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EDELMAN, JOEL EDWARD, M . A . ,  August 1967 MATHEMATICS 

COVERED SPACES ( 26 p p . )  

D i r e c t o r  o f  T h e s i s :  T . N .  Bhargava 

The o b j e c t  o f  t h i s  t h e s i s  i s  t o  i n v e s t i g a t e  t h e  e x t e n t  

t o  which t h e  e l e m e n t a r y  p r o p e r t i e s  o f  t h e  b a s i c  c o n c e p t s  o f  

t o p o l o g y  remain  v a l i d  i n  t h e  more g e n e r a l  concep t  o f  cov- 

e r e d  s p a c e s .  It i s  shown t h a t  v i r t u a l l y  a l l  o f  t h e  p r o p e r -  

t i e s  of t h e  t o p o l o g i c a l  o p e r a t i o n s  o f  c l o s u r e ,  i n t e r i o r  

and d e r i v a t i v e  are r e t a i n e d  d e s p i t e  t h e  weak h y p o t h e s e s .  I n  

c o n t r a s t  to t h e  c a s e  f o r  t o p o l o g i c a l  s p a c e s ,  however,  i t  i s  

found t h a t  t h e  d e r i v a t i v e  and c l o s u r e  o p e r a t i o n s  do n o t  d i s -  

t r i b u t e  o v e r  u n i o n  o f  s e t s ,  and t h a t  t h e  i n t e r i o r  o p e r a t i o n  

d o e s  n o t  d i s t r i b u t e  o v e r  i n t e r s e c t i o n  o f  s e t s .  An a d d i t i o n -  

a l  key d i f f e r e n c e  found i s  t h a t  w h i l e  complements of open 

s e t s  a re  c l o s e d ,  t h e  complement of  a c l o s e d  s e t  i n  g e n e r a l  

i s  n o t  open. 

S e v e r a l  o f  t h e  b a s i c  p r o p e r t i e s  o f  se t  f u n c t i o n s  and of  

t h e  s e p a r a t i o n  axioms are shown t o  h o l d  t r u e  u n d e r  t h e s e  

more g e n e r a l  c o n d i t i o n s .  

Next w e  i n v e s t i g a t e  a p a r t i c u l a r  form o f  d i s c o n n e c t e d -  

n e s s  f o r  a r b i t r a r y  s u b s e t s  i n  a s p a c e .  It i s  found t h a t  ex-  

t r e m e  d e g r e e s  of connec tedness  a re  accompanied b y  s p e c i f i c  

t o p o l o g i c a l  p r o p e r t i e s ,  and i n  one c a s e  t h e  comple te  t o p o l o g  

i c a l  s t r u c t u r e  i s  imposed. 



Finally we define a limit point digraph correspond- 

ing to a covered space in terms of singleton set limit 

points. It is shown that a connected digraph can represent 

only a space which is connected in the particular sense 

previously mentioned, but that the converse relationship 

may not necessarily hold. 

We also show a one-to-one correspondence between 

simplicial maps of these digraphs and a class of set func- 

tions which, on topological spaces, are homeomorphisms. 
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Chap te r  0 

P r e l i m i n a r i e s  

I n t r o d u c t i o n  

I n  t h i s  t h e s i s  w e  a r e  ma in ly  concerned  w i t h  i n v e s t i -  

g a t i n g  t h e  e l e m e n t a r y  b u t  b a s i c  t o p o l o g i c a l  c o n c e p t s  of  

ne ighborhoods ,  l i m i t  p o i n t s ,  and c l o s u r e ,  as a p p l i e d  t o  a 

s p a c e  w i t h  a more g e n e r a l  s t r u c t u r e  t h a n  t h a t  o f  a t o p o l o g y .  

Some work has been  done i n  d e t e r m i n i n g  t h e  n a t u r e  of  t hese  

c o n c e p t s  u n d e r  g e n e r a l  h y p o t h e s e s ,  such  as by  Day [41, 

Barb8lat [ 2 ]  and S i e r p i n s k i  [ g ] .  But i n  a l l  c a s e s  known 

t o  u s ,  e x c e p t  t h a t  o f  S i e r p i n s k i ,  t h e  a u t h o r s  have r e t a i n e d  

t h e  p r o p e r t i e s  t h a t  p r o v i d e  a s p a c e  w i t h  t o p o l o g i c a l  s t r u c t u r e .  

Our purpose  here i s  t o  conduct  our i n v e s t i g a t i o n  w i t h  t h e  

bare minimum of h y p o t h e s e s ;  such  work i s  e s s e n t i a l l y  due  t o  

Doyle [5]. I n  a d d i t i o n  we i n v e s t i g a t e  t h e  n a t u r e  of  t h e  

open s e t s  t h r o u g h  a g e n e r a l i z e d  d e f i n i t i o n  of c o n n e c t e d n e s s ,  

and t h e  n a t u r e  of l i m i t  p o i n t s  t h r o u g h  a d i r e c t e d  graph.  

D e f i n i t i o n s  and Not a t  i o n s  

We u s e  t h e  u s u a l  s e t  t h e o r e t i c  o p e r a t i o n s  and n o t a t i o n s  

as i n  Dugundj i  [ 6 ] .  The complement of  a s e t  A r e l a t i v e  t o  a 

s e t  X i s  d e n o t e d  b y  X - A ;  i f  A i s  a s i n g l e t o n  s e t ,  { a ) ,  w e  

w r i t e  i t s  complement as X-a. The more e l e m e n t a r y  r e s u l t s  

f rom s e t  t h e o r y  a re  assumed. 
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D e f i n i t i o n  0 . 1 :  By a (Doyle)  cove red  s p a c e  (X,%) i s  meant 

a n  a r b i t r a r y  se t  X and a c o l l e c t i o n ' h C  of  s u b s e t s  o f  X s u c h  

t h a t  U { H & ) = X .  

C l e a r l y  e v e r y  t o p o l o g i c a l  s p a c e  (X,& i s  a c o v e r e d  

s p a c e ,  f o r  t h e  c o l l e c t i o n  c o n t a i n s  t h e  s e t  X as a member .  

But o b v i o u s l y  t h e r e  a r e  many cove red  s p a c e s  which are  n o t  

t o p o l o g i c a l  s p a c e s ;  f o r  example,  we may t ake  a non-degene ra t e  

se t  X and t a k e  ?# t o  be t h e  c o l l e c t i o n  of  s i n g l e t o n  s e t s  of  

e l e m e n t s  f rom X .  

A more i n t e r e s t i n g  example o f  a n o n - t o p o l o g i c a l  c o v e r e d  

s p a c e  i s  t h e  f o l l o w i n g  s p a c e ,  which h e n c e f o r t h  w e  r e f e r  t o  as 

t h e  " t h r e e  p o i n t  c o v e r e d  space" :  L e t  X = { a , b , c }  and 

% =  { { a , c } ,  { b , c ) ) ;  c l e a r l y  t h e  u n i o n  of a l l  s e t s  i n  3 e q u a l s  

X ,  and we do n o t  have any o f  t h e  t h r e e  t o p o l o g i c a l  axioms 

s a t i s f i e d .  

We n o t e  t h a t  e i t h e r  t h e  s e t  X or t h e  c o l l e c t i o n %  may 

b e  empty. However, t h i s  s i t u a t i o n  i s  n o t  p e r m i t t e d  i n  a 

t o p o l o g i c a l  s t r u c t u r e ,  and as s u c h  w e  assume,  w i t h o u t  any 

l o s s  of  g e n e r a l i t y ,  t h a t  n e i t h e r  X n o r  i s  empty. 

A t  t h i s  p o i n t ,  we w i s h  t o  p o i n t  o u t  a r a the r  c l o s e  

c o n n e c t i o n  between S i e r p i n s k i ' s  (V) s p a c e s ,  and D o y l e ' s  

c o v e r e d  s p a c e s .  Both of t h e s e  g e n e r a l i z e  " topo logy  on a 

s e t " .  A c o v e r e d  s p a c e  ( X , N )  i n  g e n e r a l  g i v e s  r i s e  t o  many 

(V) s p a c e s  s i n c e  w e  may a s s i g n  t o  e a c h  p o i n t  x i n  X a sub- 

c o l l e c t i o n  of%; t h i s  i s  not u n i q u e l y  a s s i g n a b l e .  The 
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n a t u r a l  one i s  t o  t a k e  a l l  t h e  e l e m e n t s  i n  t h e  c o v e r i n g  t h a t  

c o n t a i n  a f i x e d  e lement  t o  b e  t h e  ne ighborhood sys t em o f  t h a t  

e l e m e n t .  

d e t e r m i n e s  a ( V I  s p a c e .  

i s  n o t  n e c e s s a r i l y  s t r a i g h t f o r w a r d ,  and t h e r e  seem t o  b e  

s e v e r a l  ways  of  g o i n g  about  i t .  

t h e  twc approaches  ( o f  S i e r p i n s k i  and Doy le )  any t h e o r i e s  

based on e i t h e r  t h a t  would b e  a g e n e r a l i z a t i o n  of  t o p o l o g i c a l  

n o t i o n s  s h o u l d  c o i n c i d e .  P robab ly  a ( V )  s p a c e  g i v e s  r i s e  t o  

more t r i v i a  t h a n  a covered  s p a c e ,  bu t  t h e s e  v a n i s h  t h r o u g h  

t h e  e x p e d i e n t  of e q u i v a l e n c e  c l a s s e s .  

D e f i n i t i o n  0 . 2 :  

b e l o n g s  t o  t h e  c o l l e c t i o n  N. 
Remark: I n  a ( V )  s p a c e ,  H i s  open i f f  i t s  complement i s  

c l o s e d .  

Wi th  t h i s  d e f i n i t i o n  e a c h  c o v e r e d  s p a c e  u n i q u e l y  

What i s  n a t u r a l  i n  t h e  o t h e r  d i r e c t i o n  

We o n l y  remark  t h a t  between 

A s u b s e t  H of  X i s  sa id  t o  b e  open i f  i t  

I n  t h e  t h r e e  p o i n t  covered  s p a c e ,  t h e  s e t  { a , c )  i s  open,  

b u t  t h e  s e t  { a , b )  i s  n o t .  

D e f i n i t i o n  0 . 3 :  An open s e t  H i s  s a i d  t o  b e  a ne ighborhood 

( o p e n  ne ighborhood)  of a p o i n t  x i n  X i f  X E H .  

D e f i n i t i o n  0 . 4 :  

s u b s e t  A of X i f  e v e r y  neighborhood of  x i n t e r s e c t s  A-x. 

D e f i n i t i o n  0 . 5 :  The d e r i v e d  s e t  A '  o f  a s u b s e t  A o f  X i s  

t h e  s e t  of a l l  l i m i t  p o i n t s  of  A .  

A p o i n t  x i s  s a i d  t o  be  a l i m i t  p o i n t  of a 

- 

I n  t h e  t h r e e  p o i n t  covered  s p a c e  it can  b e  s e e n  t h a t  

{ a , b )  i s  t h e  d e r i v e d  s e t  of  t h e  s e t  A = { a , c ) ;  t h e  open 

s e t  { a , c )  i s  a neighborhood o f  x=a ,  and c l e a r l y  i t  i n t e r -  

s e c t s  t h e  s e t  { { a , c ) - a )  a t  t h e  p o i n t  c .  S i n c e  t h i s  i s  t h e  
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o n l y  ne ighborhood o f  a ,  it f o l l o w s  t h a t  a i s  a l i m i t  p o i n t  

of  A .  But c i s  n o t ,  f o r  { b , c )  i s  a ne ighborhood o f  c ,  b u t  

{ b , c } n { { a , c ) - c ) = O .  

D e f i n i t i o n  0 . 6 :  A s u b s e t  F of X i s  sa id  t o  b e  c l o s e d  i f  

i t  c o n t a i n s  a.11 o f  i t s  l i m i t  p o i n t s .  

- 

D e f i n i t i o n  0 . 7 :  The c l o s u r e  o f  an  a r b i t r a r y  s u b s e t  A ,  

d e n o t e d  K, i s  A U A ' .  

D e f i n i t i o n  0 . 8 :  The i n t e r i o r  of an  a r b i t r a r y  s u b s e t  A ,  

d e n o t e d  I n t  A ,  i s  X-X-A. 
-- 

D e f i n i t i o n  0 . 9 :  The boundary of  an  a r b i t r a r y  s u b s e t  A ,  

d e n o t e d  B d  A ,  i s  An-. 
For c o n c i s e n e s s  w e  s t a t e  t h a t  t h e  s e p a r a t i o n  axioms,  

T o  t h r o u g h  T 

t h e  d e f i n i t i o n s  f o r  s equences  and convergence  of s e q u e n c e s .  

a re  t a k e n  a s  i n  Dugundji  [6], and s o  a re  5'  
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C h a p t e r  I 

The T o p o l o g i c a l  O p e r a t i o n s  

L e t  (X&) be an  a r b i t r a r y  cove red  s p a c e .  The p u r p o s e  

o f  t h i s  c h a p t e r  i s  t o  i n v e s t i g a t e  t h e s e  g e n e r a l  s p a c e s  w i t h  

r e s p e c t  t o  some of t h e  t o p o l o g i c a l  o p e r a t i o n s ,  v i z .  c l o s u r e ,  

c 

d e r i v e d  s e t ,  i n t e r i o r .  We a l s o  i n v e s t i g a t e  some o f  t h e  more 

e l e m e n t a r y  p r o p e r t i e s  of c o n t i n u i t y  and s e p a r a t i o n  axioms 

as a p p l i e d  t o  t h e s e  covered  s p a c e s .  

All s e t s  c o n s i d e r e d  i n  t h i s  c h a p t e r  a r e  assumed t o  b e  

s u b s e t s  of  X ,  i n  t h e  c o n t e x t  o f  t h e  cove red  s p a c e  (X,%). 

1.1 Der ived  Se t s  

Lemma 1.1.1: Le t  ACB. Then A ' C B ' .  

P r o o f :  I f  x E A', t h e n  eve ry  ne ighborhood of x i n t e r s e c t s  

A-x. S i n c e  A C B ,  A-xCB-x. Thus e v e r y  s e t  which i n t e r -  

s e c t s  A-x must i n t e r s e c t  B-x, s o  e v e r y  ne ighborhood o f  x 

i n t e r s e c t s  B-x. Hence x E: B'. 

Lemma 1.1.2: For any s e t  A, x E A' iff x E A-x. 

P r o o f :  If x E K ,  t h e n  x E (A-x)U(A-x)', o r  x E (A-x)'. 

Thus b y  Lemma 1.1.1, x E A'. I f  x E A', e v e r y  ne ighborhood 

of  x i n t e r s e c t s  A - x ,  so e v e r y  neighborhood of  x i n t e r s e c t s  

- 

(A-x)-x. Thus x E (A-x)', and hence  X E  (A-x)U(A-x)'==. a 
Lemma 1.1.3: The c l o s u r e  of e v e r y  s e t  i s  c l o s e d .  

5 
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. Proof ' :  L e t  x b e  2 l i m i t  p o i n t  of  A s u c h  tha t  x j i  E .  L e t  H 

be any ne ighborhood o f  x .  

i n t e r s e c t  A ' - x  or A - x .  Suppose H d o e s  n o t  i n t e r s e c t  A - x .  

Then H i s  a ne ighborhood of some p o i n t  y E A ' ,  y # x .  But 

s i n c e  y i s  a l i m i t  p o i n t  of A ,  H must i n t e r s e c t  A-y, and 

t h u s  a l s o  A i t s e l f .  S i n c e  x g! E ,  x j? A ,  and t h u s  H i n t e r -  

s e c t s  A - x .  T h i s  i s  a c o n t r a d i c t i o n .  n 
Lemma 1 . 1 . 4 :  A s e t  A i s  c l o s e d  i f f  A = A .  

P r o o f :  A i s  c l o s e d  i f f  A D A ' .  But A 3 A '  i f f  A = A U A ' ,  or 

e q u i v a l e n t l y  A = A .  4 
Lemma 1 . 1 . 5 :  8' = 8 .  

P r o o f :  If x E t h e n  eve ry  ne ighborhood o f  x i n t e r s e c t s  a .  
But no s e t  can  i n t e r s e c t  8. d 
Lemma 1 . 1 . 6 :  8 = 8. 

P r o o f :  B = = B U ~  = 8 .  I 

S i n c e  H i n t e r s e c t s  A-x, i t  must 

- 

- 

- 

- 

We now s t a t e  and prove  our main theorem r e g a r d i n g  t h e  

d e r i v e d  s e t s  i n  (X,%). 

Theorem 1 . 1 . 7 :  The d e r i v e d  s e t  o p e r a t i o n  A+A1 on s u b s e t s  

of  X has t h e  f o l l o w i n g  p r o p e r t i e s :  

(1) f o r  any p o i n t  x E X, x k { X I ' ;  

( 2 )  A ' U B '  C ( A U B ) ' ;  

( 3 )  A f 1 C  A U A ' ;  

(4) 8 '  = 8. 

P r o o f :  (1) I f  x E {XI', t h e n  x E (x)-x, or x E = 8. 

( 2 )  S i n c e  A C A U B ,  A ' c  ( A U B ) ' .  S i m i l a r l y  w e  have B ' C ( A U B ) ' .  

Combining w e  o b t a i n  A ' U  B '  c ( A  U B )  ' .  
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( 3 )  A = A U A ' ,  s o  ( A ) '  = ( A U A T ) ' 3 A f U A " .  

s o  x 3 ( x ) ' ,  or A U A ' 3 ( A ) ' .  

and  s i n c e  A " U A V 3 A " ,  w e  f i n d  A U A ' 3 A " .  

( 4 )  was p r o v e n  i n  l e m m a  1 .1 .5 .  I 

Now A i s  c l o s e d ,  

Combining we have  A U A ' 3 A A ! ' U A ' ,  

For c o v e r e d  s p a c e s  whose open  s e t s  form a t o p o l o g y ,  t h e  

s e c o n d  p r o p e r t y  o f  theorem 1 . 1 . 7  becomes a n  e q u a l i t y ,  and  t h e  

theo rem becomes t h e  f o l l o w i n g  fami l ia r  r e s u l t :  any  o p e r a t i o n  

on s u b s e t s  o f  a n  a r b i t r a r y  s e t  X s a t i s f y i n g  t h e  f o u r  p r o p e r t i e s  

of t h e  theo rem,  w i t h  ( 2 )  as a n  e q u a l i t y ,  d e t e r m i n e s  a u n i q u e  

t o p o l o g y  on X ,  a n d ,  f o r  t h e  t o p o l o g y ,  t h a t  o p e r a t i o n  i s  t h e  

d e r i v e d  s e t  o p e r a t i o n .  That w e  do n o t  have  e q u a l i t y  f o r  

c o v e r e d  s p a c e s  i s  i l l u s t r a t e d  by t h e  t h r e e  p o i n t  c o v e r e d  

s p a c e .  C o n s i d e r  t h e  s u b s e t s  A = { a ) ,  E = { b ) .  C l e a r l y  

A '  = fl and B '  = fl, s o  A ' U B '  = 0. But ( A U B ) '  = { a , b ) '  

= { e ) .  Hence f o r  cove red  s p a c e s  w e  canno t  e x p e c t  t o  have  

e q u a l i t y .  

1 . 2  C l o s u r e  

We now p r o c e e d  s i m i l a r l y  t o  examine t h e  c l o s u r e  o p e r a t o r .  

Lemma 1 . 2 . 1 :  L e t  A b e  a s u b s e t  o f  B .  Then ACB. 

Proof: S i n c e  A C B ,  A ' C B ' ,  and s o  A U A ' C A U B ' .  S i m i l a r l y  

A C B  i m p l i e s  A U B ' C B U B ' .  Thus A V A ' C B U B ' ,  or ACE. I 

We now s t a t e  and p rove  our main theorem r e g a r d i n g  t h e  

c l o s u r e  o p e r a t i o n  i n  (X,%). 

Theorem 1 . 2 . 2 :  The c l o s u r e  o p e r a t i o n  A-tT on s u b s e t s  o f  X 

h a s  t h e  f o l l o w i n g  p r o p e r t i e s :  
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(1) A C A ;  

(2) A U B C A V B ;  

( 3 )  fl = B .  
- 

( 4 )  = A .  
- P r o o f :  (1) C l e a r l y  A C A U A '  = A .  

(2) S i n c e  A C A U B ,  A C A U B .  S i m i l a r l y  w e  f i n d  B C A U B .  Com- 

b i n i n g  we have A U B C A  U B .  

( 3 )  was proven  i n  lemma 1.1.6. 

(4) f o l l o w s  immedia te ly  from t h e  f a c t  t h a t  i s  a c l o s e d  s e t  

and  lemma 1.1.4. a 

- - -  

For cove red  s p a c e s  whose open s e t s  form a t o p o l o g y ,  t h e  

second  p r o p e r t y  of theorem 1 . 2 . 2  becomes an e q u a l i t y ,  w i t h  

t h e  r e s u l t  b e i n g  Kura towsk i ' s  c l o s u r e  axioms and a u n i q u e n e s s  

theo rem s imilar  t o  t h e  one p r e v i o u s l y  men t ioned .  

n o t  have e q u a l i t y  f o r  covered  s p a c e s  i s  i l l u s t r a t e d  a g a i n  

b y  t h e  t h r e e  p o i n t  covered  s p a c e ,  u s i n g  t h e  same s u b s e t s  

A and B .  

t h e  c l o s u r e  of  A U B  i s  t h e  whole s e t ,  X .  

Tha t  w e  do 

For b o t h  A and B ,  t h e  se t  e q u a l s  i t s  c l o s u r e ,  b u t  

1 . 3  I n t e r i o r  O p e r a t i o n  

F i n a l l y  w e  c o n s i d e r  t h e  p r o p e r t i e s  of  t h e  i n t e r i o r  

o p e r a t  i o n .  

Lemma 1 . 3 . 1 :  L e t  A b e  a s u b s e t  of B .  Then I n t  A i s  a 

s u b s e t  of  I n t  B .  
- -  

P r o o f :  If A C B ,  t h e n  X - B C X - A .  So X-B C X - A .  Hence X-X-A 
- 

C X - X - B ,  or I n t  A C I n t  B .  a 



Y 

We now s t a t e  and prove  o u r  main theorem r e g a r d i n g  t h e  

i n t e r i o r  o p e r a t  i o n  i n  ( X  ,U) . 
Theorem 1 . 3 . 2 :  The i n t e r i o r  o p e r a t i o n  A+Int A on s u b s e t s  

of X h a s  t h e  f o l l o w i n g  p r o p e r t i e s :  

(1) I n t  A C A ;  

(2) I n t  A n I n t  B 3 I n t  A n B ;  

( 3 )  I n t  x = X; 

( 4 )  I n t  ( I n t  A )  = I n t  A ;  

( 5 )  X-A i s  c l o s e d  i f f  I n t  A = A .  

P r o o f :  (1) X-AcX-A, S O  A ~ x - X - A  = I n t  A .  

( 2 )  Now A n B c A ,  so I n t  A Q B C I n t  A .  

C I n t  B .  Combining w e  have I n t  A 0  B C I n t  A n I n t  B .  

(3) I n t  x = X-X-x = X-a = X-JJ = X .  

S i m i l a r l y  I n t  A I \ B  

- 
- ( 4 )  I n t  ( I n t  A) = X-X-Int A = X - X - ( X - m )  = X - ( X - A )  - = X-.- 

- 
= I n t  A ,  s i n c e  X-A = X-A by theorem 1 . 2 . 2 ( 4 ) .  

( 5 )  X-A i s  c l o s e d  i f f  X-A = my or e q u i v a l e n t l y  A = X-m. 

But t h i s  means A = I n t  A .  I 
Prov ided  t h e  second p r o p e r t y  above i s  an  e q u a l i t y ,  any 

o p e r a t i o n  w i t h  t h e s e  p r o p e r t i e s  would,  as b e f o r e ,  d e t e r m i n e  

a u n i q u e  t o p o l o g y  f o r  w h i c h  t h e  g i v e n  o p e r a t i o n  would b e  t h e  

i n t e r i o r  o p e r a t i o n .  And a l t h o u g h  e q u a l i t y  can  b e  proved  for 

c o v e r e d  s p a c e s  whose open s e t s  form a t o p o l o g y ,  i n c l u s i o n  i s  

t h e  b e s t  r e s u l t  p o s s i b l e  w i t h o u t  t h a t  s t r u c t u r e .  A s  an 

example w e  a g a i n  ment ion  t h e  t h r e e  p o i n t  cove red  s p a c e  used  

p r e v i o u s l y ,  t a k i n g  A = { a , c )  and B = { b , c ) .  C l e a r l y  I n t  A 
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= A and I n t  B = B ,  s o  I n t  Af l In t  B i s  n o t  empty. But 

I n t ( A n B )  = I n t  { c )  which i s  empty. Hence we canno t  g e n e r a l l y  

e x p e c t  t o  have e q u a l i t y .  

1 . 4  Some A d d i t i o n a l  R e s u l t s  

B e f o r e  examining t h e s e  o p e r a t i o n s  i n  g r e a t e r  d e p t h ,  

w e  p r e s e n t  two f u r t h e r  r e s u l t s  of  i n t e r e s t .  

Theorem 1 . 4 . 1 :  The c l o s u r e  of any s e t  i s  t h e  u n i o n  o f  t h e  

i n t e r i o r  and t h e  boundary of t h a t  s e t .  

P r o o f :  

B d  A U I n t  A .  

Theorem 1 . 4 . 2 :  The complement of t h e  i n t e r i o r  of  a s e t  i s  

c l o s e d .  

P r o o f :  

- 
A = ( A f l ( X - = ) )  U(Er)(=)) = B d  A U ( A n I n t  A )  = 

- 
X-Int A = X-A,  which i s  c l o s e d . (  

1 . 5  The Open and Closed  S e t s  

We now s t a t e  and p rove  f o r  c l o s u r e  and i n t e r i o r  two 

e q u i v a l e n t  f o r m u l a t i o n s ,  which a re  known for t o p o l o g i c a l  

s p a c e s .  

c o l l e c t i o n  of s e t s  i s  empty, and t h e  i n t e r s e c t i o n  of an  

empty c o l l e c t i o n  of s e t s  i s  t h e  whole s e t ,  X .  

Theorem 1 . 5 . 1 :  Le t  A be a s u b s e t  of X .  Then 

{F IF c l o s e d  3 A ) ;  

Fo l lowing  u s u a l  p r o c e d u r e s ,  t h e  u n i o n  of a n  empty 

(1) A = 

( 2 )  I n t  A = U{HIH o p e n C A ) .  

P r o o f :  

A 3 n F ,  or x 3 S .  

(1) L e t  S = n { F l F  c l o s e d 3 A ) .  S i n c e  A i s  c l o s e d ,  
- 

Now l e t  F b e  a c l o s e d  s e t  c o n t a i n i n g  A .  
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Then F D A .  But F i s  c l o s e d ,  so  F = F ,  and F 3 X .  S i n c e  t h i s  

i s  t r u e  f o r  e v e r y  c l o s e d  s e t  F c o n t a i n i n g  A ,  w e  have S 3 r .  

Thus S = A. 
(2) Now l e t  S = U { H I H  openCA1.  L e t  x E S .  Then x E H f o r  

some open H C A .  So x g! X-A. And s i n c e  H i s  a ne ighborhood 

of x which does  n o t  i n t e r s e c t  X-A, w e  have  x g! ( X - A ) ' .  Thus 

x g! X-A, and hence  x E X-my or x E I n t  A .  N o w  l e t  x E I n t  A .  

Then x 6 m. So x g! X-A and x g! ( X - A ) ' .  S i n c e  x i s  n o t  a 

l i m i t  p o i n t  of X-A,  t h e r e  e x i s t s  some ne ighborhood H s u c h  t h a t  

H n < < X - A ) - x )  = 8 .  But s i n c e  x g! X-A, we may w r i t e  H n ( X - A )  = 8. 

T h i s  means H C A .  Thus x E S.  Hence S = I n t  A .  I 

Theorem 1 . 5 . 2 :  The i n t e r s e c t i o n  o f  any c o l l e c t i o n  of c l o s e d  

s e t s  i s  c l o s e d .  

P r o o f :  L e t  S be t h e  i n t e r s e c t i o n  of  a n  a r b i t r a r y  c o l l e c t i o n  

o f  c l o s e d  s e t s .  If t h e  c o l l e c t i o n  i s  empty, S = X ,  which i s  

a c l o s e d  s e t .  Also  if S = 8 ,  t h e n  i t  i s  c l o s e d .  N o w  l e t  x 

b e  a l i m i t  p o i n t  of S .  E v e r y  ne ighborhood of  x i n t e r s e c t s  S .  

Thus i f  F i s  any member of  t h e  c o l l e c t i o n  of c l o s e d  s e t s ,  

e v e r y  ne ighborhood  of  x a l s o  i n t e r s e c t s  F ,  s i n c e  F 3 S .  Thus 

x E F ' ,  and s o  x E F ,  s i n c e  F i s  c l o s e d .  But x E F f o r  e v e r y  

c l o s e d  s e t  of t h e  c o l l e c t i o n ,  b y  t h e  above r e a s o n i n g .  Hence 

x b e l o n g s  t o  t h e  i n t e r s e c t i o n ,  and t h u s  t o  S .  

c l o s e d .  I 

- 

Hence S i s  

Thus w e  may c h a r a c t e r i z e  t h e  c l o s u r e  of a s e t  as t h e  

smallest  c l o s e d  s e t  c o n t a i n i n g  i t .  



12 

Theorem 1.5.3: Int A is the largest set contained in A 

whose complement is closed. 

Proof: Let S be a set such that S C A ,  and X-S is closed. 

Since S C A ,  we have X - S  3 X - A .  Therefore X - S 3 i i ' - A .  aut 

since L--S is c l o s s a ,  we know X-S = X-S, and thus X - S 3 X - A .  

Taking complements we f i n d  that S C X - X - A ,  or equivalently, 

s CInt A .  I 
Theorem 1.5.4: A set is closed iff its complement is a 

union of open sets. 

Proof: Let F be any set for which X-F is a union of open 

sets. Let x E F '  and suppose x g? F.  Then x E X-F. Now 

__ -- 

- - 

- 

x must be in some open set H .  But then H is a neighborhood 

of x which does not intersect F. So x cannot belong to F ' .  

This is a contradiction. 

Now suppose F is closed. Let x E I(-F. Since x g? F, 

x is not a limit point of F ,  so there exists a neighborhood 

H of x which does not intersect F.  Let S be the union of 

all such neighborhoods f o r  the points of X-F. Clearly 

S I X - F .  But since none of the neighborhoods intersects 

F, S n F  = g .  Thus SCX-F.  Hence we conclude X-F = S, 

which is a union of open sets. 1 
Corollary 1.5.5: The complement of every open set is closed. 

Corollary 1.5.6: Let H be an open set, and A any subset of X .  

Then if H / ) A  is empty, H f l A  is empty. 

Proof: If A n H  = 8 ,  then A C X - H .  Thus A C n .  But since 

H is open X-H is closed, and X-H = X-H. Thus KCX-H, and 

so H n A =  8 .  I 



1 . 6  C o n t i n u i t y  and t h e  S e p a r a t i o n  Axioms 

We now examine a n o t i o n  of c o n t i n u i t y ,  and t h e  s e p a r a t i o n  

axioms.  The u s u a l  p r o p e r t i e s  of  s e t  f u n c t i o n s  a re  assumed.  

D e f i n i t i o n  1 . 6 . 1 :  A f u n c t i o n  f : X + Y  i s  c o n t i n u o u s  i f  B 

open i n  Y i m p l i e s  X-f-l(B) = f - I ( Y . - B )  i s  c l o s e d  i n  X .  

Theorem 1 . 6 . 1 :  The f o l l o w i n g  c o n d i t i o n s  on a t r a n s f o r m a t i o n  

f : X + Y  are e q u i v a l e n t ,  where X and Y a r e  cove red  s p a c e s :  

(1) f i s  c o n t i n u o u s ;  

( 2 )  I f  B i s  c l o s e d  i n  Y ,  t h e n  f - I ( B )  i s  c l o s e d  i n  X ;  

( 3 )  r ( A ) I f ( T )  f o r  a l l  A C X ;  

(4) f - I ( B ) 3 f - l ( B )  f o r  a l l  B C Y ;  

( 5 )  If x E: X and V i s  a ne ighborhood of  f ( x )  i n  Y ,  

t h e n  t h e r e  i s  a neighborhood U of  x i n  X such  

t h a t  f (U) C V .  

P r o o f :  ( l ) c t ( 2 ) :  If B i s  c l o s e d  i n  Y ,  t h e n  Y-B i s  a u n i o n  

o f  open s e t s ,  Y-B = uHa. 

i s  c l o s e d  s i n c e  f i s  c o n t i n u o u s .  Thus n ( X - f - I ( H a ) )  i s  

c l o s e d .  

X - f - l ( Y - B )  = f - I ( B )  i s  c l o s e d .  

For each  H,,f-l(Y-H,) = X - f - l ( H a )  

Hence X - U f - l ( H , )  = X-f-I(UHa) i s  c l o s e d ,  o r  

Now if B i s  open i n  Y ,  Y-B i s  c l o s e d  i n  Y .  Thus f - l ( Y - B )  

= X - f - I ( B )  i s  c l o s e d  i n  X .  

( 2 ) * ( 3 ) :  L e t  A b e  any s u b s e t  of  X .  S i n c e  fo- i s  

c l o s e d  i n  Y ,  f - l ( f ( A ) )  i s  c l o s e d  i n  X ,  b y  o u r  h y p o t h e s i s .  

Now f - 1 ( f o ) 2 f ' 1 ( f ( A ) ) 3 A ,  s o  f - l ( ' r ( A ) ) 3 A .  Hence f(A) 

3f ( A )  
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( 3 )  3 ( 4 ) :  L e t  B b e  any s u b s e t  of  Y .  Then f - l ( B ) C X ,  

s o  -If(-) by h y p o t h e s i s ,  Now B 3 f f - 1 ( B l y  and 

t h u s  B 2 f f - 1 ( B ) ,  which i m p l i e s  t h a t  B 3 f ( f - I ( B ) )  and  t h u s  

t h a t  f - I ( g ) 3 f - l ( B ) .  

( 4 ) * ( 5 ) :  I f  x E X and V i s  a ne ighborhood o f  f ( x )  
- 

i n  Y ,  t h e n  Y-V i s  c l o s e d .  

= f - l ( Y - V ) 3 f - l ( y - v ) ,  Hence f - I ( Y - V )  i s  c l o s e d ,  or equ iv -  

a l e n t l y  X - f - l ( V )  i s  c l o s e d .  Thus f - I ( V )  i s  t h e  u n i o n  o f  

open  s e t s  of  (x,#). NOW f ( x )  E v i m p l i e s  x E f - I ( V ) ,  s o  

Thus Y-V = Y-V, s o  f-l(Y-V) 
- 

t h e r e  must b e  some p a r t i c u l a r  open s e t  H which c o n t a i n s  x .  

Now H C f - l ( V )  , so f ( H )  C V .  

( 5 ) * ( 2 ) :  Le t  B b e  c l o s e d  i n  Y .  Then Y-B i s  a u n i o n  

o f  open s e t s  of  Y .  NOW f o r  a l l  x E f - l ( y - B ) ,  f ( x )  E Y-B, 

and  hence  f ( x )  b e l o n g s  t o  some open s e t  H f r o m  t h e  u n i o n .  

T h e r e f o r e  f ( x )  E H E Y - B .  H i s  a ne ighborhood of  f ( x ) ,  s o  

t he re  e x i s t s  a ne ighborhood A of  x i n  X s u c h  t h a t  f ( A ) C H .  

Thus A C f - l ( H ) C f - I ( Y - B ) .  Hence f o r  a l l  x E f - 1 ( Y - B )  

t h e r e  e x i s t s  a ne ighborhood A of  x i n  X such  t h a t  A C f - l ( Y - B ) .  

L e t  S b e  t h e  u n i o n  of a l l  s u c h  A ' s  f o r  e v e r y  x E f - l (Y-B) .  

S i n c e  e a c h  A i s  c o n t a i n e d  i n  f - l ( Y - B ) ,  S C f - I ( Y - B ) .  But 

s i n c e  e v e r y  x i s  c o v e r e d ,  S D f - l ( Y - B ) .  Thus f - l (Y--B)  i s  

a u n i o n  of open s e t s  of X .  

e q u i v a l e n t l y ,  X - ( X - f m 1 ( B > )  i s  c l o s e d .  

c l o s e d  s e t  i n  X .  fl 
Theorem 1.6.2: 

Hence X-f ' l (Y-B)  i s  c l o s e d ,  or 

Thus f - l ( B )  i s  a 

Suppose B open i n  Y i m p l i e s  f - l ( E >  i s  



open i n  X .  Then i f  B i s  c l o s e d  i n  Y ,  f - l ( B )  i s  c l o s e d  i n  X .  

P r o o f :  

s e t s ,  and  by h y p o t h e s i s  t h e  i n v e r s e  of  e a c h  o f  t h e s e  i s  

open i n  X .  So t h e  i n v e r s e  o f  t h e i r  u n i o n  i s  a u n i o n  of 

open s e t s :  

Hence f - l ( B )  i s  c l o s e d  i n  X.  I 

L e t  B b e  c l o s e d  i n  Y .  Then Y-B i s  a u n i o n  o f  open  

f - l ( Y - B )  = X-f-l(B> i s  a unior- cf open s e t s .  

I n  o t h e r  wcrds ,  p r e s e r v a t i o n  of  "openness"  i s  s u f f i c i e n t  

t o  i n s u r e  t h a t  we hr.ve a l l  o f  t h e  five e q u i v a l e n t  conc?<t i x i >  

o f  t heo rem 1 . 6 . 1 ,  b u t  none of t h e  f i v e  c o n d i t i o n s  g u a r a n t e e s  

p r e s e r v a t i o n  of"openness ' ' .  An a t t e m p t  t o  p r o v e  t h i s  f o r ,  s a y ,  

t h e  second  c o n d i t i o n  of theorem 1 . 6 . 1  leads d i r e c t l y  t o  t h e  

s i t u a t i o n  w e  must c o n s t r u c t  t o  p r o v i d e  a coun te rexample .  

For i f  we l e t  B b e  open i n  Y ,  Y-B would b e  c l o s e d ,  and t h u s  

f - l ( Y - B )  = X - f - I ( B )  i s  c l o s e d .  But t h i s  o n l y  a s s u r e s  u s  

t h a t  f - I ( B )  i s  a u n i o n  of open s e t s  and n o t  n e c e s s a r i l y  

i t s e l f  a n  open s e t .  C o n s t r u c t i o n  o f  such  2 s i t u a t i o n  i s  

s t r a i g h t f o r w a r d .  

Theorem 1 . 6 . 3 :  A covered  s p a c e  ( X & )  i s  T i  i f f  e v e r y  p o i n t  

o f  X i s  c l o s e d .  

P r o o f :  L e t  x b e  a p o i n t  of X which i s  n o t  c l o s e d .  Then 

t h e r e  i s  some y # x which i s  a l i m i t  p o i n t  of  x. Hence 

e v e r y  ne ighborhood of y c o n t a i n s  x, s o  (X,3$> i s  n o t  T I .  

If (X,?t-> i s  n o t  TI ,  t h e r e  i s  a p a i r  of d i s t i n c t  p o i n t s ,  

x and y ,  such  t h a t ,  s a y ,  e v e r y  ne ighborhood o f  y c o n t a i n s  x. 

Thus y i s  a l i m i t  p o i n t  o f  x, and hence  {XI i s  n o t  c l o s e d .  I 
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Theorem 1 . 6 . 4 :  L e t  (X,%) be  a TI cove red  s p a c e .  Then 

T g - i ' T 4 ,  T 4 3 T 3 ,  T 3 3 T 2 ,  T 2 3 T 1 ,  anC TITTO.  

P r o o f :  T 5 3 T 4 :  L e t  A ,  B b e  c l o s e d  and d i s j o i n t .  

A O B  = A Q B  = 4 ,  and AflB = A O B  = 4 .  Hence ( x ; B ) u ( A n B )  = 4 ,  

and '4 f o l l o w s  imnlnet!iatel.y. 

- 

T 4 q T 3 :  L e t  F b e  c l o s e d ,  x g! F .  S i n c e  (X,%) i s  TI ,  

{ X I  i s  c l o s e d ,  and T3 f o l l o w s  u s i n g  T 4 .  

T 3 9 T 2 :  L e t  x and y b e  d i s t i n c t  p o i n t s  i n  X .  S i n c e  

(X,#) i s  TI ,  {XI i s  c l o s e d ,  and s i n c e  y ,& { X I ,  T2 f o l l o w s  

u s i n g  T 3 .  

T ~ ~ T I - T O :  The p r o o f  of  t h e s e  i s  t r i v i a l .  

Theorem 1 . 6 . 5 :  I n  a Hausdorff  covered. s p a c e  convergence  i s  

u n i q u e .  

P r o o f :  L e t  xn+x and xn+y, y # x .  The re  a r e  ne ighborhoods  

U and V of  x and y r e s p e c t i v e l y  such  t h a t  U n V  = 4 .  Now 

Xn+X i m p l i e s  a lmos t  a l l  t h e  x n ' s  a re  i n  U and t h u s  n o t  i n  V .  

But xn+y means a lmos t  a l l  t h e  x n ' s  a r e  i n  V. T h i s  i s  a 

c o n t r a d i c t i o n .  



Chapter  I1 

Connectedness  and L i m i t  P o i n t s  

I n  t h i s  c h a p t e r  we i n v e s t i g a t e  t h e  n a t u r e  o f B - d i s -  

c o n n e c t e d  s e t s  and some p r o p e r t i e s  of  t h e  l i m i t  p o i n t  

d i g r a p h ,  p a r t i c u l a r l y  w i t h  r e g a r d  to g e n e r a l i z e d  homeo- 

morphisms. The u s u a l  d e f i n i t i o n s  and e l e m e n t a r y  p r o p e r t i e s  

f rom g r a p h  t h e o r y  a re  assumed as i n  Ore 181. 

2 . 1  %-connected S e t s  

D e f i n i t i o n  2 . 1 . 1 :  A nonempty s u b s e t  A o f  X i s  s a i d  t o  b e  

%--d isconnec ted  i f  t h e r e  e x i s t  two open s e t s  U anG V such  

t h a t  A C U U V  and U n A  # @ ,  V n A  f @, b u t  ( U / l A ) T \ ( V O A )  = @. 
O t h e r w i s e  A i s  s a i d  t o  be%-connected .  

Theorem 2 . 1 . 1 :  A nonezpty  s u b s e t  A i s  %-disconnected  i f f  

i t  i s  of  t h e  form S l U  S2 where S1C.U-V, S2CV--U, U and V 

a r e  open s e t s  of  t h e  s p a c e ,  and SI and S2 are  nonempty. 

P r o o f :  

netted. Now l e t  A b e  any%-d i sconnec ted  s e t .  Then t h e r e  

e x i s t  open s e t s  U and V such t h a t  A C U U V ,  U T \ A  # @, V q A  # @ ,  

and ( U q  A )  [\ (VQA)  = @. S i n c e  A C U U V ,  w e  can  w r i t e  A C- 

( U - V ) L I ( V - U ) U ( U ! l V )  and t h u s  A = ( A ( \ ( U - V ) ) U ( A ~ ( V - U ) ) L ]  

( A f ) ( U Q V ) ) .  But A r \ ( U f ) V )  = @. Thus A = S i U S 2 ,  where 

Given t h e  c o n d i t i o n s  i t  i s  c l e a r  t h a t  A i s % - d i s c o n -  
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S1 = A 0  (U-V)  and S2 = A n ( V - U ) ,  and c l e a r l y  t h e  c o n d i t i o n s  

above a re  s a t i s f i e d .  $ 

Theorem 2 . 1 . 2 :  Every s u b s e t  of  X i s $ - c o n n e c t e d  i f f  t h e  

open s e t s  o f  (X,'$) are  l i n e a r l y  o r d e r e d  by i n c l u s i o n .  

P r o o f :  It i s  c l e a r  t h a t  a l l  s u b s e t s  i n  a c o v e r e d  s p a c e  whose 

O g e 9  sets arc  l i n e a r l y  o r a e r e d  b y  i r c l u s i o n  a r c  %-connected,  

for i f  A C U U V ,  t h e n  e i t h e r  A C U  or A C V ,  s i n c e  U U V  must 

b e  e q u a l  t o  e i t h e r  U or V.  Now suppose  w e  do n o t  have 

l i n e a r  o r d e r  by i n c l u s i o n .  Then t h e r e  e x i s t  two open s e t s  

u and  V n e i t h e r  of which i s  a s u b s e t  of t h e  o t h e r .  Thus 

U-V and V-U a r e  n o t  empty. S e l e c t  x f rom U-V and y f rom 

V-U. Then { x , y )  i s  a n % - d i s c o n n e c t e d  s u b s e t  u s i n g  t h e  

open  s e t s  U ai?d V.  I 

We n o t e  t h a t  i f  i n  such a cove red  s p a c e  t h e  empty s e t  

i s  open ,  t h e n  t h e  open s e t s  o f  t h e  s p a c e  form a t o p o l o g y .  

Theorem 2 . 1 . 3 :  X h a s  a n $ - d i s c o n n e c t e d  s u b s e t  i f f  i t  

c o n t a i n s  an  p - d i s c o n n e c t e d  p o i n t  p a i r .  

P r o o f :  

d i s c o n n e c t e d  s u b s e t .  

L e t  U and V b e  two open s e t s  which s a t i s f y  t h e  r e q u i r e m e n t s .  

S i n c e  n e i t h e r  of U n A  or V T \ A  i s  empty  w e  may s e l e c t ,  s a y ,  

x f rom U O A  and y f rom Vr\ A .  

a n  %'-disconnected p o i n t  p a i r .  1 
Theorem 2 . 1 . 4 :  If a s u b s e t  A i s  %-connec ted ,  and A C B C A ,  

t h e n  B i s  $-connected .  

An%-disconnected  p o i n t  p a i r  i s  of c o u r s e  an%- 

Suppose A i s  an  %-d i sconnec ted  s e t .  

Then c l e a r l y  x and y form 



. 

I -  

b 

P r o o f :  

open,  B r \ U  # +, B t \ V  # $ y  and ( U n B ) T \  ( V f l B )  = 4 .  Then 

s i n c e  ACB,  we have ( U I ~ A ) I ~ ( V ~ \ A )  = $ y  which i s  a c o n t r a -  

d i c t i o n  u n l e s s  e i t h e r  A i s  n o t  c o n t a i n e d  i n  U U V ,  o r  U r \ A  = $ 

( V n A  = $ ) .  But A c B c U U V .  Now suppose  U O A  = $ .  Then 

U ‘ 7 A  = + b y  c o r o l l a r y  1 . 5 . 6 ,  and s i n c e  B C A ,  U Q B  = 4 .  

But by h y p o t h e s i s  t h i s  i s  no t  s o .  Hence U n A  canno t  b e  

empty. 

C o r o l l a r y  2 . 1 . 5 :  If A is’)-connected,  t h e n  i s # - c o n n e c t e d .  

C o r o l l a r y  2 . 1 . 6 :  I f  y i s  a l i m i t  p o i n t  o f  x ,  t h e n  { x , y )  

i s  7 l -connec ted .  

C o r o l l a r y  2 . 1 . 7 :  I f  t h e  p o i n t  p a i r  { x , y )  i s % - d i s c o n n e c t e d y  

t h e n  x ( y )  cannot  b e  a l i m i t  p o i n t  of { x , y ) ,  and t h u s  X ( Y )  

Suppose B i s  % - d i s c o n n e c t e d :  B C U U V  where U , V  a re  

S i m i l a r l y  V T \ A  # $ ,  Thus we have t h e  c o n t r a d i c t i o n .  I 

canno t  b e  2 1in;I.t p o i n t  of  t h e  s i n g l e t o n  s e t  { y )  ( { X I ) .  

Theorem 2 . 1 . 8 :  A l l  p o i n t  p a i r s  of  8 cove red  s p a c e  a r e  

$ / - d i s c o n n e c t e d  i f f  t h e  space  i s  TI. 

P r o o f :  

a r e  open ne ighborhoods  U and V r e s p e c t i v e l y  such  t h a t  y 

E! U and x jf V. 

If ( X , 3 f )  i s  T , f o r  d i s t i n c t  p o i n t s  x and y t h e r e  

Thus U and V % - d i s c o n n e c t  x 2nd y .  

Now l e t  x and y b e  any two d i s t i n c t  p o i n t s .  I f  t h e y  

are $ -d i sconnec ted ,  t h e r e  e x i s t  open s e t s  U and V such  t h a t  

{ x , y K u t ) v ,  { x , y ) n U  # $, { x , y ) n V  # +, and ( u n  { x , y ) )  1 ’ 7  

( V O { x , y ) )  = $I. Now U n { x , y )  # +. Suppose x E U .  I f  y 

E U ,  w e  have  ( U f l { x , y ) ) n < v n  { X , y ) )  = { X , y ) n v r \ { X , Y )  = 

{ x , y ) n V  # + .  T h i s  i s  a c o n t r a d i c t i o n ,  s o  i t  must be t h a t  



20  

y k U .  T h e r e f o r e  y E V ,  and s i m i l a r l y  w e  f i n d  t h a t  x $ V .  

Thus (X,k) i s  T i .  

C l e a r l y  t h e  cove red  space  (X,p), where X = { a , b )  and 

% =  {{a ) ,  { a , b ) ) ,  i s  TO. 

has no?/ -d isconnec ted  s u b s e t s ,  

But w e  know t h i s  cove red  s p a c e  

Hence t h e r e  e x i s t s  a T o  

c o v e r e d  s p a c e  w i t h  no 2 - d i s c o n n e c t e d  s u b s e t s .  

TI  cove red  s p a c e  i s  a l s o  TO, s o  t h e r e  e x i s t  TO cove red  s p a c e s  

f o r  which e v e r y  p o i n t  p a i r  i s  $ -d i sconnec ted .  

Now e v e r y  

Thus unde r  

t h e  T O  c o n d i t i o n  b o t h  ex t remes  can  o c c u r .  

2 . 2  The L i m i t  P o i n t  Digraph 

D e f i n i t i o n  2 . 2 . 1 :  The l i m i t  p o i n t  d i g r a p h  L(X) c o r r e s p o n d i n g  

t o  t h e  cove red  s p a c e  (X,$) i s  t h e  o r d e r e d  p a i r  (X,E), where 

E i s  t h e  s u b s e t  of  X X X de t e rmined  as f o l l o w s :  t h e  o r d e r e d  

p a i r  ( x , y )  E E i f f ,  i n  t h e  c o n t e x t  of  t h e  cove red  s p a c e ,  

t h e  p o i n t  y i s  a l i m i t  p o i g t  o f  t h e  s i n g l e t o n  s e t  { X I .  

For example t h e  d i g r a p h  c o r r e s p o n d i n g  t o  t h e  t h r e e  

p o i n t  cove red  s p a c e  from Chap te r  I c o n t a i n s  t h e  d i e d g e s  

( c , a )  and ( c , b ) .  

A s p a c e  cove red  e n t i r e l y  b y  s i n g l e t o n  s e t s  i s  r e p r e s e n t e d  

by a d i g r a p h  which c o n t a i n s  no d i e d g e s ,  and t h e  s p a c e  
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. 
I .  

I 
I -  

( X ,  {XI) on a nonempty s e t  of n p o i n t s  i s  r e p r e s e n t e d  by 

t h e  c o m p l e t e  d i g r a p h  on n p o i n t s .  

A s  a f u r t h e r  example ,  t h e  d i g r a p h  below r e p r e s e n t s  

t h e  c o v e r i n g  o f  t h r e e  p o i n t s  b y  t h e  c o l l e c t i o n  = ({a) ,  

{ a , b ) ,  { a , b , c ) l .  
L 

Y 

Theorem 2 . 2 . 1 :  I f  ( x , y >  and ( y , z )  b o t h  b e l o n g  to E ,  t h e n  

( x , z )  a l s o  b e l o n g s  t o  E .  

P r o o f :  L e t  ( x , y )  and ( y , z >  b e l o n g  t o  E .  Then e v e r y  n e i g h -  

b o r  hood of y c o n t a i n s  x. But e v e r y  ne ighborhood  o f  z 

c o n t a i n s  y .  Thus e v e r y  ne ighborhood o f  z a l s o  c o n t a i n s  

x ,  and  hence  ( x , z )  b e l o n g s  t o  E .  

We n o t e  t h a t  s i n c e  x 6 { x ) ' ,  L(X) c o n t a i n s  no  l o o p s .  

It now f o l l o w s  t h a t  e v e r y  minimal  c l o s e d  p a t h  of L(X) 

c o n t a i n s  e i t h e r  t h r e e  d i e d g e s  or a n  even  number o f  d i e d g e s .  I 
Theorem 2 . 2 . 2 :  I f  { X I  i s  open ,  t h e n  i n  L(X) t h e  v e r t e x  

x h a s  no a d j a c e n t  incoming d i e d g e s .  F u r t h e r m o r e  1x1 i s  

c l o s e d  i f f  t h e  v e r t e x  x h a s  no o u t g o i n g  d i e d g e s .  

P r o o f :  Suppose ( x , y )  E E.  Then e v e r y  ne ighborhood  o f  y 

c o n t a i n s  x .  Thus { y )  i s  n o t  open ,  for i t  would b e  a 

ne ighborhood  o f  y n o t  c o n t a i n i n g  x .  

Now s u p p o s e  x i s  a c l o s e d  p o i n t .  Then { X I  c o n t a i n s  

a l l  i t s  l i m i t  p o i n t s .  But x i s  t h e  o n l y  p o i n t  i n  1x1 ,  

and  x i s  n o t  a l i m i t  p o i n t  o f  { X I ,  s o  { x ) '  = $ .  Thus x 
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has no o u t g o i n g  d i e d g e s .  

. 

I f  x has no  o u t g o i n g  d i e d g e s ,  { X I  has no l i m i t  p o i n t s ,  

and t h u s  i t  i s  c l o s e d .  1 
T h a t  t h e  above i s  t h e  b e s t  p o s s i b l e  r e s u l t  i s  i l l u s -  

t r a t e d  by t h e  t h r e e  p o i n t  covered  s p a c e ,  for t h e  v e r t e x  c 

has no incoming d i e d g e s ,  bu t  t h e  set  { c ) i s  n o t  open .  

I f  t h e  open s e t s  of a cove red  s p a c e  form a t o p o l o g y ,  

t h e n  t h e  c o n v e r s e  o f  t h e  s t a t e m e n t  for open s e t s  h o l d s ,  f o r  

t h e  i n t e r s e c t i o n  of  a l l  open s e t s  c o n t a i n i n g  such  a p o i n t  

i s  open s i n c e  X i s  f i n i t e ,  and s i n c e  e v e r y  o t h e r  p o i n t  i s  

e x c l u d e d  b y  a t  l eas t  one open s e t ,  t h e  i n t e r s e c t i o n  must 

b e  t h e  p o i n t  i t s e l f .  

Corollary 2 . 2 . 3 :  A covered  s p a c e  (X, ' ; i f )  i s  TI  i f f  L ( X )  

c o n t a i n s  no  d i e d g e s .  

D e f i n i t i o n  2 . 2 . 2 :  A d i g r a p h  i s  (weak ly )  connec ted  i f  f o r  

e v e r y  p a i r  of v e r t i c e s  t h e r e  e x i s t s  a p a t h  between them, 

d i s r e g a r d i n g  t h e  d i r e c t i o n s  o f  t h e  d i e d g e s .  

Theorem 2 . 2 . 4 :  If L ( X )  i s  c o n n e c t e d ,  t h e n  X i s%-con-  

n e c t  ed.  

P r o o f :  

and  V # 4 ,  w i t h  ( X , ? U ) n ( X f l V )  = 4 .  Let  x be any p o i n t  

i n  X n U  = U ,  and y any p o i n t  o f  X n V  = V .  Then c l e a r l y  

x j? { y ) '  and y jf { X I ' .  Thus t h e r e  cannot  be a d i e d g e  be-  

tween x and y i n  L ( X ) .  But t h i s  means none of  t h e  v e r t i c e s  

a s s o c i a t e d  w i t h  t h e  p o i n t s  of  X Q U  = U can  b e  connec ted  

Suppose X i s  n o t p - c o n n e c t e d .  Le t  X = U u V g  U # @ 
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I -  

-. 

L 

L 

t o  any of  t h e  v e r t i c e s  a s s o c i a t e d  w i t h  t h e  p o i n t s  of 

X f \ V  = V .  Thus L ( X )  cannot  b e  c o n n e c t e d .  

If a f i n i t e  cove red  s p a c e  i s  a t o p o l o g i c a l  s p a c e ,  

W e  can  c o n c l u d e  t h a t  i f  X i s ? - c o n n e c t e d  t h e n  L ( X )  i s  

connec ted .  T h i s  can  b e  s e e n  as an  immediate  c o r o l l a r y  

t o  theorem 2 . 2 . 5 ,  which i s  s t a t e d  and proved  s u b s e q u e n t l y .  

That t h i s  i s  n o t  g e n e r a l l y  t r u e  i s  i l l u s t r a t e d  by any 

c o v e r e d  s p a c e  of a t  l ea s t  t h r e e  p o i n t s  f o r  which c o n s i s t s  

o n l y  of  s i n g l e t o n  s e t s .  

We remark t h a t  some r e s u l t s  s imi l a r  to o u r s ,  b u t  i n  

r e f e r e n c e  t o  t o p o l o g y  on d i g r a p h s ,  have been  o b t a i n e d  by 

Bhargava  and Ahlborn [ 3  I .  

D e f i n i t i o n  2 . 2 . 3 :  By a homeomorphism o f  a s p a c e  (X,]) 

is meant a b i u n i q u e  mapping f : X  o n t o  X such  t h a t  b o t h  f 

and f'l s a t i s f y  t h e  p r o p e r t i e s  of t heo rem 1 . 6 . 1 .  

We now o b s e r v e  a c o n n e c t i o n  between homeomorphisms 

o f  a s p a c e  (X,#) and s i m p l i c i a l  maps of  t h e  d i g r a p h  L(X). 

The c l a s s  of c o v e r e d  s p a c e s  w i t h  which we a r e  concerned  

has t h e  f o l l o w i n g  p r o p e r t y ,  which w e  d e n o t e  h e n c e f o r t h  as 

p r o p e r t y  8 :  a p o i n t  o f  X i s  a l i m i t  p o i n t  of a s u b s e t  of 

X iff i t  i s  a l i m i t  p o i n t  of  some p o i n t  of t h e  s u b s e t .  

A s  a n  example o f  such  a s p a c e ,  l e t  X = { a , b , c , d )  and # 
= {{a ,b} ,{c ,d}} .  We now ment ion  a more i n t e r e s t i n g  c o l -  

l e c t i o n  of s p a c e s  w i t h  t h i s  p r o p e r t y .  

Theorem 2 . 2 . 5 :  Every f i n i t e  t o p o l o g i c a l  s p a c e  h a s  p r o p e r t y  w .  
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? 

P r o o f :  L e t  x b e  a l i m i t  p o i n t  o f  a s u b s e t  A .  L e t  S b e  

t h e  i n t e r s e c t i o n  of  a l l  ne ighborhoods  o f  x .  S i n c e  X i s  

f i n i t e ,  S i s  open ,  and hence S i n t e r s e c t s  A-x. S i n c e  

e v e r y  ne ighborhood  o f  x c o n t a i n s  S, x i s  a l i m i t  p o i n t  

of e v e r y  p o i n t  i n  s ~ ( A - x ) .  I 

b!e now s t a t e  and  p r o v e  o u r  main r e s u l t  c o n c e r n i n g  

t h e  l i m i t  p o i n t  d i g r a p h .  

i h e o r e m  2.2.6- i t t  (X: > ?e? a s ~ b ~ e  w i t h  ,rnperty V .  

T o  e v e r y  s i m p l i c i a l  map s : L ( X )  o n t o  L ( X )  t h e r e  c o r r e s p o n d s  

a u n i q u e  homeomorphism o f  (X, ' )k )  , and c o n v e r s e l y .  

P r o o f :  L e t  s b e  a s i m p l i c i a l  map o f  L ( X )  o n t o  L ( X ) .  T h i s  

f u n c t i o n  n a t u r a l l y  i n d u c e s  a f u n c t i o n  h o f  X o n t o  X by 

h ( x )  = s ( x )  f o r  a l l  x E X .  We show t h a t  b o t h  h and h - l  

s a t i s f y  t h e  p r o p e r t i e s  o f  t heo rem 1 . 6 . 1 .  

L e t  A < I _ X .  We show tha t  h ( A ) r - h ( A ) .  L e t  x E A'. Then 

t h e r e  i s  some p o i n t  a E A s u c h  t h a t  x E { a } ' .  T h i s  means 

( a , x )  E L(X), s o  t h e n  ( s ( a ) , s ( x ) )  E s ( L ( 9 ) ) .  Thus h ( x )  E 

{ h ( a ) I t 3  and hence  h ( x >  E h ( A ) ' .  Thus h(x) E r l ( A ) .  So 

h ( A ) C h ( A ) .  

-- 

3y a s i m i l a r  -rgumer,t ' : e  conc lude  h - I ( A ) C h  I ( A ) .  

To p r o v e  t h e  c o n v e r s e  we show t h a t  liorneomor;-nisrI; 

p r e s e r v e  l i m i t  p o i n t s  i n  t h e  c o v e r e d  s g a c e .  Supliose x i s  

n o t  a l i m i t  p o i n t  o f  y. Tlien t h e r e  e x i s t s  a n  o r e n  set F i  

s u c h  t h a t  x E H and y 6 1 . Thus y E X - H .  iieiice we h z v t  

h ( x )  E h ( h )  a n d  h ( y )  E h(X-H) = X-h(H), which i s  a c l o s e a  



d 

1 -  

s e t  s i n c e  h i s  a homeomorphism. Thus h(H) i s  a u n i o n  of 

open s e t s ,  one o f  which must c o n t a i n  h ( x ) .  And s i n c e  t h e  

u n i o n  of t h e s e  open s e t s  does  n o t  c o n t a i n  h ( y ) ,  no s i n g l e  

one  c a n ,  and t h u s  h ( x )  i s  n o t  a l i m i t  p o i n t  of  h ( y ) .  

By a s imi l a r  argument w e  conc lude  t h a t  i f  h ( x )  i s  n o t  

a l i m i t  p o i n t  of h ( y ) ,  t h e n  h - l h ( x )  = x i s  n o t  a l i m i t  

p o i n t  of h - l h ( y )  = y .  
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