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I. ABSTRACT 

I '  

The f i r s t  p a r t  of t h e  p re sen t  semiannual r e p o r t  covers  a d i s c u s s i o n  

of t h e  r e c e n t  d a t a  on t h e  l u n a r  g r a v i t y  f i e l d  as i t  p e r t a i n s  t o  t h e  

mechanical e l l i p t i c i t i e s  and mas's d i s t r i b u t i o n  of t h e  Moon. It is 

t e n t a t i v e l y  concluded t h a t  t he  Moon d e p a r t s  more from h y d r o s t a t i c  

e q u i l i b r i u m  than was b e l i e v e d  i n  t h e  pre-Orbi ter  era, and t h a t  i t s  d e n s i t y  

i s  almost everywhere cons t an t  with a s l i g h t  i n c r e a s e  wi th  depth.  

The second p a r t  of t h e  r e p o r t  con ta ins  t h e  fo rmula t ion  from f i r s t  

p r i n c i p l e s  of t h e  problem of the  p h y s i c a l  l i b r a t i o n s  of t h e  Moon, which 

i s  assumed t o  be a compressible f l u i d  of a r b i t r a r i l y  h igh  v i s c o s i t y .  

The case of s o l i d  bodies  is covered by t h i s  formulat ion as a l i m i t i n g  

case. A s e l f - g r a v i t a t i n g  viscous mass i s  allowed t o  o s c i l l a t e  i n  an 

a r b i t r a r y  time-dependent e x t e r n a l  f i e l d ,  which i n  t h e  case of t h e  Moon, 

w i l l  b e  r ep resen ted  by t h e  g r a v i t y  f i e l d  emanating from t h e  Ea r th .  The 

s o l a r  a t t r a c t i o n  w i l l  b e  t r e a t e d  as i s  customary i n  t h e  p e r t i n e n t  

l i t e r a t u r e  as a p e r t u r b a t i o n  which can be i n s e r t e d  as one a d d i t i o n a l  

t e r m  i n  t h e  right-hand s i d e  of t h e  Eu le r i an  equa t ions .  This term is  

a v a i l a b l e  i n  c losed  form. 
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11. INTRODUCTION 

The k i n e t i c  behavior  of the Moon around i ts  c e n t e r  of mass is  

'a lmost  s o l e l y  governed by i t s  p r i n c i p l e  moments of i n e r t i a ,  o r  more 

p r e c i s e l y ,  by i t s  mechanical e l l i p t i c i t i e s  which appear i n  t h e  Eu le r i an  . 

equa t ions  of motion. 

l i b r a t i o n s ,  assuming t h a t  t h e  mechanical e l l i p t i c i t i e s  vary i n  a p e r i o d i c  

fashion,and a t t e m p t  t o  apply the t h e o r e t i c a l  r e s u l t s  t o  d a t a  t h a t  w i l l  

e v e n t u a l l y  b e  made a v a i l a b l e  by ana lyses  of t r a c k i n g  d a t a  of Lunar O r -  

b i t e r s .  

a n t i c i p a t e d  on t h e  grounds t h a t  such deformations are observable  on a 

smaller scale on t h e  terrestr ia l  globe,  o f f e r s  f i r s t h a n d  j u s t i f i c a t i o n  of 

t h e  p r e s e n t  e f f o r t .  

Our main t a s k  i n  t h i s  p r o j e c t  is  t o  s tudy  t h e  p h y s i c a l  

The f a c t  t h a t  t i d a l  deformation of t h e  l u n a r  globe can b e  

It is  t h e r e f o r e  e s s e n t i a l  i n  t h i s  connect ion t h a t  a number of 

estimates of t h e  mechanical e l l i p t i c i t i e s  of t h e  Moon be made a t  r e g u l a r  

( i f  p o s s i b l e )  i n t e r v a l s  over  a long p e r i o d  of t i m e  s o  t h a t  p e r i o d i c i t i e s  

of v a r i o u s  f r equenc ie s  w i l l  be d e t e c t e d .  Recent r educ t ions  of t r a c k i n g  

d a t a  of l u n a r  s a t e l l i t e s  i n d i c a t e  t h a t  p re -Orb i t e r  estimates of t h e s e  

q u a n t i t i e s  are very i n a c c u r a t e  and, t h e r e f o r e ,  one has  t o  depend on f u t u r e  

estimates i n  o r d e r  t o  o b t a i n  an answer r ega rd ing  t h e i r  t i m e  v a r i a t i o n .  

Q u a n t i t i e s  t h a t  b e a r  on the p r e s e n t  problem are those t h a t  g i v e  a 

measure of t h e  e x t e n t  t o  which t h e  l u n a r  globe d e p a r t s  from h y d r o s t a t i c  

equ i l ib r ium.  Large depa r tu re s  from a s t a t e  of e q u i l i b r i u m  i n d i c a t e  t h e  

e x i s t e n c e  of uncompensated d i f f e r e n t i a l  stresses which, i n  t u r n ,  imply a 

h i g h  v i s c o s i t y  c o e f f i c i e n t ,  o r ,  a t  t h e  extreme, a s o l i d  cond i t ion .  The 

\ 
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mass d i s t r i b u t i o n  is  a l s o  e s s e n t i a l  he re .  

noda l  l i n e  of t h e  Moon made on t h e  b a s i s  of pre-Orbi ter  d a t a  has  r e s u l t e d  

i n  t h e  pa radox ica l  conclusion t h a t  most of t h e  mass l ies  on t h e  s u r f a c e  

(Eckert ,  1965). The hypothesis  advanced t o  e x p l a i n  t h i s  r e s u l t  i s  t h a t  

t h e  h i g h e r  harmonics, which have been n e g l e c t e d  i n  t h e  above a n a l y s i s ,  

A s tudy  of '  t h e  motion of t h e  

are n o t  i n  r e a l i t y  s m a l l .  While t h i s  seems a very reasonable  explana- 

t i o n ,  it can be added t h a t  t he  t i m e  v a r i a t i o n  of t h e  v a r i o u s  harmonics,  

i n c l u d i n g  t h e  one of second o rde r ,  can be r e s p o n s i b l e  f o r  b r i n g i n g  about  

such a paradox. I n  t h e  f i r s t  p a r t  of t h i s  r e p o r t  w e  p r e s e n t  a d i s c u s s i o n  

of t h e  r e s u l t s  of Luna 10 f romwhich  w e  conclude t h a t  t h e  Moon is  almost 

homogeneous and t h a t  i t s  d e n s i t y  i n c r e a s e s  very s l i g h t l y  a s  w e  move toward 

t h e  c e n t e r .  Thus, u n l e s s  t h e r e  are e r r o r s  i n  t h e  a n a l y s i s  by Ecke r t ,  t h e  

Moon must e i t h e r  have l a r g e  h ighe r  harmonics, o r  be deformable, o r  b o t h .  

The d i f f e r e n t i a l  equat ions which govern t h e  motions of s e l f - g r a v i t a t i n g  

bodies  about t h e i r  c e n t e r  of gravity--whether f r e e  o r  forced--have been 

. known s i n c e  t h e  e a r l y  days of t h e  h i s t o r y  of r a t i o n a l  mechanics; and t h e  

i n v e s t i g a t o r s  of t h e i r  s o l u t i o n s  b e a r i n g  on t h e  p recess ion  and n u t a t i o n  of 

t h e  Ea r th ,  o r  t h e  p h y s i c a l  l i b r a t i o n s  of t h e  Moon, included ( t o  name only 

t h e  g r e a t e s t )  Newton, E u l e r ,  Lagrange and Laplace.  All t h e s e  i n v e s t i g a -  

t o r s  assumed i n  common t h a t  the body moving about i t s  c e n t e r  of g r a v i t y  

i n  an external f i e l d  of f o r c e  can be regarded as rigid; and i t s  e x t e r n a l  

form ( o r  moments of i n e r t i a )  be f i x e d  and independent of t h e  t i m e .  How- 

ever, i t  w a s  n o t  till i n  t h e  second h a l f  of t h e  19 th  century t h a t  i t  has  

been g radua l ly  r e a l i z e d  t h a t  a s e l f - g r a v i t a t i n g  body of t h e  mass of t h e  
- 
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Earth o r  t he  Moon cannot be regarded as r i g i d  o r  incompressible;  moreover, 

obse rva t ions  have r evea led  ( a t  least i n  t h e  case of t h e  Ea r th )  t h a t  i t s  

form responds t o  a f l u c t u a t i n g  e x t e r n a l  f i e l d  of f o r c e  through b o d i l y  

t i d e s .  

A mathematical  t r ea tmen t  of t h e  motion of deformable b o d i e s  about 

t h e i r  c e n t e r  of mass i n  an e x t e r n a l  f i e l d  of f o r c e  w a s ,  however, slow 

t o  come ( c f .  L i o u v i l l e ,  1858; Gylddn, 1871; Oppenheimer, 1885; Darwin, 1879; 

Poincarg,  1910) and i s  s t i l l  fa r  from b e i n g  adequately so lved  f o r  t h e  p r e c e s s i o n ,  

o r  n u t a t i o n  of t h e  Ea r th ,  while  i t s  b e a r i n g  on t h e  p h y s i c a l  l i b r a t i o n s  

of t h e  l u n a r  globe has  no t  y e t  even been considered.  The a i m  of t h e  

p r e s e n t  p r o j e c t  w i l l  be  t o  provide a more comprehensive t reatment  of t h i s  

s u b j e c t  than has  been done by a l l  p rev ious  i n v e s t i g a t o r s ,  and t o  do s o  

on t h e  b a s i s  of t h e  fundamental equa t ions  of hydrodynamics, i n  which t h e  

t h r e e  v e l o c i t y  components u ,  v,  w w i l l  be s y s t e m a t i c a l l y  expressed i n  

terms of t h e  independent r o t a t i o n s ,  about t h e  t h r e e  r e s p e c t i v e  axes x ,  

y, z ,  with angu la r  v e l o c i t i e s  w w and w . Departures  from a hydro- x' y '  Z 

dynamical t r ea tmen t ;  n e c e s s i t a t e d  i f  t h e  response of a deformable body 

t o  an e x t e r n a l  s t r a i n  i s  t h a t  of an e l a s t i c  s o l i d  r a t h e r  t han  t h a t  of a 

v i scous  f l u i d ,  ( i . e . ,  i f  w e  dea l  w i th  a "Maxwell" r a t h e r  t han  "Kelvin-Voigt" 

body) , w i l l  b e  taken up i n  the concluding r e p o r t .  
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111. RECENT DATA: MECHANICAL ELLIPTICITIES 

The r e c e n t l y  pub l i shed  r e s u l t s  (Akim, 1966) of t h e  a n a l y s i s  of t h e  

motion of Luna 10, although i n  c l o s e  agreement w i t h  ear l ier  va lues  (Goudas, 

1964) concerning second zona l  C20 and s e c t o r i a l  C22 harmonic 

c o e f f i c i e n t s  of t h e  l u n a r  f o r c e  f u n c t i o n ,  have d i s c l o s e d  new f a c t s  r ega rd ing  

t h e  homogeneity and d e p a r t u r e  of t h e  Moon from a c o n d i t i o n  of h y d r o s t a t i c  

equ i l ib r ium.  I n  p a r t i c u l a r ,  as t h e  fol lowing arguments w i l l  show, t h e  

Moon is more homogeneous than b e l i e v e d  b e f o r e  on t h e  b a s i s  of a t e n t a t i v e  

va lue  f o r  t h e  t h i r d  zona l  harmonic (Michael e t  aZ, 1966, and Goudas e t  aZ, 

1966) ,  and i t  d e p a r t s  more from h y d r o s t a t i c  e q u i l i b r i u m  than r e c e n t  s t u d i e s  

(Koziel ,  1967) of t h e  p h y s i c a l  l i b r a t i o n  of t h e  Moon have Suggested.  

__ 

Indeed, without  any assumption f o r  t h e  mass d i s t r i b u t i o n ,  t h e  

va lues  of C20 ( o r  c20) and C22 ( o r  c22) given i n  Ref. [l], when 

s u b s t i t u t e d  i n  t h e  expres s ions  

A + B -  2C B-A 
c 2 0  = 9 c22 = - 

2Mr; 4Mri 

where A, B ,  C are t h e  p r i n c i p a l  moments of i n e r t i a ,  M t h e  mass 

and ro 

f of t h e  mechanical e l l i p t i c i t i e s  c1 [ i . e . ,  (C-B)/A] t o  

t h e  mean r a d i u s ,  allow us t o  determine t h e  va lue  of t h e  r a t i o  
. ~ - _ _  ~ - 

B [ i . e . ,  (C-A)/B]. To f i r s t  o r d e r  terms the  q u a n t i t y  f i s  given 

I by t h e  expres s ion  
I 

- _  

and, t h e r e f o r e ,  

c 2 0  + 2c22 

c20  - 2c22 
f =  
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~ 

f = 0.76 t 0.04 

where t h e  u n c e r t a i n t y  r e p r e s e n t s  t h e  maximum e r r o r .  This va lue  i s  

t h r e e  t i m e s  l a r g e r  than t h e  one which corresponds t o  a state  of 

h y d r o s t a t i c  equ i l ib r ium.  The most r e c e n t  s t u d i e s  (Koziel ,  1967) of t h e  

p h y s i c a l  l i b r a t i o n  of t h e  Moon have r e s u l t e d  i n  the  v a l u e  

This  discrepancy would neve r  e x i s b n o r  would i t  have any consequence a t  

a l l  f o r  t h e  s tudy  of t h e  Eu le r i an  motion of t h e  Moon around i t s  c e n t e r  of 

mass, i f  t h e  l i n e a r i z e d  t h i r d  equa t ion  of motion d i d  n o t  have a 

s i n g u l a r i t y  a t  t h e  va lue  f = 0.66, which makes t h e  c o r r e c t i v e  p rocess  

determining f dependent upon t h e  i n i t i a l  va lue  adopted f o r  i t .  

I r o n i c a l l y ,  t h e  va lue  determined by Hayn (1907) s i x t y  years ago, and which 

is  i n  use today by t h e  Astronomical Ephemeris and N a u t i c a l  Almanac f o r  

t h e  computation of t h e  ephemeris of p h y s i c a l  l i b r a t i o n ,  i s  f = 0.75, 

i .e. ,  almost t h e  exac t  va lue  given by Luna 10. 

, 

The assumption of homogeneity and t h e  va lues  of t h e  c o n s t a n t s  

C ~ O  and C22 permit t h e  determinat ion o f  no t  only t h e  r a t i o  f b u t  

also t h e  moments of i n e r t i a ,  and t h e r e f o r e  t h e  mechanical e l l i p t i c i t i e s  

of t h e  Moon. The p e r t i n e n t  formulae f o r  t h e  moments of i n e r t i a  

are 

2 ~ r E  
A = -  (1 + j 20 /2  - 3522) 

B = - (1 + j 2 0 / 2  + 3j22) 

c = -  (1 - j 2 0 )  

5 
2Mri 

5 

ii*fri 
5 
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5 5 where j 2 0  .= 7 C 2 0 ,  j 2 ,  = 7 C22 and M i s  t h e  t o t a l  mass of t h e  

Moon. The va lue  of f corresponding t o  t h e  above expres s ions  (3) i s  

t h e  same as the. one given by equat ion ( 2 ) .  However, t h e  mechanical 

e l l i p t i c i t i e s  a, B and y (y = B - a) are 

a = 0.000445 t 0.000060 

B = 0.000586 t 0.000011 

y = 0.000141 t 0.000071 

f o r  t h e  homogeneous Moon and 

a = 0.000478 5 0.000030 

B = 0.000629 5 0.000006 

y = 0.000151 t 0.000036 

f o r  t h e  t r u e  case. The u n c e r t a i n t i e s  are aga in  maximum e r r o r s  and, 

a l though t o  t h e  b e s t  of ou r  knowledge t h e  t r u e  va lues  are d e f i n i t e l y  

w i t h i n  t h e  i n t e r v a l s  i n d i c a t e d ,  w e  cannot y e t  dec ide  t h e  e x t e n t  t o  

which the  mass d i s t r i b u t i o n  d e p a r t s  from p e r f e c t  homogeneity. To say  
- ____ - - -  . _ __ - ._ _ - 

t h e  least ,  t h e  r e s u l t s  from Luna 10 are inconc lus ive  i n  regard t o  t h e  hypo thes i s  

(Ecke r t ,  1965) t h a t  t h e  s u r f a c e  l a y e r s  of t h e  Moon may be more dense than 

t h e  ones c l o s e r  t o  t h e  cen te r .  A simple c a l c u l a t i o n  shows t h a t  t h e  

va lue  of 3C/2Mr2 is  0.56 t 0.18, i . e . ,  a g r e a t  d e a l  smaller than  t h e  

_ _  - - - - -_ - -. - _~ 

va lue  0.965 suggested by Eckert  t o  e x p l a i n  t h e  motion of t h e  node. 

Keeping i n  mind t h a t  t h e  value corresponding t o  homogeneity i s  0.6 and 

t h a t  va lues  less than t h i s  mean i n c r e a s i n g  d e n s i t y  wi th  depth,  then 

f o r g e t t i n g  f o r  t h e  t i m e  being the  given uncertainty--which aga in  i s  a maximum 

- 
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I 

t h e  o u t e r  l a y e r s .  Although the u n c e r t a i n t y  weakens t h e  conclusion some- 

what, t h e  va lue  given by Eckert  i s  d e f i n i t e l y  unacceptable ,  s i n c e  i t  l i es  

o u t s i d e  t h e  range i n d i c a t e d  by t h e  maximum e r r o r .  A s  a r e s u l t ,  a l a r g e  

po r t ion - - i f  n o t  a l l - - o f t h e  nodal  motion produced by t h e  a s p h e r i c i t y  of 

t h e  Moon, should f i n d  an exp lana t ion  o t h e r  than a p e c u l i a r  d i s t r i b u t i o n  

of mass p o s t u l a t e d  by Ecke r t .  

a s s e r t i o n  t h a t  a l a r g e  p a r t  of the motion of t h e  node i s  produced by t h e  

The b e s t  e x p l a n a t i o n  one can advance is  an 

t o t a l  e f f e c t  of higher-order  moments which, t h e  b e s t  estimates a v a i l a b l e  

i n d i c a t e ,  are of t h e  same o rde r  as t h e  moments of second o r d e r .  

A s  f a r  as t h e  q u a n t i t y  f goes,  Luna 10 has  p l aced  i t  on t h e  o t h e r  

s i d e  of t h e  s i n g u l a r i t y ,  thus g iv ing  a s t r o n g  conf i rma t ion  of t h e  view 

t h a t  t h e  Moon i s  f a r  from h y d r o s t i t i c  equilibrium--a f a c t  which i n d i c a t e s  

t h a t  no l i q u i d  p a r t s  (such as a l i q u i d  co re )  e v e r  e x i s t e d  on t h e  Moon, or, 

i f  t hey  d i d ,  t h a t  t h e i r  r e l a t i v e  s i z e  w a s  o r  is  t o o  small .  

I 
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IV. EQUATIONS OF THE PROBLEM 

-__- 

As is  w e l l  known, the  Eu le r i an  fundamental  equat ions of hydrodynamics 

governing t h e  motion of compressible v i scous  

r e c t a n g u l a r . c o o r d i n a t e s  i n  the symmetrical  form 

f l u i d s  can be expressed i n  

a u X Z  +-+- P D t -  ax ax ax aY az 

a 0  aa 
Du - p - - - + -  an ap xx 

aa a 0  a 0  z z  +A+- P K = P - -  - + -  Dw ar;2 ap Z X  

a Z  az ax aY az 

where 

t i m e  t, i n  t h e  d i r e c t i o n  of i n c r e a s i n g  coord ina te s  x, y ,  z ,  r e s p e c t i v e l y ;  

u, v ,  w denote  t h e  v e l o c i t y  components of f l u i d  motion, a t  the  

( 9 )  D E L + U - + v - + w -  a a a 
D t  a t  ax a Y  az 

r e p r e s e n t i n g  t h e  Lagrangian t ime-de r iva t ive  ( fo l lowing  t h e  motion);  

s t a n d s  f o r  t h e  l o c a l  d e n s i t y  of t he  f l u i d ;  P ,  f o r  i t s  p r e s s u r e ;  

t h e  t o t a l  p o t e n t i a l  ( i n t e r n a l  as w e l l  as e x t e r n a l )  of a l l  f o r c e s  

a c t i n g  upon i t ;  and 

p 

0 ,  f o r  
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= u { - + - - - ) = u  a U  aw 
a Z  ax XZ ’ Z X  

are t h e  r e s p e c t i v e  components of t h e  viscous stress t e n s o r ,  where 

denotes  t h e  c o e f f i c i e n t  of v i s c o s i t y  and 

t h e  divergence of t h e  v e l o c i t y  v e c t o r  of t h e  f l u i d .  

As i s  w e l l  known, equat ions (6) - (8) sa fegua rd  t h e  conse rva t ion  

of momentum of the underlying dynamical problem; and as such r e p r e s e n t  

only one-half of t h e  system necessary f o r  a complete s p e c i f i c a t i o n  of t h e  

s i x  dependent v a r i a b l e s  

of our  problem. Of t h e  remaining t h r e e  equa t ions ,  t v o  can b e  ad jo ined  

wi th  re la t ive ease: namely, t h e  equat ion of c o n t i n u i t y  

k +  p a  = 0 D t  

s a fegua rd ing  t h e  conservat ion of mass, and t h e  Poisson equa t ion  

which must be s a t i s f i e d  by t h e  g r a v i t a t i o n a l  p o t e n t i a l  ( G  

cons tan t  of g r a v i t a t i o n ) .  

denot ing t h e  
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The s o l e  remaining equat ion r equ i r ed  t o  render  t h e  s o l u t i o n  of our  

system de termina te  ( f o r  an appropr i a t e  set of  boundary cond i t ions )  must 

b e  der ived  from t h e  p r i n c i p l e  of t h e  conserva t ion  of energy,  i n  t h e  form 

of an ' 'equation of s ta te"  r e l a t i n g  P and p ;  b u t  i t s  e x p l i c i t  formu- 

l a t i o n  w i l l  be  postponed u n t i l  a la ter  s t a g e  of our  a n a l y s i s .  
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b V. THE COMPONENTS 0% VELOCITIES AND ACCELERATIONS 

-~ ._ 

I n  o r d e r  t o  apply the  s y s t e m  of equa t ions  s e t  up i n  t h e  preceding 

s e c t i o n  f o r  t h e  s tudy of t h e  motion of a s e l f - g r a v i t a t i n g  body about i t s  

c e n t e r  of g r a v i t y ,  cons ide r  the t r ans fo rma t ion  of r e c t a n g u l a r  coord ina te s  

between an i n e r t i a l  ( f i x e d )  system of space axes 

system of bo& (primed) axes 

x ,  y ,  z ,  

x', y', z ' ,  posses s ing  t h e  same o r i g i n ,  

and a ro ta t ing  

b u t  w i th  t h e  primed axes r o t a t e d  wi th  r e s p e c t  t o  the  space axes by t h e  

Eu le r i an  ang le s  @ y  8 ,  $ y  i n  accordance wi th  a scheme i l l u s t r a t e d  on 

t h e  accompanying F igure  I. 

As i s  w e l l  known, t h e  t ransformation of coord ina te s  from t h e  

space t o  t h e  body axes i s  governed by t h e  fo l lowing  ma t r ix  equatiozl 

_ _  ~ 

expressed i n  terms of t h e  Eu le r i an  ang le s  ik' where t h e  c o e f f i c i e n t s  a 

assume t h e  e x p l i c i t  forms 

a l l  = cos $ cos @ - cos 8 s i n  0 s i n  $, 

a12 = - s i n  $ cos $I - cos 8 s i n  @ cos $, 

a13 = s i n  8 s i n  @ 

a21 = cos $ s i n  @ + cos 0 cos @ s i n  $, 

a22 = - s i n  .$ s i n  Q + cos 8 cos @ cos $, 

- - s i n . 8  cos @ a23 - 
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a31 = s i n  JI s i n  8 ,  

a32  = cos JI s i n  8 ,  

a 3 3  = COS e .  

I n  o r d e r  t o  o b t a i n  t h e  corresponding space velocity-components 

u, v ,  w ,  l e t  us d i f f e r e n t i a t e  equa t ions  (19) w i t h  r e s p e c t  t o  t h e  t i m e .  

With d o t s  denot ing h e r e a f t e r  o rd ina ry  ( t o t a l )  d e r i v a t i v e s  wi th  r e s p e c t  

t o  t ,  w e  f i n d  t h a t  

ir = u = 5 1 1 ~ '  + 5 1 2 ~ '  + 8 1 3 2 '  + a l l % '  + a129' + a 1 3 i ' ,  (23)  

5 = v = 5 2 1 ~ '  + 5 2 2 ~ '  + 8 2 3 2 '  + a 2 l k '  + a22jT' + a 2 3 i ' ,  ( 2 4 )  

i = w = 8 3 1 ~ '  i 8 3 2 ~ '  + 5 3 3 2 '  + a312' + a32jT' + a 3 3 i ' ;  (25) 

whereas t h e  body velocity-components u ' ,  v ' ,  w '  f o l low from 

where 

.. 
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+ 8 cos J, cos e = a22wx - a12wy 

i33 = 

where, taking advantage of the f a c t  t h a t  

. 
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. .... . - 
! 

b 

I 

and 

t h e  respective angular  v e l o c i t i e s  of r o t a t i o n  are given by 

w i t h  respect t o  the space axes; o r  

a 2  3A22 a33A32) 

a22:2 3 + a3253  3) 9 

a21Q23 + a31533) 

a23Q21 a 3 3 5 3 1 ) ~  

a2292 1 a32Q31) 

a21522 a31532) ,  

1 
1 
1 

1 
i 
I 

( 4 3 )  

- ( 4 4 )  

( 4 5 )  
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, 

. -. . * .  
- .. , .  

- 
~ . - ~ 

- __ - - . -_ - - - . - - 

wi th  respect t o  t h e  body axes;  t h e  p a i r s  of a l t e r n a t i v e  equa t ions  a r i s i n g  

from t h e  f a c t  t h a t ,  by a t i m e - d i f f e r e n t i a t i o n  of t h e  r e l a t i o n s  

i t  fo l lows  t h a t  

a i j  a i k  = 6 j k  

aij&ik + aikiij = 0. 

I n s e r t i n g  i n  t h e  equat ions ( 4 0 ) - ( 4 5 )  from ( 2 9 ) - ( 3 7 )  i t  

fo l lows  t h a t ,  i n  terms of t h e  Ey le r i an  a n g l e s ,  

w X = 6 cos  4 i- JI s i n  e s i n  4 ,  

w = Et s i n  + - li, s i n  e cos 4,  

w =  4 li, COS e + i; 
Y 

2 

whi le  

w 

w 

= + s i n  8 s i n  JI + 4 cos JI, 

= $ s i n  8 cos 3, - 6 s i n  JI, 

X’ 

Y ’  

w = 4 COS e + $ 9  2‘ 

as could be a l s o  d i r e c t l y  v e r i f i e d  by an a p p l i c a t i o n  of t h e  i n v e r s e  of 

t h e  t r ans fo rma t ion  ( 1 9 ) ,  i n  accordance w i t h  which 

With t h e  a i d  of t h e  preceding r e s u l t s  t he  equa t ions  ( 2 3 ) - ( 2 5 )  

o r  (26) - (28) f o r  t h e  velocity-components w i th  respect t o  t h e  space  o r  

body axes can be reduced t o  t h e  forms 
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- - -  - - - -  - - - -- - -- ~ - - -  - - -  - 

( 5 3 )  

( 5 4 )  

u = zu - ywz + u; Y 
v = xu - zw + vb 

z X 

w = ywx - xu + w;, Y 
o r  

u' = -z'u 

v' = -x'u 

+ Y ' W Z '  + uo, 

+ zlwxt + vo, 
Y' 

2' 

w' = -y'wx' + x 'u  + w o ,  Y' 
where 

uo = a l l u  + a21v + a 3 l w  

vo = a12u + a22v + a32w 

wo = a13u + a 2 3 ~  + a33w 

( 5 5 )  

L (59) 

are t h e  space v e l o c i t y  components i n  t h e  d i r e c t i o n  of t h e  rotat ing axes  

x', y ' ,  z ' ;  and 

ut, = a l l u '  + aI2v '  + a13w '  

vi = a z l u '  + a22v' + a 2 3 w '  

w;l = a 3 1 ~ '  + a 3 2 ~ '  + a 3 3 w '  

are t h e  body v e l o c i t y  components i n  t h e  d i r e c t i o n  of t h e  f i x e d  axes  

I n  o r d e r  t o  s p e c i f y  t h e  a p p r o p r i a t e  forms of t h e  components of 

acce k m t i o n ,  l e t  us d i f f e r e n t i a t e  t he  foregoing  expres s ions  ( 5 3 ) -  

(58) 

so w e  f i n d  t h a t  those  wi th  r e spec t  t o  t h e  space axes assume t h e  forms 

f o r  t h e  v e l o c i t y  components w i t h  r e s p e c t  t o  t h e  t i m e .  Doing 
I 

- - - - _ _ -  - 
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_ _  - .  - -- __  . 

li = ww + zi, - vw - yGz + q, (61) Y Y z 

ir = u w  + xi, - ww - zi, + i r b ,  (62) z z X X 

G = vu + yLx - uw - xi, + ;i, ( 6 3 )  
X Y Y 

where t h e  v e l o c i t y  components u ,  v ,  w have a l r e a d y  been given by equa- 

t i o n s  (53)-(55) ; and where, by d i f f e r e n t i a t i o n  of (60), 

The f i r s t  t h r e e  terms i n  each of t h e s e  expres s ions  r e p r e s e n t  obviously 

t h e  body a c c e l e r a t i o n s  wi th  r e spec t  t o  t h e  space axes ;  and we s h a l l  

' a b b r e v i a t e  them as 

S ince ,  moreover, by i n s e r t i o n  from (29)-(31)  
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and s i m i l a r l y ,  

i21u1 + i 2 2 ~ *  + .i23w1 = wzu; - wxw; 

wh i l e  

i31u '  + a 3 2 ~ '  + a 3 3 w '  = wxvo - wyu;), 

equa t ions  (61) - (63) can be  r e w r i t t e n  i n  a more e x p l i c i t  form 

li = -x(w2 + w2) + y(w w - ; ) + z(w w + ; ) 
Y Z  X Y  Z x z  Y 

+ (li)J + 2(w$JJ - v$lJz) y (71) Y 

and 

c; = -z(wi + w2) + x(w w - L ) + y(w w + Gx) Y X Z  Y Y Z  

+ (+)A + 2(v;)wx - u ' w  ) .  (73) O Y  

The foregoing  equat ions r e f e r  t o  a c c e l e r a t i o n s  wi th  r e s p e c t  t o  t h e  i 

i n e r t i a l  system of space axes. Those wi th  respect t o  t h e  ( r o t a t i n g )  

I hnAy - -.. =xes can be  obta ined  by sn analegous process  f r c x  t h e  equa t i cns  
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equiva len t  t o  (61)-(63);  

as t h e  l a t te r  can even tua l ly  b e  reduced t o  t h e  form 

which on b e i n g  t r e a t e d  i n  t h e  same way 

where t h e  space  v e l o c i t y  components UO, vo, wo i n  t h e  d i r e c t i o n  of 

i n c r e a s i n g  x', y ' ,  z 1  continue t o  be given by equat ions  (59); whi le  

t h e  corresponding components of t h e  a c c e l e r a t i o n s  a r e  given by 

I f ,  i n  p a r t i c u l a r ,  we consider  t h e  r e s t r i c t e d  case of a r o t a t i o n  about 

t h e  z-axis only (so t h a t  w = w = O) ,  equat ions  (71)-(73) W i l l  
X Y  

reduce t o  t h e  system 
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while  equa t ions  (77)- (79)  w i l l  l i kewise  reduce t o  

It is  the  a c c e l e r a t i o n s  i n  the car touches o f  t h e  two systems--referred 

as they are t o  t h e  i n e r t i a l  space axes--which should b e  i d e n t i f i e d  wi th  

t h e  Lagrangian t ime-derivat ives  

on t h e  lef t -hand s i d e s  of t h e  equa t ions  

are r e f e r r e d  t o  t h e  i n e r t i a l  o r  r o t a t i n g  axes of coord ina te s .  

(7) - (8) of motion i f  t h e s e  

A c l o s i n g  no te  concerning t h e  time d i f f e r e n t i a t i o n  of t he  coord ina te s  

o r  v e l o c i t i e s  should be added i n  t h i s  p l ace .  A s  

x x ( t ) ,  y y ( t > ,  

i t  fol lows t h a t  

z z ( t ) ,  

I 
i . e . ,  t h e  o rd ina ry  ( t o t a l )  and p a r t i a l  d e r i v a t i v e s  of t h e  coord ina te s  

w i t h  r e s p e c t  t o  t h e  t i m e  a r e  obviously i d e n t i c a l .  

no longer  t r u e  of t h e  t i m e - d l f f r r c n t l a t i o n  of t h e  v e l o c i t i e s  -whet%r 

This i s ,  however, 
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I 

. l inear  o r  angular .  As 

u 5 u ( x , y y z ; t )  

v E v(x ,y , z ; t )  

w E w(x,y ,z ; t )  

o r  

where t h e  coord ina te s  (83) a r e  themselves func t ions  of t h e  t i m e .  I n  

consequence, 

by v i r t u e  of ( 8 4 )  ; and s i m i l a r l y  f o r  G and G. Likewise,  

a w  a w  a w  + v - + w - . - dw aw w = - - -  - + U %  d t  a t  aY  az 

For coord ina te  systems r e f e r r e d  t o  t h e  r o t a t i n g  body axes similar 

r e l t i o n s  hold  good; care be ing  merely taken  t o  r e p l a c e  t h e  unprimed 

coord ina te s  o r  v e l o c i t y  components by t h e  primed ones.  
- _  ~- _ _  
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V I .  FORMATION OF THE EULERIhV EQUATIONS 
FOR PRECESSION AND NUTATION 

I n  Sec t ion  I1 of t h i s  r e p o r t  WP se t  up t h e  gene ra l  form of t h e  equa- 

t i o n s  governing t h e  motion of compressible viscous f l u i d s  i n  r e c t a n g u l a r  

coord ina te s ;  and i n  Sec t ion  I11 w e  expressed i t s  v e l o c i t y  components i n  

terms of a r b i t r a r y  r o t a t i o n s  about t h r e e  r e c t a n g u l a r  axes.  
- 

~- 

The a i m  of 

t h e  p r e s e n t  s e c t i o n  w i l l  be  t o  combine t h e  fundamental equa t ions  (6)- 

(8) r e w r i t t e n  i n  term of t h e  angular  v a r i a b l e s  w i n t roduced  i n  
X,Y ,z 

S e c t i o n  111 i n  a form s u i t a b l e  f o r  t h e i r  subsequent s o l u t i o n .  

I n  o r d e r  t o  embark on t h i s  t a sk ,  l e t  us mul t ip ly  equa t ions  (71)- 

(73) by x ,  y ,  z and form t h e i r  fo l lowing  d i f f e r e n c e s :  

+ 22)Gx + (y  - 2 2 ) w  w 
Y Z  

4.; - zir = (y 

- ?cr'Gy - wxw2) - xz(L + w w ) 

+ fY(G); - Z W i }  + 2y{v;)wx - u;wy} 

- 22{u;w2 - w;mxL 

= X Y  

Y 2 
- yz(w2 - w2) 

2; - 2&7 = (22  + x2)G + (22  - x2)w w 
Y x z  

Y X  x Y Z  
- y2(Lz  - w w ) - yx(G + w 0 ) 

- zx(w2 - w;) 
2 

+ { z ( q  - X ( G ) A }  + 2z{w;lwy - v;w2} 

- 2x{v'w - u'w } ,  
o x  O Y  - - 

-_ 

. 



. .  ' .  

i 

I f  so ,  however, equat ions  (6) - (8) 

y i e l d  

can b e  combined acco rd ing ly  t o  

I 

a 
z -}n = y3f- 26, a a z -}P - { y  -- - l a  yG - zii + -{y - - 

P az aY az ay 

Z I i  - XG + - { z  i a  - - x -}P a - { z  - a - x-}n a = 2 9 -  a 
P ax a Z  ax a Z  

i a  a a a - Y i l  + p{x - - y z } P  - {x - - y -&2 = X G -  yg,  
a Y  a Y  

where 

aaXZ +-+-  pc7 = -  
a0 a0  xx 
ax a Y  az 

r ep resen t  t h e  e f f e c t s  of v i s c o s i t y .  

(93) 

( 9 4 )  

I n  o rde r  t o  proceed f u r t h e r ,  l e t  us rewrite t h e  foregoing  express ions  

in terms of t h e  r e s p e c t i v e  v e l o c i t y  components. 

components CJ of the  v iscous  stress t e n s o r  frow (10) - (15) w e  

f i n d  t h e  express ions  on t h e  right-hand s i d e s  of  equat ions  

assume t h e  more e x p l i c i t  forms 

I n s e r t i n g  f o r  t h e  

i j  

(95) - (97) t o  
- .  

.. - ~ 



aa - a a Z X  +3+-= po2w + l Z  
ax a Y  az 3 az 

aw ap 

where A denotes ,  as b e f o r e ,  t h e  divergence ( 1 6 )  of t h e  v e l o c i t y  

v e c t o r ;  and V2 s t a n d s  f o r  t h e  Laplacean ope ra to r .  

Next, l e t  us i n s e r t  f o r  t h e  v e l o c i t y  components u ,  v ,  w from 

(53) - (55) ; by doing s o  w e  f i n d  t h a t  - .- - -. - . 
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auI, av;, awb 
+ - + - + -  z a~ ay a~ 

Before proceeding f u r t h e r ,  one f e a t u r e  of b a s i c  importance should 

b e  brought o u t  which w e  by-passed without  c l o s e r  d i s c u s s i o n  a t  an ear l ie r  

s t a g e :  namely, when by v i r t u e  of equa t ions  ( 5 3 )  - (57) o r  (58) - 

(60) w e  r ep laced  t h e  three dependent v a r i a b l e s  u, v,  w o r  u', v ' ,  w' 

on t h e i r  lef t -hand s i d e s  by s i x  new v a r i a b l e s  w w w and u;, v;, WE, 

o r  w 

d e l i b e r a t e l y  c r e a t e d  redundancy pe rmi t s  us t o  impose without  t h e  l o s s  

x '  y y  z 

w w and uo, vo, wo on t h e i r  r ight-hand s i d e s .  This 
X ' '  Y" z '  

of g e n e r a l i t y  a d d i t i o n a l  c o n s t r a i n t s  on t h e s e  v a r i a b l e s ,  no t  embodied 

i n  t h e  fundamental  equa t ions  of Sec t ion  11; and t h i s  w e  propose t o  do a t  

t h e  p r e s e n t  t i m e .  We propose, i n  p a r t i c u l a r ,  t o  assume t h a t  t h e  primed 

axes x ' y ' z '  ob ta ined  by a r o t a t i o n  of t h e  i n e r t i a l  system xyz, about 

a f i x e d  o r i g i n ,  i n  accordance wi th  the  t r ans fo rma t ion  (19)  i-emain 

rectangular--an assumption t o  which i m p l i e s ,  i n  e f f e c t ,  t h a t  the 

Eulerian angles 0 ,  $, $ involved i n  t h e  d i r e c t i o n  cos ines  a.. and, 

t h e r e f o r e ,  i n  t he  angu la r  v e l o c i t y  components w o r  as 

de f ined  by equa t ions  (46 ) .  - (48) o r  ( 4 9 )  - (51) are functions o f  

1 K  

X,Y YZ wx' ,y' , 7 '  
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, 

~~ I - 

the time t alone ( f o r  should they  depend, i n  a d d i t i o n ,  on t h e  s p a t i a l  

coord ina te s  x,  y ,  z ,  a r o t a t i o n  as r ep resen ted  by equa t ions  (19)would 

r e s u l t  i n  a c u r v i l i n e a r  coord ina te  system). 

This  assumption w i l l  n e a t l y  s e p a r a t e  t h e  p h y s i c a l  meaning of t h e  two 

groups of v a r i a b l e s :  f o r  while  t h e  angular  v e l o c i t y  components w 
X,Y Y = 

b 
w i l l  d e s c r i b e  a rigid-body rota'tion of ou r  dynamical system (dur ing  which 

t h e  p o s i t i o n  of each p a r t i c l e  remains unchanged i n  t h e  primed c o o r d i n a t e s ) ,  
- -  . -  - _  - -~-___._ _ _  

.- 

t h e  remaining v e l o c i t y  components 

of ou r  body, i n  t h e  primed s y s t e m ,  i n  t h e  cour se  of t i m e .  It is ,  the re -  

f o r e ,  t h e  l a t t e r  which w i l l  b e  of p a r t i c u l a r  i n t e r e s t  f o r  t he  main 

problem which w e  have i n  mind; and i n  what fo l lows ,  w e  propose t o  i n v e s t i g a t e  

u i  , v i ,  w i  w i l l  r e p r e s e n t  deformation 

t h e  e x t e n t  t o  which t h e i r  occurrence may modify t h e  s t r u c t u r e  of ou r  

equa t ions .  

I n  o rde r  t o  do s o  w e  n o t i c e  f i r s t  t h a t ,  inasmuch as t h e  angu la r  

v e l o c i t y  components are h e r e a f t e r  t o  b e  regarded as f u n c t i o n s  of 

i t  fo l lows  from (101) - (103) t h a t  

t a lone  

v2u = v2u;, 

v2v = v2v;), 

02, = v2w;); 

and, s i m i l a r l y ,  t h e  divergence ( l o b )  of t h e  v e l o c i t y  v e c t o r  w i l l  reduce 

t o  

In  consequence, t h e  correspoiidliig expressions on t h e  r i g h t - h a d  s i d e s  

(1.06) 

of equat ions (98) - (100) are obtained i f  t h e  v e l o c i t y  components 
. -  - _  - . - 
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Therefore ,  

- - 

t h e r e  a r e  replaced by u;, v;, w h ;  and A by A i .  

+ - 2 h{2Dlw;l - D4vA} 
3 a Z  

and 

'(107) 

,- - 



” 
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and where 

denote  t h e  components of v o r t i c i t y  of t h e  deformation vec to r .  

As t h e  n e x t  s t e p  of our a n a l y s i s ,  l e t  us i n t e g r a t e  both  s i d e s  of 

t h e  equa t ions  

w i t h  r e s p e c t  t o  t h e  m a s s  element 

(92) - (94) over  t h e  e n t i r e  m a s s  of our  c o n f i g u r a t i o n  

dm = pdV = pdxdydz. (119) 

I f ,  as u s u a l ,  
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L~ . -. 

A = ](yz + z2)dm, 

B = (x2 + z2)dm, 

C = /(x2 + y2)dm 
1 

denote  t h e  moments of ine$t ia  of  o u r  conf igu ra t ion  wi th  r e s p e c t  t o  t h e  

axes  x, y ,  z ;  and 
- -~ ~ - -. . . - . -- 

D = lyzdm, 

E =Jxzdm, 
(123) 

(124) 

s t a n d  f o r  t h e  r e s p e c t i v e  products of i n e r t i a ,  t h e  mass i n t e g r a l s  of t h e  

equa t ions  (92) - (94) combined wi th  ( 8 9 )  - (gl) w i l l  assume t h e  

forms 

Abx + (C - B)u w - D(u; - J) - E(G + w w ) 
Y Z  2 X Y  

and 

Bb + (A - C)wXwz - D(Gz - w w - E(w% - w’) Y X Y  X 

‘ -  F(Gx + w w ) 
Y Z  

+ 20  (xu’ + zw;))dm - 2wZ/zvidn - 2u /X,idm 

+/D2PdV - /DpRdm = l { x ( C ) i  - z(G)i}dm + / p { z g  - x3f)dV, 

Y O  J X 

CGz + (B  - A ) u  w - D(G + w w ) - E(Gx - w w ) 
X Y  Y x z  Y Z  

- F(u$ - w’> 
Y 

+ 2 w Z j y v i  + xui)dm - 2w 

+ JD3F’dV - /D3ndm = h y ( 6 ) ;  - x(C)A}dm + / p { x G  - y S ) d V .  (1Z8) 
~ - . -  
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- - -. - - .  - ._ - _  

The preceding  t h r e e  equat ions  r e p r e s e n t  t h e  e x a c t  form of t h e  

gene ra l i zed  Eu le r i an  equat ions  governing t h e  p recess ion  and n a t a t i o n  of  

s e l f - g r a v i t a t i n g  conf igu ra t ions  which c o n s i s t  of  a v iscous  f l u i d .  They 

c o n s t i t u t e  a system of t h r e e  ord inary  d i f f e r e n t i a l  equa t ions  f o r  w 

cons idered  as func t ions  of t h e  t i m e  t a lone .  I f  t h e  body i n  q u e s t i o c  

- _ _  - - .- 

X , Y , Z  

were r i g i d  (non-deformable)--or, i f  deformable,  i t  were s u b j e c t  t o  no 

time-dependent deformation--all. t h r e e  v e l o c i t y  components u' , v' , w' 

re la t ive t o  the r o t a t i n g  frame of  r e f e r e n c e  (and t h u s ,  by (60) , 

I$, v 6 , ' w A )  would be  i d e n t i c a l l y  ze ro .  I n  such a case, equa t ions  

(126) - (128) would reduce t o  t he i r  more f a m i l i a r  form 

Bh + (A - C)wXwz - D(Gz  - w w ) - E(U; - u:) 
Y X Y  

- F(Gx + w w ) + /D2PdV - /DpQodm = / D2Qldm, 
Y Z  

and 

CGz + (B - A)w w - D(G + w w ) - E(Gx - w w ) 
X Y  Y x z  Y Z  

Y 
- F ( w ~  - w2) + ID3pdV - /DgROdm = I D3Rldm, (131) 

where w e  have decomposed the  t o t a l  g r a v i t a t i o n a l  p o t e n t i a l  

i n t o  i t s  p a r t  a r i s i n g  from t h e  m a s s  of  t h e  r e s p e c t i v e  body (no) and 

t h a t  a r i s i n g  from e x t e r n a l  d i s t u r b i n g  f o r c e s  (n,) i f  any. 
~ 

I n  t h e  case of a r i g i d  body, t h e  e x i s t e n c e  of h y d r o s t a t i c  e q u i l i b r i u m  

r e q u i r e s  t h a t  

/DiPdV = biQodm 
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* e x a c t l y  f o r  i = 1, 2 ,  3 .  

i n e r t i a l  axes  

our  conf igu ra t ion ,  i t  can be  shown t h a t  a l l  t h r e e  moments of i n e r t i a  

(123) - (125) :an b e  made t o  vanish ;  and f o r  

I f ,  moreover, w e  choose our  system of  

x y z  t o  co inc ide  w i t h  t h e  p r i n c i p a l  axes  of i n e r t i a  of 

our  equa t ions  (129)  - (131) w i l l  r educe  f u r t h e r  t o  

Ah + (C - B ) w  w = DIRldm, 

Bh + ( A  - C ) w  w = DZRldm, 

Chz + (B  - A ) w  w = D3Rldm, 

X Y Z  

Y x z  

X Y  

which i s  t h e  f a m i l i a r  form of t h e  Eu le r i an  equa t ions  f o r  t h e  p r e c e s s i o n  

of  r i g i d  bod ies .  

0 I f ,  however, t h e  body i n  q u e s t i o n  were f l u i d  and s u b j e c t  t o  d i s -  

t o r t i o n  by external forces--though n o t  n e c e s s a r i l y  ( l i k e  e q u i l i b r i u m  

t i d e s )  f l u c t u a t i n g  i n  time--equations (135) would cease t o  be  e x a c t  t o  

t h e  e x t e n t  t o  which equat ions  (133) need no longe r  ho ld  t r u e .  The r eade r  

may n o t e  t h a t  as long  as t h e  func t ions  P ( r )  and R a  ( r )  are pure ly  

r a d i a l  (as they  would be  i n  t h e  absence of  any d i s t o r t i o n )  o p e r a t i o n  wi th  

Di ( i  = 1, 2 ,  3) 

cont inue  t o  be  f u l f i l l e d  i d e n t i c a l l y .  

w i l l  a n n i h i l a t e  them completely;  s o  t h a t  equa t ions  (133) 

The same argument d i s c l o s e s ,  

however, t h a t  f o r  f l u i d  bodies ,  equa t ions  (133) way become i n e q u a l i t i e s  

t o  t h e  e x t e n t  brought  about by d i s t o r t i o n ;  and--to t h i s  ex ten t - - the  E u l e r i a n  

d i f f e r e n t i a l  equa t ions  f o r  t h e  p recess ion  and n u t a t i o n  of  r i g i d  and f l u i d  

bodies  may be  d i f f e r e n t  even i f  t h e  form of t h e  f l u i d  does n o t  vary  wi th  
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L: 

I 
1. 

t h e  t i m e .  

I f ,  however, t h i s  l a t te r  cond i t ion  i s  n o t  fu l f i l l ed - - such  as, f o r  

i n s t a n c e ,  i n  t h e  case when t h e  p e r i o d  of axial  r o t a t i o n  of t h e  fli-!id 

body d i f f e r s  from t h a t  of  t h e  r evo lu t ion  of  an e x t e r n a l  a t t r a c t i n g  mass 

producing dynanrical t ides on t h e  r o t a t i n g  f lu id- - the  v e l o c i t y  components 

u:, v;, w: 

equa t ions  (126) - (128) which can be  c l a s s i f i e d  i n  two groups.  Those 

on t h e  le f t -hand  s i d e s  of t h e  r e s p e c t i v e  equa t ions  are f a c t o r e d  by t h e  

angu la r  v e l o c i t y  components w w w which p l ay  t h e  r o l e  of dependent 

v a r i a b l e s  of our  problem. However, t h e i r  c o e f f i c i e n t s  are n o t  c o n s t a n t s  

( l i k e  A,  B ,  C ;  D,  E ,  F ) ,  bu t  f u n c t i o n s  of t h e  t i m e .  The second group 

w i l l  emerge t o  g ive  rise t o  supplementary terms i n  t h e  

x’ y’ z 

of new terms a r i s i n g  on the right-hand s i d e s  of t h e  same equa t ions  are 

independent of  w and render  our  system non-homogeneous. The f i r s t  
X,Y $ 2  

mass- in tegra l  on t h e  right-hand s i d e s  of equa t ions  (126) - (128) arises 

from t h e  a c c e l e r a t i o n s  exper ienced  by t h e  body s u b j e c t  

t o  deformat ion- - i r respec t ive  of  whether t h e  f low due t o  t h i s  motion i s  

i n v i s c i d  o r  v i scous ;  w h i l e  the  second group of volume i n t e g r a l s  ( t h e  

in t eg rands  of which are given by equa t ions  

t h e  e f f e c t s  of v i s c o s i t y  proper ;  and i f  t h e  l a t t e r  is  l a r g e ,  t h e s e  may 

(&)A, ( c ) ; ,  (6): 

(126) - (128) r ep resen t  

be  predominant. 
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