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One o f  t h e  most  powerful methods o f  d e a l i n g  w i t h  t h e  

d i f f e r e n t i a l  e q u a t i o n s  o f  a p p l i e d  mathematics i s  t h e  Laplace 

t r a n s f o r m a t i o n  method. 

adapted  t o  t h e  s o l u t i o n  of problems i n  conduct ion  of h e a t .  

T h i s  method i s  e s p e c i a l l y  w e l l  

I n  t h i s  i n t r o d u c t o r y  c h a p t e r  we w i l l  d e f i n e  t h e  

Laplace t r ans fo rm,  t h e  i n v e r s e '  Laplace t r ans fo rm,  and b r i e f l y  

d i s c u s s  some o f  t h e  p r o p e r t i e s  o f  t h e  Laplace t r a n s f o r m a t i o n  

method and i t s  u s e  i n  s o l v i n g  systems o f  d i f f e r e n t i a l  

e q u a t i o n s .  The e r r o r  f u n c t i o n  and Hermite polynomials  

a-ppeai- iii Ll. clle boiiy o f  t h e  t h e s i s  as t h e  resz l t  of c e r t a i n  

i n v e r s i o n s ,  s o  d e f i n i t i o n s  of t h e s e  f u n c t i o n s  w i l l  a l s o  be 

i n c l u d e d .  

D e f i n i t i o n  1.1: Let T be a f u n c t i o n  of e s p e c i f i e d  

f o r  8 > 0 .  Then t h e  Laplace t r ans fo rm of T ,  denoted by 

L{T(e) 1 ,  i s  t h e  f u n c t i o n  d e f i n e d  by 
. w  

-S e L{T(e)1 = t ( s )  = 1 e T(e)de  
0 

i f  t h e r e  e x i s t s  a complex number s such t h a t  t h e  above -I 

i n t e g r a l  converges .  I f  no such  s e x i s t s ,  t h e  Laplace t k a n s -  

f o r m  does n o t  e x i s t .  

Note: S t r i c t l y  speaking we shou ld  s a y  t h a t  i f  T i s  

a f u n c t i o n  d e f i n e d  by y = T ( 6 )  t h e n  t h e  Laplace t r a n s f o r m  of 
1 
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T ,  denoted by L { T } ,  i s  t h e  f u n c t i o n  d e f i n e d  by 

L{T}(s) = i W e e S e T ( e ) d e .  

u s e  t h e  s h o r t e r  though i n c o r r e c t  n o t a t i o n  L{T(e)}.  

I n s t e a d  o f  t h i s  n o t a t i o n  w e  w i l l  

D e f i n i t i o n  1 . 2 :  If  t h e  Laplace transforii l  o f  a 

f u n c t i o n  T i s  t ( s ) ,  i . e .  i f  L{T(e)}  = t ( s ) ,  t h e n  T i s  c a l l e d  

an i n v e r s e  Laplace t ransform of t ( s )  and w e  wr i te  symboli-  

tally T = L- '{ t ( s )}  where L - I  i s  c a l l e d  t h e  i n v e r s e  Laplace 

t r a n s f o r m a t i o n  o p e r a t o r .  

- 

One means o f  o b t a i n i n g  t h e  i n v e r s e  o f  a Laplace 

t r ans fo rm i s  g iven  i n  t h e  f o l l o w i n g  theorem. 

Theorem 1.1: (Complex I n v e r s i o n  Theorem) I f  

t ( s )  = L{T(e)} then  
y + i w  

T=Z;; i -  y - i m  
1 e s e t ( s ) d s ,  

where y i s  a r e a l  number s o  l a r g e  t h a t  a l l  t h e  s i n g u l a r i t i e s  

of t ( s )  l i e  t o  t h e  l e f t  of  t h e  l i n e  (y- im,y+im).  

Another u s e f u l  theorem i s  
m 

Theorem 1 . 2 :  Let L { T ( e ) }  = 1 f n ( s )  s a t i s f y  t h e  
n = l  

f o l l o w i n g  c o n d i t i o n s  

1. There e x i s t s  a y such t h a t  a l l  s i n g u l a r i t i e s  of 

f and f n  l i e  t o  t h e  l e f t  o f  t h e  l i n e  (Y-im,y+im). 

2 .  L{Tn(e) l  = f n ( s > .  

00 

3 .  1 e s e f n ( s )  converges un i fo rmly  for s on t h e  
n = l  

m 

l i n e  (y- im,y+i - ) .  Then T ( e )  = 1 Tn(e ) .  
n= 1 



3 

I n  t h e  body of the t h e s i s  t h e  Laplace t ransforms of 

c e r t a i n  f u n c t i o n s  a r e  used. Boundary c o n d i t i o n s  a r e  a l s o  

t ransformed and a r e  used  a s  bondary c o n d i t i o n s  o f  t h e  t r a n s -  

formed d i f f e r e n t i a l  equa t ions .  

f o r m a t i o n s ,  c e r t a i n  assumptions have been made r e g a r d i n g  t h e  

I n  performing t h e s e  t r a n s -  

n a t u r e  of t h e  f u n c t i o n s  involved .  To h e l p  c l a r i f y  what 

t h e s e  assumptions a r e ,  we f i r s t  p r e s e n t  a s e t  of s u f f i c i e n t  

c o n d i t i o n s  f o r  t h e  e x i s t e n c e  of t h e  Laplace t r ans fo rm,  and 

t h e n  j u s t i f y  a few o f  t h e  t r a n s f o r m a t i o n s  on boundary 

c o n d i t i o n s  t h a t  a r e  made l a t e r  i n  t h e  t h e s i s .  

D e f i n i t i o n  1 . 3 :  I f  r e a l  c o n s t a n t s  M > 0 ,  N > 0 and 

y e x i s t  such t h a t  f o r  a l l  e > N 

e - y e I T ( e )  1 ,  < M 

we s a y  t h a t  T(0) i s  a f u n c t i o n  of e x p o n e n t i a l  o r d e r  y a s  

e - -  o r ,  b r i e f l y ,  i s  of  e x p o n e n t i a l  o r d e r .  

Theorem 1 . 3 :  I f  a f u n c t i o n  T i s  p i ecewise  cont inuous  

i n  eve ry  f i n i t e  i n t e r v a l  0 - < e - < N and o f  e x p o n e n t i a l  o r d e r  

y f o r  0 > N ,  t h e n  i t s  Laplace t r a n s f o r m  t ( s )  e x i s t s  f o r  a l l  

s ’ Y .  

We t h u s  assume whenever n e c e s s a r y  t h a t  t h e  f u n c t i o n s  

invo lved  s a t i s f y  t h e  c o n d i t i o n s  o f  Theorem 1 .3 .  

Consider  t h e  system of p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  



I 
I 
I 
1 
I 
1 
I 

4 

where Q ,  R ,  k , ,  S,  a l ,  and a2 a r e  c o n s t a n t s  which a r e  

d e f i n e d  l a t e r ,  and T ,  and T 2  a r e  f u n c t i o n s  of  (+ ,e )  and 

(x, e)  r e s p e c t i v e l y .  

One o f  t h e  boundary c o n d i t i o n s  used  l a t e r  i n  

connec t ion  w i t h  t h i s  system i s  T1(O,e) = T 2 ( 0 , e ) ,  e - > 0. 

The Laplace t r ans fo rm of t h i s  c o n d i t i o n  i s  w r i t t e n  - 
t , ( O , s )  = t 2 (O ,S) .  

To s e e  why t h i s  i s  t r u e  we have only  t o  w r i t e  t l  and t p  i n  

terms of t h e i r  i n t e g r a l  d e f i n i t i o n s .  That i s  

e - S e T 2 ( 0 , e ) d e  = t 2 ( 0 , s ) .  * 

The Laplace t r a n s f o r m  of t h e  f i r s t  e q u a t i o n  i n  (1 .1)  i s  

g iven  by t h e  e q u a t i o n  

Let  us  c o n s i d e r  what assumptions r e g a r d i n g  t h e  f u n c t i o n  T, 

a r e  n e c e s s a r y  i n  w r i t i n g  ( 1 . 2 ) .  The term we a r e  concerned 

w i t h  i s  t h e  term .-+. I n  o b t a i n i n g  (1.2)  from (1.1)  we a 2 T  
a $  

have made t h e  a s s e r t i o n  t h a t  

(1 .3)  

I f  T, i s  such  t h a t  t h e  o r d e r  o f  i n t e g r a t i o n  and d i f f e r e n t i -  

a t i o n  can be in t e rchanged  w e  have 
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By L e i b n i t z ’ s  Rule [ 3 ,  p .  3 2 2 1 ,  we can i n t e r c h a n g e  t h e  o r d e r  

of i n t e g r a t i o n  and d i f f e r e n t i a t i o n  i n  t h i s  manner, i f  f o r  - 
each 8 > 0 ,  T , ,  %, and -4- a 2T e x i s t  and a r e  cont inuous  

aJ, 
f u n c t i o n s  of J, f o r  J, > 0 .  Thus t h e  assumptions of c o n t i n u i t y  

of T l  and i t s  f i r s t  and second p a r t i a l  d e r i v a t i v e s  w i t h  

r e s p e c t  t o  J, ,  and t h e  assumptions t h a t  T ,  and t h e  second 

p a r t i a l  of T ,  w i t h  r e s p e c t  t o  J ,  a r e  of e x p o n e n t i a l  o r d e r ,  

- 

a l low us  t o  w r i t e  (1 .3 ) .  

A s  a f i n a l  example, we j u s t i f y  t h e  fo l lowing  

t - ransformat ion  o f  a boundary c o n d i t i o n .  Suppose we have 

t h e  c o n d i t i o n  t h a t  

(1 .4)  a i s  a‘ nonnegat ive d e c r e a s i n g  f u n c t i o n  o f  J,. a $ ,  

We now j u s t i f y  t h e  r e s u l t  t h a t  (1.4) t r ans fo rms  i n t o  t h e  

c o n d i t i o n  

(1.5)  i s  a nonnegat ive d e c r e a s i n g  f u n c t i o n  of J,. 

I 

Showing t h a t  (1 .4)  . i m p l i e s  (1 .5)  i s  t h e  same as showing t h a t  

(1 .4)  i m p l i e s  

JWe-”Tlde is  a nonnegat ive  d e c r e a s i n g  f u n c t i o n  of 
0 

-6j; 

IJ- 
Again u t i l i z i n g  L e i b n i t z ’ s  r u l e  w e  can w r i t e  
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aT 
aJ, 

i f  we a s sme  t h a t  T, azd 2 a r e  cont inuous  f u n c t i o n s  o f  9 

f o r  J, > 0 and e > 0 ,  and t h a t  they  a r e  o f  e x p o n e n t i a l  o r d e r .  - - 
C l e a r l y  

aT 
aJ, 

i s  nonnegat ive  s i n c e  1 i s  nonnegat ive .  I t  i s  al’”so”-clear 

t h a t  

f o r  any increment  AJ, > 0 s i n c e  * i s  a d e c r e a s i n g  f u n c t i o n  

0-f J,. 

d e c r e a s i n g  f u n c t i o n  of jl. 

a $  
The re fo re  $ has  t h e  p r o p e r t y  t h a t  i t  i s  a nonnegat ive  

B r i e f l y ,  t h e  Laplace t r a n s f o r m a t i o n  method o f  s o l v i n g  

I 
1 
I 
I 
I 

a sys tem of d i f f e r e n t i a l  e q u a t i o n s  i n v o l v e s  t h e  f o l l o w i n g  

s t e p s .  A p p l i c a t i o n  of t he  Laplace t r a n s f o r m a t i o n  t o  a 

p a r t i a l  d i f f e r e n t i a l  equa t ion  i n v o l v i n g  on ly  one space  

v a r i a b l e  and one t ime v a r i a b l e ,  reduces  t h e  p a r t i a l  d i f f e r -  

e n t i a l  e q u a t i o n  t o  an o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n .  The 

e q u a t i o n  thus  d e r i v e d  i s  r e f e r r e d  t o  a s  t h e  “ s u b s i d i a r y  

e q u a t i o n . ”  The boundary c o n d i t i o n s  f o r  t h e  s u b s i d i a r y  

e q u a t i o n  a r e  o b t a i n e d  by app ly ing  t h e  Laplace t r a n s f o r m a t i o n  

t o  t h e  boundary c o n d i t i o n s  o f  t h e  i n i t i a l  p a r t i a l  d i f f e r -  

e n t i a l  e q u a t i o n s .  By us ing  s t a n d a r d  methods o f  o r d i n a r y  
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d i f f e r e n t i a l  e q u a t i o n s ,  the s u b s i d i a r y  e q u a t i o n s  a r e  so lved  

u s i n g  t h e  t ransformed boundary c o n d i t i o n s .  The Laplace 

t r ans fo rm of t h e  s o l u t i o n  of t h e  problem i s  t h e n  known and 

t h e  p r e b l e m  i s  s o l v e d  i f  an i n v e r s i o n  o f  the t ransformed 

s o l u t i o n  can be made. 

I n  p r a c t i c e  t h e  i n v e r s e  Laplace t r ans fo rm of a 

f u n c t i o n  i s  u s u a l l y  obta ined  from a t a b l e  of i n v e r s e  Laplace 

t r ans fo rms .  I f  t h e  i n v e r s e  of a f u n c t i o n  does n o t  appear  i n  

a t a b l e  b u t  t h e  f u n c t i o n  can be expres sed  a s  t h e  p roduc t  o f  

two f u n c t i o n s  whose i n v e r s e s  d o ' a p p e a r  i n  t h e  t a b l e ,  t h e  

f o l l o w i n g  theorem i s  u s e f u l .  

Theorem 1 . 4 :  ' (Convolut ion Theorem) I f  

L- ' { t ( s ) )  = T ( e )  and L - l { g ( s ) }  = G ( e ) ,  t h e n  

I f  t h e  t r ans fo rm t ( s )  does n o t  appear  i n  a t a b l e  of 

Laplace t r ans fo rms ,  T can o f t e n  be de te rmined  from t ( s )  by 

u s i n g  Theorem 1.1. 

We s t a t e  t h e  fo l lowing  d e f i n i t i o n s  of , €unc t ions  

which w i l l  be used  i n  the  body of t h e  t h e s i s .  

D e f i n i t i o n  1 . 4 :  [ l ,  p .  2 9 7 1  The f u n c t i o n  e r f  

d e f i n e d  by 

e r f  z = - -(Ze-t2dt 

i s  c a l l e d  t h e  e r r o r  f u n c t i o n .  

D e f i n i t i o n  1 . 5 :  [l, p .  2971 The f u n c t i o n  e r f c  

d e f i n e d  by 
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is called the complementary error function. 

Definition 1.6: [l, p. 2 9 9 1  

z n-1 in-'erfc z (n=1,~,3, . . . I  i erfc z = - - i erfc z + n 
n zi 

where 
2 

and ioerfc z = erfc z. i-lerfc z = - 2 e-z 
G 

Definition 1.7: [l, p. 7 7 5 1  The functions Hn(x) 

where by [;] we mean the largest integer l e s s  than or equal, 

to , are called Hermite polynomials. n 

c -. 



1. 
1 
I 
I 
I 

I 

I 
i 
I 
I 
I 
I 
I 
I 
I 
1 
1 

CHAPTER I1 

STRAIGHT WIRE 

- 
We f i r s t  cons ide r  t h e  problem of o b t a i n i n g  t h e  

tempera ture  d i s t r i b u t i o n  i n  a t h i n  s k i n  t o  which a s t r a i g h t  

w i r e  has  been a t t a c h e d .  A h e a t i n g  r a t e  Q i s  assumed t o  be 

uniform over  t h e  s u r f a c e  and c o n s t a n t  w i t h  t ime.  

The fo l lowing  diagram p i c t o r i a l l y  d e s c r i b e s  t h e  

p h y s i c a l  s i t u a t i o n .  

Wire: 0 
Radius r 

P r o p e r t i e s  c 2 , ~ 2 , k 2  

F igu re  2 . 1 .  

‘ I  R 

9 

i n g  
4 

Thin 
Sk in :  

Thickness  S 
P r o p e r t i e s  
. C l , P ’ l , k l  
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1 0  

Throughout t h i s  

J, 

X 

S 

r 

C 1  

c2 

P 1  

P 2  

k l  

k2 

-k, 
“2-c2P2 

t h e s i s  t h e  fo l lowing  n o t a t i o n  w i l l  be  used: 
r 

i s  t h e  angle  measured from t h e  w i r e .  

i s  t h e  d i s t a n c e  down t h e  wire  from t h e  

s k i n .  

i s  t h e  t ime. 

i s  t h e  r a d i u s  of c u r v a t u r e  of t h e  s k i n .  

i s  t h e  temperature  o f  t h e  s k i n .  

i s  t h e  tempera ture  o f  t h e  wire .  

i s  t h e  h e a t i n g  r a t e  p e r  u n i t  a r e a  o f  t h e  , 

s k i n .  

i s  t h e  s k i n  t h i c k n e s s .  

i s  t h e  r a d i u s  of t h e  w i r e .  

i s  t h e  s p e c i f i c  h e a t  of t h e  s k i n .  

i s  t h e  s p e c i f i c  h e a t  o f  t h e  w i r e .  

i s  t h e  d e n s i t y  of t h e  s k i n .  

i s  t h e  d e n s i t y  of t he  w i r e .  

i s  t h e  t h e r n a l  c o n d u c t i v i t y  o f  t h e  s k i n .  

i s  t h e  thermal  c o n d u c t i v i t y  o f  t h e  wire. 

i s  t h e  thermal  d i f f u s i v i t y  of t h e  s k i n .  

i s  t h e  thermal  d i f f u s i v i t y  o f -  t h e  w i r e .  

The fo l lowing  assumptions a r e  a l s o  made: 

1. The t h i n  s k i n  i s  cons ide red  t o  have i n f i n i t e  

thermal  c o n d u c t i v i t y  i n  the  t h i c k n e s s  dimension. 

2 .  There i s  no hea t  t r a n s f e r  f r o m  t h e  r e a r  s i d e  of 

t h e  s k i n  excep t  through the  w i r e .  

i 
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3 .  The w i r e  h a s  i n f i n i t e  thermal  c o n d u c t i v i t y  i n  

t h e  d i r e c t i o n  pe rpend icu la r  t o  i t s  a x i s .  

4 .  The w i r e  is assumed t o  be i n f i n i t e l y  long and 

h e a t  t r m c f e r  f r n m  t h e  s u r f a c e  o f  t h e  w i r e  i s  n e g l e c t e d .  

5. The thermal  c a p a c i t y  o f  t h e  m a t e r i a l  o f  t h e  t h i n  

s k i n  a d j a c e n t  t o  t h e  j u n c t i o n  i s  n e g l e c t e d .  This  i s  t h e  

m a t e r i a l  enc losed  w i t h i n  t h e  r a d i u s  r and of  t h i c k n e s s  S.  

6 .  The h e a t i n g  r a t e  Q i s  assumed t o  be uniform over 

t h e  f a c e  and c o n s t a n t  wi th  t ime.  

The d i f f e r e n t i a l  e q u a t i o n  t h a t  must be s a t i s f i e d  i n  

t h e  s k i n  i s  

This  e q u a t i o n  e s s e n t i a l l y  d e s c r i b e s  t h e  f low of h e a t  i n  t h e  

s k i n .  The e q u a t i o n  d e s c r i b i n g  t h e  l i n e a r  f low o f  h e a t  i n  a 

w i r e  on assumption 6f no r a d i a t i o n  i s  

We t h u s  have t w o  d i f f e r e n t i a l  e q u a t i o n s  t h a t  must be 

s a t i s f i e d .  

We n e x t  p r e s e n t  a s e t  o f  boundary c o n d i t i o n s .  

Assuming t h a t  our  system i s  i n i t i a l l y  a t  a zero  t empera tu re  

we have t h e  c o n d i t i o n  

T1($,0) = T2(X,O) = 0 J, > 0 ,  x > 0 .  

S ince  t h e  tempera tures  T1 ( 0 ,  e )  and T2  ( 0 ,  e )  a r e  t empera tu res  

a t  t h e  same p h y s i c a l  p o s i t i o n  we have T,(O,e) = T2(0 ,e )  e - > 0 .  

As we move f a r  enough down t h e  w i r e ,  away f rom t h e  s k i n ,  t h e  

tempera ture  approaches a c o n s t a n t  v a l u e .  This  f a c t  can be 
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1 2  

r e p r e s e n t e d  by t h e  s t a t emen t  

-2 aT (x -+ ..,e) = 0 e > 0 .  ax 

E q u a t i n g  t h e  h e a t  l o s t  from t h e  s k i n  t o  t h e  h e a t  drawn down 

t h e  w i r e  we have 

k1S2nr % (0,e)  = -k2"r2  z 2 ( O , e )  e > 0 .  . a R$ ax 

The c o o l i n g  e f f e c t  of  the w i r e  becomes l e s s  a s  we move away 

from t h e  w i r e .  Thus t h e  p h y s i c a l  s i t u a t i o n  a l s o  d i c t a t e s  

t h a t  -1 be a nonnegat ive d e c r e a s i n g  f u n c t i o n  of $, ,J, > 0. aT 
a$ 

The problem i s  thus one of s o l v i n g  t h e  system of  

equ a t i ons 

( 2  1) 

( 2 . 2 )  

w i t h  t h e  boundary c o n d i t i o n s  

( 2 . 3 )  T1(q,O)'= T2(x,0) = 0 : ;  

( 2 . 4 )  T 1 ( O , e )  = T2(0,e) ; 

aT ( 2 . 6 )  2k,S (O,e)  = - k 2 r  -2(0,e)  ax ; 

( 2 . 7 )  -1 i s  a nonnegat ive d e c r e a s i n g  f u n c t i o n  of $. aT 
a$ 
We now app ly  t h e  Laplace t r a n s f o r m  toj(2.J) and ( 2 . 2 ) .  

L e t t i n g  t, = Iwe-SeT1($ ,e )de  and t, = Iwe-SeT, (x ,e )de  w e  

have 
0 0 
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and 

d2tl = -((st, 1 - T,(x,+O)). a3? “ 2  

Using boundary condition (2.3), equations ( 2 . 8 )  and (2.9) 

simplify ‘ t o  

(2.10) 

and 

(2.11) 

d2tl + QR2 1 - R2 dJlZ W Y - G  Stl 

d‘t 1- 
a2 

&$= - st,. 

Boundary conditions (2.4)-(2.7) on T, and T, transform into 

the following boundary conditions on t l  and t, : 

(2.12) 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

dt2 - t o  as x + m  ; a F  

2 k l S  2 (0,s) = -k2r %2(0,s’) ; R f l  

dtl is a nonnegative decreasing function of  J I .  

The general solution of (2.11) is 

a7 

xG + d2e -xJsT;;;: t, = dle 

Similarly 

(2.17) 

the complete solution of (2.10) is 

Differentiating (2.16) with respect to x and applying 

boundary condition (2.13) forces the result d, = 0. 

Thus we have 
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(2.18) 

D i f f e r e n t i a t i n g  (2.17) with r e s p e c t  t o  11, and apply ing  

boundary c o n d i t i o n  (2.15) y i e l d s  t h e  r e s u l t  d3 = 0 .  

Therefore  

(2.19) t l  = d,+e - R J , W F -  + k2 . 
Using (2.18) and (2.19) i n  (2.12) produces t h e  e q u a t i o n  

Q'l = d2 . 
(2.20) d4+ ms2 

Boundary c o n d i t i o n  (2.14) i m p l i e s  t h a t  

(2.21) 2klS d 4 R 4 K  = - k 2 r d 2 J f i  

Solv ing  (2.20) and (2.21) a l g e b r a i c a l l y  f o r  d4  and making 

t h i s  s u b s t i t u t i o n  i n  (2.19) y i e l d s  t h e  r e s u l t  

(2 .22)  

where 

- k2r  
OiC' Q 2k1S and a5 - 

a l  = c l p l s  ' a 3  = Cccl)t ' 
Upon i n v e r s i o n  [ l ,  p .  1 0 2 6 ,  Formula 29.3.861, ( 2 . 2 2 )  becomes 

(2.23) T1 = - A E 4 0  i 2 e r f c  w + a l e  , 

where 

* *  
A = 8 1 8 5 ,  E = a3 + a5, and w = 
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CHAPTER I11 

BENT WIRE 

I n  t h i s  c h a p t e r  we e v a l u a t e  t h e  e f f e c t s  of thermal  

r e s i s t a n c e  and e x t r a  c a p a c i t y  between t h e  w i r e  and t h e  s k i n .  

The e x t r a  c a p a c i t y  i s  taken  i n t o  account  by u s i n g  a model 

where t h e  w i r e  i s  f a s t e n e d  a long  t h e  s k i n  f o r  some l e n g t h .  

A s  t h e  thermal  r e s i s t a n c e  and t h e  l e n g t h  a long  which t h e  

w i r e  i s  connected t o  t h e  s k i n  a r e  dec reased ,  t h e  s o l u t i o n  t o  

t h i s  model shou ld  approach t h e  s o l u t i o n  t o  t h e  s t r a i g h t  w i r e  

model. 

Extending o u r  n o t a t i o n  t o  encompass t h e s e  added 

concep t s ,  w e  l e t  n r e p r e s e n t  t h e  thermal r e s i s t a n c e  between 

t h e  w i r e  and t h e  s k i n ,  and R r e p r e s e n t  t h e  l e n g t h  a long  

which t h e  w i r e  i s  a t t a c h e d  t o  t h e  s k i n .  

The fo l lowing  diagram p i c t o r i a l l y  d e s c r i b e s  t h e  

p h y s i c a l  s i t u a t i o n .  

Wire : 0 
Radius r 

P r o p e r t i e s  cp , ~ 2 , k 2  

lp/ <Thin Skin :  
I Thickness  S 

P r o p e r t i e s  c1 ,PI , k l  

F igure  3 . 1 .  

1 5  
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We f i r s t  cons ide r  t h e  case  where t h e r e  is no 

r e s i s t a n c e  between t h e  wire  and t h e  s k i n ,  b u t  where t h e  w i r e  

i s  f a s t e n e d  a long  t h e  s k i n  f o r  some d i s t a n c e .  This  i s  t h e  

case  si = 0 and i f 0.  

The d i f f e r e n t i a l  equa t ions  f o r  t h i s  problem a r e  

i d e n t i c a l  t o  t h e  d i f f e r e n t i a l  e q u a t i o n s  f o r  t h e  p rev ious  

problem i n  Chapter  11. The boundary c o n d i t i o n s  a r e  a l s o  t h e  

same excep t  f o r  boundary c o n d i t i o n  ( 2 . 6 ) .  This  c o n d i t i o n  

equa te s  t h e  h e a t  drawn from t h e  s k i n  t o  t h e  h e a t  f lowing  

down t h e  w i r e .  Taking i n t o  account  t h e  " r e s e r v o i r "  e f f e c t  

of t h e  added l e n g t h  of wi re ,  boundary c o n d i t i o n  ( 2 . 6 )  

becomes 
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Transforming,  u s i n g  boundary c o n d i t i o n s ,  and proceeding  as 

i n  Chapter  I1 w e  f i n d  t h a t  

where 

2k S k r  = 1 , a 4  = c 2 p 2 r k  , and a s  = 2 

JG Jcrp 
Rewri t ing  t l  we have 

a,& + a 3  + a 5  s2  

The problem i s  then one of  i n v e r t i n g  t l .  The f i r s t  

term of t l  can be i n v e r t e d  i f  i t  i s  expanded u s i n g  p a r t i a l  

f r a c t i o n s .  Rewri t ing  p a r t  of  t h e  f i r s t  term of (3 .1)  w e  
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1 7  

have 

a l a 4 J s  + 8 1 8 5  - A Bd? + 1 
s 2 ( a 4 &  + E )  

- a4 
s 2 ( 6  + E/a4)  

where 

a4 
a5 

A = 8 1 8 5  and B = - . 
Using t h e  p a r t i a l  f r a c t i o n  expans ion  

e + -  B x + 1  = - + -  a b  + -  C + d 
' Z - q G g  x x2 x3 x4 X + P  

(3 .1)  becomes 

where 

-at(BE - as )  , b =  a =  9 

E 4  E 3  
az(BE - aq)  

Using t h e  r e l a t i o n s  [l, p .  1 0 2 6 ,  Formulas 29.3.84, 29.3.86, 

and 29.3.881, we have upon s i m p l i f i c a t i o n  

A(BE - a4)  
+ ( 2 6 u  

E 2  

where w = RJ, 
2 4- 
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Next we c o n s i d e r  t he  case  where t h e r e  i s  no c a p a c i -  

t a n c e  between t h e  w i r e  and t h e  s k i n ,  b u t  where t h e r e  i s  a 

r e s i s t a n c e  p r e s e n t .  This  i s  t h e  case  R = 0 and 52 # 0 .  

Agairi t h e  d i f f e r e n t i a ?  equat iof is  a r e  i d e n t i c a l  t o  

t h o s e  o f  t h e  s t r a i g h t  w i r e  problem. The boundary c o n d i t i o n  

t h a t  d i s t i n g u i s h e s  t h i s  problem from t h e  s t r a i g h t  wi re  

problem i s  boundary c o n d i t i o n  ( 2 . 4 )  . This  condi ' t ion s t a t e d  

t h a t  Tl(O,e)  = T2(0,  e ) .  The e f f e c t  of  a r e s i s t a n c e  between 

t h e  s k i n  and t h e  w i r e  i s  t o  r e s t r i c t  t h e  f low o f  h e a t  f rom 

t h e  s k i n  t o  t h e  w i r e  and cause t h e  tempera ture  of t h e  w i r e  

1. 
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t o  be l e s s  t h a n  i f  no r e s i s t a n c e  were p r e s e n t .  More s p e c i f i -  

c a l l y ,  boundary c o n d i t i o n  ( 2 . 4 )  becomes i n  t h i s  c a s e  

T1(O,e) - T2(0 ,e )  = s2k12TrS (0 ,e)  . 
The s o l u t i o n  o f  t h i s  ca se  i s  analogous t o  t h e  case  

9 = 0 and R # 0 and w e  p r e s e n t  h e r e  only t h e  r e s u l t  t h a t  

where 

k r  and a 5  = 3 . - ~ k , 2 ~ r S  
a2 - P - 
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We now a t t a c k  t h e  g e n e r a l  problem were bo th  52 and R 

a r e  nonzero.  The system o f  equa t ions  f o r  t h i s  problem i s  

( 3 . 2 )  

( 3 . 8 )  zis a nonnegat ive  d e c r e a s i n g  f u n c t i o n  of  J I .  
Y 

Upon t r ans fo rma t ion  and use  o f  boundary c o n d i t i o n  

( 3 . 4 ) ,  ( 3 . 2 )  and ( 3 . 3 )  become 

( 3 . 9 )  

and 

( 3 . 1 0 )  d 2 t 2  1 -&p = - S t 2  . 
a2 

Transforming boundary c o n d i t i o n s  ( 3 . 5 )  - ( 3 . 8 )  and a g a i n  u s i n g  

boundary c o n d i t i o n  ( 3 . 4 )  we o b t a i n  t h e  fo l lowing  s e t  of  

t ransformed boundary cond i t ions  : 

nk1Z.rrrS d t l ( O , $ )  . 
R a l r ,  (3.11) t l ( 0 , ~ )  t 2 ( 0 , ~ )  = 
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2 0  

- d t 2  - t o  as x + m  ; 
dx (3.12) 

(3.13) - 2 k l S  d t l ( ~ y s )  = c 2 p 2 r g s t 2 ( 0 , s )  - k2r  5 dt2  (0,s) ; 
R n  

(3.14) i s  a nonnegative dec reas ing  f u n c t i o n  of JI. 

A s  was seen  i n  Chapter 11, s o l u t i o n s  f o r  (3 .9)  and 
- 

(3.10) upon a p p l i c a t i o n  of boundary c o n d i t i o n s  (3 1 2 )  and 

(3.14) a r e  

(3.15) t 2  = d2e --2x 

and 

(3.16) 

where d 2  and d 4  a r e  c o n s t a n t s  t h a t  must be e v a l u a t e d  u s i n g  

c o n d i t i o n s  (3.11) and (3 .13) .  From c o n d i t i o n  (3.11) we have 

From c o n d i t i o n  (3.13) 

Solv ing  (3.17) and (3.18) a l g e b r a i c a l l y  f o r  d 4  we o b t a i n  

where 

a4 = c 2 p 2 r g  and a 5  - - - k 2 r  . 
6 2  

Thus from (3.16) 
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l e  t l = - A (  B 6 +  1 
s2 C s  + D G  + E 

, 

where 

D = a4+a2a5 , and E = a3+ a5 . 
I n v e r t i n g  t l  we o b t a i n  

-1 AB -1 A -1 7'1 = L I t 1 1  = - c L I P 1 1  - L I P 2 )  + a le  , 

where 

e -hJ 
P ,  = I 

s*(s  + D / C E  + E / C )  

and 

e - R $ J S T c r l  
P ,  = 

L 

s 2 ( s  + D / C 6  + E / C )  

Using t h e  q u a d r a t i c  formula P i  and P 2  xay be r e w r i t t e n  a s  

e - R $ G  
( 3 . 1 9 )  P ,  = 

s'(s* + G ) ( s *  + H) 

and 

(3.20) 
e - RJ, JsTccl 

P, = 
S 2 ( s 5  + G )  (s* + H) ' 

- .  

where 

(3.21) 

and 

(3.22) 

G=- D / C  + J L -  

D / C  - J D ' / C z  - 4E/C 
2 H =  

We now c o n s i d e r  t h r e e  p o s s i b l e  c a s e s  f o r  v a l u e s  o f  

G and H .  The f i r s t  case  we c o n s i d e r  w i l l  be  t h e  c a s e  where 
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G and H a r e  r e a l  o r  complex b u t  unequal .  The second case  

p r e s e n t e d  assumes t h a t  G and H a r e  complex b u t  unequal .  

F i n a l l y ,  i n  t h e  t h i r d  case ,  we s o l v e  t h e  problem where G and 

H a r e  a s s w e d  e q u a l .  

Case I :  G and H a r e  r e a l  o r  complex, and unequal .  

' Using p a r t i a l  f r a c t i o n s  we o b t a i n  

1 a6 + a7 + Eg + 
s*( s*+G) (s*+H) =-3- s s S s +G) 

where ' 

G+H? 
s 

1 and a l o  = 
1 

- G 3 (H - G )  
a g  = 

-H3(G-H) 

Using t h e  above p a r t i a l  f r a c t i o n  expans ion ,  P 1  can be 

i n v e r t e d  u s i n g  t h e  i n v e r s e  t r ans fo rms  r e f e r r e d  t o  e a r l i e r  i n  

t h e  c h a p t e r  [lt p .  1 0 2 6 ,  Formulas 2 9 . 3 . 8 4 ,  2 9 . 3 . 8 6 ,  and 

2 9 . 3 . 8 8 1 .  Noting t h a t  a 8  + . a g  + a l o  - - 0 we o b t a i n  t h e  

res111 t 

RJI where a g a i n  w = 
2- 

Again u s i n g  p a r t i a l  f r a c t i o n s  we o b t a i n  

1 

s 2  (s*+G) (s*+H) s 2  S 
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where 
1 -  a l l  = - - GH 

2 (G+H) (GH) - (G+H) = a8 , a14 = . -(GH)+(G+H)2 2 1 3  = 
(GH) (GH) 

9 

- - -  1 
a15 = 

. G4(H-G) 
1 = - E l 0  

H *  a g ,  and a16  = 
H 4  (G-H) 

Using t h e  above p a r t i a l  f r a c t i o n  expansion,  P 2  can be 

i n v e r t e d  u s i n g  t h e  same i n v e r s e  t ransforms used above f o r  

i n v e r t i n g  P I .  Noting t h a t  a 1 4  + a 1 5  + a 1 6  = 0 w e  have 

we have upon combining s i m i l a r  terms 

( 3 . 2 3 )  T1  = - 4 e ( i 2 e r f c  w) + 2 2 m ( D / E  - B)e-W2 

+ a l e  . 
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Because of t h e  p a r t i a l  f r a c t i o n  expansion used ,  t h e  above 

formula holds  only when G # H .  

C e r t a i n  v a l u e s  of t h e  o r i g i n a l  p h y s i c a l  parameters  

r e s u i t  i n  complex v a l u e s  f o r  G and H. I f  G 2nd H a r e  complex, 

t he  4 t h  and 5 t h  terms of ( 3 . 2 3 )  a r e  a l s o  complex. I t  may 

appear  s t r a n g e  t h a t  an equat ion  f o r  a p h y s i c a l  q u a n t i t y  such  

as tempera ture  would involve  complex terms. One might even 

beg in  t o  doubt t h e  v a l i d i t y  of t h e  s o l u t i o n .  This  appa ren t  

i r r e g u l a r i t y  i s  exp la ined  upon closer  examinat ion of t h e  

terms i n  ( 3 . 2 3 ) .  Using p r o p e r t i e s  of t h e  f u n c t i o n  e r f c ,  it 

can be shown t h a t  t h e  4 t h  and 5 t h  terms of ( 3 . 2 3 )  a r e  complex 

c o n j u g a t e s .  Summing complex con juga te s  r e s u l t s  i n  a r e a l  

number and our  worry about o b t a i n i n g  complex t empera tu res  

from ( 3 . 2 3 )  i s  now removed. 

I n  t h e  even t  t h a t  G and H a r e  complex, e q u a t i o n  ( 3 . 2 3 )  

does n o t  r e a d i l y  l end  i t s e l f  t o  numer ica l  c a l c u l a t i o n  f o r  

T I .  The fo l lowing  a l t e r n a t e  s o l u t i o n  may be of a s s i s t a n c e  

when G and H a r e  complex. 

Case 11: G and H a r e  complex and d i f f e r e n t .  

Our e q u a t i o n  f o r  T 1  i s  

( 3 . 2 4 )  

where 
- 2 Jsw JS e ( 3 . 2 5 )  P,  = 

s*-(s + D/C& + E/C) 

and 
-2J8w4F e ( 3 . 2 6 )  P2 = 

s2(s + D / C G  + E/C) 
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Let  

( 3 . 2 7 )  
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@ ( s )  = 1 
s + D / C &  + E / C  

Rather  t han  f a c t o r i n g  t h e  denominator o f  (3.27) u s i n g  t h e  

q u a d r a t i c  formula as  was done i n  o b t a i n i n g  (3 .19 )  and ( 3 . 2 0 ) ,  

we r e w r i t e  (3.27) as fo l lows  

- 1 - 1 
Q ( S >  = 

The Maclaurin expansion of + 1 converges a b s o l u t e l y  i f  

1x1 < 1. 

Thus 

( 3 . 2 8 )  

w i l l  converge a b s o l u t e l y  i f  jcD/cfi , a  + E / C ,  < 1 . 
Since  we have assumed t h a t  G and H a r e  complex, (3.21) and 

( 3 . 2 2 )  imply t h a t  (D/C)2 - 4 E / C  < 0 .  C ,  D ,  and E a r e  

nonnegat ive ,  ( t h e y  a r e  combinations of  nonnegat ive p h y s i c a l  

p a r a m e t e r s ) ,  s o  (D/C)2 - 4 E / C  < 0 i m p l i e s  

( 3 . 2 9 )  - < 1 .  D 
24EC 

The maximum va lue  of  

(3 .30)  

I 

i s  a t t a i n e d  when 

:3.31) = o .  D/C- D / C C  
2&(s + E/C) (s + E/C)2 
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Solv ing  (3 .31 )  a l g e b r a i c a l l y  f o r  s w e  f i n d  t h a t  s = E / C .  

Therefore  t h e  maximum value o f  (3 .30)  i s  

(3 .32)  D/CJE/C - < 1 by (3 .29)  . ZEJC -* 
Thus (3 .28)  converges a b s o l u t e l y  

From (3 .28 )  

(3 .33)  

Using p a r t i a l  f r a c t i o n s  

(3 .34)  
1 - b l +  b+ 2 3 - b  b 4  + b s s  4- 

s $ ( s  + D/CJF + E / C )  - - $  s s s *  (s + D / C G  + E / C )  
3 

where b ,  ;..., b,  a r e  c o n s t a n t s .  Applying (3 .33)  and (3 .34 ) ,  

(3 .25)  becomes 

(3 .35 )  P ,  = e 

n/2 
1 S 

+ (b4+b5s$ Y ( - D / C ) n  n + l  
n=O (s + E / C )  

S i m i l a r l y  

(3 .36 )  

where c l ,  ..., c6  a r e  c o n s t a n t s  o b t a i n e d  f rom t h e  p a r t i a l  
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f r a c t i o n  expansion of (3 .26) .  

1 
I 
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I 

Reca l l ing  (3 .24) ,  t h e  e q u a t i o n  f o r  T I ,  l e t  us 

c o n s i d e r  
A ( 3 . 3 7 )  

where 

(3.38) 

and 

Upon s i m p l i f i c a t i o n  

(3.40) 

L-'{QB} = - 4 e ( i 2 e r f c  u) + 2 2 a ( D / E  - B)e -u2 

From (3 .35 ) ,  (3 .36 ) ,  (3 .38) ,  and (3.39) I 

A BD + D2 + Z&[B - D/E)}erfc w + E  (-E E -  E2 

2 D 3  - w  + - ) e  
E 2  

+ E 2 - ( B C - -  A 1  B D 2  - -  2 C D  
E E 45- 

We observe t h a t  t h e  f i r s t  t h r e e  terms of (3.40) cor respond 

e x a c t l y  w i t h  t h e  f i r s t  t h r e e  terms of (3 .23 ) .  This  was t o  

be expec ted  because of the s i m i l a r i t y  of t h e  p a r t i a l  f r a c -  

t i o n  expansions used.  I t  does however s e r v e  a s  a check of  

t h e  p rev ious  r e s u l t .  

We n e x t  i n v e s t i g a t e  t h e  terms t h a t  were omi t t ed  i n  

( 3 . 4 0 ) .  These terms were  

AB -1 A -1 - L {P1 - PT} and - TT L {P2 - PE> . 

I 
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and 

Using t h e  a b s o l u t e  convergence o f  (3.28) w e  combine (3.41) 

and (3.42) and r e a r r a n g e  terms t o  o b t a i n  

The c o n d i t i o n s  o f  Theorem 1 . 2  a r e  s a t i s f i e d ,  t h e r e f o r e  (3.43) 

can be i n v e r t e d  termwise.  The 

(3.44) 1 
n+ 1 

( s  + E m  

o r  

(3.45) 

terms of a r e  o f  t h e  form 

1 S ( n + l )  / 2 e - 2 6 u J F  
n+ 1 ( s  + E 

Using [ l ,  p .  1 0 2 2 ,  Formula 29.3.101 and [ l ,  p .  1 0 2 6 ,  Formula 

2 9 . 3 . 8 7 1  (3.44) and (3.45) can be i n v e r t e d  u s i n g  convo lu t ion  

Theorem 1 . 4 .  The r e s u l t  f o r  t h e  i n v e r s e  o f  (3.44) i s  
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(3.46) 

(n=O, 1 , 2 , .  . .) . 
A s i m i l a r  r e s u l t  i s  ob ta ined  f o r  t h e  i n v e r s e  o f  (3 .45 ) .  From 

(3.46) t h e  f i r s t  p a r t  of (3.43) becomes, n e g l e c t i n g  a con- 

s t a n t  c o e f f i c i e n t ,  

I f  t h e  s e r i e s  i n  (3.47) can be shown t o  be uni formly  conver -  

g e n t ,  f o r  T i n  some i n t e r v a l  ( O , e o ) ,  t h e  o r d e r  of i n t e g r a t i o n  

and summation can be in te rchanged  f o r  8 80. 

Using t h e  i n e q u a l i t y  [ l ,  p .  787, Formula 2 2 . 1 4 . 1 7 1  

(3.48) IH,W i < e X2/ZK2"j2 dn! - I( N 1 . 0 8 6 4 3 j  

t he  d e s i r e d  uniform convergence can be ob ta ined  i f  e o  i s  

s u f f i c i e n t l y  s m a l l .  For example, i f  e o  < ( C R $ ) / ( D G ) ,  t h e  

i n t e g r a n d  i n  (3.47) converges uni formly  on t h e  i n t e r v a l  

[ O , e o l .  
I n  showing t h e  above uniform convergence, a non- 

n e g a t i v e  s e r i e s  of c o n s t a n t s  was shown t o  be a bound f o r  

( 3 . 4 7 ) .  This convergent  s e r i e s  and a s i m i l a r  one f o r  t h e  

second p a r t  of (3.43) could be used  i n  de te rmining  how many 

terms of (3.43) need be computed t o  o b t a i n  T1 w i t h i n  a g iven  

margin o f  e r r o r .  
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F i n a l l y  we c o n s i d e r  t h e  case where G and H a r e  assumed equa l .  

Case 111: G and H a r e  equa l .  

Our equa t ion  f o r  T, i s  again 

( 3 . 4 9 )  

where 

and 

e - R v J r n  
P2 = 

S 2 ( S *  + G )  (sk + H) 

The equa t ions  f o r  G and H a r e  

D / C  + J D Z / C L  - 4E/C 
2 G =  

and 

D / C  - J D L / C Z  - 4 E / C  H =  2 

Assuming G = H we have G = H = D . 
Using p a r t i a l  f r a c t i o n s  

and 

.. 

s 2 ( s *  + G )  (s* + H)  s 2 ( s *  + G)2 

U 
I 
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Theref o re  

and 

The o n l y  i n v e r s i o n  above t h a t  g ives  any t r o u b l e  i s  
c 

Using Theorem 1 . 4  we can i n v e r t  t h i s  term by w r i t i n g  

- 1  - R$ A=- - R $ G  1 

(s*  + G )  

and u s i n g  [l ,  p .  1 0 2 3 ,  Formula 29.3.371 and [l, p .  1 0 2 6 ,  

Formula 29.3.881 t o  g e t  
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R e c a l l i n g  ( 3 . 4 9 ) ,  t h e  equa t ion  f o r  T , ,  w e  have u s i n g  [ l ,  

p .  1 0 2 6 ,  Formulas 29.3.84, 29.3.86, and 2 9 . 3 . 8 8 1  t h a t  

(3.51) 

T1 = - c A ( E )  2 4 e ( i 2 e r f c  a> 

A 
+ c  

+ c  A 

1 3  3 A 1 4  (T;)  ( Z B  - c) e r f c  + ( E )  (-3B + 1 - - u2 e 

R$ where = 
2&T 

,We now make a comparison of  some of t h e  s o l u t i o n s  

ob ta ined  i n  t h i s  c h a p t e r .  Our s o l u t i o n  t o  t h e  problem where 

n 0 and R # 0 was 

( 3 . 5 2 )  T i  = - 4 8 ( i 2 e r f c  u) + ( -  A(BE - a4) 
E2 

E 
a4 ) e r f c  (- 6 + u )  + a l e  . ABE (A) 2 6 u  E 2 8 / a $  

a .  
e + (7 e a4 

4 
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Our s o l u t i o n  t o  t h e  problem where E =  0 and a f 0 was 

(3 .53 )  
2 

T~ = - fi 4 8 ( i 2 e r f c  w >  + A(a2a5) (2m) e - w  
E2 E 

+ a18 . 
To compare t h e s e  t w o  s o l u t i o n s  we w i l l  need t o  l o o k  a t  some 

of t h e  c o n s t a n t  terms t h a t  appear  i n  them. F o r  convenience 

we l i s t  some of t h e s e  c o n s t a n t s  below. 

k r  a 4  = c 2 p 2 r k  and a 5  
6 2  

D = a4+a2a5,  and E = a 3 + a 5  . 

Observing t h a t  Q = 0 imp l i e s  t h a t  a 2  = 0 ,  w e  s e e  t h a t  n = 0 

i m p l i e s  t h a t  D = a,+ and C = 0 .  

i m p l i e s  t h a t  a 4  = 0 and t h a t  t h e r e f o r e  R = 0 i m p l i e s  t h a t  

B = C = 0 and D = a 2 a 5 .  The above o b s e r v a t i o n s  a l low us t o  

w r i t e  one e q u a t i o n  f o r  T, f o r  bo th  ( 3 . 5 2 )  and ( 3 . 5 3 ) .  This  

e q u a t i o n  i s  

We a l s o  observe-  t h a t  p, = 0 



A 
+ E  

This  
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+ - D2 + 2 6 ~ ( B  - 
E 2  

A(D - BE)De(E/D)(26u + E 
+ 

E 3  

e q u a t i o n  i s  i d e n t i c a l  t o  e q u a t i o n  

D E) e r f c  w 

E e ) e r f c ( D f i  + w >  + a l e  . 

( 3 . 2 3 ) ,  t h e  e q u a t i o n  
- 

r e p r e s e n t i n g  t h e  s o l u t i o n  t o  t h e ,  g e n e r a l  b e n t  w i r e  problem 

where G # H, excep t  f o r  the second t o  t h e  l a s t  term. 



CHAPTER I V  

NONDIMENSIONALI ZED SOLUTION 

The s o l u t i o n  o f  problems i n  conduct ion  of  h e a t  can 

always be expres sed  i n  terms of a number of d imens ionless  

q u a n t i t i e s .  I t  i s  always d e s i r a b l e  t o  make t h i s  change 

b e f o r e  making numer ica l  computations f r o m  t h e  s o l u t i o n s .  

The s o l u t i o n s  ob ta ined  i n  p r e v i o u s  c h a p t e r s  were 

found w i t h o u t  nondimensionalyzing t h e  equations-.  We can 

however o b t a i n  s o l u t i o n s  invo lv ing  d imens ion le s s  p a r a m e t e n  

by making a p p r o p r i a t e  s u b s t i t u t i o n s .  (A more  d i r e c t  method 

of o b t a i n i n g  d imens ionless  pa rame te r s  i n  t h e  s o l u t i o n  would 

have b e e n  t o  nondimensionalize h e f s r e  s o l v i n g  t h e  eq-ua t ions) .  

We now proceed t o  nondimens iona l ize  ( 3 . 2 3 ) ,  t h e  

g e n e r a l  s o l u t i o n  t o  t h e  bent  w i r e  problem w i t h  G # H .  

' A s  t h e  s o l u t i o n  s t a n d s  b e f o r e  nond imens iona l i za t ion ,  

we have T 1  i n  u n i t s  of tempera ture  and e i n  u n i t s  o f  t ime.  

We would l i k e  t o  i n t roduce  new d imens ion le s s  pa rame te r s  t o  

r e p r e s e n t  t h e  magnitude o f  T1 and e .  The i n i t i a l  d i f f e r e n -  

t i a l  e q u a t i o n s  w i l l  i n d i c a t e  s u b s t i t u t i o n s  l e a d i n g  t o  

d imens ion le s s  pa rame te r s .  S i n c e  we a r e  i n t e r e s t e d  i n  o n l y  

T I ,  t h e  tempera ture  on t h e  s k i n ,  we need only  look a t  t h e  

f i r s t  e q u a t i o n  f o r  t h e  bent  w i r e  problem. This  e q u a t i o n  i s  

35 
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I 

(4.1) 

We observe t h a t  m u l t i p l y i n g  b o t h  s i d e s  o f  ( 4 . 1 )  by 
QR2 

w i l l  reduce i t  t o  an expres s ion  e q u a t i n g  two numbers w i t h o u t  

u n i t s ,  namely 

(4.2) 

A d e s i r a b l e  s u b s t i t u t i o n  f o r  T ,  can  now be s e e n  t o  be 

T ,  = -e, , where T ,  i s  our  new dimens ionless  parameter .  

S u b s t i t u t i n g  T i  f o r  Ti i n  t h e  r i g h t  member of ( 4 . 2 )  we 

o b t a i n  

and t h e  d e s i r a b l e  s u b s t i t u t i o n  f o r  e can be  s e e n  t o  be 

e =  3 , where + i s  ou r  new d imens ion le s s  t ime pa rame te r .  
a 1  

k S  Solv ing  f o r  T ,  i n  terms of T, w e  o b t a i n  T~ = T i .  
QR2 

Thus i f  we m u l t i p l y  t h e  s o l u t i o n  f o r  T ,  by t h e  f a c t o r  

1 k S  and r e p l a c e  e by , we w i l l  be a b l e  t o  o b t a i n  a 
' a1 QR2 

nondimens iona l ized  s o l u t i o n .  Our s o l u t i o n s  f o r  T i  was 

I 



37 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

- W 2  - 
(4 .3)  T1 = - 4 0 ( i 2 e r f c  U) + 2 h / n ( D / E  - B)e 

+ a l e  . 

We f i r s t  n o t e  t h a t  w = ’$ = -!!!- i s  a l r e a d y  
2- 2 4 7  

d imens ion le s s .  Our t a s k  is thus  t o  nondimens iona l ize  G ,  H ,  

A D  A C -6, E, B ,  E, and E . The d imens ionless  pa rame te r s  f o r  G and 

H can be o b t a i n e d  d i r e c t l y  f rom t h e  terms e r f c  ( G 6  + W )  

and e r f c  ( H 6  + W )  r e s p e c t i v e l y  u s i n g  t h e  s u b s t i t u t i o n  

a = -  R 2 0  . Des igna t ing  the  cor responding  d imens ion le s s  
a 1  

paramete r s  w i t h  an a s t e r i s k ,  we f i n d  t h a t  

To o b t a i n  t h e  o t h e r  d imens ion le s s  pa rame te r s  w e  

m u l t i p l y  T1  by - k l S  and r e p l a c e  6 by - R 2 +  . Since  T1 i s  
a1 Q R 2  

nondimensional ,  - k l S  times any term i n  t h e  r i g h t  member of  
Q R2 

(4 .3)  has  t o  be  nondimensional .  We use  t h i s  f a c t  t o  f i n d  

A A D  C t h e  d imens ion le s s  fo rms  o f  T:, B , E ,  E, and E . 

I 
I 


