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. I. I n t r o d u c t i o n  

Research was begun on t h i s  p r o j e c t  i n  February ,  1966 by t h e  p r i n -  

c i p a l  i n v e s t i g a t o r  and two pa r t - t ime  r e s e a r c h  a s s i s t a n t s  w i t h  t h e  p r i n -  

c i p a l  i n v e s t i g a t o r  devo t ing  q u a r t e r  t i m e  t n  this r e s e a r c h .  During June 

and J u l y  of  1966, t h e  p r i n c i p a l  i n v e s t i g a t o r  devoted h i s  f u l l  t ime t o  

t h e  p r o j e c t .  S ince  August 1, 1966 t h e  r e s e a r c h  has  been c a r r i e d  on by 

two p a r t - t i m e  r e s e a r c h  a s s i s t a n t s .  

TI. R e s u l t s  

I n  t h e  o r i g i n a l  p roposa l  f o r  t h i s  r e s e a r c h  g r a n t ,  i t  was proposed 

" t o  make use  of e x i s t i n g  r e s e a r c h  i n  d e c i s i o n  theo ry ,  s u b j e c t i v e  prob- 

a b i l i t y ,  Bayes ian  i n f e r e n c e ,  and r e l a t e d  a r e a s  t o  a t t empt  t o  d e v i s e  

p r a c t i c a l  workable  methods which use  i n  a fo rma l  way t h e  p r i o r  i n f o r -  

mat ion."  T h i s  a t t e m p t  has  r e s u l t e d  i n  t h e  fo l lowing :  

1. Bib l iog raphy  - A r a t h e r  e x t e n s i v e  rev iew of t h e  l i t e r a t u r e  h a s  

been made and a b i b l i o g r a p h y  r e s u l t i n g  from t h i s  rev iew i s  p re sen ted  i n  

appendix 1. Th i s  b ib l iog raphy  i s  be ing  submi t ted  t o  a p r o f e s s i o n a l  
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j o u r n a l  f o r  p u b l i c a t i o n .  It i s  planned t o  supplement t h e  b i b l i o g r a p h y  

a s  new a r t i c l e s  a r e  pub l i shed  or as o t h e r  a r t i c l e s  come t o  t h e  a t t e n t i o n  

o f  t h e  i n v e s t i g a t o r s .  

2 .  C o n t r i b u t i o n s  t o  Textbooks - The a t t e m p t  t o  deve lop  new methods 

which can  be used i n  "co'okbook" f a s h i o n  has  had a profound e f f e c t  upon 

t h e  a t t i t u d e  of  t h e  p r i n c i p a l  i n v e s t i g a t o r  toward t h e  s t a n d a r d ,  o r  clas- 

s i c a l ,  s t a t i s t i c a l  methods. Although t h e s e  methods a r e  g e n e r a l l y  pre-  

s e n t e d  i n  c lass rooms as  d e c i s i o n  making d e v i c e s  ( f o r  example, d e c i d i n g  

whether  t o  a c c e p t  t h e  n u l l  hypo thes i s  o r  t h e  a l t e r n a t i v e  h y p o t h e s i s ,  o r  

d e c i d i n g  what number t o  use  as  an  e s t i m a t e  f o r  t h e  p o p u l a t i o n  mean), t h e  

p r i n c i p a l  i n v e s t i g a t o r  i s  convinced t h a t  t h e s e  same s t a t i s t i c a l  methods 

a r e  used i n  t h e  m a j o r i t y  of ca ses  not  a s  d e c i s i o n  making t o o l s  b u t  i n  a 

much more s u b j e c t i v e  way as devices  € o r  the  d e s c r i p t i o n  and p i e s e i i t a t i o n  

o f  d a t a .  The p r e s e n t a t i o n  o f  s t a t i s t i c s  from t h i s  p o i n t  of  view w i l l  

appea r  i n  a for thcoming ( e a r l y  1968) t e x t  book, co-authored  by t h e  p r i n -  

c i p a i  i n v e s t i g a t o r  on p r o b a b i l i t y  and s t a t i s t i c a l  i n f e r e n c e .  

3 .  Regress ion  Ana lys i s  - The c h i e f  e f f o r t  of t h e  i n v e s t i g a t o r s  has  

been i n  t h e  a r e a  of r e g r e s s i o n  a n a l y s i s .  

problems which have been s t u d i e d  are  a s  f o l l o w s :  

The major r e s u l t s  and / o r  

a.  Var iance  of p o s t e r i o r  margina l  d i s t r i b u t i o n  - It was noted  i n  a 

p rev ious  r e p o r t  t h a t  i n  a mul t iparameter  model t h a t  a p o s t e r i o r  margina l  

d i s t r i b u t i o n  may have l a r g e r  v a r i a n c e  t h a n  t h e  co r re spond ing  p r i o r  mar- 

g i n a l ,  even though t h e  data  appear t o  suppor t  q u i t e  s t r o n g l y  t h e  p r i o r  

margina l .  Th i s  problem has  been s t u d i e d  f o r  t h e  g e n e r a l  l i n e a r  r e -  

g r e s s i o n  model and c o n d i t i o n s  determined such t h a t  t h e  p o s t e r i o r  mar- 

g i n a l  w i l l  have s m a l l e r  va r i ance  t h a n  t h e  p r i o r  margina l  (appendix 2 ) .  

b.  P r i o r  D i s t r i b u t i o n  f o r  P o s i t i v e  S lope  - A problem f r e q u e n t l y  

encountered  i n  f i t t i n g  s t r a i g h t  l i n e s  t o  d a t a  i s  t h a t  t h e  u s u a l  l e a s t  



s q u a r e s  f i t  does  n o t  u se  t h e  p r i o r  knowledge t h a t  t h e  s l o p e  must be  non- 

n e g a t i v e  ( a s  i n  growth problems, f o r  example).  A n a t u r a l  way of d e a l i n g  

w i t h  such knowledge i s  t o  use  a p r i o r  d i s t r i b u t i o n  wi th  a l l  mass on t h e  

p o s i t i v e  ax is .  

2 
( 0, 0 ), a number of r e s u l t s  have been  ob ta ined  by us ing  one and two 

parameter  gamma d i s t r i b u t i o n s  f o r  @ (appendices  3 and 4 ) .  

For t h e  s imple  l i n e a r  model: Y. = P X .  + ei, ei - N 
1 1 

For t h e  s imple  l i n e a r  model Y = CY + BXi + ei, e - N ( 0, d), i i 

r e s u l t s  have been ob ta ined  by us ing  a n e g a t i v e  e x p o n e n t i a l  p r i o r  d i s -  

t r i b u t i o n  f o r  P w i t h  a uniform d i s t r i b u t i o n  f o r  cy (appendix 5 ) .  

c .  P r i o r  D i s t r i b u t i o n  f o r  S lope  - Known t o  be  i n  an I n t e r v a l  - I n  

s i t u a t i o n s  where s t r a i g h t  l i n e s  a r e  a c t u a l l y  f i t t e d  t o  da t a ,  i t  i s  

u s u a l l y  t h e  case t h a t  a l i n e a r  model i s  used because  o f  a background of  

knowledge which i n d i c a t e s  no t  on ly  t h a t  t h e  l i n e a r  mudel is a p p r o p r i a t e  

b u t  a l s o  a r ange  of l i k e l y  va lues  f o r  8 .  The i n v e s t i g a t o r s  have s t u d i e d  

u s i n g  a p r i o r  d i s t r i b u t i o n  w i t h  mass c o n c e n t r a t e d  i n  a n  i n t e r v a l  as com- 

pared  w i t h  t h e  u s u a l  c l a s s i c a l  e s t i m a t e s  (appendix 6 ) .  

4 .  Parameter  Es t ima t ion  - Rectangular  - Motiva ted  by t h e  problem 

d e s c r i b e d  i n  3c,  t h e  i n v e s t i g a t o r s  have used a Bayes e s t i m a t o r  f o r  t h e  

parameter of a un i form d i s t r i b u t i o n  w i t h  c l a s s i c a l  e s t i m a t o r s  s u b j e c t  t o  

t h e  r e s t r i c t i o n  t h a t  t h e  e s t i m a t e  l i e  i n  t h e  same range  of  v a l u e s  where 

t h e  mass of t h e  p r i o r  d i s t r i b u t i o n  i s  c o n c e n t r a t e d  (appendix 7 ) .  

5 .  T e s t i n g  Hypotheses - P r i o r  D i s t r i b u t i o n  on  t h e  Number of Sig-  

n i f i c a n t  E f f e c t s .  

a. S i n g l e  T e s t  - For a s i n g l e  t e s t  o f  s i z e  cy w i t h  power p ,  t h e  

p o s t e r i o r  d i s t r i b u t i o n  of  t h e  number of  non-zero e f f e c t s  (0  o r  1 )  g i v e n  

t h e  r e s u l t s  of  t h e  t e s t  is obta ined  when t h e  p r i o r  p r o b a b i l l t y  of a non- 

z e r o  e f f e c t  i s  m (appendix 8 ) .  



, 

b .  2 x 2 Tab le  - Pre l iminary  r e s u l t s  have been ob ta ined  f o r  t h e  

p o s t e r i o r  d i s t r i b u t i o n  of t h e  number of non-zero e f f e c t s  i n  a 2 x 2 

t a b l e  g iven  t h e  number of e f f e c t s  judged s i g n i f i c a n t  (appendix 9 ) .  

111. F u r t h e r  E f f o r t s  

The appendices  a t t a c h e d  t o  t h i s  r e p o r t  should  be viewed as pre-  

l i m i n a r y  r e p o r t s  inasmuch as a d d i t i o n a l  work i s  e i t h e r  i n  p rogres s  o r  i s  

planned f o r  t h e s e  t o p i c s .  
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APPENDIX 2 

Variance of P o s t e r i o r  Marginal  i n  Regress ion  A n a l y s i s  

2 
Assume Y = X$ + e, f N ( C  10 ,h)  = (2n) -' e-'ho h', w i t h  p r e d e t e r -  

t mined X of r a n k  p ,  sample s i z e  k. n = X X i s  t h u s  predetermined.  Assume 

a j o i n t  p r i o r  d i s t r i b u t i o n  on ( p , h  ) of Normal-Gama w i t h  parameters  
- -  

( b ' , v ' , n ' , v '  ). S i n c e  n i s  predetermined,  l e t  n '  = n. Then r a n k  

R e s u l t s  - _  
The j o i n t  p o s t e r i o r  d i s t r i b u t i o n  of ( @ , h  ) i s  Normal-Gamma w i t h  

parameters  

-1 -1 * 
= n'  + n = 2n, n" = f n , 

( n ' b '  + nb ) = ti( b '  + b ), r a n k  n" = p" = P >  

t (b - b ' )  n (b  - b ' )  
2(2k - P )  

=k-p ( V I  + v )  + 
2k - p 

w 

The p o s t e r i o r  margina l  of B i s  S t u d e n t  w i t h  

VI '  - 2 2 (ut'- 2 )  
w 

The p r i o r  margina l  of  @ i s  S t u d e n t  w i t h  
w 

E'( @ (  b ' , v ' , U ' n ' )  = b '  , 
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For  t h e  p o s t e r i o r  e s t i m a t e  b" t o  be  b e t t e r  t h a n  t h e  p r i o r  e s t i m a t e  b '  

w e  would want t h e  cor responding  d i agona l  e lements  of  V" l e s s  t h a n  t h e  

co r re spond ing  d i agona l  e lements  o f  V ' .  That  i s ,  

v"u" v ' u '  
2(U"-2) <v'-2 , which i m p l i e s  

t - 2  b - b ' )  n(b - b ' )  v '  - ( 3k - p v <  
k - p - 2  2 ( k  - P I  

- 2  3k - p 
k - p - 2  i s  dec reas ing  and g r e a t e r  t h a n  t h r e e  f o r  k - p>2. Now g (k )  = 

Thus, i f  i t  r e s u l t s  t h a t  v C 3v ' ,  t h i s  i m p l i e s  v C 

k - p > 2 .  

a r e  based on "good" p r i o r  i n fo rma t ion  v < 3v'  would r e a d i l y  fo l low and 

hence v < v ' .  S i m i l a r l y ,  f o r  a "good" p r i o r  e s t i m a t e  b '  

- 2  3k - p 
k - p - 2  v' f o r  

It would t h e n  seem t h a t  i f  t h e  p r i o r  e s t i m a t e s  b '  and v '  

3k - p - 2  
k - p - 2  L 

- 2  b - b ' ) L n ( b  - b ' )  
2(k - P )  

v '  - ( 3k - p and ( o r )  k s u f f i c i e n t l y  large v < k - p - 2  

would be  expec ted  t o  be  s a t i s f i e d .  I n  t h e  above s e n s e ,  t h e  p o s t e r i o r  

mean b" should  be  a more p r e c i s e  e s t i m a t e  of $ t h a n  t h e  p r i o r  mean b ' .  

S p e c i a l  cases:  p = 2 i n  prev ious  model. 

(a)  I f  i n  a d d i t i o n  t o  t h e  p rev ious  assumpt ions  we t a k e  b = b '  t h e n  t h e  

k - 4 "  p o s t e r i o r  e s t i m a t e  of  $ i s  b" = b '  and t h i s  r e q u i r e s  on ly  v < 

f o r  b" t o  be  more prec ise  t h a n  b ' .  

( b )  

and v = v '  w e  o b t a i n  s 

3k - 4 

bo 
( b l )  I f  i n  a d d i t i o n  t o  t h e  p rev ious  ass m t i o n s  w e  t a k e  b = b '  = - Y P  

2 1  X 2 2 

CX 

[ c  + - ]  a n d s  = s  E 
2 

bl - 2 
2 E X  

'E 

which a r e  t h e  s t a n d a r d  estimates g e n e r a l l y  used i n  e lementary  s t a t i s -  

t i c a l  methods c o u r s e s .  



APPENDIX 3 

Gamma P r i o r  D i s t r i b u t i o n  f o r  Regress ion  Through t h e  O r i g i n  

Consider t h e  model y = Xi@ + ei;  w i t h  each e i i 
independent ly  

z normally d i s t r i b u t e d  w i t h  mean 0 and v a r i a n c e  0 . Suppose w e  have t h e  

p r i o r  d e n s i t y  on B of f ( 6 )  = B '-'e-@ ; 0 @ < and 0 2 i s  assumed t o  
T ( V )  

be known. Also v i s  s p e c i f i e d .  

The l i k e l i h o o d  f u n c t i o n  i s  g i v e n  by 

The j o i n t  p o s t e r i o r  i s  

It t h e n  f o l l o w s  t h a t  t h e  p o s t e r i o r  of $ i s  

2 2  
) B - ( B - -  X ' X  . p(BI Y , U  , @ , V I  = B exp - 2 A  1 v-1 - X ' X  - 0  

2a2 

- A  2 a (B - a ) 2  where @ = B - - 1 LJ-1 - X ' X  
x 'x  = - B exp - K 20 

Comments : 

1. We a t tempted  t o  determine t h e  c h a r a c t e r i s t i c  f u n c t i o n  a s s o c i -  

a t e d  w i t h  t h e  p o s t e r i o r  d i s t r i b u t i o n  of $ f o r  t h e  g i v e n  p r i o r  and were 

c o n f r o n t e d  w i t h  t h e  incomple te  gamma f u n c t i o n  i n  t h e  form 

- - 2 2 
) d@ . 2 t 2  .a B u - l  J - X ' X  io  t exp - 1 -it@ 0 B - (B - -  X ' X  , 

- -  
2a2 2X'X C(@) =; e 

23 
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2. We reduced t h e  form of t h e  d e n s i t y  P(BI y,O 2 "  ,B,v) t o  

2 

x x  
- 0  , b G p - 7  ' X'X 1 v - 1  -a(B - b)  - B  e , where a = - 

.lm 2 K 

2 

LU 

and a t tempted  t o  de te rmine  t h e  form of K, which was dependent upon 

whether  b was p o s i t i v e  o r  n e g a t i v e .  We c b t a i n e d  

f v-1 Cr+l  - c v - i  ~ - 1 - a  r 2 - FCY+l (ab2)  , i f  b<O, - c U + l  b 
,-? 

- 
2 73 \ cY=o 

K =  'i 

L 
L C I  

I v-1 CY+l  '-' bv-l-CY 2, 1 + (-1) CY FCY+l(ab2) i f  b>o , - CY+l ' - 
2 2 2a 

x 6-1 
U - U  du - r(6) e 

where F6(x)  = 
0 

3 .  We c o n s i d e r e d  t h e  p o s t e r i o r  e x p e c t a t i o n  of B and obta ined  

V O + l  . . _  
- 0 -  

b ~ - ~  r. 2 A , - FCY+l (ab2)  . - E"(Bly) = 2 > - C r + l  
CY-0 ?-  2 2 

4 .  The p o s t e r i o r  v a r i a n c e  o b t a i n e d  was 

W 2 
+ (  ~ - 3 ~ - a u  du 

(u + b)  
u - l ) ( u  - 2) 

V"(B/y) = - 
( 2 a ) 2 ~  -b 2a 

Qo 2 2 u. - 1 v - 2 -au - 1- (u  + b) e du 
2a1 -b 



APPENDIX 4 

Two Parameter  Gamma P r i o r  D i s t r i b u t i o n  f o r  Regres s ion  Through t h e  O r i g i n  

We c o n s i d e r  t h e  same problem as i n  Appendix 3 b u t  w i t h  a two para- 

meter gamma p r i o r  of  t h e  form 

Conclus ions  : 

1. The p o s t e r i o r  d e n s i t y  of B i s  

.. 2 m u - 1  -a($ - b)  2 de 
and 1, = $ e X'X 

20 0 

a =  - CCJ where b = B - - X'X 

2. The p o s t e r i o r  mean of  $ i s  g i v e n  by 

V 0 

3 .  The p o s t e r i o r  v a r i a n c e  of i s  g i v e n  by 
CI 
L 

Iu1u+2- I U + 1  
V''(BI y )  = 3 't 

4 .  We e s t a b l i s h e d  a r e c u r r e n c e  r e l a t i o n  f o r  t h e  incomple te  gamma 

i n t e g r a l s  which d e f i n e  t h e  p o s t e r i o r  mean and v a r i a n c e  i n  (2 )  and ( 3 )  

above. The r e l a t i o n  i s :  

5. The p o s t e r i o r  mode o f  $ i s  g i v e n  by 

b 
2 2a 

'daLbL - 2a(u - 1) 
B m = - +  

25 



APPENDIX 5 

Simple L inea r  Regress ion  w i t h  P r i o r  D i s t r i b u t i o n s  on Three Parameters  

2 Consider  t h e  model y = cy + 8xi + e e - n(0,O ), w i t h  p r i o r  
i i' i 

d e n s i t i e s  

f ( 8 )  = c e - c @ , o < $ < = ,  

2 ,  
5 c Y s c y  1 h ( a )  = - cY,-ct, ' 

CnncI1.lsinn.s ! 

1. The j o i n t  p o s t e r i o r  d i s t r i b u t i o n  i s  g i v e n  by 

n 

LU i= 1 
cy 

where K-' = f ( 8 , a Y G l  y) da do  d8 . 
0 0  cy 1 1  

2.  The p o s t e r i o r  marginal  d e n s i t y  on 8 i s  
e 

2 
yi - F - $(Xi - X) 3 

2 

- CB e f " ( B  lY) a 6 4 n  + 1 where L = 
CL + (B - u 2 1  

i= 1 

26 



APPENDIX 6 

Comparison of Es t ima to r s  of Slope f o r  Regress ion  Through t h e  O r i g i n  

Suppose we have t h e  model y = 8Xi + ei ,  where t h e  e i i a r e  inde-  

penden t ly  normally d i s t r i b u t e d  wi th  mean 0 and v a r i a n c e  1. Also i t  i s  

b e l i e v e d  t h a t  @ l i e s  between a and b ,  w i t h  a b. 

a .  We have v a r i o u s  a l t e r n a t i v e s :  

( i )  S e t  a p r i o r  d i s t r i b u t i o n  on 8 concen t r a t ed  between a and 

b and o b t a i n  t h e  Bayes e s t i m a t e  f o r  8 .  

(ii) Use t h e  l e a s t  squares  e s t i m a t o r  of @ s u b j e c t  t o  t h e  

r e s t r i c t i o n  a S S b. 
... 

L S  

b.  Con jec tu re :  method (i) r e s u l t s  i n  a s m a l l e r  mean squa re  e r r o r  

t h a n  method ( i i )  r e g a r d l e s s  of t h e  p r i o r  we p i c k  f o r  8c [a ,b ] .  

c .  R e s u l t s :  

( i )  Consider a t runca ted  normal p r i o r  d e n s i t y  on 8 ,  

2 2 -1 /2  1 a + b  ( 8 - t ) 2 ,  aS8Sb, t= - D ' ( 8 (  t , U  ) = k(2nU ) 

U:> 0 a c o n s t a n t ,  and k-' = 

exp - - 2 ,  2u2 
b 

D ' ( 8 1  t , u 2 )  dB . 
a 

(1) The p o s t e r i o r  d i s t r i b u t i o n  f o r  B i s  g iven  by 

(B 2 -112 1 
D"(B( Y) = k2(2rry ) 

where k2 - 
exp - - 

2 4  

1 b -1 (2n:)-1'2exp - - 
a 2 4  

2" 2 2 
I: ( r 2 t  + u B > / ( r  + u 

n 
1 B = (X'X)' X ' Y  

27 
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2 1 r = (x'x)' 

y 2 = u r / ( v  + r )  2 2  2 2 

(2) The mean of t h e  p o s t e r i o r  d i s t r i b u t i o n  € s  g€ven by 

1 2 - exp - ?(cldb 1 - c2)  2 ( 2 ~ r ) " ~ v r  , exp - ?(clda - c2) 

( r 2  + V2)' N(cldb + C J  0 , l )  - N(-(clda + c 2 ) [  0 , l )  ) 

E"(B] Y) = 

2n r 2 ( a  + b)  + 2v @ 
2 2 + 

2(v + r ) 

mere c1 = u / r ( r 2  + v2>1/2 ,  

2 2 1 / 2  c = r ( b  - a ) /  2u (U + r ) , 2 
.. 

d = $ - a ,  

d, = b - 6 , and 

a 
4, 

N(. 1 0 , l )  denotes  t h e  cumula t ive  normal d i s t r i b u t i o n  w i t h  

mean 0 and v a r i a n c e  1. 

(ii) I f  w e  a t t a c k  the  same problem u s i n g  l e a s t  s q u a r e s  
h 

s u b j e c t  t o  t h e  c o n s t r a i n t  a S B L s  b w e  o b t a i n :  

I 
i f  (X'X)-'X'Y > b 



APPENDIX 7 

Comparison of Bayes Est imator  w i t h  C l a s s i c a l  Es t imator  

The v a r i a b l e  x h a s  d e n s i t y  f(xl  9 )  = l/@, 0 5 x 5 8 .  Suppose w e  

u s e  t h e  p r i o r  d e n s i t y  on 8 of  D l ( @ ) = l / ( b  - a ) ,  a S 8 5 b. I f  we t a k e  

a s a n p l e  of s i z e  n from f(xl e ) ,  y = x 

s t a t i s t i c  f o r  @ and t h e  d e n s i t y  of  y f o r  g i v e n  @ i s  

i s  a complete  and s u f f i c i e n t  max 

(A) We d e s i r e  t c  ccmpare t h e  %yes e s t h s t n r  f n r  Q v i t h  e s t % -  

mators  f o r  @ o b t a i n e d  by o t h e r  methods. 

R e s u l t s :  

n- 1 
, y 5 8 S b, a < y 5 b 

[(n - l ) (yb)  

Qn(bn-' - yn-') 

i s  t h e  p o s t e r i o r  d e n s i t y  of 8. 

(2)  The p o s t e r i o r  mean of @ i s  g i v e n  by 

n - 1 
n - 2 

ab(bn-2 - an-2) 
i f 0 5 y r a  

b n - l  - a  n-1 

n - 1 by(bn-2 - yn'2) i f a c y s b .  n- 1 
- Y  

Note: l i m i t  E"(81 y )  = a i f  0 < y 5 a 
y i f a c y s b  

P c 
29 
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E 
( 3 )  [Et t ( e1  y)]  = (a + b ) / 2  where i n d i c a t e s  t h e  expected v a l u e  

t a k e n  w i t h  r e s p e c t  t o  t h e  marginal  d e n s i t y  o f  y = x . max 
( 4 )  M.S.E.[E"(el y)]  = $Et1(@ly)]2 - ( a  + b)9 + 9 2 

2 n - 1  bn-2 - a  n-2 2a3 

- a  Y (n-2) (b-a)  bn-3 bn" n-l E[E"(81 y)]  = 2 

b n - l  n-1 dY ' ' + .P a (bn-2 - - Y  yn-2y2 
A 

(B) Now w e  t r y  a "best"  c l a s s i c a l  e s t i m a t o r  8 f o r  9 s u b j e c t  t o  

t h e  r e s t r i c t i o n  a S 8 S b. 

L e t  y = x 

f i x e d ,  d e f i n e d  by 

a s  before  and c o n s i d e r  t h e  e s t i m a t o r  of 9 ,  n max 

n n 
A a i f  y e -  n + l  a ,  

R e s u l t s  : 

(1) E [ e l  = 8 ,  So 8 i s  unbiased .  

n 2  n+2 

n + l  8 '  
a a . -  n e2  - - 1 

( 2 )  v (9)  = n ( n  + 2) L 
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Hypothesis  T e s t i n g  i n  a Bayesian S e t t i n g  

Consider t h e  v e r y  s i m p l e  s i t u a t i o n  f o r  t h e  model y = IJl + CY. + e 
i j  1 i j '  

, n;  with e d i s t r i b u t e d  normally independent ly  . . .  i = 1 , 2 ;  j = 1 , 2 ,  

w i t h  mean 0 and v a r i a n c e  CJ . Then c o n s i d e r  t h e  t e s t i n g  of 

i j  
2 

Hypothesis :  CY - CY = 0 1 2 

1 2 a g a i n s t  t h e  A l t e r n a t i v e :  CY - CY f 0. 

S t u d e n t ' s  t - t e s t  has  c e r t a i n  n i c e  p r o p e r t i e s  i n  t h i s  s e t t i n g  and 

has a power f u n c t i o n  of- t h e  form shown i n  F i g .  below, a s  a f u n c t i o n  of 

Now suppose w e  have p r i o r  i n f o r m a t i o n  of 8 = t h e  number of s i g -  

n i f i c a n t  e f f e c t s  ( i . e .  9 = 0 or 1) and a r e  w i l l . i n g  t o  assume t h e  p r i o r  

d i s t r i b u t i o n  

( 1 )  D ' (8)  = m ( 1  - m) e 1 - 9  

I f  w e  l e t  k = t h e  number of e f f e c t s  w e  dec la re  s i g n i f i c a n t  from 

our  t - t e s t ,  w i t h  s i g n i f i c a n c e  l e v e l  CY, t h e n  t h e  d i s t r i b u t i o n  of k f o r  

g i v e n  9 i s  

(2)  f ( k [  e= 0 )  = CY ( 1  - CU) , k = 0 , l  k 1 - k  

31 
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k 
(3 )  f ( k (  8 = 1 )  = p (1 - p > l m k ,  where p i s  t h e  v a l u e  of t h e  power 

f u n c t i o n  f o r  each v a l u e  of d .  Combining ( 2 )  and (3) we may w r i t e  

b i n i n g  (1) and (4)  we o b t a i n  

(5) k which D"(e,k) = [mp k (1 - p ) i  - k]l"[(l  - m)a ( 1  - a)' - k]l - e 

l e a d s  t o  

Now f 9 r  f i x e d  v a l u e s  of 8 and k v a r i o u s  s u r f a c e s  a r e  gene ra t ed  by 

l e t t i n g  m and p t a k e  v a l u e s  0 S m 5 1 and cy S p 5 1. 

i s  i n d i c a t e d  i n  f i g u r e  3. 

One such  s u r f a c e  

It i s  a l s o  m i l d l y  i n t e r e s t i n g  t o  s e e  t h e  

cu rves  gene ra t ed  by va ry ing  m f o r  f i x e d  cy and p ,  and t h o s e  cu rves  gen- 

e r a t e d  by va ry ing  p f o r  f i x e d  m and a!. These cu rves  a r e  i n d i c a t e d  i n  

f i g s .  2a and 2b below r e s p e c t i v e l y .  

.- In P 
Fig. 2a Fig. 2b 
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The surface generated by the posterior probabil i ty  of "no e f f e c t "  

g iven that  we accept the hypothesis a t  cw = 0.05  for the range of pos- 

s i b l e  values of  m ,  our p r i o r  probabil i ty  of  an "ef fect" ,  and the pos- 

s i b l e  values of the power function p. 
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