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. 
V 

THE FLUTTER O F  FLEXIBLE, !ROWED TENSION SHELLS 

By Richard H. MacNeal 
A s t r o  Research Corporat ion 

SUMMARY 

A method o f  a e r o e l a s t i c  a n a l y s i s  f o r  axisymmetric membrane 
s h e l l s  i s  developed and i s  appl ied  t o  t h e  f l u t t e r  o f  a f l a r e d  
t ens ion  cone d e c e l e r a t o r  a t t ached  by a c a b l e  t o  a massive fo re -  
Sody. The  p r i n c i p a l  r e s u l t  is  t h a t  t h e  presence  of  e l a s t i c  shea r  
s t i f f n e s s  i n  t h e  membrane s h e l l  i s  important  f o r  t h e  prevent ion  
o f  f l u t t e r .  

The method o f  a n a l y s i s  inc ludes  c o n s i d e r a t i o n  of  d i f f e r e n t i a l  
s t i f f n e s s  due t o  p re - t ens ion  and of e l a s t i c  s t i f f n e s s .  S t a t i c  
p r e s s u r e  d i s t r i b u t i o n  and aerodynamic i n f l u e n c e  c o e f f i c i e n t s  a r e  
computed from Newtonian impact theory.  

INTRODUCTION 

Large,  l i g h t l y  loaded atmospheric d e c e l e r a t o r s  f o r  e n t r y  
from space  i n t o  p l a n e t a r y  atmospheres o f f e r  p o t e n t i a l  advantages 
i n  reduced h e a t i n g  r a t e s ,  l o w e r  temperatures ,  and r educ t ion  o f  
t h e  d e c e l e r a t o r  weight  f r a c t i o n .  The t e n s i o n  s h e l l  of f l a r e d  
c o n i c a l  shape, r e f e r e n c e s  1 and 2; is a l i g h t l y  loaded decelera- 
t o r  concept  t h a t  ach ieves  l o w  s t r u c t u r a l  weight  by avoiding com- 
p r e s s i v e  stresses i n  t h e  s u r f a c e  of t h e  d e c e l e r a t o r .  Compress- 
i v e  loads  are c a r r i e d  by a r e l a t i v e l y  s t i f f  r i n g  a t  t h e  base  o f  
t h e  s h e l l ,  f i g u r e  1. 

The t e n s i o n  s h e l l  concept: is r q a d i l y  adapted t o  a deplcyable  
c o n f i g u r a t i o n  i n  which t h e  stowed volurne of t h e  d e c e l e r a t o r  is 
very much less than  t h e  deployed volume. I n  t h e  deployable  
v e r s i o n  t h e  s h e l l  is  a"comp1iant f a b r i c  and t h e  a f t  compression 
r i n g  is  a p r e s s u r i z e d ,  filament-wound t o r o i d  i l l u s t r a t e d  i n  
f i g u r e  1. A t h e o r e t i c a l  and experimental  i n v e s t i g a t i o n  o f  
t h e  deployment c h a r a c t e r i s t i c s  of f lexible  t e n s i o n  cones wi th  



pres su r i zed  r i n g s  is  r epor t ed  i n  r e f e r e n c e  3 .  

The deployable t e n s i o n  s h e l l  can  e i t h e r  be a t t ached  d i r e c t l y  
t o  tile payload o r  towed by a cab le .  
experiments i n  t h e  Langley 6 '  x 9 '  t unne l  have revea led  t h e  
presence  of f l u t t e r  f o r  t h e  towed t e n s i o n  s h e l l  i n  bot11 t h e  r i g i d  
and t h e  f l e x i b l e  ve r s ions .  A t h e o r e t i c a l  i n v e s t i g a t i o n  of t h e  
f l u t t e r  of towed r i g i d  d e c e l e r a t o r s  is  r epor t ed  i n  r e f e r e n c e  4 ,  
where it is shown t h a t  f l u t t e r  can be avoided by proper  p lace-  
ment of  t h e  c e n t e r  of  g r a v i t y  r e l a t i v e  t o  t h e  c e n t e r  of p re s su re .  

Unpublished wind tunne l  

The main purpose of  t h e  i n v e s t i g a t i o n  r epor t ed  h e r e  w a s  t o  
examine t h e  i n f l u e n c e  of s h e l l  f l e x i b i l i t y  on f l u t t e r  i n  t h e  
towed conf igu ra t ion .  
of a n a l y s i s  t h a t  could be used f o r  t h e  f l u t t e r  a n a l y s i s  o f  any 
axisymmetric d e c e l e r a t o r  system, towed o r  untowed, employing 
tens ioned  membranes. 

A secondary purpose w a s  t o  develop a method 

SYMBOLS 

Unmodified symbols: 

(A2 ) parameter c h a r a c t e r i z i n g  shape of  s h e l l  

a 

B 

b 

E 

F 

G 

K 

k 

c 
.e 

C 

2 

d i r e c t i o n  c o s i n e  

damping matrix 

damping parameter 

e l a s t i c  modulus 

component of  f o r c e  

shear  modulus 

s t i f f n e s s  ma t r ix ,  s p r i n g  c o n s t a n t  

reduced frequency ( wR/v) 

length  

length  of c a b l e  



M 

m 
C 

- N  

n 

P 

I P 

r 

S 

t 

U 

U 
S 

CP U 

I V 

'e 

S 
V 

W 

I X 

l n 

mass matrix 

mass density ( lb/in2 ) 

component of membrane force (lb/in) 

number of circumferential waves 

load 

d/dt , pressure 

force of constraint 

base radius, also coefficient matrix for equations of 
constraint 

radius from axis of symmetry 

distance along meridian 

shell thickness 

component of displacement 

displacement component parallel to meridian 

displacement component parallel to polar circle 

free stream velocity 

elastic strain energy 

potential energy due to static preload 

displacement component normal to surface 

impedance matrix 

generalized displacement 

angle between meridian and plane norma4 to the axis of 
symmetry 

difference operator 
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s s t r a i n  

0 r o t a t i o n  

V Poisson Is r a t i o  

P d e n s i t y  o f  atmosphere 

0 stress 

cp azimuth ang le  

w frequency, r ad ians / sec  

S u b s c r i p t s  : 

a index r e f e r r i n g  t o  p o s i t i o n  a long  mer id ian  midway 
Setween m a s s  s t a t i o n s  

d dependent d i sp lacement  component 

i independent d i sp lacement  component 

m index r e f e r r i n g  t o  p o s i t i o n  a long  mer id ian  a t  a m a s s  
s t a t i o n  

n i n d i c a t e s  number of c i r c u m f e r e n t i a l  waves 

S i n  d i r e c t i o n  o f  mer id ian  

W i n  d i r e c t i o n  o f  normal t o  s u r f a c e  

cp i n  d i r e c t i o n  o f  p o l a r  c i r c l e  

1 i n d i c a t e s  F o u r i e r  c o e f f i c i e n t  f o r  n = 1 

DESCRIPTION OF THE PROBLEM 

The r e s u l t s  of t h e  f l u t t e r  a n a l y s i s  o f  towed r i g i d  dece le ra -  
t o r s  repor ted  i n  r e f e r e n c e  4 w e r e  p re sen ted  i n  t e r m s  o f  g e n e r a l  
parameters  t h a t  could  be a p p l i e d  t o  any d e c e l e r a t o r  c o n f i g u r a t i o n .  
The i n t r o d u c t i o n  of s t r u c t u r a l  f l e x i b i l i t y  i n t o  t h e  a n a l y s i s  
makes a high degree  of g e n e r a l i t y  imposs ib le  because  t h e  number of ' 
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parameters  r equ i r ed  t o  c h a r a c t e r i z e  a f l e x i b l e  s h e l l  i s  l a r g e .  
The i n v e s t i g a t i o n  w a s ,  accord ingly ,  d i r e c t e d  t o  t h e  a n a l y s i s  of 
a s p e c i f i c  c o n f i g u r a t i o n ,  shown i n  f i g u r e  1, t h a t  w i l l  be wind- 
tunne l  t e s t e d .  

The shroud of t h e  model shown i n  f i g u r e  1 c o n s i s t s  o f  
Dacron s t r u c t u r a l  f i b e r s  o r i e n t e d  along mer id ians  and imbedded 
i n  an a i r - t i g h t  polyurethane shee t .  The t o t a l  c r o s s - s e c t i o n a l  
a r e a  of  mer id iona l  f i b e r s  i s  cons t an t  a long  t h e  meridian.  Mem- 
b rane  shea r  s t i f f n e s s  i s  provided, i n  an a l t e r n a t e  des ign ,  by t h e  
a d d i t i o n  o f  l i g h t  weight  Dacron c l o t h  w i t h  f i b e r s  o r i e n t e d  45' t o  
t h e  meridians.  

I f  f o l d i n g  mechanics and s t a t i c  s t r e n g t h  w e r e  t h e  only  con- 
s i d e r a t i o n s  i n  t h e  s t r u c t u r a l  design o f  t h e  shroud, t h e  des ign  
w i t h  mer id iona l  f i b e r s  on ly  would be p r e f e r a b l e  t o  shroud des igns  
w i t h  f i b e r s  i n  two o r  t h r e e  d i r e c t i o n s .  The des ign  w i t h  m e r i -  
d i o n a l  f i b e r s  on ly  provides  maximum compliance i n  f o l d i n g ,  and 
e x h i b i t s  minimum s t r u c t u r a l  weight .  The on ly  reason f o r  cons ider -  
i ng  des igns  w i t h  o t h e r  f i b e r  o r i e n t a t i o n s  i s  t h a t  f l u t t e r  might 
thereby  be suppressed. 

The p r e s s u r e  sphere  and t h e  so lenoid  va lve  shown i n  f i g u r e  1 
a r e  r equ i r ed  f o r  i n f l a t i o n  o f  t h e  a f t  t o r o i d a l  r i n g .  These i t e m s  
of  equipment w e r e  considered t o  be r i g i d l y  a t t ached  t o  t h e  nose 
p i e c e  i n  t h e  a n a l y s i s .  The a f t  t o r o i d a l  r i n g  was a l s o  considered 
t o  be r i g i d ,  i n  comparison w i t h  t h e  c a b l e  and t h e  f l e x i b l e  shroud. 

Analys is  of t h e  model i n  f i g u r e  1 a s  a r i g i d  d e c e l e r a t o r  on 
a f l e x i b l e  cab le ,  u s ing  t h e  method of r e f e r e n c e  4 ,  shows t h a t  t h e  
c o n f i g u r a t i o n  is  f r e e  from f l u t t e r  €or  any l e n g t h  of  c a b l e  i n  a 
Newtonian flow. Thus t h e  presence  of  f l u t t e r  i n  Newtonian flow, 
i f  d e t e c t e d  i n  t h e  p r e s e n t  a n a l y s i s ,  can be d i r e c t l y  a t t r i b u t e d  
t o  t h e  e f f e c t s  o f  f l e x i b i l i t y  i n  t h e  d e c e l e r a t o r  i t s e l f .  

I t  is impor tan t  t h a t  t h e  same aerodynamic theory  be used t o  
c a l c u l a t e  t h e  s t a t i c  p r e s s u r e  d i s t r i b u t i o n  and t h e  aerodynamic 
i n f l u e n c e  c o e f f i c i e n t s  f o r  p e r t u r b a t i o n  motions. The reason is 
t h a t  t h e  s t a t i c  p r e s s u r e  d i s t r i b u t i o n  determines t h e  s t i f f e n i n g  
e f f e c t s  of  pre- tens ion ,  and an incons is tency  would r e s u l t  i n  t h e  
dynamic a n a l y s i s  if s t a t i c  loads  and dynamic i n f l u e n c e  c o e f f i -  
c i e n t s  w e r e  computed from d i f f e r e n t  t h e o r i e s .  The s t a t i c  p r e s s u r e  
d i s t r i b u t i o n  a l s o  determines,  and must be c o n s i s t e n t  w i th ,  t h e  
shape of t h e  shroud. 

Newtonian impact t heo ry  has  been used i n  t h e  a n a l y s i s ,  
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p r i m a r i l y  because i t s  basic s i m p l i c i t y  ensu res  t h e  c o n s i s t e n t  
t r ea tmen t  of s t a t i c  and dynamic p r e s s u r e  d i s t r i b u t i o n s .  T h i s  
may be regarded as a s e r i o u s  d e f e c t  i n  t h e  a n a l y s i s  because it 
is  known t h a t  Newtonian impact theory  does n o t  a c c u r a t e l y  pre-  
d i c t  t h e  p re s su re  d i s t r i b u t i o n  on t e n s i o n  s h e l l  shapes,  a t  l ea s t  
up t o  Mach 7 ,  r e f e r e n c e  5 . There i s  a l s o  evidence,  r e f e r e n c e  6 ,  
t h a t  t h e  presence o f  t h e  c a b l e  s i g n i f i c a n t l y  a l ters  t h e  p r e s s u r e  
d i s t r i b u t i o n  over  t h e  s u r f a c e  of t h e  d e c e l e r a t o r .  The i n v e s t i g a -  
t i o n  and use of  more advanced aerodynamic t h e o r i e s  i s  a l o g i c a l  
ex tens ion  o f  t h e  p r e s e n t  s tudy.  

The problem so lved  i n  t h e  p r e s e n t  s tudy  was t h e  f l u t t e r  o f  
t h e  model shown i n  f i g u r e  1 f o r  o s c i l l a t i o n s  i n  a p l ane  wh i l e  
connected to  a massive body by a f l e x i b l e  cable. The l e n g t h  o f  
t h e  cable and t h e  s h e a r  s t i f f n e s s  o f  t h e  shroud w e r e  va r i ed  dur- 
i n g  t h e  ana lys i s .  The method of a n a l y s i s  is descr ibed  below. 

METHOD OF ANALYSIS 

The method of  a n a l y s i s  w a s  t a i l o r e d  t o  an  a v a i l a b l e  d i g i t a l  
computer program, SADSAM I V ,  developed by t h e  MacNeal-Schwendler 
Corporation. A b r i e f  account  o f  t h e  o p e r a t i n g  f e a t u r e s  of  t h e  
program is  impor tan t  f o r  an understanding o f  t h e  approach taken.  

SADSAM IV is  a program o f  modest c a p a c i t y  (50 independent 
degrees  of freedom) f o r  t h e  s o l u t i o n  of s t r u c t u r a l  dynamic prob- 
l e m s  (e igenvalue e x t r a c t i o n ,  t r a n s i e n t  a n a l y s i s  and frequency 
response a n a l y s i s )  by t h e  lumped element approach. A s i g n i f i c a n t  
f e a t u r e  of t h e  program i s  t h e  employment o f  equa t ions  o f  con- 
s t r a i n t  between dependent and independent displacement  components. 
The genera l  m a t r i x  equa t ion  solved by t h e  program can be w r i t t e n  
as follows: 

1 ,  RT X I  iil 'id I i 

T xd i i  'dd I I - Rd 

Ri I Rd I O  

6 



where 

c 
u a r e  independent components of displacement  
i 

I u are dependent components of displacement  d 

I qc are forces o f  c o n s t r a i n t  

cons is t s  of  mass, damping and 'ii The impedance m a t r i x  
s t i f f n e s s  components 

(2) X = M..p" + B . . p  + Kii 
ii 11 11 I 

. The elements o f  'dd and s i m i l a r l y  f o r  Xid , Xdi , and 

matrices R and Rd are t h e  c o e f f i c i e n t s  of t h e  equat ions  of  

c o n s t r a i n t .  
i 

is  assembled ( i n  p a r t )  from t h e  Kii The s t i f f n e s s  m a t r i x  

p r o p e r t i e s  of  s imple s p r i n g s  connected between p a i r s  of  d i sp l ace -  
ment components. I n  a d d i t i o n  t h e  user  can s p e c i f y  ma t r ix  elements 
t o  be i n s e r t e d  d i r e c t l y  i n t o  K , a f e a t u r e  t h a t  is used f o r  ii 
the g e n e r a t i o n  of aerodynamic f o r c e  c o e f f i c i e n t s  and o t h e r  uncon- 
s e r v a t i v e  effects.  B and M a r e  assembled i n  s i m i l a r  
fash ion .  ii ii 

The c o e f f i c i e n t s  o f  t h e  equat ions of c o n s t r a i n t ,  R and i 
Rd i n  equa t ion  (1) , a r e  s p e c i f i e d  by t h e  u s e r  t o  expres s  r i g i d  

body p r o p e r t i e s  of t h e  elements o f  t h e  s t r u c t u r e  and t o  express  
c o o r d i n a t e  t ransformat ions .  They may also be used, a s  i n  t h e  
p r e s e n t  example, t o  express s t r a i n s  and r o t a t i o n s  i n  t e r m s  of 
d i sp lacements  . 

The d e c e l e r a t o r  system t h a t  was  analyzed c o n s i s t s  of f o u r  
par t s  a s  shown i n  f i g u r e  2. A s i n g l e  connec t ion ,  r e p r e s e n t i n g  
l a t e r a l  t r a n s l a t i o n ,  i s  shown between t h e  c a b l e  and t h e  nose 
p i ece .  The membrane s h e l l  has  t h r e e  connec t ions ,  r e p r e s e n t i n g  
t h r e e  o r thogona l  components of  t r a n s l a t i o n ,  t o  t h e  nose p i e c e  and 
t o  t h e  a f t  r i n g .  Lumped element models w e r e  der ived  f o r  each o f  
t h e  f o u r  p a r t s  and in te rconnec ted  t o  form t h e  complete system. 

7 



The lumped element model f o r  t h e  cable is very s imple and 
t h e r e f o r e  s e r v e s  as a good i n t r o d u c t i o n  t o  t h e  modeling technique.  
The model i s  developed i n  f i g u r e  3 where it i s  seen t h a t  t h e  
e f f e c t  of t e n s i l e  pre load  on la te ra l  displacement  of  a c a b l e  "d 

element may be rep resen ted  by a s imple s p r i n g  r e s t r a i n i n g  rela- 
t i v e  l a t e ra l  t r a n s l a t i o n  between t h e  ends of  t h e  element. The 
complete model i s  obta ined  by i n t e r c o n n e c t i n g  t h e  s p r i n g s  and 
lumped masses f o r  several elements.  

I n  o rde r  t o  d i s c u s s  t h e  r e p r e s e n t a t i o n  of t h e  membrane s h e l l  
it i s  f i r s t  necessary  to i n t roduce  t h e  coord ina te  geometry and 
t h e  degrees of  freedom used i n  t h e  a n a l y s i s .  F igu re  4 shows t h e  
components of displacement  and r o t a t i o n  def ined  a t  a p o i n t  on t h e  
s u r f a c e  of t h e  s h e l l ,  The components of  displacement  can be ex- 
panded i n  t e r m s  o f  F o u r i e r  c o e f f i c i e n t s  w i t h  r e s p e c t  t o  
azimuth coord ina te ,  Cp , 

m m 

u =  
Cp 

- 
U + 

m m 

c 
n = l  

u .sinncp 
'n 

+ c 
n =  

- 
u .cosncp 

'n 1 

m 00 

- 
w = w + w .cosncp + w osinncp 

0 n n 

t h e  

( 3  1 

n = l  n = l  

For any l i n e a r ,  homogeneous problem t h e  motions correspond- 
i n g  t o  d i f f e r e n t  va lues  of n are uncoupled. Purthermore t h e  
motions corresponding to  b a r r e d  and unbarred F o u r i e r  c o e f f i c i e n t s  
are uncoupled. I n  t h e  p r e s e n t  problem w e  are concerned w i t h  t h e  
l a t e r a l  motions of t h e  s h e l l  as a whole which are rep resen ted  by 
t h e  t e r m s  corresponding t o  n = 1. Thus we  s p e c i a l i z e  t o  t h e  
c a s e  

u = u .coscp 

u = u .sincp 

S s1 

Cp cp1 
(4 1 

w = w *coscp 
1 

E 



The cho ice  of unbarred c o e f f i c i e n t s  i n d i c a t e s  t h a t  rp = 0 
is s e l e c t e d  as a p l ane  of symmetry. Every o t h e r  response  quant- 
i t y  o f  i n t e r e s t ,  such a s  an appl ied  f o r c e  o r  a s t r a i n ,  can be 
s i m i l a r l y  r ep resen ted  as a s i n e  or cos ine  f u n c t i o n  of  cp , t h e  
cho ice  be ing  d i c t a t e d  by cons ide ra t ion  of  symmetry. 

and 
cpl 

I n  t h e  a n a l y s i s  t h e  Four i e r  c o e f f i c i e n t s ,  U f U  
SI. 

w w e r e  s e l e c t e d  a s  independent degrees  of freedom. The genera l -  

i zed  g n r t u r b a t i o n  aerodynamic fo rces  a c t i n g  on them a r e  de r ived  
i n  Appendix A from New,tonian impact theory .  The r e s u l t s  are 
expressed b e l o w  as thC components of  gene ra l i zed  f o r c e  a c t i n g  on 
a s t r i p  o f  s l a n t  l eng th ,  A s  . 

L 

AF = - n p V 2 * c o s 2 8  + u . s i n 8  
cp1 C P l  

The term i n  equat ion  ( 7 )  p ropor t iona l  t o  t h e  sum o f  membrane 
r e p r e s e n t s  t h e  change i n  aerodynamic f o r c e  due v) 1 

s t r a i n s  6 + 

t o  t h e  i n c r e a s e  i n  a r e a  of a su r face  element. The t e r m  was n o t  
a c t u a l l y  inc luded  i n  t h e  c a l c u l a t i o n .  The t e r m  p r o p o r t i o n a l  t o  

i n  equa t ion  ( 7 )  i s  r ep resen ted  by a v iscous  damper i n  t h e  

computer program. The o t h e r  aerodynamic t e r m s  are inco rpora t ed  
i n  t h e  computer s o l u t i o n  by means of t h e  d i r e c t  i n p u t  f e a t u r e  fo r  
m a t r i x  K mentioned e a r l i e r .  

i 
1 

ii 

Lumped s p r i n g s  and masses to r e p r e s e n t  t h e  s t r u c t u r a l  proper-  
t i es  of t h e  s h e l l  w e r e  der ived  by an energy method. The p o t e n t i a l  
energy of t h e  s t r u c t u r e  c o n s i s t s  of a p a r t  due t o  e l a s t i c  s t r a i n  
and a p a r t  due t o  s t a t i c  pre load .  The l a t t e r  p a r t  r e s u l t s  i n  a 
" d i f f e r e n t i a l  s t i f f n e s s "  m a t r i x  s imi la r  t o  t h a t  f o r  a beam-column 
o r  a r o t a t i n g  p r o p e l l e r  b lade .  
energy,  t h e  p o t e n t i a l  energy due t o  s t a t i c  p re load ,  and t h e  k i n e t i c  

Expressions f o r  t h e  e l a s t i c  s t r a i n  
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I energy are der ived  i n  Appendix B. The r e s u l t s  a r e  expressed below 
f o r  a s t r i p  o f  s l a n t  l e n g t h  A s  i n  t e r m s  of s t r a i n s  and r o t a -  
t i o n s .  

# 

E l a s t i c  S t r a i n  Energy 

P o t e n t i a l  Energy due t o  S t a t i c  Pre load  
7 

AVs - - -{N nrAs 2 cp [€I2 s1 + Iju r“ s + u CP 1 COS@)! + 
+ (>)2]] 

1 

Kine t i c  Energy 

AT = -k2 I l m r A s  + b2 + 31 
1 

1 
2 S cp 

1 

Two s impl i fy ing  assumptions w e r e  used i n  t h e  c a l c u l a t i o n s ,  
and N w e r e  zero.  These assumptions a r e  namely t h a t  E 

j u s t i f i e d  i f  t h e  s h e l l  c o n t a i n s  very l i t t l e  f i b e r  t o  c a r r y  circum- 
f e r e n t i a l  load. 

cp w 

The s t r a i n s  and r o t a t i o n s  appearing i n  t h e  above equa t ions  a r e  
r e l a t e d  t o  displacements  by t h e  fo l lowing  formulas 

a u  

10 

+ u .COS@ - w . s i n 8  
S 1 
1 .- 1 

8 

1 
U 
S 

a c p l - 1  
6 Scp 1 = r*-[ur)  as r 



It w i l l  be noted t h a t  t h e  s t r a i n  and p o t e n t i a l  energy f o r -  
m u l a s  a r e  expressed i n  t h e  form 

AV = 5 1 
* K i [ Y i ) '  

1 

where y i  i s  a generalized displacement q u a n t i t y  r e i a t e d  t o  t h e  

a c t u a l  components of  displacement  by a l i n e a r  o p e r a t o r .  Hence 
K r e p r e s e n t s  a s p r i n g  r e s t r a i n i n g  

Y i  such i n  t h e  computer program. The r e l a t i o n s h i p  between each 

and t h e  components of displacement  is  regarded as an equa t ion  of  
c o n s t r a i n t .  D i f f e r e n t i a l  o p e r a t o r s  occur ing  i n  t h e  equa t ions  of  
c o n s t r a i n t  a r e  rep laced  by f i n i t e  d i f f e r e n c e  o p e r a t o r s .  For 
example, i n  t h e  t e r m  p r o p o r t i o n a l  t o  8' i n  equa t ion  ( 9 ) ,  

and it i s  rep resen ted  a s  Y i  i 

epl  

L a g  + u  ) m S m+ 1 m 
W - j + as[ 

- -  - e = - + u  . - - - [  1 - as 3W 

as s 8 s  As m + l  
'i 1 

Y i  

where t h e  i n d i c e s  m and m + l  r e f e r  t o  a d j a c e n t  s t a t i o n s  along 
t h e  mer id ian  of t h e  s h e l l .  

The module t h a t  r e p r e s e n t s  t h e  mechanical p r o p e r t i e s  of a 
s e c t i o n  of  s h e l l  c o n s i s t s  of t h e  s p r i n g s ,  K i  , t h e  equa t ions  of 

c o n s t r a i n t  and t h e  mass c o e f f i c i e n t s  i n d i c a t e d  by equa t ion  ( 1 0 ) .  
A diagram r e p r e s e n t i n g  t h e  module is shown i n  f i g u r e  5. Formulas 
f o r  t h e  v a l u e s  of  t h e  elements i n  t h e  module a r e  conta ined  i n  
Appendix C.  

I t  w i l l  be noted i n  f i g u r e  5 t h a t  some s p r i n g s  a r e  connected 
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a t  s t a t i o n s  (Ka I & I and Ks) and some s p r i n g s  a r e  connected 
between s t a t i o n s  (K1 , K3 I Ks I and K7). A s p r i n g  connected 
between s t a t i o n s  c o n t a i n s  a d e r i v a t i v e  w i t h  r e s p e c t  t o  d i s t a n c e  
a long  t h e  meridian i n  i t s  equa t ion  of c o n s t r a i n t ,  wh i l e  a s p r i n g  
connected a t  a s t a t i o n  does no t .  I n  t h e  c a l c u l a t i o n  a l l  of t h e  
s p r i n g s  loca ted  a t  s t a t i o n s  w e r e  n u l l  due t o  t h e  assumption t h a t  
E and N a r e  zero.  

CPCP CP 

The complete lumped element model f o r  t h e  membrane s h e l l  IS 
Lormed uy j o i n i n g  t h e  modules f o r  i n d i v i d u a l  s e c t i o n s  t o g e t h e r  and 
s p e c i f y k g  t h e  aerodyp=n;c force c o e f f i c i e n t s .  The models t o  
r e p r e s e n t  t h e  nose p i e c e  and t h e  r i g i d  a f t  r i n g  c o n s i s t  of lumped 
inasses and t h e  equat ions  o f  c o n s t r a i n t  r equ i r ed  t o  form t h e  re- 

placement a t  t h e  connect ion p o i n t s  w i t h  t h e  o t h e r  p a r t s  of t h e  
system. The  nose p i e c e  a l s o  inc ludes  a s p r i n g  t o  r e p r e s e n t  t h e  
e f f e c t  o f  a x i a l  p re- tens ion  between t h e  c a b l e  a t tachment  p o i n t  
and t h e  p o i n t  of  connect ion t o  t h e  membrane s h e l l .  

I l a t i o n s h i p s  between t h e i r  motions and t h e  components of d i s -  

A diagram showing t h e  d e t a i l e d  model f o r  t h e  complete system 
Ls shown i n  f i g u r e  6. The nodel  i nc ludes  t h e  mechanical s p r i n g s  
and -nasses d i scussed  above, v i scous  dampers t h a t  s i m u l a t e  aero-  
dynamic damping, and t h e  d i r ec t  i n p u t  aerodynamic s t i f f n e s s  t e r m s .  

l 

Once t h e  model has  been completed and i t s  p r o p e r t i e s  coded 
i n t o  t h e  computer  program, t h e  e igenvalues  and e igenvec to r s  t h a t  
d e s c r i b e  t h e  aerodynamically damped modes o f  t h e  system are com- 
puted by a sub rou t ine .  

RESULTS OF NUMERICAL CALCULATION 

The method descr ibed  above w a s  a p p l i e d  t o  t h e  f l e x i b l e  ten-  
s i o n  s h e l l  d e c e l e r a t o r  shown i n  f i g u r e  1. 
t h e  numerical c a l c u l a t i o n s  included e i g h t  cable segments and 
e i g h t  membrane s h e l l  segments (see f i g .  6 ) .  S ince  t h e  s h e l l  i s  
f l e x i b l e ,  t h e  e x a c t  equ i l ib r ium shape o f  t h e  shroud depends on 
t h e  s t a t i c  aerodynamic p r e s s u r e  d i s t r i b u t i o n .  S h e l l  shapes for  
Newtonian f low w i t h  zero stress i n  t h e  c i r c u m f e r e n t i a l  d i r e c t i o n  
a r e  def ined i n  r e f e r e n c e  2 ,  i n  t e r m s  o f  a parameter ( A 2 )  t h a t  
depends on t h e  r a t i o  o f  s h e l l  h e i g h t  t o  base r a d i u s .  
p r e s e n t  example a va lue  A2 = 1.4 , was s e l e c t e d .  The meridion- 
a l  f o r c e  c o e f f i c i e n t  is  given by 

The model used fo r  

For t h e  
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where R i s  t h e  base rad ius .  N is zero.  
CP 

I n  o r d e r  t o  permi t  s c a l i n g  o f  t h e  r e s u l t s  t o  o t h e r  s h e l l s ,  
t h e  parameters  d e s c r i b i n g  t h e  d e c e l e r a t o r  a r e  expressed i n  dimen- 
s i o n l e s s  f o r m .  The va lues  o f  p e r t i n e n t  parameters  used i n  t h e  
a n a l y s i s  a r e  l i s t e d  i n  Table  I. 

The aerodynamic mass parameter determines t h e  magnitude of 
t h e  aerodynamic damping. It  probably has  a n e g l i g i b l e  e f f e c t  on  
f l u t t e r  cr i ter ia .  The va lue  shown i n  Table I is  r e p r e s e n t a t i v e  
o f  o p e r a t i o n  o f  t h e  model i n  a wind tunne l  a t  Mach 4 and 2000 psf  
dynamic p r e s s u r e .  

The mer id iona l  s t r a i n  parameter determines t h e  r e l a t i v e  nag- 
ni t l ide of  e l a s t i c  s t i f f n e s s  compared t o  t h e  s t i f f e n i n g  e f f e c t s  of  
p e r t u r b a t i o n  aerodynamic f o r c e s  and s t a t i c  pre load .  The va lue  . 
s e l e c t e d  is  r e p r e s e n t a t i v e  of  t h e  f i b e r  used i n  t h e  shroud o f  t h e  
model. 

Two v a l u e s  of  t h e  r a t i o  o f  t h e  shea r  modulus t o  t h e  meridion- 
a l  e l a s t i c  modulus w e r e  i nves t iga t ed .  The va lue  G/E = 0 cor-  

responds t o  a shroud i n  which meridional  f i b e r s  a r e  he ld  i n  p l a c e  
by a complaint  mat r ix .  The va lue  G/E = 0.1 corresponds t o  a 

shroud w i t h  some h e l i c a l l y  wound f i b e r s  a s  w e l l  a s m e r i d i o n a l  f i b e r s .  

s s  

s s  

The l e n g t h  of  t h e  c a b l e  was var ied  p a r a m e t r i c a l l y  s i n c e  it 
was known from previous  work on t h e  f l u t t e r  of  r i g i d  d e c e l e r a t o r s ,  
r e f e r e n c e  5, t h a t  c a b l e  l e n g t h  is an impor tan t  parameter f o r  
f l u t t e r .  

The r e s u l t s  of t h e  a n a l y s i s  a r e  t h e  frequency and damping of 
t h e  aerodynamically damped v i b r a t i o n  modes and t h e  corresponding 
mode shapes.  Damping and frequency a r e  expressed a s  t h e  r e a l  and 
imaginary p a r t s  of t h e  e igenvalue  

WR 
V The d imens ionless  parameter k = - i s  t h e  convent iona l  

reduced frequency,  o r  S t rouha l  number, used t o  expres s  t h e  r e s u l t s  
of  f l u t t e r  a n a l y s i s .  

The damping and frequency obtained f o r  t h e  fou r  lowest  modes 
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of t h e  d e c e l e r a t o r  a r e  presented  a s  root locus  p l o t s  i n  
f i g u r e s  7 d  ~ I I L  2. The vzxied parameter is  t h e  r a t i o  o f  c a b l e  
l e n g t h  t o  d e c e l e r a t o r  byse r a d i u s .  The model w i t h  shea r  s t i f f -  
n e s s  is  seen t o  be s t a b l e  i n  a l l  modes f o r  a l l  c a b l e  l e n g t h s ,  
wh i l e  t h e  model w i thou t  shea r  s t i f f n e s s  becomes s l i g h t l y  u n s t a b l e  
i n  i t s  second mode f o r  a small  range of c a b l e  l e n g t h s ,  
9.5 < c / ~  < 1 2  . The f l u t t e r  i s  a s s o c i a t e d  w i t h  t h e  c o a l e s c e m  
of  t h e  f requencies  o f  t h e  sccoEd and t h i r d  modes. 

4 

A tendency f o r  t h e  r o o t  o f  a mode t o  t r a c k  t h e  r o o t  o f  t h e  
nex t  lower mode a t  a l a r g e r  c a b l e  l e n g t h  is e v i d e n t  i n  f i g u r e  7. 
The tendency occur s  because t h e  impedances t h a t  t w o  c a b l e s  pre-  
s e n t  t o  t h e  d e c e l e r a t o r  a t  a given frequency are t h e  same i t  the 
numuer of half-wavelengths a long t h e  c a b l e s  d i f f e r  by an i n t e g e r ,  
(scc! reference 5 ) .  

Mode shapes a r e  p l o t t e d  i n  f i g u r e s  8 t o  11 f o r  t h e  f i r s t  
fou r  modes w i t h  & c / R  = 6 . The f i r s t  f o u r  modes are p r i m a r i l y  
combinations o f  t h e  f o 1 lowing deformations 

- r i g i d  t r a n s l a t i o n  of  t h e  d e c e l e r a t o r  

- r i g i d  r o t a t i o n  o f  t h e  d e c e l e r a t o r  

- s h e a r i n g  d i s t o r t i o n  o f  t h e  shroud near  t h e  nose piece 

- c a b l e  whipping w i t h  1 / 2  t o  3/4 wavelength. 

Shearing d i s t o r t i o n  o f  t h e  shroud is  q u i t e  prominent i n  t h e  
second mode of t h e  d e c e l e r a t o r  w i thou t  e l a s t i c  s h e a r  s t i f f n e s s ,  
and i n  the t h i r d  mode of  t h e  d e c e l e r a t o r  w i t h  e l a s t i c  s h e a r  
s t i f f n e s s .  

The second mode of  t h e  d e c e l e r a t o r  w i thou t  e las t ic  s h e a r  
s t i f f n e s s  is p l o t t e d  i n  f i g u r e  1 2 ,  f o r  a c a b l e  l e n g t h  i n  t h e  
f l u t t e r  r e g i  n. The only  prominent d i f f e r e n c e  from t h e  s table  
cond i t ion  F c / R  = 6) 
i s  absent .  

i s  t h a t  r i g i d  p i t c h i r g  -f t h e  d e c e l e r a t o r  

The mode shape f o r  t h e  s i x t h  mode of  t h e  d e c e l e r a t o r  w i thou t  
e l a s t i c  shear  s t i f f n e s s  i s  shown i n  f i g u r e  13. N o r m a l  d i sp l ace -  
ments (w) i n  t h e  p l ane  cp = 0 , as w e l l  as t a n g e n t i a l  d i sp l ace -  
m e n t s  (u,) f o r  cp = n/2 , are p l o t t e d .  Th i s  mode, which was 

re la t ive ly  h e a v i l y  damped, is  t h e  l o w e s t  t h a t  i n c l u d e s  large 
r o t a t i o n  of t h e  a f t  r i n g  r e l a t ive  t o  t h e  shroud. The a d d i t i o n  of 
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e l a s t i c  s h e a r  s t i f f n e s s  had very l i t t l e  e f f e c t  on t h e  frequency 
'. o r  damping. 

CONCLUDING DISCUSSION 

The a n a l y s i s  descr ibed  above shows t h a t  t h e  e f f e c t s  of f l e x -  
i b i l i t y  can produce f l u t t e r  i n  a towed d e c e l e r a t o r  t h a t  would be 
s t a b l e  i f  it w e r e  r i g i d .  The type  of f l u t t e r  t h a t  was d e t e c t e d  
is c h a r a c t e r i z e d  by t h e  coalescence of t h e  f r equenc ie s  of  a p a i r  
of  modes, and by t h e  presence of  shear ing  d i s t o r t i o n  i n  t h e  s h e l l .  
The f l u t t e r  was e l imina ted  by t h e  a d d i t i o n  o f  e l a s t i c  shea r ing  
s t i f f n e s s  t o  t h e  s h e l l .  

One of t h e  reasons  t h a t  s h e a r  f l e x i b i l i t y  i s  s i g n i f i c a n t  f o r  
t h e  model s t u d i e d  is t h a t  t h e  r ad ius  of  t h e  s h e l l  a t  t h e  a t t a c h -  
ment  t o  t h e  nose p i e c e  i s  small .  The mode shapes ( f i g u r e s  8 t o  1 2 )  
show t h a t  a l l  of t h e  shear  deformation occur s  w i t h i n  a s h o r t  
d i s t a n c e  o f  t h e  nose p i ece .  The e f f e c t  of  s h e a r  f l e x i b i l i t y  can, 
t h e r e f o r e ,  be reduced by i n c r e a s i n g  t h e  s i z e  of  t h e  nose p i ece .  

It  i s  u n l i k e l y  t h a t  t h e  q u a n t i t a t i v e  r e s u l t s  of  t h e  a n a l y s i s  
w i l l  be suppor ted  by wind  tunfie1 t e s t s  due t o  t h e  u s e  o f  Newtonian 
f low theo ry  i n  t h e  a n a l y s i s .  Fur ther  a n a l y t i c a l  e f f o r t  on t h e  
problem should inc lude  a cons ide ra t ion  of  more advanced aerody- 
namic t h e o r i e s .  

The method of  a n a l y s i s  developed du r ing  t h e  i n v e s t i g a t i o n  is  
a p p l i c a b l e  t o  t h e  a e r o e l a s t i c  a n a l y s i s  o f  any axisymmetric dece l -  
e r a t o r  system, towed o r  untowed, employing tens ioned  membranes. 
It  can,  f o r  example, be used t o  study t h e  pane l  f l u t t e r  of  an 
untowed t e n s i o n  s h e l l  used a s  a r e e n t r y  d e c e l e r a t o r .  The a p p l i -  
c a t i o n  of Newtonian impact theory  is  a less s e r i o u s  assumption 
f o r  t h i s  example due t o  t h e  high Mach number a t  peak d e c e l e r a t i o n  
and t h e  absence of  f low d i s tu rbances  produced by a tow cab le .  

Astro Research Corporat ion 
San ta  Barbara,  C a l i f o r n i a ,  October 18, 1966. 
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APPENDIX A. 

AERODYNAMIC FORCE COEFFICIENTS 

The aerodynamic p r e s s u r e  acts normal t o  a s o l i d  s u r f a c e  i n  
Newtonian flow and i t s  magnitude i s  given by 

p = P v 2  P 

where p is t h e  d e n s i t y  and V i s  t h e  component of  f low normal 

t o  t h e  su r face  i n  t h e  f r e e  stream. 
P 

Consider an element of a s u r f a c e  of r e v o l u t i o n  shown i n  
F igu re  4. The v e l o c i t y  normal t o  t h e  s u r f a c e  is, cons ide r ing  
t e r m s  t o  f i r s t  o r d e r  i n  t h e  motions 

(See l i s t  of syinbols f o r  d e f i n i t i o n s . )  

S u b s t i t u t e  Equation A ( 2 )  i n t o  Equation A ( 1 )  and expand 

Now, cons ider ing  8 < < B 
rp 

correct t o  f i rs t  order i n  8 . S u b s t i t u t e  i n t o  Equation A ( 3 )  

and keep t e r m s  t o  f i rs t  o r d e r  i n  8 and G . rp 

v 

16 



APPENDIX A.  - Continued 

The d i r e c t i o n  c o s i n e s  of t h e  normal t o  t h e  d e f l e c t e d  s u r f a c e  
i n  t h e  u , u and w d i r e c t i o n s  are, t o  f i r s t  o r d e r  i n  t h e  

motions , 
S CP 

a = 8  
S cp 

a = - 0  
CP S 

a = 1  
W 

The components of p r e s s u r e  i n  t h e  u u and w 
s f  cp 

d i r e c t i o n s  are, t o  f i r s t  o r d e r  i n  t h e  motions 

The element  of a r e a  on which t h e  p r e s s u r e  a c t s  i s  

The s t r a i n s  E: and are included t o  account f o r  an i n c r e a s e  

i n  a r e a  due t o  s t r e t c h i n g .  
S cp 



APPENDIX A. - Continued 

The r o t a t i o n s  8 and 8 a r e  r e l a t e d  t o  displacements  a s  
S cp 

f o l l o w s  

U 

Q = - e -  ’ aw + d * s i n B  
s r a c p  r 

0 = - - -  aw U .  3 
CP a s  s a s  

so t h a t  Equations A ( 8 )  , and A ( 9 )  become 

pS s a s  

and 

J U 

r acp r 

The displacements  a r e  assumed t o  depend on t h e  azimuth angle  
cp i n  t h e  fo l lowing  manner (see eqn. 4 of  t e x t ) .  

w = w = c o s e p  
1 

Regarding u , uql , and y , a s  g e n e r a l i z e d  coord ina te s ,  
s1 

t h e  corresponding gene ra l i zed  f o r c e s  a r e  

18 



APPENDIX A. - Continued 

F = 1 sincpap d A  CP CP1 A 

The c a l c u l a t i o n  of aerodynamic c o e f f i c i e n t s  i s  completed by 
s u b s t i t u t i n g  p rev ious ly  der ived expres s ions  f o r  t h e  components 
G . j f  and for dA i n t o  these equa t ions  and i n t e g r a t i n g  
over  t h e  s u r f a c e  o f  a s t r i p  of s l a n t  l e n g t h  A s  . I n  t h e  ca l cu -  
l a t i o n  o n l y  t h e  t e r m s  of first order  i n  t h e  motions are r e t a i n e d .  
A s  a r e s u l t  t h e  s t r a i n s ,  E and , are r e t a i n e d  o n l y  

Equat ion A (  2 1 ) .  
S CP 

The r e s u l t s  o f  t h e  c a l c u l a t i o n  are  

AF = - TTpV'? 'COS' 
s1 

- ( E  S1 + c y l )  cos2B/rAs 



APPENDIX B. 

ENERGY EXPRESSIONS 

E l a s t i c  S t r a i n  Energy of an Or tho t rop ic  

Membrane of Revolut ion 

The components of membrane s t r a i n  i n  t h e  coord ina te  system 
dep ic t ed  i n  F igu re  4 a r e  

6 = - -  auS W' 32 
as  a s  

aU 
t, 

Scp 

The s t r e s s - s t r a i n  r e l a t i o n s h i p s  f o r  an o r t h o t r o p i c  nembrane 
are 

A l t e r n a t i v e l y  we  

I 
E E 1 0  

SCP CPCP I 
_ _ _ - - - -  

I 

I 
0 0 I G  

may r e p l a c e  E by 
SCP 

ST I E 
S 

€ 
CP I c 

(4) 

an e f f e c t i v e  P o i s s o n ' s  r a t i o .  The s t r a i n  energy p e r  u n i t  a r e a  i s  



APPENDIX B. - Continued 

where t is t h e  th i ckness  of  t h e  membrane. 

S u b s t i t u t i n g  f r o m  Equation B (4 )  i n t o  Equation B (5 )  

B (6) E * c 2  + 2E 8 6 + E c2 + GC2 
s s  s scp s cp cpcp cp Scp 

6Ve = ; [ 
Express t h e  s t r a i n s  i n  t e r m s  o f  s i n e  and cos ine  components 

f o r  a p l a n e  o f  symmetry a t  cp = 0 

8 = 6 =coscp 
cp cp1 

Then, s u b s t i t u t i n g  t h e s e  r e l a t i o n s h i p s  i n t o  t h e  d e f i n i t i o n  
of s t r a i n ,  Equations B ( 1 ) ,  B ( 2 ) ,  and B ( 3 ) ,  

The s t r a i n  energy of a s t r i p  of s l a n t  l e n g t h  A s  is  ob ta ined  

21 



APPENDIX B. - Continued 

by s u b s t i t u t i n g  Equations B ( 7 ) ,  B ( 8 ) ,  and B ( 9 )  i n t o  Equation B ( 6 )  
and i n t e g r a t i n g  wi th  r e s p e c t  t o  C4 . The r e s u l t  is 

as a sum of squares .  Using “e It i s  convenient  t o  expres s  

E = v~T , t h e  r e s u l t  is 
Scp ss w 

P o t e n t i a l  Energy of a Membrane of Revolut ion 
Due t o  S t a t i c  Pre load  

Consider a small  element of a membrane, shown below, i n  s t a t i c  
equi l ibr ium under t e n s i o n s  N and N . 

S CP 

2 2  



APPENDIX B. - Continued 

. 
I n  o r d e r  t o  c a l c u l a t e  t h e  work done by p re load ,  cons ide r  a v i r t u a l  
motion i n  which t h e  pre load  f o r c e s  N and N remain a t t ached  

t o  t h e  element,  move w i t h  it, and rer-i?in f i x e d  i n  magnitude and 
d i r e c t i o n ,  when t h e  element is  moved c,r d i s t o r t e d .  The f o r c e s  
w i l l ,  consequently, remain i n  e q u i l i b r i u m  w i t h  t h e  app l i ed  e x t e r n a l  
loads .  I t  is  necessary  t o  cons ider  on ly  second o r d e r  terms i n  
computing t h e  motions. 

S CP 

The basis of t h e  c a l c u l a t i o n  is a s  fol lows:  I f  a r i g i d  b a r  
of l e n g t h  L sub jec t ed  t o  end load P i s  r o t a t e d  t h r u  an ang le  
8 , t h e  work done a g a i n s t  t h e  load  p i s  

V i s  t h e  i n c r e a s e  i n  p o t e n t i a l  energy of t h e  ba r .  Consider 

n e x t  a b a r  t h a t  is  r o t a t e d  about t w o  pe rpend icu la r  axes a s  shown 
b e l o w  

S 

23 



APPENDIX B. - Continued 

The work done a g a i n s t  t h e  end load P i s  

where a i s  t h e  d i r e c t i o n  cos ine  of t h e  r o t a t e d  b a r  i n  t h e  

z - d i r e c t i o n .  Now 
Z 

a" + a" + a" = 1 
X Y z 

so  t h a t  

B (18) 

+ a2 N 1  

c o r r e c t  t o  t h i r d  o r d e r  i n  a and a , 
X Y 

A1 so 

a" = 0" 
Y X 

c o r r e c t  t o  second o r d e r  i n  0 and 0 . 
X Y 

24 



Hence 

c o r r e c t  t o  second o r d e r  i n  8 and 0 . 
X Y 

I n  o r d e r  t o  apply t h e  above theory t o  a membrane, it is  con- 
t h a t  a r e  I ven ien t  t o  regard  t h e  membrane a s  composed of  r i g i d  bars 

f r e e  t o  r o t a t e  i n  a l l  d i r e c t i o n s  as  shown below. 

N - r d V  
S N .rdCP 

S 

0 , + N * d s  
CP 

N . r d V  
S 

N . r d V  
S 

The out-of-plane r o t a t i o n s  of b a r s  a and 0 a r e  0 S and 

8 r e s p e c t i v e l y .  The in-plane r o t a t i o n s  of  b a r s  0 and 0 
i nc lude  c o n t r i b u t i o n s  
r i g i d  body r o t a t i o n  8 a s  shown below. 

CP 
from t h e  shear  s t r a i n  a s  w e l l  a s  from t h e  

W 

25 



APPENDIX B. - Continued 

The in-plane r o t a t i o n s  of  bars 0 and 0 are r e s p e c t i v e l y  

1 0 = 8 - -.€ 
ti w 2 scp 

The potent ia .1  energy d e n s i t y  p e r  u n i t  area i s ,  u s i n g  
Equat ion B( 2 1 )  

26 



APPENDIX B. - Continued 

Expressions f o r  t h e  r o t a t i o n s  and shear  s t r a i n  i n  t e r m s  of 
displacements  a r e  presented  i n  Reference 7 .  They a r e  

From t h e s e  expres s ions ,  it can be shown by s t r a i g h t f o r w a r d  
s u b s t i t u t i o n  t h a t  

and 

With t h e s e  expres s ions  t h e  p o t e n t i a l  energy d e n s i t y  becomes 

Express t h e  r o t a t i o n s  and displacements i n  t e r m s  of s i n e  and 
c o s i n e  components f o r  a p l ane  of symmetry a t  CP = 0 



APPENDIX B. - Continued 

u = u .cosCP 
S S1 

u = u .sinV 
CP CP1 

The d e s i r e d  express ion  f o r  p o t e n t i a l  energy of a s t r i p  o f  
s l a n t  l eng th  As i s  obta ined  by s u b s t i t u t i n g  t h e s e  expres s ions  
i n t o  Equation B(31) and i n t e g r a t i n g  wi th  r e s p e c t  t o  CP . The 
r e s u l t  i s  

1 

AV = -{El R r A s  [e‘ + *(u + u  COS@)^]+ Ns[eGl + [ 
S 2 CP s1 s1 CP1 

K i n e t i c  Energy of a Membrane of  Revolut ion 

The k i n e t i c  energy d e n s i t y  is 

Express u u , and w i n  t e r m s  of  s i n e  and cos ine  
s ’  CP 

components of  t h e  azimuth angle  a s  be fo re .  The k i n e t i c  energy of 
a s t r i p  of s l a n t  l e n g t h  A s  is  

where m i s  t h e  m a s s  pe r  u n i t  area. 

.28 



APPENDIX C .  

FORMULAS FOR ELEMENTS I N  THE MODULE 

REPRESENTING A SECTION O F  MEMBRANE SHELL 

Formulas f o r  the  elements are presented  w i t h  reference t o  
F igure  5 , the  diagram f o r  the modu le .  

Masses 

m = m = m = TTmrAs 
1 2 3 m 

V i s c o u s  D a m p e r  

B = 2 ~ ' r p V - c o s ~ - r A s  
1 m 

Spr ings  

K = n t r A s a E s s  

K = n t r a s  (1 - v a ) ~ ~  
2 m 

K = ntrAsaG 

I. 

3 

4 = nrAsmNcp 

5 = nrAsmNv 

K = u r n s  N 
6 a s  



APPENDIX C .  - Continued 

Cons t r  a i  n t 2 q u a t  i o n s  - 
+ a u  + a u  + a u  1 m + 1  2 m  s , m + l  sm 6 Vtn: 

+ a w  + a u  
5 q8m+l 

= a w  

where: 

where: 

- sinB 
r m 

b =  
2 



APPENDIX C. - Continued 

,COS8 b =  r m 4 

where: 

r 1 a c =-*-  
A %  %+l 

1: 

6 Asa r 
- 1  a 

m 
c =-.- 

= d w  + d u  
S 2 m  6 V , m  

= e  
4 

where: 

sin$ 

m 
d =  
6 r 

31 



APPENDIX C .  - Continued 

! = 'i. + u *cosB 
'5 r s Cp 

= e u  + e u  
4 s 1 m  6 CPlm 

where: where: 

where: 

1 f = -  
1 A s a  

2 A S a  

f = f  =-• 1 %  
3 2 as 

- 1  f = -  

D i r e c t  I n p u t  Aerodynamic Force C o e f f i c i e n t s  

The  p e r t u r b a t i o n  aerodynamic f o r c e s  a t  t h e  mth stat!.on, 
excluding t h e  v i scous  damper t e r m  s imula ted  by B zmd t h e  t e r m s  

p ropor t iona l  t o  s t r a i n s ,  are:  
1 

3 2  

- 1  f = -  
2 A S a  

1 
4 r  

e = -  
m 

cos6 
P = -  - 

6 r m 

- -  - e = f w  + f w  + f u  + f u  
'6 Cp 1 m + l  2 m  3 s , m + l  4 s l m  

where: 

1 f = -  
1 A s a  

D i r e c t  I n p u t  Aerodynamic Force C o e f f i c i e n t s  

The  p e r t u r b a t i o n  aerodynamic f o r c e s  a t  t h e  mth stat!.on, 
excluding t h e  v i scous  damper t e r m  s imula ted  by B z:nd t h e  t e r m s  

p ropor t iona l  t o  s t r a i n s ,  are:  
1 

3 2  



APPENDIX C. - Continued 

[ K i j ]  
The A ’ s  are t h e  c o e f f i c i e n t s  of a s t i f f n e s s  m a t r i x  
such th:?t 

[ K i j ]  = npV2 r m m  As 
A I  i j  

where 

A = c o s 2 g o ~  a 8  
1 1  

A 1 4  = - A 1 5  =[cos28)/2As m 

A = (cos2 B s in+r  m 
2 2  

A = s i r 1 2 $ * ~ ~  dB 
31 

A = - A = 
34 3 5  

3 3  
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