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ABSTRACT 

The a i m  of t h e  p r e s e n t  communication has  been t o  set  up t h e  E u l e r i a n  

system of  e q u a t i o n s  which governs t h e  motion of a s e l f - g r a v i t a t i n g  de- 

formable body ( regarded  as a compressible  f l u i d  of a r b i t r a r i l y  h igh  

v i s c o s i t y )  about i t s  own c e n t e r  of g r a v i t y  i n  an a r b i t r a r y  e x t e r n a l  f i e l d  

of f o r c e .  I f  t h e  l a t t e r  were p a r t i c u l a r i z e d  t o  r e p r e s e n t  t h e  t i d a l  

a t t r a c t i o n  of t h e  Sun and t h e  Moon, t h i s  motion would r e p r e s e n t  t h e  

l u n i - s o l a r  p r e c e s s i o n  and n u t a t i o n  of a f l u i d  E a r t h ;  i f ,  on t h e  o t h e r  

hand, t h e  e x t e r n a l  f i e l d  of force  were governed by t h e  Earth ( o r  t h e  

Sun) ,  t h e  motion would d e f i n e  t h e  p h y s i c a l  l i b r a t i o n s  of t h e  Moon regarded 

as a deformable body. All these  (and o t h e r )  cases a r i s i n g  i n  t h e  s o l a r  

sys tem w i l l  be  t r e a t e d  i n  d u e  course.  

The s p e c i f i c  a i m  of t h i s  f i r s t  of a series of r e p o r t s  i n  which t h e s e  

problems w i l l  b e  d i s c u s s e d  w i l l  be t o  e s t a b l i s h  t h e  e x p l i c i t  form of t h e  

sys tem of d i f f e r e n t i a l  equat ions  which a r e  b a s i c  t o  our  problem. One 

s p e c i f i c  a s p e c t  of t h e i r  solution--namely, dynamical t i d e s  on deformable 

b o d i e s  and t h e  consequent d i s s i p a t i o n  of energy--will  be d e f e r r e d  t o  a 

second r e p o r t  of t h i s  ser ies ;  while  r e p o r t s  111 and I V  w i l l  be concerned 

w i t h  p a r t i c u l a r  c a s e s  of t h e  precess ion  and l i b r a t i o n s  of t h e  Ear th  and 

t h e  Moon. The concluding r e p o r t  V w i l l  b e  devoted t o  a d i s c u s s i o n  of t h e  

d i f f e r e n c e s  which a r e  encountered i f  t h e  s e l f - g r a v i t a t i n g  deformable 

body behaves,  n o t  as a viscous f l u i d ,  b u t  r a t h e r  a s  an e l a s t i c  s o l i d .  

A s  w i l l  be shown, t h e s e  d i f f e r e n c e s  w i l l  prove t o  be l a r g e l y  formal ,  

and l i m i t e d  mainly t o  a d i f f e r e n t  i n t e r p r e t a t i o n  of t h e  parameters  

i n v o l v e d .  



I. INTRODUCTION 

The d i f f e r e n t i a l  e q u a t i o n s  which govern t h e  motions of s e l f -  

g r a v i t a t i n g  bodies  about t h e i r  c e n t e r  of gravity--whether f r e e  o r  

forced--have been known s i n c e  the  e a r l y  days of t h e  h i s t o r y  of r a t i o n a l  

mechanics; and t h e  i n v e s t i g a t o r s  of t h e i r  s o l u t i o n s  b e a r i n g  on t h e  

p r e c e s s i o n  and n u t a t i o n  of t h e  E a r t h ,  o r  t h e  p h y s i c a l  l i b r a t i o n s  of t h e  

Moon, i n c l u d e d  ( t o  name only the  g r e a t e s t )  Newton, E u l e r ,  Lagrange and 

Laplace.  A l l  t h e s e  i n v e s t i g a t o r s  assumed i n  common t h a t  t h e  body moving 

about  i t s  c e n t e r  of g r a v i t y  i n  an e x t e r n a l  f i e l d  of f o r c e  can b e  regarded 

as rigid; and i t s  e x t e r n a l  form ( o r  moments of i n e r t i a )  be f i x e d  and 

independent  of t h e  t i m e .  However, i t  w a s  n o t  t i l l  i n  t h e  second h a l f  

o f  t h e  1 9 t h  century  t h a t  i t  h a s  been g r a d u a l l y  r e a l i z e d  t h a t  a se l f -  

g r a v i t a t i n g  body of t h e  mass of t h e  Ear th  o r  t h e  Moon cannot be regarded 

as r i g i d  o r  incompress ib le ;  moreover, observa t ions  have revea led  ( a t  

least  i n  t h e  case of t h e  Ear th)  t h a t  i t s  form responds t o  a f l u c t u a t i n g  

e x t e r n a l  f i e l d  of f o r c e  through b o d i l y  t i d e s .  

A mathematical  t rea tment  of t h e  motion of deformable bodies  about 

t h e i r  c e n t e r  of  mass i n  an e x t e r n a l  f i e l d  of f o r c e  w a s ,  however, slow 

t o  come ( c f .  L i o u v i l l e ,  1858; Gyldgn, 1871; Oppenheimer, 1885; Darwin, 

1879;  Poincar6 ,  1910) and is s t i l l  f a r  from b e i n g  s o l v e d  f o r  t h e  p r e c e s s i o n  l 

o r  n u t a t i o n  of t h e  E a r t h ;  while  i t s  b e a r i n g  on t h e  p h y s i c a l  l i b r a t i o n s  

of  t h e  l u n a r  globe has  n o t  y e t  even been cons idered .  The a i m  of t h e  

p r e s e n t  series of r e p o r t s  w i l l  b e  t o  provide  a more comprehensive treat-  

ment of t h i s  s u b j e c t  than  h a s  been done by a l l  prev ious  i n v e s t i g a t o r s ,  
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and t o  do so on t h e  b a s i s  of t h e  fundamental  e q u a t i o n s  of hydrodynamics, 

i n  which t h e  t h r e e  v e l o c i t y  components 

expressed i n  terms of t h e  independent r o t a t i o n s ,  about t h e  t h r e e  

r e s p e c t i v e  axes x ,  y ,  z ,  w i t h  angular  v e l o c i t i e s  w w and w . 
Departures  from a hydrodynamical t r e a t m e n t ,  n e c e s s i t a t e d  i f  t h e  response 

of a deformable body t o  an e x t e r n a l  s t r a i n  i s  t h a t  of an e l a s t i c  s o l i d  

r a t h e r  than t h a t  of a viscous 

r a t h e r  than  "Kelvin-Voigt" body), w i l l  be taken  up i n  t h e  concluding 

r e p o r t  of t h i s  series. 

u ,  v ,  w w i l l  be s y s t e m a t i c a l l y  

x' y '  Z 

f l u i d , ( i . e . ,  i f  w e  d e a l  w i t h  a "Maxwell1' 

11. EQUATIONS OF THE PROBLEM 

A s  is w e l l  known, t h e  E u l e r i a n  fundamental  e q u a t i o n s  of hydrodynamics 

governing t h e  motion of compressible  v i s c o u s  f l u i d s  can be expressed  i n  

r e c t a n g u l a r  c o o r d i n a t e s  i n  t h e  symmetr ical  form 

aaxz - p - - -  a R  ap +-+A+- 
a0 ao xx Du 

P D t -  ax ax ax a Y  az 

where u,  v ,  w denote  t h e  v e l o c i t y  components of f l u i d  motion, a t  t h e  

t i m e  t, i n  t h e  d i r e c t i o n  of i n c r e a s i n g  c o o r d i n a t e s  x ,  y ,  z ,  r e s p e c t i v e l y ;  

D = a + U a + v - + w -  a a 
D t  - a t  ax a Y  az 

r e p r e s e n t i n g  t h e  Lagrangian t i m e - d e r i v a t i v e  ( f o l l o w i n g  t h e  mot ion) ;  

s t a n d s  f o r  t h e  l o c a l  d e n s i t y  of t h e  f l u i d ;  P ,  f o r  i t s  p r e s s u r e ;  a ,  f o r  

P 



- 3- 

t h e  t o t a l  p o t e n t i a l  ( i n t e r n a l  a s  w e l l  as e x t e r n a l )  of a l l  f o r c e s  

a c t i n g  upon i t ;  and 

are t h e  r e s p e c t i v e  components of t h e  v i scous  stress t e n s o r ,  where 

denotes  t h e  c o e f f i c i e n t  of v i s c o s i t y  and 

(2-11) 

t h e  d ivergence  of t h e  v e l o c i t y  v e c t o r  of t h e  f l u i d .  

As is  w e l l  known, equa t ions  (2-1) - (2-3) s a fegua rd  t h e  conse rva t ion  

of momentum of t h e  unde r ly ing  dynamical problem; and as such represent  

only  one-half of t h e  sys tem necessa ry  f o r  a complete s p e c i f i c a t i o n  of t h e  

s i x  dependent v a r i a b l e s  

u, v ,  w; 

P ,  p ,  Q; 

of our problem. 

w i t h  r e l a t i v e  ease: namely, t h e  e q u a t i o n  of c o n t i n u i t y  

Of t h e  remaining t h r e e  e q u a t i o n s ,  tw:, can be  ad jo ined  
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& + p A = O  
D t  

(2-12) 
.- 

sa fegua rd ing  t h e  conse rva t ion  of mass, and t h e  Po i s son  e q u a t i o n  

V2R = - 4 ~ G p  (2-13) 

which m u s t  be s a t i s f i e d  by t h e  g r a v i t a t i o n a l  p o t e n t i a l  ( G  

c o n s t a n t  of g r a v i t a t i o n ) .  

deno t ing  t h e  

The s o l e  remaining e q u a t i o n  r equ i r ed  t o  r ende r  t h e  s o l u t i o n  o f ' o u r  

sys tem de te rmina te  ( f o r  an a p p r o p r i a t e  se t  of boundary c o n d i t i o n s )  must 

b e  de r ived  from t h e  p r i n c i p l e  of t h e  c o n s e r v a t i o n  of energy ,  i n  t h e  form 

of an "equat ion  of state" r e l a t i n g  P and p ;  b u t  i t s  e x p l i c i t  formu- 

l a t i o n  w i l l  be  postponed u n t i l  a la ter  s t a g e  of our  a n a l y s i s .  

111. THE COMPONENTS OF VELOCITIES AND ACCELERATIONS 

I n  o rde r  t o  apply  t h e  sys tem of e q u a t i o n s  set  up i n  t h e  p reced ing  

s e c t i o n  f o r  t h e  s tudy  of t h e  motion of a s e l f - g r a v i t a t i n g  body about  i t s  

c e n t e r  of g r a v i t y ,  c o n s i d e r  t h e  t r a n s f o r m a t i o n  of r e c t a n g u l a r  c o o r d i n a t e s  

between an i n e r t i a l  ( f i x e d )  system of space axes x ,  y ,  z ,  and a r o t a t i n g  

sys tem of bo& (primed) axes x ' ,  y ' ,  z ' ,  p o s s e s s i n g  t h e  same o r i g i n ,  

b u t  w i t h  t h e  primed axes  r o t a t e d  w i t h  r e s p e c t  t o  t h e  space  axes  by t h e  

E u l e r i a n  a n g l e s  0, 9, $, i n  accordance  w i t h  a scheme i l l u s t r a t e d  on 

t h e  accompanying F igure  3-1. 

As is  w e l l  known, t h e  t r a n s f o r m a t i o n  of c o o r d i n a t e s  from t h e  

space  t o  t h e  body axes  i s  governed by t h e  f o l l o w i n g  m a t r i x  e q u a t i o n  
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Fig .  3-1 



-6 - 

a l l  a12  a13 

a21  a22  a 2 3  Ifj_ I a31  a32 a 3 3  

(3-1) .- 

expressed  i n  terms of t h e  E u l e r i a n  ang le s  i k '  where the  c o e f f i c i e n t s  a 

assume the  e x p l i c i t  forms 

a l l  = cos $ cos Q - cos  8 s i n  Q s i n  $I, 

a12 = - s i n  $ cos Q - cos 8 s i n  Q cos $, 

a13 s i n  8 s i n  $I 

(3-2) 

a21 = cos  $ s i n  4 + cos 8 cos Q s i n  $, 

a22 = - s i n  $ s i n  Q + cos 0 cos Q cos $, 

- s i n  8 cos Q - a23 - 9 

(3-3) 

a31 = s i n  $ s i n  8 ,  

a32 = cos $ s i n  8,  

a33 = COS e. 

( 3-4 1 

I n  o rde r  t o  o b t a i n  t h e  cor responding  space velocity-components 

u, v ,  w ,  le t  us  d i f f e r e n t i a t e  equa t ions  (3-1) w i t h  r e s p e c t  t o  t h e  t i m e .  

With d o t s  deno t ing  h e r e a f t e r  o r d i n a r y  ( t o t a l )  d e r i v a t i v e s  w i t h  r e s p e c t  

t o  t ,  we f i n d  t h a t  

i = u = Q11x' + i12y '  + i 13z '  + a l l%'  + a129' + a l 3 i ' ,  

i = w '  i31x '  + Q32y' + i 3 3 ~ '  + a3ljc' + a329' + a 3 3 i ' ;  

(3-5) 

( 3-6 1 

(3-7) 

9 = v = 5 2 1 ~ '  + 5 2 2 ~ '  + Q 2 3 ~ '  + a2 lk '  + a22jT' + a 2 3 i ' ,  
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whereas t h e  body velocity-components u', v', w '  fo l low from 

(3-9) 

(3-10) 

where 

(3-12) 

(3-13) 

(3-14) 

(3-16) 1 &23 - - + a13$ - a336 cos (I = a13w, - a33w, 

= a 2 p y 1  - a22ux1; 
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a 3 3  = 

where, t ak ing  advantage of t h e  f a c t  t h a t  

an d 

(3-20) 

(3-21) 

the  r e s p e c t i v e  angu la r  v e l o c i t i e s  of r o t a t i o n  are given by 

(3-22) 

(3-2 3) 

(3-24) 
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w i t h  r e s p e c t  t o  t h e  space  axes ;  o r  

(3-25) 

(3-26) 

wi th  respect t o  t h e  body axes ;  t h e  p a i r s  of a l t e r n a t i v e  equa t ions  a r i s i n g  

from t h e  f a c t  t h a t ,  by a t i m e - d i f f e r e n t i a t i o n  of t h e  r e l a t i o n s  a i j  a i k  = 6 j k  

i t  fo l lows  t h a t  aijhik + aikPij = 0. 

I n s e r t i n g  i n  t h e  equa t ions  (3-22) - (3-27) from (3-11) - (3-19) i t  

fo l lows  t h a t ,  i n  terms of t h e  Eu le r i an  angles, 

w X = 0 COS I$ + $ s i n  0 s i n  I$, 

w Y = 8 s i n  I$ - JI s i n  e cos 4, 

+ j, cos e + 4; - w -  z 

w h i l e  

w 

w 

= 6 s i n  e s i n  + + 6 cos +, 
= 4 s i n  0 cos + - 6 s i n  +, 

X' 

Y '  

ll) = 4 cos e + $ 9  
2 '  

( 3-2 8) 

(3-29) 

(3-30) 

(3-31) 

(3-32) 

(3-33) 

as could be a l s o  d i r e c t l y  v e r i f i e d  by an a p p l i c a t i o n  of t h e  i n v e r s e  of 

t h e  t r ans fo rma t ion  (3-l) , i n  accordance wi th  which 
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( 3- 3 4 )  -. 

With t h e  a i d  of t h e  preceding  r e s u l t s  t he  equa t ions  ( 3 - 5 )  - ( 3 - 7 )  o r  

( 3 - 8 )  - (3-10) f o r  t h e  velocity-components w i th  r e s p e c t  t o  t h e  space  o r  

body axes can be reduced t o  t h e  forms 

u = zw - ywz + u;, 
v = xw - zw + VE, 
w = yw - xu + WI, 

Y 

z X 

X Y 

( 3 - 3 5 )  

( 3 - 3 6 )  

( 3 - 3 7 )  

o r  

where 

= -z 'w  + Y ' W Z '  + uo, 

w '  = -y'wx' + x'w y l  + w o ,  

Y '  

z'  X '  
v '  = -x'w + z ' w  + vo, 

( 3 - 3 8 )  

( 3 - 3 9 )  

( 3 - 4 0 )  

( 3 - 4 1 )  

are t h e  space v e l o c i t y  components i n  t h e  d i r e c t i o n  of t h e  ro ta t ing  axes 

x', y ' ,  z ' ;  and 

ut, = a l l u '  + a12v' + a 1 3 w '  

vE, = a21u' + a22v' + a 2 3 w '  

w i  = a31u' + a 3 2 ~ '  + a 3 3 w 1  

( 3 - 4 2 )  

are t h e  body v e l o c i t y  components i n  t h e  d i r e c t i o n  of t h e  f i xed  axes 
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'. 
. 

I n  o rde r  t o  s p e c i f y  t h e  appropr i a t e  forms of t h e  components of 

a c c e k m t i o n ,  l e t  us d i f f e r e n t i a t e  t h e  foregoing  expres s ions  ( 3 - 3 5 )  - 

( 3 - 4 0 )  f o r  t h e  v e l o c i t y  components w i th  r e s p e c t  t o  t h e  time. 

s o  w e  f i n d  t h a t  those  wi th  respect t o  t h e  space axes assume t h e  forms 

Doing 
P 

G = ww + ZG - vu - yGz + q,  
ir = u w  + xGz - ww - z t  + + 6 ,  
6 = vu + yGx - u w  - XG + 66, 

Y Y z 

z X X 

X Y Y 

( 3-43)  

( 3 - 4 4 )  

( 3 - 4 5 )  

where t h e  v e l o c i t y  components 

t i o n s  ( 3 - 3 5 )  - ( 3 - 3 7 ) ;  and where, by d i f f e r e n t i a t i o n  of ( 3 - 4 2 ) ,  

u,  v ,  w have a l r eady  been given by equa- 

( 3 - 4 6 )  

( 3 - 4 7 )  

( 3 - 4 8 )  

The f i r s t  t h r e e  terms i n  each of t hese  express ions  r e p r e s e n t  obviously 

t h e  body a c c e l e r a t i o n s  wi th  r e spec t  t o  t h e  space  axes; and w e  s h a l l  

a b b r e v i a t e  them as 

( 3 - 4 9 )  
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and 

i! = - z ( w l  + w2) + x(wxwz - Ll ) + y(w w + Lx) 
+ (+)A + 2(v;)wx - u'w ) . 

Y Y Y Z  

(3-55) 
O Y  

The foregoing  e q u a t i o n s  r e f e r  t o  a c c e l e r a t i o n s  w i t h  r e s p e c t  t o  t h e  

i n e r t i a l  system of s p a c e  axes .  Those w i t h  r e s p e c t  t o  t h e  ( r o t a t i n g )  

body axes can b e  obta ined  by an analogous p r o c e s s  from t h e  e q u a t i o n s  

i! = - z ( w l  + w2) + x(wxwz - Ll ) + y(w w + Lx) 
+ (+)A + 2(v;)wx - u'w ) . 

Y Y Y Z  

(3-55) 
O Y  

The foregoing  e q u a t i o n s  r e f e r  t o  a c c e l e r a t i o n s  w i t h  r e s p e c t  t o  t h e  

i n e r t i a l  system of s p a c e  axes .  Those w i t h  r e s p e c t  t o  t h e  ( r o t a t i n g )  

body axes can b e  obta ined  by an analogous p r o c e s s  from t h e  e q u a t i o n s  

S i n c e ,  moreover, by i n s e r t i o n  from (3-11) - (3-13) and (3-421, 

e q u a t i o n s  (3-43) - (3-45) can b e  r e w r i t t e n  i n  a more e x p l i c i t  form 

and 

(3-50) 

(3-5 1) 

(3-52) 

il = - x ( J  + w',) + y(w w - ; ) + z(w w + ; ) 
Y X Y  = x z  Y 

+ + 2(whw - vbwz), (3-53) 
Y 

+ = -y(w'Z + w;) + z(w w - Lx) + x(w w + kZ) 

+ (+)A + 2(u;wz - w;)wx) , 
Y Z  X Y  

(3-54) 
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-. 
(3-56)  

(3-57) 

(3-58) 

e q u i v a l e n t  t o  (3-43) - (3-45); which on be ing  t r e a t e d  i n  t h e  same way 

as t h e  l a t te r  can e v e n t u a l l y  be reduced t o  t h e  form 

where t h e  space  v e l o c i t y  components U O ,  VO, wo i n  t h e  d i r e c t i o n  of 

i n c r e a s i n g  x ' ,  y ' ,  z '  cont inue t o  be g iven  by equa t ions  (3-41);  wh i l e  

t h e  cor responding  components of t h e  a c c e l e r a t i o n s  are given by 

(3-62) 

If, i n  p a r t i c u l a r ,  we  cons ide r  t h e  r e s t r i c t e d  case of a r o t a t i o n  about 

t h e  z-axis  on ly  (so t h a t  w = w = 01, equa t ions  (3-53) - (3-55) w i l l  
X Y  

reduce t o  t h e  sys tem 
* 

1 il = ( c ) ;  - 2vwz + m2 - ykz,  
Z 

= (ir)i + 2uw + yw2 + x3.  
Z Z 2 '  1 = ( + ) A ;  

(3-6 3) 



-14- 

w h i l e  equat ions  (3-59) - (3-61) w i l l  l i k e w i s e  reduce t o  

( 3-6 4 )  

It is t h e  a c c e l e r a t i o n s  i n  t h e  car touches  of  t h e  two systems--referred 

as they  a r e  t o  t h e  i n e r t i a l  space  axes--which should  b e  i d e n t i f i e d  wi th  

t h e  Lagrangian t i m e - d e r i v a t i v e s  

on t h e  lef t -hand s i d e s  of t h e  e q u a t i o n s  (2-2) - (2-3) of motion i f  t h e s e  

are r e f e r r e d  t o  t h e  i n e r t i a l  o r  r o t a t i n g  axes of c o o r d i n a t e s .  

A c l o s i n g  n o t e  concerning t h e  t i m e  d i f f e r e n t i a t i o n  of t h e  c o o r d i n a t e s  

o r  v e l o c i t i e s  should  b e  added i n  t h i s  p l a c e .  A s  

x f x ( t ) ,  y z y ( t ) ,  z - z ( t ) ,  (3-65) 

i t  fol lows t h a t  

i . e . ,  t h e  o r d i n a r y  ( t o t a l )  and p a r t i a l  d e r i v a t i v e s  of t h e  c o o r d i n a t e s  

w i t h  r e s p e c t  t o  t h e  t i m e  are obvious ly  i d e n t i c a l .  

no l o n g e r  t r u e  of t h e  t i m e - d i f f e r e n t i a t i o n  of  t h e  ve loc i t ies - -whether  

This i s ,  however, 

(3-66) 
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l i n e a r  o r  angu la r .  A s  

.. 

. 
u 3 u ( x , y , z ; t )  

v E v ( x , y , z ; t )  

w 3 w(x ,y , z ; t )  

( 3-6 7)  

o r  

where t h e  coord ina te s  (3-65) a r e  themselves  func t ions  of t h e  t i m e .  I n  

consequence, 

. - du au + au ax I a u  a y  au az 
d t  a t  ax a t  ay a t  az a t  

u = - - -  - + - -  
(3-69) 

au au au 
a Y  az + v - + w -  au = - + u z  a t  

by v i r t u e  of (3-66); and s i m i l a r l y  f o r  and G. Likewise,  

. - dw - aw + U %  a w + v - + w -  ao a w  
az w = - - -  

d t  a t  a Y  
( 3- 70) 

F o r  c o o r d i n a t e  systems r e f e r r e d  t o  the  r o t a t i n g  body axes s i m i l a r  

r e l t i o n s  hold  good; care be ing  merely taken  t o  r e p l a c e  t h e  unprimed 

c o o r d i n a t e s  o r  v e l o c i t y  components by t h e  primed ones.  

I V .  FORMATION O F  THE E U L E R I A N  E Q U A T I O N S  
F O R  P R E C E S S I O N  AND N U T A T I O N  

I n  S e c t i o n  I1 of t h i s  r e p o r t  w e  set  up the  gene ra l  form of t h e  equa- 

t i o n s  governing t h e  motion of compress ib le  viscous f l u i d s  i n  r e c t a n g u l a r  

c o o r d i n a t e s ;  and i n  S e c t i o n  111 w e  expressed  i t s  v e l o c i t y  components i n  
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terms of a r b i t r a r y  r o t a t i o n s  about  t h r e e  r e c t a n g u l a r  axes .  

t h e  p r e s e n t  s e c t i o n  w i l l  be  t o  combine t h e  fundamental equa t ions  (2-1) - 
The a i m  of 

(2-3) r e w r i t t e n  i n  terms of t h e  a n g u l a r  v a r i a b l e s  w i n t roduced  i n  

S e c t i o n  111 i n  a form s u i t a b l e  f o r  t h e i r  subsequent  s o l u t i o n .  

X , Y  $ 2  

I n  o r d e r  t o  embark on t h i s  t a s k ,  le t  us m u l t i p l y  e q u a t i o n s  (3-53) - 
(3-55) by x ,  y ,  z and form t h e i r  fo l lowing  d i f f e r e n c e s :  

zir = (y2 + z2)Lx + (y - z2)w w 
Y Z  

y ; J -  

- xy(Ly - oxoz) - xz(L + w w ) 

+ {y(G);, - . ( + ) A }  + 2y{v;wx - u;w } 

- 2z{u;wz - w p x } ,  

= X Y  

Y Z 
- yz(w2 - 02) 

Y 

(4 -1 )  

zc  - XG = (22 + x2); + (22 - x2)wxwz 
Y 

- yz(L, - w w ) - yx(Lx + w w ) 

+ {z(c);, - x(G);} + 2z{w'w - v;wJ 

- 2x{v;wx - u'w } ,  

Y X  Y Z  

- z x ( ~ 7  - w2) 
Z X 

O Y  

O Y  

( 4 - 2 )  

xi7 - yG = (x2 + y2)Lz + (x2 - y2)wxwy 

- zx(L - w w ) - zy(L + wxwz) 

- xy'.; - w2), 

+ {x(+) ;  - y(il);} + 2x{u;wz - ";lox} 

- 2y{w'w - Vh",}. 

x Y Z  Y 

Y 

O Y  

( 4 -  3) 

I f  so ,  however, equa t ions  (2-1) - (2-3) can b e  combined acco rd ing ly  t o  

y i e l d  
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’. 
. 

y 6  - ZiJ + -{y i a  - - -P a - I Y  a - z -}R a = y 3 -  Z G ,  ay P az a Y  

zli - xtj + -{z  i a  - - x -}P a - { z  - a - x-}n a = z s -  q 
P ax az ax az 

X C  - y; + p i x  i a  - - y -}P a - ( x  - a - y -}R a = x 6 -  y q  
a Y  ax a Y  ax 

where 

a 0  a 0  
aazx zz p3 f  =-+a+---- 

ax a Y  az , 

( 4 - 7 )  

( 4 - 8 )  

( 4 - 9 )  

r e p r e s e n t  t h e  e f f e c t s  of v i s c o s i t y .  

I n  o r d e r  t o  proceed f u r t h e r ,  l e t  us rewrite t h e  fo rego ing  expres s ions  

i n  terms of t h e  r e s p e c t i v e  v e l o c i t y  components. 

components u 

f i n d  t h e  expres s ions  on t h e  right-hand s i d e s  of equa t ions  ( 4 - 7 )  - ( 4 - 9 )  t o  

assume t h e  more e x p l i c i t  forms 

I n s e r t i n g  f o r  t h e  

of t h e  v i scous  stress t e n s o r  from (2-5) - (2-10) w e  
i j  

(4-10) 
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and 

wher A denotes ,  as b e f o r e ,  he  d ivergence  (2-11) of t h e  v e l o c i t y  

v e c t o r ;  and V2 s t a n d s  f o r  t h e  Laplacean o p e r a t o r .  

Next, le t  us  i n s e r t  f o r  t h e  v e l o c i t y  components u ,  v ,  w from 

(3-35) - (3-37); by doing s o  w e  f i n d  t h a t  

Y 

.- 

(4-11) 

(4-12) 

(4-13) 

(4-14) 

(4-15) 

and 
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( 4 - 1 6 )  

Before proceeding  f u r t h e r ,  one f e a t u r e  of b a s i c  importance should 

b e  brought  o u t  which w e  by-passed wi thout  c l o s e r  d i s c u s s i o n  a t  an e a r l i e r  

s t a g e :  namely, when by v i r t u e  of e q u a t i o n s  ( 3 - 3 5 )  - ( 3 - 3 7 )  o r  ( 3 - 3 8 )  - 

( 3 - 4 0 )  w e  r e p l a c e d  t h e  three dependent v a r i a b l e s  u ,  v ,  w o r  u ' ,  v '  , w '  

on t h e i r  l e f t -hand  s i d e s  by s i x  new v a r i a b l e s  w w , w and u;, v;, wb 

o r  w 

d e l i b e r a t e l y  c r e a t e d  redundancy p e r m i t s  us  t o  impose wi thout  t h e  l o s s  

x '  y z 

w w and UO, V O ,  wo on t h e i r  r ight-hand s i d e s .  This 
X ' '  Y" z '  

of g e n e r a l i t y  a d d i t i o n a l  c o n s t r a i n t s  on t h e s e  v a r i a b l e s ,  n o t  embodied 

i n  t h e  fundamental  e q u a t i o n s  of S e c t i o n  11; and t h i s  w e  propose t o  do a t  

t h e  p r e s e n t  t i m e .  We propose,  i n  p a r t i c u l a r ,  t o  assume t h a t  t h e  primed 

axes x ' y ' z '  o b t a i n e d  by a r o t a t i o n  of t h e  i n e r t i a l  system xyz, about 

a f i x e d  o r i g i n ,  i n  accordance wi th  t h e  t r a n s f o r m a t i o n  ( 3 - 1 )  remain 

rectangular--an assumption t o  which i m p l i e s ,  i n  e f f e c t ,  t h a t  the 

EuZerian angZes 0 ,  $, $ involved i n  t h e  d i r e c t i o n  c o s i n e s  a and, i k  

t h e r e f o r e ,  i n  t h e  a n g u l a r  v e l o c i t y  components w o r  w x' ,y '  , z '  as 

d e f i n e d  by e q u a t i o n s  ( 3 - 2 8 )  - ( 3 - 3 0 )  o r  ( 3 - 3 1 )  - ( 3 - 3 3 )  are functions of 

the time t aZone ( f o r  should they  depend, i n  a d d i t i o n ,  on t h e  s p a t i a l  

c o o r d i n a t e s  x ,  y ,  z ,  a r o t a t i o n  a s  r e p r e s e n t e d  by e q u a t i o n s  ( 3 - 1 )  would 

r e s u l t  i n  a c u r v i l i n e a r  coord ina te  sys tem) .  

X , Y  , Z  

This  assumption w i l l  n e a t l y  s e p a r a t e  t h e  p h y s i c a l  meaning of t h e  two 

groups of v a r i a b l e s :  f o r  while  t h e  a n g u l a r  v e l o c i t y  components w 

will d e s c r i b e  a Ytg id -body  rotation of o u r  dynamical system ( d u r i n g  which 

X,Y , Z  
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t h e  p o s i t i o n  of each p a r t i c l e  remains unchanged i n  t h e  primed c o o r d i n a t e s ) ,  

t h e  remaining v e l o c i t y  components u;1, v;1, wb w i l l  r e p r e s e n t  deformation 

of o u r  body, i n  t h e  primed system, i n  t h e  course  of t i m e .  I t  i s ,  there-  

f o r e ,  t h e  l a t te r  which w i l l  b e  of p a r t i c u l a r  i n t e r e s t  f o r  t h e  main 

problemwhich w e  have i n  mind; and i n  what f o l l o w s ,  w e  propose t o  i n v e s t i g a t e  

t h e  e x t e n t  t o  which t h e i r  occurrence may modify t h e  s t r u c t u r e  of o u r  

equat ions .  

I n  o r d e r  t o  do s o  w e  n o t i c e  f i r s t  t h a t ,  inasmuch as t h e  a n g u l a r  

v e l o c i t y  components are h e r e a f t e r  t o  be regarded as f u n c t i o n s  of t a l o n e  

i t  fo l lows  from (4-13) - (4-15) t h a t  

v2u = v L ; ,  

v2v = v b ; ,  

v2w = v2w; ; 

1 (4-17) 

and, s i m i l a r l y ,  t h e  d ivergence  (4 -16)  of t h e  v e l o c i t y  v e c t o r  w i l l  reduce 

t o  

I n  consequence, t h e  corresponding e x p r e s s i o n s  on t h e  r ight-hand s i d e s  

of equat ions  (4-10) - (4-12) are o b t a i n e d  i f  t h e  v e l o c i t y  components 

u, v ,  w p r e s e n t  t h e r e  are rep laced  by u;, vh, w h ;  and A by A h .  

Theref o r e ,  

(4-18) 
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+ - 2 &{2D1v;1 + D4w;} 
3 a Y  

+ 3 h{2DlwA az - D4v;} 

+ - 2 &{2D2u; - D5w;} 
3 ax 

and 

(4-19) 

(4-20) 

(4-21) 

where t h e  symbols D .  ( j  = 1, ... 6 )  s t a n d  f o r  t h e  fo l lowing  o p e r a t o r s  
J 
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and where 

denote  t h e  components of v o r t i c i t y  of t h e  deformation v e c t o r .  

( 4 - 2 4 )  

( 4 - 2 5 )  

( 4 - 2 6 )  

(4-2 7 )  

( 4 - 2 8 )  

( 4 - 2 9 )  

( 4 - 3 0 )  

As t h e  n e x t  s t e p  of our  a n a l y s i s ,  l e t  us i n t e g r a t e  both  s i d e s  of 

t h e  equat ions  ( 4 - 4 )  - ( 4 - 6 )  

w i t h  r e s p e c t  t o  t h e  mass element 

o v e r  t h e  e n t i r e  mass of our  c o n f i g u r a t i o n  

( 4 - 3 1 )  

I f ,  as u s u a l ,  

A = /(y2 Z2)dm, 

B = /(x2 + z2)dm, 

c = /(x2 + y2)dm 

( 4 - 3 2 )  

( 4 - 3 3 )  

( 4 - 3 4 )  

denote  the moments of i ner t ia  of o u r  c o n f i g u r a t i o n  w i t h  r e s p e c t  t o  t h e  
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axes  x ,  y ,  z ;  and 

D = yzdm, J ( 4 - 3 5 )  

( 4 - 3 6 )  

( 4 - 3 7 )  

s t a n d  f o r  t h e  r e s p e c t i v e  products of i n e r t i a ,  t h e  mass i n t e g r a l s  o f  t h e  

equa t ions  ( 4 - 4 )  - ( 4 - 6 )  combined wi th  ( 4 - 1 )  - ( 4 - 3 )  w i l l  assume t h e  

forms 

Abx + (C - B ) u  w - D(w2 - u:) - E(; + w w ) 

- F(Gy - w w ) 

Y Z  Y Z X Y  

x z  

+ 2wxfiyvb + zw;l)dm - 2 w  yuhdm - 2 w z ~ u ~ d m  

+ 1DlPdV - /DlQdm = J z ( G ) i  - y(0)A)dm + /p{y3f - z 6  )dV, ( 4 - 3 8 )  

Y I 
Bb + ( A  - C)wXoz - D(Lz - w w ) - E ( w i  - w2) Y X Y  X 

- F(Lx + w w ) 
Y =  

+ 2 w  j x u ;  + zwh)dm - 2wZ/zvidm - 2 w  X F ' d m  

- /D2Qdm = [{x(C)i - z(h) i ]dm + / p { z g  - xX}dV, (4 -39)  

and 

CbZ + (B  - A ) w  w - D(;I + 
X Y  Y 

+ 2wZ/(yvF, + xu;l)dm - 

W O )  - E ( ; I x - w w )  
x z  Y Z  

- F(w: - 02) 
Y 

- 2 w  lywbdm 
Y 

r 

The p reced ing  t h r e e  equa t ions  r e p r e s e n t  t he  e x a c t  form of t h e  

g e n e r a l i z e d  E u l e r i a n  equa t ions  governing t h e  p r e c e s s i o n  and n u t a t i o n  of 
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s e l f - g r a v i t a t i n g  c o n f i g u r a t i o n s  which c o n s i s t  o f  a v i scous  f l u i d .  They 

c o n s t i t u t e  a system of t h r e e  o rd ina ry  d i f f e r e n t i a l  equa t ions  f o r  w 

cons idered  as f u n c t i o n s  of t h e  t i m e  t a lone .  I f  t h e  body i n  q u e s t i o n  

w e r e  r i g i d  (non-deformable)--or, i f  deformable,  i t  were s u b j e c t  t o  no 

time-dependent deformation--al l  t h r e e  v e l o c i t y  components u ' ,  v ' ,  w '  

r e l a t i v e  t o  t h e  r o t a t i n g  frame of r e f e r e n c e  (and t h u s ,  by (3-42), 

u;, vh ,  wh) would be  i d e n t i c a l l y  ze ro .  I n  such a case, equa t ions  

(4-38) - (4-40) would reduce t o  t h e i r  more f a m i l i a r  form 

X , Y  , z  

and 

CLz + (B - A ) u  w - D(L + w w ) - E(& - w w ) 
X Y  Y x z  x Y Z  

- F(w2 - w2) + /D3PdV - b 3 R o d m  = 
X Y  

where w e  have decomposed t h e  t o t a l  g r a v i t a t i o n a l  p o t e n t i a l  

R = R o +  

i n t o  i t s  p a r t  a r i s i n g  from t h e  

t h a t  a r i s i n g  from e x t e r n a l  d i s  

.. 

(4-41) 

(4-42) 

(4-43) 

a1 (4-44) 

mass of t h e  r e s p e c t i v e  body (no) and 

u rb ing  f o r c e s  (n,) i f  any. 

I n  the  case of a r i g i d  body, t h e  e x i s t e n c e  of h y d r o s t a t i c  e q u i l i b r i u m  

r e q u i r e s  t h a t  

/DiPdV = biROdm (4-45) 
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I 

. 

. 

e x a c t l y  f o r  i = 1, 2 ,  3 .  

i n e r t i a l  axes  xyz 

our  c o n f i g u r a t i o n ,  i t  can be shown t h a t  a l l  t h r e e  moments of i n e r t i a  

( 4 - 3 5 )  - ( 4 - 3 7 )  can b e  made t o  vanish ;  and f o r  

I f ,  moreover, w e  choose our  system of 

t o  c o i n c i d e  with t h e  p r i n c i p a l  axes  of i n e r t i a  of 

o u r  e q u a t i o n s  (4-41) - ( 4 - 4 3 )  w i l l  reduce f u r t h e r  t o  

AGx + ( C  - B ) w  w = D1Rldm, 

Bh + (A - C ) w  w = D2Rldm, 

Chz + ( B  - A)w w = D3Rldm, 

Y Z  

Y x z  

X Y  

(4 -47)  

which is  t h e  f a m i l i a r  form of t h e  E u l e r i a n  equat ions  f o r  t h e  p r e c e s s i o n  

of r i g i d  b o d i e s .  

I f ,  however, t h e  body i n  q u e s t i o n  were f l u i d  and s u b j e c t  t o  d i s -  

t o r t i o n  by e x t e r n a l  forces--though n o t  n e c e s s a r i l y  ( l i k e  e q u i l i b r i u m  

t i d e s )  f l u c t u a t i n g  i n  time--equations ( 4 - 4 7 )  would cease  t o  b e  e x a c t  t o  

t h e  e x t e n t  t o  which e q u a t i o n s  ( 4 - 4 5 )  need no l o n g e r  hold  t r u e .  The r e a d e r  

may n o t e  t h a t  as long  as t h e  f u n c t i o n s  P ( r )  and RO(r) a r e  p u r e l y  

r a d i a l  ( a s  they would b e  i n  the absence of any d i s t o r t i o n )  o p e r a t i o n  wi th  

Di ( i  = 1, 2 ,  3 )  

c o n t i n u e  t o  be f u l f i l l e d  i d e n t i c a l l y .  The same argument d i s c l o s e s ,  

however, t h a t  f o r  f l u i d  bodies ,  e q u a t i o n s  ( 4 - 4 5 )  may become i n e q u a l i t i e s  

t o  t h e  e x t e n t  brought  about  by d i s t o r t i o n ;  and--to t h i s  extent-- the E u l e r i a n  

d i f f e r e n t i a l  e q u a t i o n s  f o r  t h e  p r e c e s s i o n  and n u t a t i o n  of r i g i d  and f l u i d  

b o d i e s  may be d i f f e r e n t  even i f  t h e  form of t h e  f l u i d  does n o t  vary  w i t h  

w i l l  a n n i h i l a t e  them completely;  s o  t h a t  e q u a t i o n s  ( 4 - 4 5 )  
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t h e  t i m e .  

I f ,  however, t h i s  l a t t e r  c o n d i t i o n  i s  n o t  f u l f i l l e d - - s u c h  as, f o r  

i n s t a n c e ,  i n  t h e  case when t h e  p e r i o d  of a x i a l  r o t a t i o n  of t h e  f l u i d  

body d i f f e r s  from t h a t  of t h e  r e v o l u t i o n  of an e x t e r n a l  a t t r a c t i n g  mass 

producing dynamical tides on t h e  r o t a t i n g  f lu id- - the  v e l o c i t y  components 

u;, v i ,  wh 

e q u a t i o n s  (4-38) - (4-40) which can b e  c l a s s i f i e d  i n  two groups.  Those 

on t h e  le f t -hand  s i d e s  of t h e  r e s p e c t i v e  e q u a t i o n s  are f a c t o r e d  by t h e  

a n g u l a r  v e l o c i t y  components 

v a r i a b l e s  of o u r  problem. However, t h e i r  c o e f f i c i e n t s  are n o t  c o n s t a n t s  

( l i k e  A ,  B y  C ;  D ,  E ,  F ) ,  b u t  f u n c t i o n s  of t h e  t i m e .  The second group 

of new terms a r i s i n g  on t h e  r ight-hand s i d e s  of t h e  same e q u a t i o n s  a r e  

w i l l  emerge t o  g ive  rise t o  supplementary terms i n  t h e  

wx, w y ,  wz which p l a y  t h e  r o l e  of dependent 

independent of w and render  our  system non-homogeneous. The f i r s t  

mass- integral  on t h e  r ight-hand s i d e s  of e q u a t i o n s  (4-38) - (4-40) a r i s e s  

X , Y , Z  

from t h e  a c c e l e r a t i o n s  

t o  deformation--irrespective of whether t h e  f l o w  due t o  t h i s  motion is 

( G I ; ,  ( + ) A ,  (6); exper ienced  by t h e  body s u b j e c t  

i n v i s c i d  o r  v i s c o u s ;  w h i l e  t h e  second group of volume i n t e g r a l s  ( t h e  

i n t e g r a n d s  of which are g iven  by e q u a t i o n s  (4-19) - (4-21)) r e p r e s e n t  

t h e  e f f e c t s  of v i s c o s i t y  p r o p e r ;  and i f  t h e  l a t t e r  i s  l a r g e ,  t h e s e  may 

b e  predominant. 
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