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Energy Functions f o r  Morse Smale Systems 

by 

K. R .  Meyer 

I. Introduct ion.  

I n  [l] Smale introduced a c l a s s  of vec tor  f i e l d s  on a mani- 

f o l d  t h a t  a r e  similar t o  gradient f i e l d s  generated by Morse funct ions 

and have s ince  been ca l l ed  Morse-Smale systems. Morse-Smale systems 

a r e  allowed t o  have a f i n i t e  number of c losed o r b i t s  and s ingular  

po in t s  bu t  they  share  with gradient f i e l d s  t h e  property t h a t  t he  

and w l i m i t  s e t s  of every t r a j e c t o r y  can only be a s ingular  po in t  

a 

or  a closed o r b i t .  

A Morse-Smale system without closed o r b i t s  i s  c a l l e d  gradient  l i k e .  I n  

Hence there  i s  no complicated recur ren t  motion. 

[2] it i s  shown t h a t  f o r  every gradien t  l i k e  system the re  e x i s t s  a 

Morse funct ion t h a t  i s  decreasjng along t r a j e c t o r i e s .  I n  t h i s  paper 

a l a r g e r  c l a s s  of funct ions i s  considered, c a l l e d  E -functions,  and 

it i s  shown i n  Theorem 1 t h a t  f o r  every Morse-Smale system the re  

e x i s t s  an &-funct ion  t h a t  i s  decreasing along the t r a j e c t o r i e s  of 

t h e  system. This reminds one of the  energy funct ion associated t o  a 

d i s s i p a t i v e  system i n  mechanics and hence the  name -g - func t ion .  

The construct ion of t he  3 - f u n c t i o n  requi res  l i t t l e  more 

e f f o r t  bu t  t h e  added genera l i ty  has suggested new quest ions t h a t  a r e  

discussed here .  It i s  na tura l  t o  ask i f  t h e  assoc ia t ion  o€ an 

3 -function t o  a Morse-Smale Yield i s  unique i n  some sense.  Theorem 2 

es t ab l i shes  t h a t  t he  functions corresponding t o  a p a r t i c u l a r  f i e l d  

a r e  topologica l ly  equivalellt.  
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Several  i n t e r e s t i n g  spec ia l  r e s u l t s  a r e  a l s o  obtained when 

t h e  manifold i s  

a necessary and 

compact and two dimensional. I n  t h i s  case one has  

s u f f i c i e n t  condition f o r  s t r u c t u r a l  s t a b i l i t y  i n  

terms of 3 - f u n c t i o n s  and moreover the re  i s  a one-to-one corre-  

spondence between topological  equivalence c l a s ses  of s t r u c t u r a l l y  

s t a b l e  f i e l d s  and 3 - f u n c t i o n s .  
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11. Def in i t ions  and Prel iminaries .  -- 
W I n  t h i s  paper smooth w i l l  always mean C . Let M be a 

c losed smooth manifold of dimensTon m with a d j s tance  funct ion d 

inhe r i t ed  from some Riemannian met r ic .  Rn w i l l  be Euclidean n- 

Rn+ 1 space, Sn t h e  uni t  sphere i n  and B" t he  open u n i t  b a l l  i n  

Rn. 

1-parameter group of diffeomorphisms generated by X .  If p E M then 

If X i s  a smooth vector  f i e l d  on M then cpt w i l l  denote t h e  

r(p) w i l l  denote t h e  t r a j e c t o r y  of X 

v c p t ( p ) .  If p E M then the. a and 

defined i n  t h e  usua l  manner by a ( p )  = 

If A i s  a subset of M then 

through p, i . e . '  y (p) = 

w l i m i t  s e t s  of y ( p )  a r e  

Ao w i l l  denote t h e  topo- 

l o g i c a l  i n t e r i o r  of A and A- t he  topologica l  c losure of A.  

Def in i t ion :  A smooth vector  f i e l d  X w i l l  be c a l l e d  a Morse-Smale 

system ( o r  f i e l d )  provided 

X 

each of generic type.  A generic s ingular  po in t  i s  a 

s ingular  po in t  such t h a t  i n  l o c a l  coordinates  the  matr ix  

of p a r t i a l  der iva t ives  of X has eigenvalues with non- 

zero r e a l  p a r t s .  

X has a f i n i t e  number of c losed o r b i t s  ( i . e .  per iodic  

so lu t ions ) ,  say pk+l,.. . ,pn, each of generic type.  A 

generic o r b i t  i s  a c losed o r b i t  such t h a t  a l l  the  character-  

i s t i c  mul t ip l ie rs ,  except the  one corresponding t o  t h e  o r b i t  

i t s e l f ,  have modulus d i f f e r e n t  from one. 

For any p E M, a (p)  = pi and w(p)  = p j  f o r  some i and 

has a f i n i t e  number of s ingular  points ,  say pl, ...,pk, 



4) If Pi i s  a closed o r b i t  then the re  i s  no p E M-pi 

such t h a t  a (p )  = p and w(p) = pi. 

The s t a b l e  and unstable  manifolds associated with the  

i 

5 )  

have t r ansve r sa l  i n t e r sec t ion .  pi 

w i l l  be c a l l e d  t h e  s ingularelements  
J 'n The s e t s  P I J  ... 

of t h e  f i e l d  X. 

* Let Wi and W1 denote the  unstable  and s t a b l e  manifold 

assoc ia ted  t o  f3 See [l] and [2] f o r  a discussion of condi t ion 3) i' 
and d e f i n i t i o n  of W and . W T .  Note t h a t  i n  [l] t r ansve r sa l  i n t e r -  i 

sec t ion  i s  c a l l e d  a normal in t e r sec t ion .  A l a r g e  number of t he  

lemmas i n  [l] can be summarized by t h e  following: 

Lemma: Let X be a Morse-Smale system on M. Let pi? p mean 

t h a t  t he re  i s  a t r a j e c t o r y  not  equa,l t o  f3 o r  p j  whose a - l i m i t  
j 

i 

. Then ZO s a t i s f i e s :  
'j 

set  i s  pi and whose w - l i m i t  s e t  i s  

1) it i s  never t rue  t h a t  f3. f3 
1 i 

a p a r t i a l  ordering of upi) 

3 )  i f  pi* p then dim W .  2 dim W and equa l i ty  can 
j 1 j 

i s  a closed o r b i t .  9 only occur i f  

Let E be a smooth funct ion from M i n t o  R and l e t  A 

denote the  s e t  of c r i t i c a l  points  of E. Let Ai denote the  s e t  

of po in ts  i n  A where the Hessian of E has n u l l i t y  i. It i s  

wel l  known (see [ 3 1) t h a t  A, i s  a f i n i t e  union of points ,  say 
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'1,***> 6 k> and t h e r e  e x i s t s  a coordinate system (Nilxi) such t h a t  

E 0 xi1 = E(6i)  + Q(x) 

where Q i s  a nonsingular quadratic form i n  x whose index i s  t h e  

same as the  index of t h e  Hessian of E a t  Ei. For d i scuss ion  and 

d e f i n i t i o n s  r e l even t  f o r  these  func t ions  see [ 3  3 .  

Def in i t ion :  A smooth function E from M i n t o  R w i l l  be c a l l e d  

on 3 - f u n c t i o n  f o r  M provided - 

1) A =  A. U 4 
2 )  4 

c i r c l e s ,  i . e .  closed connected one dimensional sub- 

i s  the  d i s j o i n t  union of a f i n i t e  number of 

manifolds of M, such t h a t  t h e  Hessian of E i s  

constant on each c i r c l e .  Denote these  c i r c l e s  by 

'k+l>.**> 6 n'  

of 6i 

Ni 
or ien tab le  o r  i n to  t h e  twis ted  product of and 

Ni 3 )  For i = k-tl,. . . ,n t he re  e x i s t s  a neighborhood 

and a diffemorphism x such t h a t  x maps i i 

and S1 i f  Ni i s  Bm- l  i n t o  t h e  product of 

Bm-l  

S I  i f  Ni i s  nonorientable w-ith t h e  proper ty  t h a t  

E 0 xi = -I- Q(x) where Q i s  a nonsingular -1 

t h e  coordinates i n  j x m - l J  quadratic form i n  xl, ... 
Bm-l  

coordinate i n  S . Moreover, f o r  each po in t  i n  S1 

, and i s  periodic of period 1 i n  xm, t h e  

1 

t h e  quadratic form has index equal t o  t h e  index of 
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E on 6i. 

I n  t h i s  paper t he  connection between Morse-Smale systems 

I n  t h i s  respec t  t he  & -func- 

i s  decreasing along 

and 3 - f u n c t i o n s  i s  invest igated.  

t i o n  i s  c lose ly  r e l a t e d  t o  the f i e l d  when E 
t r a j e c t o r i e s .  To formalize t h i s  we need: 

Defini t ion:  Let X be a smooth vec tor  f i e l d  on M. Then an 

E -function, E, f o r  M w i l l  be c a l l e d  an 3 - funct ion f o r  X 

provided 

1) XE(p) < 0 f o r  a l l  p E M-A, i . e .  E i s  decreasing 

along t h e  t r a j e c t o r i e s  of X o r  t h e  t r a j e c t o r i e s  of 

X a r e  t r ansve r sa l  t o  t h e  l e v e l  l i n e s  of E 

2 )  i f  p i s  a s ingular  po in t  of X then p 4 
3) the re  e x i s t s  a constant  K > 0 such t h a t  on each Ni 

2 
-XE(p) 2 Kd(p,Gi) f o r  p E Ni 

111. Existence of & -functions.  - 

The f i r s t  r e s u l t  i s  t h a t  Morse-Smale systems admit 

3 -functions,  t h a t  i s  

Theorem 1: If X i s  a Morse-Smale system then the re  e x i s t s  an 

\ E - f u n c t i o n  f o r  x. 

p i  Proof: The f i r s t  s t ep  i s  t o  def ine  the  3 - f u n c t i o n  on the  

and s ince  E must be decreasing along t r a j e c t o r i e s  t h i s  must be 

done i n  a cons is ten t  way. The lemma. shows t h a t  t h i s  can be done, 

t h a t  i s ,  one can f i n d  n r e a l  numbers ai such t h a t  i f  p .  * f3 
1 j 
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then ai > a . Thus we define E on t h e  p by E(pi) = ai and 
j i 

then cons t ruc t  E g loba l ly  s o  t h a t  6. = ,3 and E i s  decreasing 

along t r a j e c t o r i e s .  Next E must be extended t o  a neighborhood of 

1 i 

t h e  pi 

s a t i s f i e d .  If pi i s  a s ingular  po in t  then i n  l o c a l  coordinates 

X has  t h e  form k = Ax + f (x )  where f ( 0 )  = df(0)  = 0 and the  

i n  such a way t h a t  the nondegenerating conditions a r e  

eigenvalues of A have nonzero r e a l  p a r t s .  By Liapunovtheory the re  

e x i s t s  symmetric matr ices  Q and C, C p o s i t i v e  d e f i n i t e  and Q 

nonsingular such t h a t  A'Q -t QA = -C.  Moreover, t he  index of Q i s  

equal t o  t h e  number of eigenvalues of A with p o s i t i v e  r e a l  p a r t .  

If we def ine  

the re  e x i s t s  a neighborhood s u f f i c i e n t l y  small and a constant  

such t h a t  -XE(p) 2 Kid(x,p)2 i n  t h i s  neighborhood. Take t h e  Ni 

s u f f i c i e n t l y  small  t h a t  the  above holds and so t h a t  they do not  over- 

E(x) = ai + x'Q,x then by standard Liapunov arguments 

K~ > 0 

l a p .  

Now around a closed o r b i t  p one can choose a neighbor- i 

and a diffeomorphism x! mapping N; i n t o  $n-k$ or  hood N' i I 

9-l twis ted  product with SI 

t h a t  i f  y i s  t h e  coordinates i n  $n-l and 8 i s  t h e  coordinate 

i n  E$- then X takes  the  form 

( i f  N; is non o r i en tab le )  such 

where A i s  an (m-1) x (m-1) per iodic  matr ix  of period 1 i . e .  

A i s  a ' f u n c t i o n  on S I .  0 and. Y a r e  per iodic  of peri.od 1 i n  8 
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8(8 ,0 )  = 0 and Y = o(llyII). By Floquet theory the  fundamental 

matr ix  so lu t ion  of u t  = -uA can be wr i t t en  i n  t h e  form eSeP(B) 

where S i s  constant  and P i s  e i t h e r  per iodic  o r  skew per iodic  

'of per iod 1 i . e .  e i t h e r  P(0) = P(8-I-1) o r  P(0)  = -P(B+l) .  

By assumption S has no eigenvalue with zero r e a l  p a r t  and so  by 

Liapunov theory the re  e x i s t s  symmetric matr ices  Q and C, Q 

nonsingular and C pos i t i ve  d e f i n i t e  such t h a t  S Q + QS = C .  De- T 

-1 T T  f i n e  E 0 xi = ai + y P(Q) Q,P(Q)y by d i r e c t  computation then 

s t r i c t  the  neighborhood N 

t h a t  -XE(p) 2 Kd(Gi,p) f o r  p E Ni. 

so  t h a t  they do not overlap and s o  i 
2 

Thus t h e  -function i s  now defined i n  neighborhoods of 

t he  s ingular  po in ts  and closed o r b i t s  of X. The extension of t h i s  

funct ion can now be accomplished by the  same procedure as i n  [ 2  J 

As a p a r t i a l  converse of t h e  above theorem w e  have 

Proposit ion: Let X be a smooth vec tor  f i e l d  on M. If t h e r e  

e x i s t s  an & -function f o r .  X then X s a t i s f i e s  t h e  condi t ions 1) 

2) 3 )  and 4) i n  t he  de f in i t i on  of a Morse-Smale system. 

t h e  f i e l d  X can be approximated a r b i t r a r i l y  c lose ly  i n  t h e  C - 

Moreover, 

r 

topology f o r  f i e l d s  on M by a Morse-Smale system, 

The f i r s t  p a r t  follows by standard Liapunov arguments 

and t h e  second p a r t  i s  es tab l i shed  e s s e n t i a l l y  the  same way as  

proposi t ion 2 in [ 41. 

If  M i s  compact and 2-dimensional t he  above r e s u l t  can 

be sharpened. I n  t h i s  case Morse-Smale systems a r e  t h e  same as  
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s t r u c t u r a l l y  s t a b l e  systems by a theorem of Peixoto [ ? I .  If E i s  

an -function f o r  X such t h a t  a l l  t h e  sources of X l i e  i n  

E-'(l); a l l  saddle poin ts  of X l i e  i n  E - l ( O )  and a l l  s inks  of 

X l i e  i n  E-'(-l) then E w i l l  be c a l l e d  a spec ia l  3 - f u n c t i o n  

f o r  X.  It i s  c l e a r  from the above t h a t  i f  M i s  compact and two- - -  
dimensional then t h e  construct ion of Theorem 2 could be made t o  y i e l d  

a spec ia l  3 - f u n c t i o n  f o r  x. 
I f  E i s  a spec ia l  &-function for  X then the re  can 

be no t r a j e c t o r y  jo in ing  saddle po in t s  of X s ince  E .is decreas- 

ing  along t r a j e c t o r i e s .  Thus t h e  s t a b l e  and unstable  manifolds have 

t r ansve r sa l  i n t e r sec t ion .  Hence 

Corollary: If M i s  compact and two dimensional then a necessary 

and s u f f i c i e n t  condi t ion f o r  X t o  be s t r u c t u r a l l y  s t ab le  i s  t h e  

exis tence of a spec ia l  . E - f u n c t i o n  f o r  X. 

IV. Uni-queness - of x - f u n c t i o n s .  

Clear ly  the  s f u n c t i o n  constructed i n  Theorem 1 i s  not 

unique but  i f  one introduces the  concept of topologica l  equivalence 

a form of uniqueness can be establ ished.  

Recal l  (see [6]) t h a t  two funct ions E and E' from M t o  

R a r e  said t o  be topological ly  equivalent i f  t h e r e  e x i s t s  homeomorphisms 

f and g, f:M -+M and g : R  + R  such t h a t  t he  following diagram commutes 

F- 

A 

f c - l  
I/ 

M E' >R 



' .  . 
4 .  

-10- 

Recall t h a t  two vector  f i e l d s  X and X' on M a r e  said t o  be topo- 

l o g i c a l l y  equivalent if t h e r e  e x i s t s  a homeomorphism h: M + M  

which sends the  t r a j e c t o r i e s  of X i n t o  the  t r a j e c t o r i e s  of XI,. 

I n  general  two A -functions f o r  two topologica l ly  equiv- 

a l e n t  f i e l d s  a r e  not topological ly  equivalent  s ince  t h e  2 - funct ions 

a r e  defined qu i t e  a r b i t r a r i l y  on t h e  s ingular  po in ts  and closed o r b i t s .  

To obtain uniqueness some r e g u l a r i t y  on the  way the  LE -functions a r e  

def ined on t h e  ' s  i s  necessary. This could be done by uniquely 

specifying t h e  way the  functions a r e  def ined on the  f3 I s  as w a s  done 

i n  t h e  d e f i n i t i o n  of t h e  spec ia l  

f i e l d s .  

i 

i 

2 - funct ions f o r  two-dimensional 

Ins tead  of t h i s  we assume t h a t  t h e  &-functions a r e  defined 

c o r r e c t l y  on t h e  c r i t i c a l  elements. 

Since hence f o r t h  we s h a l l  be consider ing two f i e l d s  and two 

funct ions we s h a l l  use the  same symbols as before  and a l l  unprimed sym- 

bo l s  w i l l  r e f e r  t o  one system and a l l  primed t o  the  o ther .  

Theorem 2 .  Let X and XI be two Morse-Smale systems on M t h a t  a r e  

topologica l ly  equivalent under the  homeomorphism h. Let E and E' 

be d ; - f u n c t i o n s  f o r  X and X' respec t ive ly .  Then i f  t h e  two 

-x - funct ions a re  equivalent on the  s ingular  elements, i . e .  on t h e  

- 

s ingular  po in ts  and closed o rb i t s ,  then they a r e  topologica l ly  equiva- 

l e n t .  That i s  t o  say i f  there  e x i s t s  a homeomorphism g: R -tR such 

t h a t  t h e  diagram 

E 3 R  

h 

hl 
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commutes then E and E' are topologica l ly  equivalent.  

Proof: Let and f3; be so numbered t h a t  h (p . )  = p!. Observe 

t h a t  g i s  by assumption a homeomorphism of R i n t o  R t h a t  must 

s a t i s f y  a f i n i t e  number of other requirements, namely 

E' ( p i ) .  If such a g e x i s t s  then a smooth e x i s t s  s a t i s f y i n g  

t h e  same conditions.  Hence we citn assume t h a t  E and E' agree 

t h e  s ingular  elements s ince  otherwise we would consider E and ZoE'. 

1 1 

goE(f3.) = 1 

We f i r s t  def ine  a spec ia l  neighborhood of one s ingular  

element. Let p represent  any one of t h e  f3 or  f3i and N,x and 

E t h e  corresponding N.,N!,x.,x!,E or  E ' .  Then a @)--neighborhood, 

€', of p i s  defined as  a closed neighborhood of p contained i n  N 

such t h a t  t h e  boundary of P i s  t h e  union of t h r e e  s e t s :  1 a m - 1  

closed submanifold of M t h a t  l i e s  i n  t h e  l e v e l  l i n e  E- (E@)+&) 

f o r  some & > 0 o r  I = 9, 0 a m - 1  closed submanifold of M t h a t  

l i e s  i n  the  l e v e l  l i n e  E-l(E(p)-&) f o r  some & > 0 o r  0 = cp and 

U t h e  union of t r a j e c t o r i e s  t h a t  j o i n  t h e  boundary of I t o  t h e  

boundary of 0. 

i 

1 1 1 1  

1 

Such a neighborhood always e x i s t s  as  can be seen by t h e  

following. If f3 i s  a source take  P t o  be t h e  s e t  of po in t s  i n  N 

where E i s  g r e a t e r  than E@)-& with small and p o s i t i v e .  If  

f3 i s  a s ink  P i s  defined s imi l a r ly .  Let f3 be a saddle po in t .  

Then E(x) = E(p)  + Q(x) i n  N where Q i s  a nonsingular quadra t ic  

form. Let T be t h e  quadratic form t h a t  i s  equal t o  Q on t h e  sub- 
- 

space of R" where Q i s  negative d e f i n i t e  and zero on t h e  complement. 

For & and 6 s u f f i c i e n t l y  s m a l l  t h e  s e t  I of po in t s  p where 
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p 6 E-l(E(f3)  + &) and -T(p) 5 6 i s  contained i n  t h e  i n t e r i o r  of 

N. 

Moreover, if & and 6 a r e  s u f f i c i e n t l y  small one can 

a l s o  f u l f i l l  t h e  requirement t h a t  t h e  s e t  of a l l  po in t s  

on a t r a j e c t o r y  through I and s a t i s f y  E(p)  - & 5 E(p) 5 E(@) + & 

i s  contained i n  N, l e t  P be t h e  c losure  of t h i s  s e t .  It i s  easy 

t o  see t h a t  P i s  a closed neighborhood of @ contained i n  N and 

t h a t  t h e  boundary of P i s  composed of I as defined above, 0 

and U where 0 and U s a t i s f y  t h e  requirements of t h e  d e f i n i t i o n  

of a --@neighborhood. -@neighborhoods f o r  closed o r b i t s  a r e  con- 

s t r u c t e d  i n  a similar way. 

p t h a t  l i e  

Let Pi be a --@?neighborhood f o r  i' i = k+l,k+2,. . . ,n 

1 i k+l  i '  
and P: i t s  i n t e r i o r .  We f i r s t  cons t ruc t  f on M - bf3 - b Po 
Let p E M - pi - fi Po and def ine  f :p  -+ q where q i s  defined 

k + l  

as t h e  unique poin t  on t h e  X ' - t r a j ec to ry  through h(p)  t h a t  sa t is-  

f i e s  E'(q) = E(p).  To make sure t h a t  t h i s  map i s  wel l  defined 

observe t h a t  E(cpt(p)) and E'(cpC(h(p))) t end  t o  t h e  same l i m i t  a s  

t 3 st4 and the  same l i m i t  as t + - 00 and moreover both a r e  decreas- 

i ng  func t ions  of t .  Thus f i s  a homeomorphism t ak ing  l e v e l  l i n e  

i n t o  l e v e l  l i n e  where it i s  defined. 

Now f can be extended t o  t h e  s ingular  po in t s  by f ( p i )  = 

f o r  i = 1,. . . ,k. To see t h a t  f i s  s t i l l  a homeomorphism note 

@ i @neighborhoods of t h a t  f maps 2 - n e i g h b o r h o o d  of @ onto 

I 

p i  and conversely. 

s ince  t h e  

For closed o r b i t s  t h e  extension i s  more d i f f i c u l t  

no longer cons is t  of s i n g l e  p o i n t s .  @i 
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The homeomorphism f i s  defined on t h e  boundary of Pi, 

i n t o  t h e  boundary of a 

To see t h i s  observe t h a t  t he  image 

i = k-tl, . . . ,n 

9 - n e i g h b o r h o o d ,  Pi, of f3' 

and maps the  boundary of Pi 

i' 

I; of Ii under f i s  contained i n  a l e v e l  l i n e  of E' and 

s imi l a r ly  f o r  t he  image of 0. Moreover t h e  image of U i s  t h e  

union of X 1  t r a j e c t o r i e s  joining t h e  boundary of I' t o  t he  bound- 

a ry  of O r .  Pi i s  defined once 1' or  0' a re  defined as can be 

seen by our construct ion o f  @neighborhoods. 

We now show how t o  extend the  d e f i n i t i o n  of f t o  t h e  

i n t e r i o r s  of P Since we s h a l l  be working l o c a l l y  

we s h a l l  drop t h e  subscr ip ts .  For def in i teness  l e t  us consider t he  

i = k+l,  . . . ,n.  i' 

case when t h e  neighborhood of f3 and the  s t a b l e  and unstable  mani- 

fo lds  of f3 are  o r i en t i ab le .  The nonorientable cases a re  s imi l a r ly  

t r e a t e d .  

F i r s t  l e t  f3 be a source or a s ink.  Let N be a neighbor- 

m 1  hood of f3 containing P and x a diffeomorphism x : N  + B  x S , 
m- 1 L T x = (y,8), y:N -> B , 8 : N  + S such t h a t  i n  N, E(x) = E(f3) + y y .  

L e t  P', N' ,  X I ,  y ' ,  8' be s imi la r ly  def ined.  For s impl ic i ty  l e t  

E be zero on p and 1 on the boundary of P. f i s  defined on 

t h e  boundary of P and l e t  f = h on f3 .  Let p =(y,8) E Po - f3. 

p i s  on t h e  curve ~ ( 0 , 0 )  ( l -~ ) ( l l y l l  y,0) .  Let f(0,B) = (0,8;)  
-1 

1 and f((llyII- y ,0) )  = (y;,ei) and l e t  q be the  unique point  on the  

curve T(y;,ei) + (1-T) (0,0:) t h a t  s a t i s f i e s  E(p) = E' (9). By de- 

f i n i n g  f ( p )  = q we see t h a t  f has been extended t o  the  c r i te r - ior  

of P as  a homeomorphism taking l e v e l  l i n e  i n t o  l e v e l  l i n e ,  

Now l e t  f3 be a saddle type closed o r b i t .  Let N be a 

neighborhood of f3 containing P and x = (y,B) a diffeomorphism 
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n-1 
y:PJ -> B and 0:N +S1 such t h a t  i n  these  l o c a l  coordinates E(x) = 

E(@) + yTQy where Q = diag  (1,. . . ,l,-l,. . . , -1). 

y' ,e' 
completely i n t e r i o r  t o  P. Define f on II by f :p  + q  where p E II 

and q E II' and p and q have t h e  same numerical coordinates  i n  the  

Moreover, l e t  N' ,x' , 
be s imi l a r ly  defined. Let II be a 9 - n e i g h b o r h o o d  of p 

unprimed and primed coordinates respec t ive ly .  

Thus f mus t  be extended t o  Po - II. This extension 

can be accomplished by dividing Po - II i n t o  seve ra l  p a r t s  each of 

which has a simple geometric type: Let a and b be the  r e a l  

numbers such t h a t  t h e  region of t h e  boundary of x t h a t  i s  a region 

of ingress  resp.  egress  i s  i n  the  l e v e l  l i n e  E - l ( a )  resp .  E -1 (b) .  

Consider K1 = E-'(a) fl (P-no) and K2 = E - l ( b )  f l  (P-n'). 

def ined on the  boundary of 

$ a r e  j u s t  products of u n i t  i n t e r v a l s  and spheres.  Let L1 

(P-no) n (p&:E(I) r E(p) 2 a], L2 = ( P - e )  n (p&:E(a) 2 E(p) 2 

f i s  

K1 and K2 and topologica l ly  K and 1 

E ( b ) )  and L = (P-XO) n (pcM:E(b) 2 E(p) 2 E(0) ) .  3 

t h e  u n i t  

and % 
f ined  on 

t o  t h e i r  

Topologically L L and L3 a r e  j u s t  t he  product of 1' 2 

K1 i n t e r v a l  and spheres,  f i s  defined on t h e  boundary of 

and so  we f i r s t  extend f t o  K1 and $. Now f i s  de- 

t he  boundary of L1,L2 and 4 and so f i s  then extended 

i n t e r i o r s .  

Each extension i s  ca r r i ed  out i n  t h e  same way as  t h e  ex- 

tens ion  was c a r r i e d  out f o r  the source because i n  each case the re  i s  

a s e t  t h a t  a c t s  a s  t h e  center .  That i s  i f  one of t h e  s e t s  i s  

I x I x S1 then ( 3 , O )  x S1 i s  t h e  cen te r .  

The cen te r  i s  mapped homeomorphically on the  center  by 

f i a t  and then the  extension i s  c a r r i e d  out by jo in ing  the  cen te r  t o  

t h e  boundary by l i n e s  and carrying poin ts  propor t iona l ly .  
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Of course f o r  spec ia l  2 - f u n c t i o n s  the  homeomorphism g 

may always be taken as  t h e  iden t i ty .  In  the  case where M i s  compact 

and two dimensional t he  converse of Theorem 4 holds a l so .  Namely 
.. . . - 

Proposit ion: Let M be a compact and two dimensional smooth mani- 

fold. Let X and X1 be smooth vector  f i e l d  on M and l e t  E 

and E' be spec ia l  s - f u n c t i o n s  for X and X' respect ively.  

If E and E' a r e  topological ly  equivalent then X and X' a re  

topologica l ly  equivalent.  

Proof: Let f be t h e  homeomorphism of M t h a t  takes  l e v e l  l i n e s  

of E i n t o  level l i n e s  of E' i .e .  E = E'of. f s e t s  up a corre-  

spondence between t h e  c r i t i c a l  elements of E and E' l e t  them be 

s o  numbered t h a t  f(6.) = 6 !  and l e t  t h e  pi and p i  be numbered 

so t h a t  Pi = 

El (0). Then f i s  a homeomorphism of onto I". Define h 

1 1 

and p i  = 61 as s e t s .  Let r = E-'(o) and r' = 'i 
-1 

t o  be equal t o  f on r. 
The f i r s t  thing t o  be es tab l i shed  i s  t h a t  i f  p E: r and 

then a1 ( f ( p ) )  = p i  and w ' ( f (p ) )  = f3 ' .  a ( p )  = Pi and w(p) = B j  

Let p E r and p not a saddle point  and l e t  p* = f ( p ) .  Consider 
j 

t h e  X1- t ra jec tory  through p* and l e t  it be reparameterized so t h a t  

it i s  a map u from (-1,l) in to  M where the  new parameter i s  the  

value of E l ,  t h i s  can be done s ince  E' (cp;(p*)) i s  a decreasing 

funct ion of t. To be precise  u:(-1,l) + M  such t h a t  u(a), 

a E (-l,l), i s  t h e  unique point on the  X' t r a j e c t o r y  through p* 

such t h a t  E ' (u (a ) )  = a. I n  a similar manner l e t  v : ( - l , l )  -+M be 

t h e  reparameterization of f (cp,(p)) by values of E ' .  To be p rec i se  
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v(a) ,  a E (-l,l), i s  t h e  unique point  on f(cpt(p)) such t h a t  

E'(v(a)) = a. We w a n t  t o  show t h a t  u and v a r e  i so topic  with an 

isotopy t h a t  moves poin ts  i n  a l e v e l  i i n e .  

t h a t  t he re  e x i s t s  a map V: (-1,l) [0,1] -+ M such t h a t  V( ,0) = u 

and V(-,l) = v and moreover E 1 ( V ( a , t ) )  = a for  a l l  t E [0,1]. 

Clearly t h i s  w i l l  e s t a b l i s h  the f a c t  t h a t  a and w l i m i t  s e t s  of 

That i s  we want t o  show 
- . 0- _. . ~ - .  

t r a j e c t o r i e s  correspond as  described above. 

Let A be a s m a l l  d i sk  about p' such t h a t  A contains  

I 

no s ingular  po in ts  of XI. For a d i f f e ren t  from zero t h e  l e v e l  

l i n e s  E'- l (a)  i s  a smooth one manifold and so  t h e r e  i s  a unique 

arc a in A jo in ing  u(a) t o  v(a) of a rc  length  s (a ) .  Let 

V ( a , t )  be t h e  unique point  on the  arc a such t h a t  t he  a rc  length  

from u(a) t o  V ( a , t )  i s  t s ( a ) .  Thus t h e  isotopy V i s  defined 

s o  long as a i s  small  bu t  the extension i s  now obvious and so our 

claim i s  establ ished.  

The sets ( p  E M:E1 (p) 2 5) and ( p  E M:E1 5 -%) a re  t h e  

d i s j o i n t  union of -@-neighborhoods of a l l  t he  sources and s inks  

respect ively.  

The homeomorphism h i s  now extended i n  t h e  following way. 

L e t  p be a point  of M not on a sepa ra t r ix  of X and such t h a t  

-9 5 E(p) 5 4. The X t r a j e c t o r y  through p meets a t  p* l e t  q 

be t h e  unique point  on the 

t h a t  s a t i s f i e s  E(p) = E ' ( q ) .  

( p  E E:-? 5 E(p) 5 s) 

1 

X1-trajectory through h(p*) = f(p*) 

Now extend t h i s  map t o  a l l  of  

1 s o  t h a t  s epa ra t r ix  goes t o  sepa ra t r ix  and 

l e v e l  l i n e  of E t o  l e v e l  l i n e  of E ' .  

Thus t he  map f i s  defined on all but t he  i n t e r i o r s  of - 
9-ne ighborhoods  of t he  sources and s inks.  The map f i s  defined 

o n  t h e  boundaries of these  - . .  , @neighborhoods . _  and takes  the  boundary 
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of one particular gaeighborhood of an X critical element into 

the boundary of a @-neighborhood of an XI 

the same type. 

critical element of 

But it is shown in [7] that if one is given two critical 

elements of the same type and a31 arbitrary homeomorphism of the 

boundaries of -@-neighborhoods for these two critical elements 

then the homeomorphism can be extended.to the interior of the neigh- 

borhoods taking trajectories into trajectories. Thus f can be de- 

fined globally. 
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