s  u s e d  i n  equat ion (6)  t he  r e s u l t i n g  

equat ion i s ;  

I n  order  f o r  equation (15) t o  have as the  in-  

dependent v a r i a b l e ,  t h e  following requirements must be 

sa t i s f ied ;  

Requirements (16) and (17)' a r e  no t  independent, 

s ince  i t  i s  e a s i l y  shown t h a t  Ct= -BC, . Using t h i s  

r e l a t i o n  and requirement (18) i n  equat ion (15) y i e l d s ;  
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The constant  c, i n  equat ion (19) can be absorbed 

i n  t h e  d e f i n i t i o n  of t h e  c h a r a c t e r i s t i c  l eng th  L e  If the 

c h a r a c t e r i s t i c  length  i s  taken t o  be the length  of su r face  

from the  j e t  o r i g i n  t o  the  poin t  where x=R=L o r  equival-  

e n t a l y ,  the poin t  where K = l / x = l / L ,  then C,=1 as can be Seen 

from equation (l6le The constant  A i s  an a r b i t r a r y  con- 

s t an t ,  so t h a t  A can be taken as four  without any loss of 

gene ra l i t y .  With A=4, and q=l,  equat ion (19) becomes; 

f"II + 4( / - (3 )  f f"'+ 4(3P-,) f ' f "  +(h/')[ T f " "  + 2fl" 

Growth Rate of the  J e t  

The constant  (3 i n  equat ion (20)  could be found 

by spec i fy ing  a given sur face  shape (see equat ion (16)), 

i f  the  boundary condi t ions  f o r  equat ion (20) can be s a t i s -  

f i e d  fir a r b i t r a r y  va lues  o f  p . The quest ion of what va lues  

of  p w i l l  s a t i s f y  the boundary condi t ions can be answered 

i n  t h e  following manner. The u n i t  order terms of equat ion 

(20) a r e  the  same terms t h a t  a r e  obtained f o r  the j e t  on 

a s t r a i g h t  wall. For the  s t r a i g h t  wal l  problem, r e fe rence  

2 f i n d s  t h a t  e=3/4 i s  the only value t h a t  w i l l  s a t i s f y  the 

c o r r e c t  boundary condi t ions.  This  value of  p was found by 

spec i fy ing  t h a t  the ve loc i ty  p r o f i l e  should have f'& o a t  

?=-. However, t h e  condi t ion t h a t  f z o  a t  2s- i s  no t  ex- 

p l i c i t l y  pointed out i n  re ference  2. 
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The problem of a j e t  w i t h  a curved w a l l  a p r i o r i  

should have a value of near 3/4 because the  e f f e c t s  of 

curva ture  a r e  small, Therefore, l e t ;  

p= 3/4(1+ 6 )  (21) 

where 15 'fa small, of order  (h/L). However, one f i n d s  t h a t  

&oas w i l l  be shown shor t ly .  Since the e f f e c t s  of curva- 

t u r e  a r e  of order  (h/L) ,  the s o l u t i o n  o f  equat ion (20) w i l l  

be found by a per turba t ion  method. The form of f i s  chos- 

en t o  be; 

where f, i s  the  s o l u t i o n  given i n  r e fe rence  2 f o r  the  

s t r a i g h t  w a l l ,  and (h/L)'fi i s  the  e f f e c t  of curvature  on f .  

When equat ions (21) and (22)  are s u b s t i t u t e d  into equat ion 

(201, and terms smaller  than order  (h/L) a r e  neglected,  

the following r e s u l t  i s  obtained; 

The func t ion  f, s a t i s f i e s  the  equat ions;  

where equat ion (24b) i s  (24a) d i f f e r e n t i a t e d  once with re- 

spec t  t o  t e  Equations (24a) and (24b) can be used t o  s i m -  
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p l i f y  equat ion ( 2 3 )  with  the following being the r e s u l t -  

i n g  expression; 

f"/'+ 6 f'" I 
+f;fO' / l  t 5 (f,'f;" +fy) + 7{'1' i  + fo,, + 3({ )z  

+3 E/(h_/L) pfO'f0"- 3 f t"'l = 0 (25). 

The parameter e/<h/&) i s  the  dev ia t ion  of the j e t  gruwth 

r a t e  from the  s t r a i g h t  w a l l  value of 3/4. 

Boundary condi t ions f o r  fo and f, a r e  as fol lows;  

l/ 

or %"=+, =o at p = " D  ( 28) 

The s o l u t i o n  to  equation (24b) given i n  r e f e r -  

ence 2, y i e l d s  the following resu l t s  t h a t  w i l l  be u s e f u l  

i n  f i n d i n g  the  so lu t ion  t o  equat ion (25). 

and f t'2=oa) = 6- 4 (31) 
When solving the d i f f e r e n t i a l  equat ion  f o r  f,  , 

terms t h a t  conta in  '2 and f mult iplying d e r i v a t i v e s  of f 6 ,  

w i l l  have t o  be evaluated a t  p&. 

i s  very c lose  t o  u n i t y ,  so t h a t  t h e  dominant term i n  

equat ion ( 3 0 )  i s  log  (/-tk)e This term y i e l d s  t h a t  

For very l a r g e  7 ,  f, 
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- f , = ( l - C P q )  f o r  very l a r g e  7. 

go t o  zero a s  e' f o r  v e r y  l a r g e  2 ,  so t h a t  terms such as  

A l l  d e r i v a t i v e s  of f, then 

and go t o  zero as  z goes t o  00 

Equation (25) can be i n t eg ra t ed  from 2 t o  00 t o  

y i e l d ;  

(32) 
It 4'1 where the  condi t ions  f =  o and f ;  = o  a t  

because a s  mentioned e a r l i e r ,  one impl ies  the o ther .  If 

equat ion (32) i s  mul t ip l ied  by f, and i n t e g r a t e d  from o 

t o  2. then; 

were both used, 

(33) 

The i n t e g r a l s  i n  equation (33) can be evaluated 

by using equat ions (29) and (31). 

Using these  expressions f o r  the i n t e g r a l s  i n  equation (33) 



. 
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y i e l d s ;  

If equation (34) i s  evaluated a t  q=og, the follow- 

ing  r e s u l t  i s  obtained;  

Therefore,  t h e  only value of Ef(h/L) t h a t  w i l l  s a t i s f y  the 

boundary condi t ions  i s  E /(,h/L) J 0 . Thi s means that  the 

j e t  has  j u s t  one value of  the growth r a t e ,  @=3/+, f o r  

a l l  small  curvatures .  This a l s o  means that  t he re  i s  one 

shape of sur face  t h a t  v a r i e s  i n  t h e  magnitude of the CUF- 

va ture .  

Equation (34) can be i n t e g r a t e d  twice t o  y i e l d  

the  following s o l u t i o n  for f, (Appendix B) .  

The value of f,, i s  an a r b i t r a r y  constant .  Tha t  

i s ,  equat ion (34) can be s a t i s f i e d  f o r  any value of' f,-. 

The dimensional q u a n t i t i e s  such a s  W ,  . ( a q / 4 y )  

t h e  pressure  are independent of t he  choice of f,& e 

and 

The 
9=* 
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independence o f u o n  f , , w i l l  be shown i n  Appendix C af te r  

t h e  expressions f o r  the momentum f l u x  and mass flow a r e  

der ived.  

Dimensional Quan t i t i e s  

The expressions f o r  the v e l o c i t i e s ,  pressure and 

o t h e r  phys ica l  q u a n t i t i e s  have been t r e a t e d  as non-dimen- 

s i o n a l  quant i  t i e s ,  whose c h a r a c t e r i s t i c  o r  re ference  quan- 

t i t i e s  were no t  e x p l i c i t l y  given. Once a given sur face  i s  

s p e c i f i e d ,  then  the  c h a r a c t e r i s t i c  length  L i s  spec i f i ed .  

The c h a r a c t e r i s t i c  ve loc i ty  %, o r  the  c h a r a c t e r i s t i c  

l eng th  h must be spec i f ied  t o  descr ibe  p a r t i c u l a r  j e t  

c h a r a c t e r i s t i c s ,  

cause the two are  r e l a t e d  by the  r e l a t i o n ;  

OnlyuRor h needs t o  be s p e c i f i e d  be- 

where L i s  given by the prescr ibed su r face  curva tures  

The most convenient quan t i ty  t o  spec i fy  f o r  a 

given j e t  i s  n e i t h e r  u K n o r  h, but a quan t i ty  that  con- 

t a i n s  the  j e t  mass flow and momentum f l u x ,  which w i l l  i n  

t u rn  y i e l d  a given value UR o r  h. 

The dimensional ZC v e l o c i t y  can be found from equa- 

t i o n  (L2)and the d e f i n i t i o n  of  t h e  non-dimensional quan- 

t i  t i e s  . 

The mass flow r a t e  of the j e t  per u n i t  depth can be 
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w r i t t e n  as; 

The momentum f l u x  per u n i t  depth can be w r i t t e n  as;: 

The product of t h e  mass flow and the momentum f l u x  i s  i n d e  

pendent o f  t he  d i s t ance  x and has  a c l e a r e r  meaning than 

e i ther  uRor h ,  therefore,  a term containing the  product of 

the mass flow and momentum f l u x  was chosen a s  the q u a n t i t y  

t o  descr ibe  a given je t .  The product of the mass flow and 

momentum f l u x  can be wr i t ten  as; 

The re ference  v e l o c i t y  Vacan be el iminated by the  de f iq i -  

t i o n  of t h e  Reynolds number and the  r e l a t i o n  k= fL /@,  o r  

When t h i s  i s  s u b s t i t u t e d  i n t o  the expression f o r  Jh, the  

r e s u l t  be come s ; 

Using t h e  pe r tu rba t ion  form of f ,  and neglec t ing  the  term 

of  o rde r  (h/L)* compared to  t h e  u n i t  o rde r  term, the term 

fwA3Jt i n  equat ion (37)' can be r e w r i t t e n  a s ;  
0 
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Equation (37)' can be wr i t t en  i n  the following form using 

equat ion (38) ; 

A convenient choice of fp0 i s  t o  chodse f,such t h a t ,  

Appendix C shows t h a t  t h e  dimensional v e l o c i t y u  i s  inde- 

pendent of f Then, solving equat ion (39) f o r  L/h yields; 
l o 0  

(41} 

The q u a n t i t y  H w i l l  be used as the parameter t o  descr ibe  a 

given j e t  flow. The expression f o r  the dimensional 'Uve-  

l o c i t y  (equat ion (36))can be w r i t t e n  i n  terms of t h e  quan- 

t i t y  H as follows; 

The shear stress along the w a l l  f o r  laminar flow 

i s  def ined as: 

which can be w r i t t e n  as; 

The non-dimensional pressure  can be found from 

equat ion (8A)'. 
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Using the  q u a n t i t y  H and the  pe r tu rba t ion  form of f i n  the 

expression f o r  the pressure y i e l d s ;  

Only the u n i t  o rder  term of  ( f l ) *  was r e t a ined  because t h e  

pressure  d i f f e r e n c e  (P-P,) i s  of order  (h/L). The pres- 

s u r e  along the wal l  can be w r i t t e n  as, 

(45)' =z - 32 P u t  y94 
9 YLV4 00 

Km, 
Curves of  the q u a n t i t i e s  f, , f,', 4(-1$)$?, f ,  and fit are 

p l o t t e d  a g a i n s t  y1 i n  f i g u r e s  2 and 3. 

Surface Shapes 

The equat ion f o r  the non-dimensional su r f ace  cur- 

va tu re  was presented a s  equation (16) w h e r e p =  3/4 and 

C,= 1. The form of the dimensional su r f ace  curva ture  can 

be w r i t t e n  as; 

where L i s  parameter. 

t i o n  descr ibes  i s  found i n  Appendix D, and s e v e r a l  such 

shapes are shown i n  f igu re  4. A l l  of the su r face  shapes 

are the  saqe genera l  shape ( sp i ra l s )  where the parameter 

L j u s t  determines t h e  s i z e  of the sp i ra l .  

The type of su r face  t h a t  t h i s  equa- 
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Figure 2 - S t r a i g h t  surface func t ions  fo, f,' a n d j z h  
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2 versus Q. 
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Figure  3 - Functions 4 and f: versus Q. 
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Figure 4 - Sample Shapes o f  su r f aces  t h a t  a l l o w  
s i m i l a r i t y  so lu t ions ,  
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CONCLUDING REMARKS AND SUMMARY OF RESULTS 

The so lu t ions  found i n  t h i s  a n a l y s i s  have been 

obtained by a per turba t ion  of  the  r e s u l t s  f o r  a j e t  over 

a f l a t  p l a t e .  The values o f  H and L t h a t  can be consid- 

e red  v a l i d  f o r  t h i s  ana lys i s  a r e  values  such t h a t  t he  per- 

t w b a t i o n  scheme remains within acceptab le  l i m f  t s  of  

accuracyo 

wkth f d o  
of  the pe r tu rba t ion  forms, but a l s o  t o  keep the order ing 

procedure of t he  flow equations v a l i d ,  

small compared with fo , then the  assumption t h a t  the ef- 

fects of curva ture  a r e  small i s  no longer  a va l id  assump- 

tion. 

then the  flow equat ions would have t o  be considered f o r  

t h e  case of t he  c h a r a c t e r i s t i c  r ad ius  of curvature  being 

the same order  of magnitude a s  the c h a r a c t e r i s t i c  j e t  

width,  no t  t he  c h a r a c t e r i s t i c  length  of j e t  run, 

That i s ,  f, //(HL) & must remain small  compared 

This i s  necessary no t  only t o  a s su re  good accuracy 

If f , A H L F  i s  not  

If the e . f fec ts  o f  curvature  a r e  r e l a t i v e l y  l a r g e ,  

The e f f e c t  on the  v e l o c i t y  p r o f f l e  of t he  per tur -  

ba t ion  due t o  sur face  curvature  f s  t o  decrease the j e t  

v e l o c i t y  near the wal l ,  and inc rease  the  j e t  v e l o c i t y  away 

from the w a l l ,  The j e t  p r o f i l e  f o r  a curved su r face  then 

has the  appearance of being wider than the  p r o f i l e  f o r  

s t r a i g h t  sur face ,  The curved sur face  v e l o c i t y  p r o f i l e  

- 21 - 
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has a reduced sk in  f r i c t i o n  when comparedwith a comparable 

j e t  on a s t r a i g h t  surface.  

the r e s u l t s  of the pressure  d i s t r i b u t i o n  yield t h a t  

t h e  pressure  i s  lowest a t  the su r face ,  and h ighes t  a t  the 

j e t  ou te r  edge. This agrees  w i t h  what seems phys ica l ly  

reasonable  because the curving j e t  r e q u i r e s  a low pressure 

near  t he  wal l  t o  balance the  c e n t r i f u g a l f k c e  of  the curv- 

i n g  j e t .  

The s o l u t i o n s  f o r  t h i s  j e t  problem have a s ingular -  

i t y  a t  the  j e t  o r i g i n .  However, tNs is not  too d i s t u r b i n g  

because the ordered f l o w  equations a r e  no t  r e a l l y  v a l i d  

near  the j e t  o r i g i n  anyway, 

would r e q u i r e  a d i f f e r e n t  type o f  a n a l y s i s  because o f  the 

non-zero wid th  of an ac tua l  phystcal j e t  a t  t h e  o r ig in ,  and 

the d i f f e r e n t  i n i t i a l  v e l o c i t y  p r o f i l e  of  t h e  a c t u a l  j e t .  

Therefore,  a sepa ra t e  a n a l y s i s  would have t o  be performed 

f o r  t he  region near t he  j e t  o r i g i n ,  and then the s o l u t i o n  

near  the  o r i g i n  and the  so lu t ion  found i n  t h i s  a n a l y s i s  

could be matched a t  some downstream loca t ion ,  

The region near  t he  j e t  o r ig in  
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APPENDIX A 

NON-DIMENSIONALIZATION AND ORDER 

OF MAGNITUDE ANALYSIS 

A s  a convenience, the l o c a l  sur face  r a d i u s  of 

curva ture  R ,  w i l l  be replaced by the  l o c a l  sur face  cur- 

va ture  K,  which i s  equal  to t h e  inverse  of the r ad ius  of 

curva ture .  The non-dimensional q u a n t i t i e s  used i n  the 

o rde r  of magnitude ana lys i s  a r e  a s  fol lows;  
- - - 
u = u/u, ; 

y = y/h ; K = K L  ; ‘ir = (P-P,)/& . 
v = V/VR ; x = x/L ; 

- - 

A l l  of  the  non-dimensional q u a n t i t i e s  except the non-dimen- 

s i o n a l  pressure ,  a r e  assumed t o  be of  u n i t  order of magni- 

tude. The order  of magnitude of the non-dimensional pres- 

su re  w i l l  be determined from the  y-momentum equat ion.  

Subs t i t u t ing  the non-dimensional q u a n t i t i e s  i n t o  

t h e  c o n t i n u i t y  equat ion (equation (1)) y i e l d s ;  

.. --+ I f  a new v e l o c i t y  v i s  defined such t h a t ;  

then the non-dimensional c o n t i n u i t y  equat ion becomes; 

- 24 - 
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Since ~~& and 23%~ a r e  both of u n i t  o rder ,  then (:)(;I 
must a l s o  be of u n i t  o rder ,  Without any l o s s  of generality, 

l e t  

VR/UR = h/L, 

The con t inu i ty  then becomes ; 

The x-momentum equation (equation (2)) can be w r i t t e n  i n  the  

following non-dimensional form; 

If the  c h a r a c t e r i s t i c s  of the  j e t  are assumed t o  be such 

t h a t  the wid th  of  the j e t  i s  small  compared with t h e  length 

of run of the  j e t ,  then h /L<<io  

terms a r e  assumed t o  be the same o rde r  of magnitude as the 

l a r g e s t  viscous terms i n  t h e  x-momentum equat ion,  then  

(L/h) /Re = e(1). 

If the  l a r g e s t  i n e r t i a  

2 
Without any loss  of g e n e r a l i t y ,  l e t  

( L / h f / R e  = 1 ( 5A) 

Using the f a c t  tha t  h / L < < I ,  equat ion (34): and equat ion 

(FA)' t o  determine the s i z e  of the  terms i n  the  x-momentum 

equation and r e t a i n i n g  only u n i t  order  and order  (h/L) 
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terms, t he  following r e s u l t  i s  obtained; 

When 7 i s  replaced by T*, t he  x-momentum equation becomes; 

The equat ion s i m i l a r  t o  equation (6A) presented i n  Murphy 

( re ference  4 )  f o r  boundary l a y e r s  on curved su r faces  gives  

t h e  f i r s t  term i n  h i s  equation a s  j u s t  %%!$ not,&#zcdz( . 
W i l e  the  con t r ibu t ion  of Ky i s  small  compared t o  1, i t  i s  

s t i l l  the  same order  o f  magnitude a s  the o the r  order  (h/L) 

terms appearing i n  equation (6A)'. Therefore, i t  appears 

a %  

t h a t  Murphy over-looked t h e  con t r ibu t ion  of t h i s  term, o r  

else he had a reason f o r  discarding i t  tha t  i s  no t  apparent 

from the order of magnitude ana lys i s .  

The y-momentum equation (equat ion ( 3 ) )  can be w r i t -  

t e n  i n  t h e  following non-dimensional form. 

Retaining only  terms o f  order u n i t y  and o r d e r  (h/L] a s  i n  
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the  x-momentum equat ion,  and using equat ions ( 3 A )  and ( 4 A )  

y i e l d s  the following r e s u l t ,  

The magnitude o f  the non-dimensional pressure can be e s t i -  

mated from equation (8A) .  Since kc2 and a r e  of u n i t  

o r d e r ,  then i s  of order (h/L), and i s  of  order  (h/L). 

The pressure  can be el iminated from equations ( 7 A )  

and ( 8 A )  by c r o s s - d i f f e r e n t i a t i n g  and adding, The r e s u l t -  

a n t  equat ion I s ;  

By us ing  the con t inu i ty  equation (equat ion (4Ai)) equat ion 

(9A) can be s impl i f i ed  t o  the following form; 

Equations ( 4 A )  and (10A) a re  the f i n a l  equat ions to  be 

solved f o r  v* and u as  a f'unctfon of ? and 7. 



APPENDIX B 

SOLUTION OF THE DIFFERENTIAL EQUATION FOR f l  

The equation t o  be solved f o r  f l  i s  equat ion (34) 

w i t h E / ( h / L )  = 0. F i r s t ,  mul t ip ly  equation (34) by f -34 

which y i e l d s ;  
0 

The terms i n  equation (1B)  can be regrouped t o  y i e l d ;  

2 3M 3f;.f?' - 3f;($'), - ) Z f l '  O f  QK'f 
t fol/' 2f,3& + 7 1 2  2 $(/' 2 fd'z 4 p. c 

( 2B) 
f -  

ir 
where %f6vfoqz and {$7tq2 were added and subt rac ted  

from the  l e f t  hand s i d e  of equat ion (1B). 

The terms on the  l e f t  hand side form the  fol lowing 

d i f f e r e n t i a l s  ; 

I1 U 2 
The term fa can be replaced by; f =p'(c')/c- f 0 0  f '  

- 28 - 
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I which was obtained f T o m  the  expression f o r  f o e  

Equation (2B) can then be w r i t t e n  as; 

This expression can be in t eg ra t ed  from t o  00 t o  y i e l d ;  

Equation (&BY can be in t eg ra t ed  once more if i t  i s  f i r s t  

divided by (1-f?). When fdoo i s  replaced by 1, and equa- 

t i o n  (4B)  i s  d i v i d e d  by (1-f?), the  r e s u l t a n t  expression 

becomes : 

Equation (5B)'  can be in t eg ra t ed  from o t o  q t o  y i e l d ;  
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Again making use of equation (30) y i e l d s ;  

S u b s t i t u t i n g  equat ions  (7B)  and (8B) i n t o  equat ion (6B) 

y i e l d s ;  

5 - \ t2-4? +z/3f;gr +'  ,e &'I2 

1- e* 
(9BY 

form C/O, 

I -  fo"' 

however, one a p p l i c a t i o n  o f  I,' H o s i p t a l ' s  r u l e  g i v e s  the 

form O/(1/3). Therefore,  equat ion (9B) can be rearranged 

where t h e  expression f:%p(/-fot/t) was used i n  simpli- 

fy ing  some of the  terms. Equation (10B) then i s  the f i n a l  

form o f  t he  equat ion f o r  f, 



APPENDIX C 

EFFECT O F  ARBITRARY f,-ON u 

If t h e  value of  f,,is t o  be an a r b i t r a r y  value,  

then the  values o f  the dimensional v e l o c i t y  u a t  a given x 

and y l o c a t i o n  must  no t  be a f f e c t e d  by changes i n  f i w 0  

A d i r e c t  expression f o r  the v e l o c i t y  u does not  e x p l i c i t l y  

y i e l d  t h a t  t h e  v e l o c i t y  u is  unchanged by changes i n  f,, . 
Therefore,  an a l t e r n a t i v e  approach i s  used. If t h e  der iv-  

a t i v e  of the v e l o c i t y  u wi th  r e spec t  t o  f,, i s  zero,  then 

t h i s  y i e l d s  the  r e s u l t  t h a t  u i s  not  dependent on f l W  

The expression f o r  the dimensional v e l o c i t y  u can 

be w r i t t e n  a s  (equat ion (36 ) ) ;  

o r  

The expression f o r  L/h when f,, i s  a r b i t r a r y  can be obtain-  

ed from equat ion (39). Equation (39) y i e l d s ;  

To solve equat ion (2C) f o r  L/h, expand equation (2C) i n  a 

s e r i e s  t o  y i e l d ;  

- 31 - 
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k&![f-C Y I c f ' d ? )  t terms order  (h/L) 2 and smalleg (3C) 
0 

Neglecting the terms marked as order  (WLfin equation (3C) 

gives  t h e  following r e s u l t  f o r  (L/h)  from equat ion (3C); 

The term JFf? 
i n t e g r a t i n g  equat ion (34) from 0 t o  ? = w e  T h i s  i n t e -  

g r a t i o n  g ives ;  

can be expressed i n  terms of f,, by e b t  2 

@ f  I I 0 fo f c!* = & 6@ = 7/le 

The expression f o r  (L/h) then becomes; 

where (HL)"+ i s  of order  (L/h) and f,, i s  of order  (1). 

The quan t i ty  f, can be s p l i t  i n t o  two components, 

g ,  and f,&fo'+f), 
That i s ,  

f =  3 ,  +f& (If'+ 6 )  

The expression f o r  the v e l o c i t y  u (equat ion (1C)) 

can then be wr i t t en  as; 

If equat ion (5C) i s  d i f f e r e n t i a t e d  w i t h  r e spec t  t o  f,, , 
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then terms such as &'Zhf*and 3i'/hhtol, w i l l  be required.  

The term a(qh)mf&can be obtained from equation (4C). 

The expression f o r  Q i s  defined as (equation (12 ) ) ;  

t= v/e+ (L/h) )'/&A* 

Then, f o r  given values of y, L,  and x; 

Equation (50) d i f f e r e n t i a t e d  with respec t  t o  f i e  

then becomes; 

The three  terms mul t ip l ied  by (L/h)' cancel ,  so  the r e s u l t -  

a n t  expression f o r  da/dfi, becomes; 

when equation (8CJ i s  compared w i t h  t h e  expression f o r  u 

given by equat ion (5C), i t  can be seen t h a t  dabf,, i s  o f  
2 21 order  (h/L) small  than uo  Since terms of  order  (h/L)' 

have been c o n s i s t e n t l y  neglected i n  t h i s  a n a l y s i s ,  i t  must 

be concluded t h a t  changes i n  f,, do not a f f e c t  the  ve loc i -  

t y  u t o  an order  of accuracy c o n s i s t e n t  w i t h  t h i s  ana lys i s .  



APPENDIX D 

SURFACE SHAPES 

The equat ion f o r  t he  shape of t he  permissible  

su r faces  found i n  t h i s  a n a l y s i s  i s  given by; 
I K =  Y+ 94 LX 
$4 344 R=L 5 

To f i n d  the  shape of a sur face  given by equat ion ( lD),  u se  

the  Car tes ian  coordinates  ?* and 

From the d e f i n i t i o n  of the r ad ius  of curva ture ,  

A l ength  of su r f ace  dx can be expressed a s ;  

dx = .It*/- ( 3 D 1  
D i f f e r e n t i a t i n g  equation (3D) w i t h  r e spec t  t o  en and 

solving f o r  d'r*/df''z y ie lds  ; * 

- -34  - 
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Sdbs t i tu t i f ig  collation (ID] f o r  R i n  equation ( 5 D )  y i e l d s ;  

T h i s  expression can be in t eg ra t ed  once t o  y i e l d ;  

where t h e  boundary condi t ion t h a t  (dx/df*)= 1 a t  x= 0 was 

used. I n t e g r a t i n g  equation (6D) again y i e l d s ;  

The boundary condi t ion  was 

The expression f o r  

f * =  0 a t  x - 0 ,  

7* can be found by using the 

r e l a t i o n ;  

Th i s  expression can be in t eg ra t ed  t o  y i e l d ;  

(9m 
wheredis  given by equation (8~) ' .  The boundary condi t ion  

was taken t o  be ?*=- 0 a t  x = 0. 

Equations (730) and (9D)' then give t h e  su r face  CQ- 

o rd ina te s  i n  terms of t h e  parameter Land the surface l e n g t h  

x, The length  x could be el iminated from equat ions (713)' 



and (9D)', giving ?* as a func t ion  of  $ ' w i t h  the parameter 

L remaining. However, t h i s  would be very d i f f i c u l t  because 

of t h e  complicated expressions f o r  ?* and f*, s o  tha t  t he  

in te rmedia te  v a r i a b l e  x will not  be el iminated.  


