
https://ntrs.nasa.gov/search.jsp?R=19670030162 2020-03-12T12:12:04+00:00Z
brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by NASA Technical Reports Server

https://core.ac.uk/display/85246738?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


D1-82-0636 

THE PRECESSION AND NUTATION OF DEFORMABLE BODIES IV: 

DEFOFNATION OF SELF-GRAVITATING ELASTIC SOLIDS 

by 

Zden%k Kopal 

Mathematical Note No. 524  

Mathematics Research Laboratory 

BOEING SCIENTIFIC RESEARCH LABORATORIES 

August 1967 

This work was supported in part by the National Aeronautics and Space 
Administration, under Contract No. NASW - 1470. 



ABSTRACT 

I . 

I n  two preceding  r e p o r t s  of t h i s  series (Boeing Documents D1-82-0611 

and D1-82-0618, h e r e a f t e r  r e f e r r e d  t o  as Reports  I1 and 111, r e s p e c t i v e l y )  

d i f f e r e n t i a l  equa t ions  have been se t  up which govern t h e  deformations of 

s e l f - g r a v i t a t i n g  g lobes  of v i s c o u s  f l u i d s  i n  an  e x t e r n a l  f i e l d  of f o r c e ,  

and so lved  i n  a c losed  form f o r  t h e  case of an  incompress ib le  homogeneous 

l i q u i d .  The a i m  of t h e  p r e s e n t  r e p o r t  w i l l  b e  t o  d e r i v e  t h e  e x p l i c i t  form 

of e q u i v a l e n t  e q u a t i o n s  which govern t h e  deformat ions  of s e l f - g r a v i t a t i n g  

e l a s t i c  bod ies  of non-uniform i n t e r n a l  tempera ture ,  whose d y n m i c a l  behav io r  

i s  c h a r a c t e r i z e d  by v a r i a b l e  L a d  parameters  A and 1-1. 

S p e c i a l  r e s p e c t  w i l l  b e  p a i d  t o  s m a l l  deformations ( o r  o s c i l l a t i o n s )  

about  t h e  s ta te  of h y d r o s t a t i c  equ i l ib r ium,  c h a r a c t e r i z e d  by s p h e r o i d a l  o r  

t o r s l ida l  syncmetry. The former possess  a c o u n t e r p a r t  i n  t h e  c a s e  of f l u i d i t y  

t r e a t e d  p r e v i o u s l y  i n  Repor ts  I1 and 111. A n a l y t i c a l  s imilar i t ies  a s  w e l l  

as d i f f e r e n c e s  between t h e s e  two cases  w i l l  b e  po in t ed  ou t  ( i n v i s c i d  f l u i d  

case o b t a i n i n g  as a l i m i t  when u = 0 1; and c losed  s o l u t i o n s  cons t ruc t ed  

f o r  homogeneous c o n f i g u r a t i o n s  d i s t o r t e d  by r o t a t i o n a l  o r  t i d a l  f o r c e s .  

On t h e  o t h e r  hand,  t o r o i d a l  deformations are c h a r a c t e r i s t i c  of e l a s t i c  s o l i d s  

a l o n e ,  and posses s  no coun te rpa r t  i n  o u r  prev ious  work. 

The s e c t i o n s  as w e l l  as equa t ions  of t h e  p r e s e n t  r e p o r t  w i l l  be  num- 

b e r e d  consecu t ive ly  t o  t h o s e  of  Reports  I - I11 (Boeing Documents D1-82-590, 

D1-82-611, and D1-82-618. 



' .  

XIV. DEFORMATION OF SELF-GRAVITATING ELEASTIC SOLIDS IN EXTERNAL FIELD 

OF FORCE: FUNDAMENTAL EQUATIONS 

Consider a s e l f - g r a v i t a t i n g  s o l i d  c o n f i g u r a t i o n  of d e n s i t y  p ,  t h e  

e l a s t i c  p r o p e r t i e s  which are c h a r a c t e r i z e d  by t h e  Lam6 parameters  

LI, and t h e  c o e f f i c i e n t  of volume thermal expansion a - none of which 

i k  need t o  be c o n s t a n t .  As i s  w e l l  known, t h e  n i n e  stress components CI 

of such a body a t  a tempera ture  T 

r ,  € ,  $I, ( c f .  e.g., Boley and Weimer, 1960) 

A and 

can be  expressed  i n  p o l a r  coord ina te s  

u = A A  + 2pcrr - ( A  +y)ctT, 2 

= A A  + 2 p ~ ~ ~  - ( A  +T)cYT, 2 

rr 

CI 88 

(14-1) 

(14-2) 

( 1 4 - 3 )  

i n  terms of t h e  s i x  s t r a i n  components 

(14-4)  

(14-5) 

(14-6) 

( 1 4 - 7 )  . 

a U  u 1 8  r 6 = - -  
00 r a e  +T, (14-8) 
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u c o t  e e a U  - - 1 A+'+ 
r s i n  e a +  r r '  

a U  au 1 f 0 - 3  
r+ r s i n  e a+ + ar r 9 

2 E  = 

(14-9) 

(14-10) 

(14-11) 

(14-12) 

+ where u r ,  u e ,  u$ are t h e  components of t h e  d isp lacement  v e c t o r  u ,  and 

I f  s o ,  t h e  equa t ions  governing t h e  deformat ion  of s e l f - g r a v i t a t i n g  

e l a s t i c  b o d i e s ,  expressed  i n  terms of t h e  stress components u ( c f . ,  e . g . ,  

Love, 1927, p .  9 1 ) ,  w i l l  assume t h e  forms 

i j  

(14-14) 

- 0  - 0  + a  c o t e  1 "r4 + 2urr e e  re a0 aurr 1 r e  + - -  - 
ar r a e  + r s in  e a +  r 

(14-15) 

,7 ( i4-16)  

where t denotes  t h e  t i m e  and V ,  t h e  t o t a l  p o t e n t i a l  of f o r c e s  a c t i n g  on 

ou r  c o n f i g u r a t i o n  - i n c l u d i n g  t h e  d i s t u r b i n g  p o t e n t i a l  of e x t e r i o r  f o r c e s  

( i f  any) .  
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I f  w e  i n s e r t  i n  (14-14) - (14-16) t h e  e x p r e s s i o n s  (14-1) - (14-6) 

f o r  t h e  a c t u a l  stress components i n  terms of t h e  s t r a i n s  (14-7) - (14-121, 

t h e  f o r e g o i n g  e q u a t i o n s  of mot ion  can b e  r e w r i t t e n ,  more e x p l i c i t l y ,  as 

and 

where 

( r w  s i n  e)  r a8 r s i n  8 a$ ar 4 
x + 2 v a A -  2v 

3A + 2v aT  
3r a e  - - + 8 =  p 

n 

- 
w =  2 1 a 8  (Tu4 s i n  e )  - a ( r u e ) ,  I r 

2 r  s i n  0 

- 
w =  [ - - a (Tu+ s i n  e ) ,  I 1 

8 2r s i n  e a 4  

(14-17) 

(14-18) 

(14-19) 

(14-20) 

(14-21) 

(14-22) 
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-+ 
are t h e  r e s p e c t i v e  components of c u r l  u ,  and 

E E g = - - + z E  A a x  l ! L + e e a u + _ L &  1 re ar r a e  r s i n  e a g  r a e  

~a 2 - - r -[m a e  + 7 P I ]  , 

(14-23) 

(14-24) 

(14-25) 

are terms depending on t h e  s p a t i a l  d e r i v a t i v e s  of  t h e  e l a s t i c  parameters  

a ,  X and p (and van i sh ing  i d e n t i c a l l y  i f  a l l  t h e s e  q u a n t i t i e s  were c o n s t a n t ) .  

Equat ions  (14-17) - (14-19) t o g e t h e r  w i t h  (14-20) - (14-25) c o n s t i t u t e  

a s imul taneous  system of s i x t h  o r d e r  i n  t h e  d isp lacement  components u u r ’  e’ 
* b u t  t h e i r  de t e rmina t ion  r e q u i r e s  a knowledge of  e l a s t i c  parameters  a ,  

u$ ’ 
A ,  p as w e l l  as of t h e  d e n s i t y  P, t empera ture  T ,  and p o t e n t i a l  V as  

f u n c t i o n s  of the  independent  v a r i a b l e s .  The l a t t e r  i s ,  however, c o n s t r a i n e d  

t o  s a t i s f y  t h e  Poisson  e q u a t i o n  

2 V V -4nGP, ( 1 4 - L b )  
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where G denotes  t h e  c o n s t a n t  of g r a v i t a t i o n ;  wh i l e  t h e  d i s t r i b u t i o n  

of i n t e r n a l  tempera ture  i n  s o l i d  bodies  s i l l  be  g e n e r a l l y  governed by 

t h e  e q u a t i o n  

a T  - div(K g rad  T) + Q pcv at - (14-27) 

and K denote  t h e  s p e c i f i c  h e a t  a t  c o n s t a n t  
cV 

of h e a t  conduct ion ,  where 

volume and t h e  c o e f f i c i e n t  of h e a t  conduct ion  (not  n e c e s s a r i l y  c o n s t a n t ) ;  

w h i l e  Q ( r , e , + , t >  s t a n d s  f o r  a f u n c t i o n  r e p r e s e n t i n g  t h e  a c t i o n  of i n t e r n a l  

h e a t  sou rces  ( i f  any) .  

Cons i s t en t  w i th  t h e  b a s i c  premises unde r ly ing  t h e  theo ry  of e l a s t i c i t y ,  

t h e  l e f t -hand  s i d e s  of equa t ions  (14-17) - (14-19) are l i n e a r  i n  t h e  d i s -  

placement components u r ,  u e ,  and u + ;  b u t  t h i s  i s  n o t  n e c e s s a r i l y  t h e  

c a s e  wi th  t h e i r  r igh t -hand s i d e s .  I n  what fo l lows  w e  s h a l l ,  however, assume 

t h e  d isp lacement  t o  b e  s m a l l  enough f o r  t h e i r  e f f e c t s  on t h e  d e n s i t y  p and 

t h e  p o t e n t i a l  V 

p roduc t s  can be ignored  --an assumption which ensu res  t h e  l i n e a r i t y  of t h e  

t o  r e p r e s e n t  small q u a n t i t i e s  whose squa res  and c ross -  

e n t i r e  system. Furthermore,  let US w m m e  t h a t  t h e  mass of o u r  s e l f - g r a v i -  

t a t i n g  c o n f i g u r a t i o n  i s  s u f f i c i e n t l y  l a r g e  t o  be i n  h y d r o s t a t i c  e q u i l i b r i u m  
* 

* 
This  w i l l  b e  t r u e  whenever t h e  f o r c e s  of s e l f - a t t r a c t i o n  (which grow pro- 
p o r t i o n a l l y  w i t h  t h e  mass) w i l l  exceed t h e  molecular  f o r c e s  of s o l i d  s t a t e  
which depend on t h e  k ind  of the  mater ia l ,  b u t  n o t  on i t s  t o t a l  mass).  For 
s e l f - g r a v i t a t i n g  g lobes  c o n s i s t i n g  of s i l i ca t e  materials of d e n s i t y  
t h i s  i s  expec ted  ( c f .  W i l d t ,  1963) t o  occur  when t h e i r  r a d i u s  exceeds ap- 
proximate ly  580p'% kms. The Moon (of mean r a d i u s  of 1738 km and of den- 
s i t y  3.34g/cm3) exceeds t h i s  l i m i t  by s o  wide a margin t h a t  i t  should assume 
e s s e n t i a l l y  s p h e r i c a l  form even i f  i t  were ( a s  i t  may be) s o l i d  throughout 
i t s  i n t e r i o r ;  and may d e v i a t e  from it on ly  t o  an e x t e n t  main ta ined  by ex- 
t e r n a l  f o r c e s .  

p 
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i n  i t s  undis turbed  s t a t e ,  i n  which i t  assumes t h e  form of a sphe re  ( t h e  

zero-order  g r a v i t y  be ing  ba lanced  by i n t e r n a l  p r e s s u r e ) .  Moreover, t h e  

e q u i l i b r i u m  va lues  of t h e  s t a t e  parameters  a, A ,  1-1 as w e l l  as of t h e  

d e n s i t y  P and tempera ture  T can then  be regarded as f u n c t i o n s  of  r 

on ly ;  and under stress can d i f f e r  from them only  by amounts of t h e  o r d e r  

of magnitude of t h e  d i sp lacemen t s .  This  means t h a t ,  w i t h i n  t h e  framework 

of a l i n e a r  t heo ry ,  t h e i r  e q u i l i b r i u m  va lues  may be used whenever m u l t i p l i e d  

Or  u 4 *  by u r ,  U e ,  

I n  p a r t i c u l a r ,  le t  Po(') r e p r e s e n t  t h e  d e n s i t y  d i s t r i b u t i o n  of our  

c o n f i g u r a t i o n  i n  i t s  e q u i l i b r i u m  (undis turbed)  s ta te .  I f  s o ,  t h e  conse rva t ion  

of mass r e q u i r e s  t h a t  t h e  d i f f e r e n c e  

stress be  e x p r e s s i b l e  a s  

p - p o  i n  d e n s i t y  brought  about by 

+ 
P - po = P '  = - div(Pou) ; (14-28) 

which ( s i n c e  Po depends on r only)  can b e  r e w r i t t e n  as 

apO P A - u  - p '  = - 
0 r ar ' (14-29) 

r e p r e s e n t i n g  t h e  "equat ion of c o n t i n u i t y "  of our  p r e s e n t  problem, and equi -  

v a l e n t  t o  equa t ion  (5-19) of Report  I1 i n  f l u i d  mechanics .  

S i m i l a r l y ,  i f  Vo(r) deno tes  t h e  g r a v i t a t i o n a l  p o t e n t i a l  of ou r  con- 

f i g u r a t i o n  i n  i t s  s t a t e  of e q u i l i b r i u m  (g iv ing  rise t o  a c c e l e r a t i o n  ba lanced  

up by h y d r o s t a t i c  p r e s s u r e ) ,  i t s  change under  stress can be  expres sed  

V = V ' + u  - (14-30) 
r a r  ' 
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c 

where t h e  increment  VI i n  p o t e n t i a l  due t o  deformat ion  (and i n c l u d i n g  

t h a t  of  t h e  e x t e r n a l  f o r c e s  which caused i t )  must s a t i s f y  the d i f f e r e n t i a l  

e q u a t i o n  
-2 v V' = - ~ I T G P ' ,  

f o l lowing  from (14-26), i n  which P '  can b e  i n s e r t e d  from (14-29). 

(14-31) 

I n  consequence, t h e  l i n e a r i z e d  r ight-hand s i d e s  of equa t ion  (14-17) - 
(14-19) are, t h e r e f o r e ,  found t o  assume t h e  forms 

2 a u  

O a t  
If + A avo ar - a ar (VI + ur ?)}, 

where t h e  term A(aV / a r )  i n  t h e  f i r s t  one of t h e s e  e x p r e s s - m s  ( b u t  i n  

t h a t  on ly )  r e p r e s e n t s  t h e  increment i n  g r a v i t a t i o n a l  f o r c e  p e r  u n i t  volume 

due t o  a change of -P A i n  d e n s i t y  on t h e  r ight-hand s i d e  of e q u a t i o n  

(14-29); i t  i s  absen t  from o t h e r s  because  

v a r i a b l e s .  I f  s o ,  however, i t  becomes a l s o  unnecessary h e r e a f t e r  t o  charac- 

t e r i z e  t h e  e q u i l i b r i u m  d e n s i t y  Po and p o t e n t i a l  Vo by z e r o  s u b s c r i p t ;  

and t h e s e  w i l l  henceforward b e  dropped. 

0 

0 

Vo 
does n o t  depend on t h e  a n g u l a r  

Equation (14-29) r e n d e r s  P '  a l i n e a r  and homogeneous f u n c t i o n  of t h e  

components of  d i sp lacement ;  and s o  w i l l  be  VI, by v i r t u e  of (14-31), as 
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long as t h e  d i s t u r b a n c e  of t h e  p o t e n t i a l  arises s o l e l y  from displacement  

of i t s  own mass. I n  such  a case our  system of equa t ions  f o r  u r '  u 8 '  and 

becomes l i n e a r  and homogeneous i n  t h e s e  v a r i a b l e s ,  and governs f r e e  

o s c i l l a t i o n s  of t h e  r e s p e c t i v e  c o n f i g u r a t i o n s .  The same w i l l ,  however, 

n o t  b e  t r u e  i f  V' c o n t a i n s  a component of e x t e r n a l  f o r c e ;  i n  such a case 

our  system of equa t ions  becomes nonhomogeneous, and t h e  displacement  governed 

by i t  of t h e  n a t u r e  of fo rced  deformat ion  which may, b u t  need n o t ,  b e  o s c i l -  

l a t o r y  i n  n a t u r e .  

u9  

The r o l e  of t h e  terms invo lv ing  t h e  tempera ture  T i n  o u r  equa t ion  of -_ 
motion remains y e t  t o  b e  s p e c i f i e d .  I f ,  i n  conformity wi th  ou r  p rev ious  

p rocess  of l i n e a r i z a t i o n ,  w e  expres s  t h e  l a t t e r  i n  t h e  form 

T = To(r )  + T '  ( r , 0 , $ ; t ) ,  (14-32)  

where T ( r )  denotes  t h e  s t e a d y - s t a t e  e q u i l i b r i u m  tempera ture  and T1(r ,8 , r .$ ; t )  

i t s  changes a r i s i n g  from t h e  deformat ion  ( o r  whatever  o t h e r  c a u s e ) .  

e f f e c t s  of To(r )  

by t h e  p r e s s u r e ;  so t h a t  i t s  changes T '  a l o n e  need t o  b e  cons ide red  i n  our  

l i n e a r i z e d  equa t ions  of  motion. These changes may b e  invoked by an expan- 

s i o n  o r  c o n t r a c t i o n  of ou r  s o l i d  ( i n  which case they  can be  expressed  i n  

terms of t h e  r e s p e c t i v e  components of d i sp l acemen t ) ;  o r  b e  due t o  t h e  in-  

t e r n a l  h e a t  sou rces  r e p r e s e n t e d  i n  e q u a t i o n  (14-27) by t h e  Q-term on i t s  

r ight-hand s i d e ;  o r  aga in  by s e c u l a r  c o o l i n g  by t h e  e scape  of  i n t e r n a l  h e a t  

i n t o  space  (governed by t h e  same e q u a t i o n  b u t  w i thou t  t h e  Q-term). 

0 

The 

w i l l ,  i n  h y d r o s t a t i c  e q u i l i b r i u m ,  aga in  b e  ba lanced  up 
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I .  

I n  t h e  l a t t e r  two c a s e s  t h e  f u n c t i o n  T ' ( r y 0 , 4 ; t )  can be independent 

of t h e  d isp lacement .  I f ,  on t h e  o t h e r  hand, t h e  s t r e s s e s  u i n s i d e  

our  c o n f i g u r a t i o n  perform work i n  t h e  cour se  of each d isp lacement  which 

i s  c o n v e r t i b l e  i n t o  h e a t ,  equa t ion  (14-27) - r e p r e s e n t i n g  as it  does t h e  

conse rva t ion  of energy  - must t a k e  t h i s  i n t o  account .  

expansion were p o s s i b l e  at cons t an t  p r e s s u r e ,  equa t ion  (14-27) would con- 

t i n u e  t o  ho ld  good as i t  s t a n d s ,  provided on ly  t h a t  t h e  c o e f f i c i e n t  

on i t s  l e f t -hand  s i d e  were rep laced  by C 

p r e s s u r e  ( c f .  Carslaw and Jaeger, 1959; p .  13) .  I f ,  however, t h e  d i s p l a c e -  

ment i s  n o t  p i e z o t r o p i c  ( a s  w i l l  g e n e r a l l y  be  t h e  c a s e ) ,  a d d i t i o n a l  terms 

w i l l  appear  i n  t h e  energy  equa t ion  ( c f .  J e f f r e y s ,  1930; B i o t ,  1959 ) , which 

i n  t h e  p r e s e n t  case w i l l  be equ iva len t  ( c f .  e . g . ,  Nowacki, 1962; pp. 38 f f )  

t o  a source  f u n c t i o n  

i j  

I f  u n r e s t r i c t e d  

C 
V 

t h e  s p e c i f i c  h e a t  a t  cons t an t  
P Y  

I 
Q e -  (A + - 2 11) (aTo) d i v  u,  (14-33) 3 

+ 
where t h e  d o t  ove r  u denotes  the  d i f f e r e n t i a t i o n  of t h e  displacement v e c t o r  

w i t h  r e s p e c t  t o  the t i m e  . In  such a case: t h e  energy and m n m p n t i i m  e q i i p t i n n g  

of t h e  unde r ly ing  t h e r m o e l a s t i c  problem would be coupled through t h e  term 

(14-33), and t h u s  c o n s t i t u t e  a simultaneous system which - i n  t h e  absence 

of e x t e r n a l  f o r c e s  - would b e  homogeneous i n  i t s  dependent v a r i a b l e s ;  and 

i n  t h e  n e x t  s e c t i o n  w e  s h a l l  proceed t o  reduce it t o  a form more amenable 

t o  a c t u a l  s o l u t i o n ,  s u b j e c t  t o  a p p r o p r i a t e  boundary c o n d i t i o n s .  

* 

* 
It may a l s o  be  no ted  t h a t ,  by v i r t u e  of t h e  thermo-dynamical d e f i n i t i o n  2 
of t h e  r e s p e c t i v e  pa rame te r s ,  (A + 7 v)aT0 = p C v ( v - l ) / a ,  where y s t a n d s  

f o r  t h e  r a t i o  of s p e c i f i c  h e a t s  C /Cv.  
P 
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Some o f  t he  boundary c o n d i t i o n s  which such s o l u t i o n s  must obey a r e  

t r i v i a l l y  s i m p l e .  Thus w e  s h a l l  r e q u i r e  t h a t ,  a t  t h e  c e n t e r  of o u r  con- 

f i g u r a t i o n  ( r  = 01, t h e  d isp lacements  must be  z e r o  - i . e . ,  t h a t  

(14-34) 

Next,  w e  r e q u i r e  t h e  van i sh ing ,  a t  t h e  o u t e r  boundary r = a ,  of t h e  

r a d i a l  components of t h e  stress t e n s o r  

u ( a )  = CJ ( a )  = cs ( a )  = 0. (14-35) 
rr re r4 

I n  a d d i t i o n ,  w e  have t o  ensu re  t h a t ,  f o r  s e l f - g r a v i t a t i n g  c o n f i g u r a t i o n s ,  

t h e  g r a v i t a t i o n a l  p o t e n t i a l  and i t s  normal component ( i . e . ,  a c c e l e r a t i o n )  

remain cont inuous a t  r = a f o r  any d isp lacement ;  b u t  an  e x p l i c i t  formu- 

l a t i o n  of t h e  c o n s t r a i n t  which t h i s  imposes on ou r  s o l u t i o n  i s  more invo lved ,  

and w i l l  be  postponed f o r  t h e  nex t  s e c t i o n .  
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XV. SPHEROIDAL DEFORMATIONS 

I n  t h e  preceding  s e c t i o n  of t h i s  r e p o r t  w e  have reduced t h e  l i n e a r i z e d  

equa t ions  of  motion which govern the  deformation of  a s e l f - g r a v i t a t i n g  elas- 

tic g lobe  from a s t a t e  of h y d r o s t a t i c  equ i l ib r ium t o  t h e  form of a s imultaneous 

system 

a- + g  = p 2 - -- i a  (VI+ ur :)Iy 3x + 2p a T '  
3 r  a e  la:: r a e  - 

31 + 2p a T '  a- a e  3 r  s i n  9 a$ 

(15-1) 

(15-2) 

(15-3) 

l a 2 u  L 1 3 (.'+ ur 1 , 
+ = - r s i n  e a$ 

- 
where G r y  w e p  w9 con t inue  t o  be g iven  i n  terms of t h e  displacement  compo- 

n e n t s  u u by means of equat ions  (14-20) - (14-22) ; A by (14-13) ; r '  e '  u$ 

t h e  f u n c t i o n  gy G, J by (14-23) - (14-25); and t h e  p o t e n t i a l s  V,  V' a r e  

t o  be ob ta ined  by a s o l u t i o n  of  the equa t ions  (14-26) and (14-31)¶ r e s p e c t i v e l y ;  

w h i l e  T '  f o l lows  from (14-27). 
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Let us assume now - similarly as in Section VI of Report I1 of this 

series - that the deformations of our self-gravitating configuration from 

the state of hydrostatic equilibrium are spheroidal - an assumption which 

constrains the displacement components u u and u to be expressible 

in the form 
+ r’ 8 ’  

(15-4) 

(15-5) 

i where the Yi(B,$)’s are surface harmonics of index i and order j, 

(15-6) 

J 

which satisfy the differential e quat ion 

a ay 
ae a e  - (sin 8 - ) + j(j+l) Y = 0 ,  (15-7) 

and u(r,t), v(r,t) are new functions of r and t only which remain to 

be determined. 

I f ,  as in Section VI, we abbreviate 

and 

U (rv) - - = z ,  i a  -- 
r ar r 

(15-8) 

(15-9) 
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i t  fo l lows  by i n s e r t i o n  of  (15-8) - (15-9) i n  (14-13) aga in  t h a t  

A = yyj i ' 

whi le  t h e  c u r l  components (14-20) - (14-22) reduce l i k e w i s e  t o  

w = 0 ,  r 

(15-10) 

(15-11) 

(15-12) 

ayi - - + z i  - 
w $  2 a e  (15-13) 

L e t  u s ,  fur thermore ,  assume t h a t  t h e  changes i n  temperature arid t h e  

p o t e n t i a l  o f  t h e  s t r a i n e d  body are expans ib l e  i n  t h e  form 

and 

(15-15) 

An i n s e r t i o n  of t h i s  l a t t e r  expa i i~ ion  t o g e t h e r  w i t h  (14-29) i n  (14-31) d i s -  

d o s e s  t h a t  t h e  f u n c t i o n  R ( r , t )  must s a t i s f y  t h e  d i f f e r e n t i a l  equa t ion  

3 

(15-16) 

t h e  s o l u t i o n  of which can b e  expressed ( c f .  equa t ion  7-17 o f  Report  11) i n  

t h e  i n t e g r a l  form 
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R = -  2 j  ' + 1 (i j+l  1 (py + u %)rj+2 d r  
j 

0 

o r ,  on p a r t i a l  i n t e g r a t i o n ,  

+ r j  ( u r  1- j ) - y r l - j ] d r )  + C i Y j r  j Y 

r 

(15-17) 

(15-18) 

when t h e  p a r t i c u l a r  i n t e g r a l  ( i n  c u r l y  b r a c k e t s )  r e p r e s e n t s  t h e  p e r t u r b a t i o n  

i n  p o t e n t i a l  a r i s i n g  from t h e  d i s t o r t i o n  of ou r  c o n f i g u r a t i o n ,  and t h e  com- 

plementary func t ion  c .r' where t h e  c ' s  a r e  c o n s t a n t s  ( o r  a r b i t r a r y  func- 

t i o n s  of t h e  t ime) s p e c i f i e s  t h e  f o r c e  (of r o t a t i o n a l  o r  t i d a l  o r i g i n )  which 

is r e s p o n s i b l e  f o r  d i s t o r t i o n .  Moreover, i f  t h e  d e n s i t y  d i s t r i b u t i o n  p is 

such t h a t  p ( r )  = 0 f o r  r > a (where a deno tes  t h e  r a d i u s  of ou r  conf ig-  

u r a t i o n  i n  i t s  e q u i l i b r i u m  s t a t e )  t h e  i n f i n i t e  upper  l i m i t  of i n t e g r a t i o n  on 

t h e  r ight-hand s i d e  of (15-17) o r  (15-18) can be  r e p l a c e d  by 

i , J  

a. 

Furthermore,  s i n c e  i n  t h e  u n d i s t o r t e d  s t a t e  

(15-19) 

(15-20) 

i t  fo l lows  t h a t  
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where 
r 

g = f pr2dr  

0 r 

deno tes  t h e  g r a v i t a t i o n a l  a c c e l e r a t i o n ,  i t  fo l lows  t h a t  

where 

L a s t l y ,  it fo l lows  likewise from (15-10) and (15-19) t h a t  

(15-21) 

(15-22) 

(15-2 3) 

(15-24) 

If w e  i n s e r t  now a l l  t h e  foregoing  r e s u l t s  i n  equa t ion  (15-1) w e  f i n d  

t h e  l a t t e r  t o  reduce  t o  

w h i l e  equa t ions  (15-2) and (15-3) assume t h e  i d e n t i c a l  form 

(15-25) 
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(15-26) 

The foregoing  equa t ions  (15-25) and (15-26) r e p r e s e n t  t h e  fundamental  

set of equat ions  governing s p h e r o i d a l  o s c i l l a t i o n s  of s e l f - g r a v i t a t i n g  

e l a s t i c  g lobes ;  b u t  t hey  are  n o t  s u f f i c i e n t l y  e x p l i c i t  inasmuch a s  they  

invo lve  func t ions  u and v which s p e c i f y  displacement  n o t  on ly  through 

t h e i r  d e r i v a t i v e s ,  bu t  a l s o  behind t h e  i n t e g r a l  s i g n  i n  t h e  expres s ion  

(15-23) f o r  R; and t o  remove t h i s  an  e l i m i n a t i o n  of R between 

(15-25) and (15-26) appea r s  d e s i r a b l e .  I n  o r d e r  t o  do s o  w e  can 

proceed s i m i l a r l y  as i n  S e c t i o n  V I  of Report  11. F i r s t ,  d i v i d e  bo th  s i d e s  

of equa t ion  (15-26) by P ,  d i f f e r e n t i a t e  w i th  r e s p e c t  t o  r ,  and then 

e l i m i n a t e  a R / a r  between t h e  outcome of t h i s  o p e r a t i o n  and equa t ion  (15-25): 

t h e  r e s u l t  assumes t h e  form 

o r ,  on i n s e r t i o n  f o r  y and z from (15-8) and (15-9),  

(15-27) 
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a 2  
r a t  

Q 2 + 4 &!. + J Y  .) u - p r T ( % + y )  

+ ( a r 2  r ar 

(15-28) 

I n  o r d e r  t o  o b t a i n  t h e  second independent r e l a t i o n  between u ( r , t )  

v ( r , t ) ,  l e t  us  n o t e  t h a t  t h e  f u n c t i o n  R t ( r , t )  as de f ined  by equa t ion  

(15-23) s a t i s f i e s  t h e  d i f f e r e n t i a l  equa t ion  

and 

J 

where 
t r - P = +  f p r 2 d r  

0 r 
(15-30) 

denores :he mean d e m i t ) .  of a sphere of r a d i ~ s  r. L e t  us  differenciare 

now (15-25) wi th  r e s p e c t  t o  r and s o l v e  t h e  outcome f o r  a 2 R / a r  2 which 

w e  i n s e r t  i n  (15-19). I f ,  moreover, w e  i n s e r t  s i m i l a r l y  f o r  a R / a r  and 

R 

t o  t h e  form 

from (15-25) and (15-26) as they s t and ,  equa t ion  (15-29) can  b e  reduced 
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2 

r 

o r ,  on i n s e r t i o n  f o r  y and z from (15-8) and (15-9), 

(15-31) 



r a t  

- - a ( A  + f 11) ..I. 
ar (15-32) 

The fo rego ing  p a i r s  of equat ions  (15-27) and (15-32) o r  (15-28) and 

u and (15-32) c o n s t i t u t e  each a s imultaneous system o f  s i x t h  o r d e r  f o r  

v ( t h e i r  r e d u c t i o n  t o  a s i n g l e  s ix th -o rde r  equa t ion  f o r  e i t h e r  u o r  v 

i s  p o s s i b l e ,  b u t  t o o  cumbersome t o  b e  r e a l l y  worth w h i l e ) .  The i r  s o l u t i o n  

is  s u b j e c t  t o  t h e  boundary cond i t ions  (14-34) - (14-35) which, i n  t h e  case 

of s p h e r o i d a l  symmetry c h a r a c t e r i z e d  by (15-4) - (15-6) r e q u i r e  t h a t ,  a t  

t h e  c e n t e r ,  

u ( 0 , t )  = 0, (15-33) 

v ( 0 , t )  = 0; (15-34) 

w h i l e ,  on t h e  boundary, t h e  vanishing of t h e  s p h e r o i d a l  stress components 
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reduces to the additional two conditions 

and 

0 
- - - + - =  av v u 
ar a a 

(15-35) 

(15-36) 

(15-37) 

(15-38) 

(15-39) 

for r = a. If the temperature over the free surface could be regarded as 

constant, the right-hand side of (15-38) would vanish, and both (15-38) and 

(15-39) would then be homogeneous in the components of displacement. 

The form boundary conditions (15-33) - (15-34) and (15-38) - (15-39) 

are sufficient to specify particular solutions of the fourth-order system of 

differential equations (15-25) - (15-26) for a given function R. 

fact, however, R itself is a function of the displacement components u 

and v as specified by equation (15-23). A single differention of the pro- 

duct rj+'R reveals, however , that 

In actual 

j-1 2i+l 
45rG ci,j I: 9 (15-40) 
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which on i n s e r t i o n  f o r  a R / a r  and R on t h e  le f t -hand  s i d e  from (15-35)- 

(15-36) f o r  r = a assur&es t h e  form 

(15-41) 

where 

f o r  f l u i d s ,  need n o t  be  z e r o ) .  

p1 deno tes  t h e  s u r f a c e  d e n s i t y  of our  c o n f i g u r a t i o n  (which, u n l i k e  

Next, l e t  u s  a s c e r t a i n  the s u r f a c e  v a l u e s  of o t h e r  q u a n t i t i e s  involved  

i n  e q u a t i o n  (15-41). S ince ,  by (15-38), t h e  boundary v a l u e  of y can be  

expres sed  as 

y = - 2 : ( 2 )  + (1+++, (15-42) 

a s o l u t i o n  of t h i s  l a t t e r  equat ion  t o g e t h e r  w i t h  (15-8) (which i s  v a l i d  

everywhere i n c l u d i n g  t h e  boundary) f o r  y and a u / a r  d i s c l o s e s  t h a t ,  a t  

and 

(15-43) 

(15-44) 
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On t h e  o t h e r  hand, from a s o l u t i o n  of (15-39) v a l i d  ove r  t h e  same boundary 

w i t h  (15-9) f o r  z and av/ar l e a d s  t o  

rz = 2(v-u) (15-45) 

and 

(15-46) 

I f  w e  d i f f e r e n t i a t e  now t h e  e x p r e s s i o n s  (15-8) and (15-9) f o r  y and z 

w i t h  r e s p e c t  t o  

t h a t  a t  r = a,  

r and subsequen t ly  i n s e r t  from (15-44) and (15-46) w e  f i n d  

and 

hpu + [ j ( j + l ) A  - 2(A + 2 p ) l v  I 1 2 a v  

ar 
( r z )  = r - - a 

ar 
- 

2 r(A+2p) 

t 2 + ( A  + 7 ?.l)WT . 

(15-47) 

(15-48) 

If we i n s e r t  now t h e  fo rego ing  e x p r e s s i o n s  (15-43) - (15-48) i n  (15-41) , t h i s  

l a t t e r  e q u a t i o n  can  b e  reduced t o  a requi rement  t h a t ,  a t  t h e  boundary r = a ,  

2 2 
2 { u  + ( j + l ) v )  a v  2 a u  

( A  + 211) 7 + ( j + l ) v  - - ar ar 2 '1 a t2  . 
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u 
r 

I f ,  moreover, we remember t h a t ,  q u i t e  g e n e r a l l y ,  

2 v = P C t  

(15-49) 

(15-50) 

X + 2 v  = pcl l  2 (15-51) 

where c and ct deno te  t h e  v e l o c i t i e s  of  propagat ion  of t h e  l o n g i t u d i n a l  

and t r a n s v e r s a l  waves i n  e l a s t i c  s o l i d s ,  wh i l e  

R 

(15-52) 

s t a n d s  f o r  t h e i r  compression modulus, t h e  foregoing  boundary c o n d i t i o n  

(15-49) can be  r e w r i t t e n  a l t e r n a t i v e l y  as 
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2 
= 1- 7 4 2  c R  r (2)- 2cL 2 + 7 8 2  ct  

(15-53) 

The foregoing  equa t ions  (15-49) o r  (15-53) v a l i d  a t  r = a ensu re  

t h a t  t h e  g r a v i t a t i o n a l  p o t e n t i a l  as w e l l  as a c c e l e r a t i o n  remain cont inuous 

a c r o s s  t h e  boundary of our  d i s t o r t e d  c o n f i g u r a t i o n ,  and r e p r e s e n t  t h e  f i f t h  

boundary cond i t ion  of  our  problem. 

v e s t i g a t i n g  t h e  behav io r  of  t h e  f u n c t i o n  R a t  t h e  o r i g i n  i n  t h e  fo l lowing  

manner. L e t  both s i d e s  of equa t ion  (15-23) d e f i n i n g  R be  d iv ided  by r , 

and d i f f e r e n t i a t e d  w i t h  r e s p e c t  t o  r : t h e  outcome d i s c l o s e s  t h a t  

The s i x t h  and las t  one o b t a i n s  by in-  

j 

j +2 ) - ~ r j + ~ ] d r ,  
r 1 

r 

which f o r  r = 0 reduces  t o  

R ( 0 , t )  = 0 ,  

(15-54) 

(15-55) 
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a r e s u l t  f o r  which t h e  p rev ious  cond i t ions  (15-33) and (15-34) are su f -  

f i c i e n t  ( though no t  necessa ry ;  s i n c e  i n  t h e  neighborhood of t h e  o r i g i n  

t h e  g r a v i t a t i o n a l  a c c e l e r a t i o n  g ( r )  v a r i e s  as r and tends  t o  zero  

i n  i t s  o m  r i g h t ;  t h e  only cond i t ions  necessary  f o r  t h e  v a l i d i t y  of (15-55) 

are t h a t  u and v be  bounded a t  t h e  o r i g i n ) .  

S ince ,  moreover, as r + 0 ,  

by v i r t u e  of (15-33) and (15-341, so  t h a t  

au av 
ar ar’ l i m y = 3 - -  j ( j t i )  - 

r + O  

(15-56) 

equa t ions  (15-26) t o g e t h e r  w i th  (15-56) - (15-57) r e v e a l  t h a t ,  a t  t h e  o r i g i n ,  

(15-5?) 

o r ,  a l t e r n a t e l y ,  

( 3  
2 au 2 1  a v  

RIG - + 2ct - j ( j + l )  2 
R - C t )  ar [ 

(15-58) 

- 5 c 2 ) a r ( 0 , t ) ,  (15-59) = ( c R  3 t 

which become aga in  homogeneous i n  u and v i f  t h e  c e n t r a l  temperature  

of ou r  c o n f i g u r a t i o n  i s  cons t r a ined  t o  remain cons t an t .  

Equat ions (15-33) - (15-341, (15-38) - (15-391, t oge the r  w i th  (15-59) 

o r  (15-53) and (15-58) o r  (15-59) c o n s t i t u t e  s i x  boundary cond i t ions  r e q u i s i t e  
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for a complete specification of the desired solutions of the sixth-order 

system of fundamental equations (15-27) and (15-31) or (15-28) and (15-32) 

of our problem; the conditions (15-33) - (15-34) and (15-58) or (15-59) 

being valid at the center, and (15-38) - (15-39) and (15-49) or (15-53) 

at the boundary of our configuration. Before we proceed with the construc- 

tion of the requisite particular solutions, however, we propose to estab- 

lish first the explicit form of the equivalent set of equations which 

govern the deformations of self-gravitating elastic globes characterized 

by toroidal rather than spheroidal symmetry; and to this task we shall 

address ourselves in the next section of this report. 



-27- 

X V I .  TOROIDAL DEFORMATIONS 

Having completed t h e  r educ t ion  of  t h e  fundamental  equa t ions  of s e c t i o n  

X I V  governing t h e  deformat ion  of s e l f - g r a v i t a t i n g  e l a s t i c  g lobes  t o  a form 

a p p r o p r i a t e  f o r  t h e  s p h e r o i d a l  symmetry de f ined  by equa t ions  (15-4) - (15-61, 

l e t  u s  t u r n  ou r  a t t e n t i o n  t o  another  p a r t i c u l a r  case of  i n t e r e s t ,  a r i s i n g  i f  

t h e  deformat ion  of  our  g lobe  possesses  toroidaZ symmetry - such as w i l l  ob- 

t a i n  i f  t h e  t h r e e  components of t h e  displacement  v e c t o r  u 
+ 

can be  r ep resen ted  

u = o  r 

a?- 
u -  - - i 

8 s in  e a$ p 

ayi 

ae u$ = - v ( r , t )  i 

(16-1) 

(16-2) 

(16-3) 

i 
J 

i n  p l a c e  of  (15-4) - (15-6) , when t h e  Y . ( B , $ ) ' s  cont inue  t o  b e  s u r f a c e  

harmonics s a t i s f y i n g  e q u a t i o n  (15-7). 

I f  so ,  an  i n s e r t i o n  of (16-1) - (16-3) i n  (14-13) reveals t h a t ,  i n  t h e  

p r e s e n t  case, 
A = O ;  (16-4) 

which t o g e t h e r  w i th  u = 0 rende r s ,  by (14-29) t h e  p e r t u r b a t i o n  p '  i n  

d e n s i t y  - and,  t h e r e f o r e ,  by (14-31) i n  p o t e n t i a l  V'  - i d e n t i c a l l y  ze ro .  

The t o r s i o n a l  motion c h a r a c t e r i z e d  by v e l o c i t y  components of t h e  form (16-1) 

- (16-3) does n o t ,  t h e r e f o r e ,  d i s t u r b  t h e  g r a v i t a t i o n a l  p o t e n t i a l  o f  our  

g l o b e  - a f a c t  which w i l l  f a r - reachingly  s i m p l i f y  t h e  a n a l y s i s .  

r 

A s  t h e  r e a d e r  can e a s i l y  v e r i f y ,  t h e  assumed form of t h e  v e l o c i t y  com- 

ponen t s  (16-1) - (16-3) reduces  the  components (14-20) - (14-22) of t h e  c u r l  
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-f t o  t h e  form 
U 

- J( i+l)v yi 2; - 
r r j’ 

(16-5) 

(16-6) 

(16-7) 

The t e r m s  C y  g, and 6 as de f ined  by (14-13) - (14-25) are ( f o r  A = 0 ) 

obv ious ly  independent of A ;  bu t  t hey  c a n  be made t o  vary  as t h e  requis i te  

s i n g l e  harmonic on ly  i f  v i s  independent of t h e  angu la r  v a r i a b l e s ;  i n  which 

case  
& = 0, 

(16-9) 

(16-10) 

L a s t l y ,  a s e p a r a t i o n  of t h e  p h y s i c a l  and angu la r  v a r i a b l e s  i n  (15-1) - (15-3) 

w i th  the a i d  of (16-1) - (16-3) becomes p o s s i b l e  on ly  provided t h a t  

(16-11) 

I f  s o ,  however, e q u a t i o n  (15-1) becomes i d e n t i c a l l y  z e r o ;  wh i l e  (15-2) 

and (15-3) reduce t o  i d e n t i c a l  second-order d i f f e r e n t i a l  e q u a t i o n s  f o r  v 

of t h e  form 

(16-12) 

s u b j e c t  aga in  t o  t h e  boundary c o n d i t i o n s  (14-34) and (14-35) which, i n  t h e  

p r e s e n t  c a s e ,  reduce t o  t h e  requi rements  t h a t ,  a t  t h e  o r i g i n ,  

v ( 0 , t )  = 0 ; (16-13) 
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wh i l e ,  a t  t h e  o u t e r  boundary r = a ,  

(16-14) 

An i n s p e c t i o n  of t h e  foregoing  r e s u l t s  d i s c l o s e s  t h a t  - u n l i k e  t h e  case 

of s p h e r o i d a l  deformat ion  of  s e c t i o n  XV whose a n a l y t i c a l  formula t ion  c o n s t i -  

t u t e s  a d i f f e r e n t i a l  problem of  s i x t h  o r d e r  - t h e  t o r o i d a l  deformations 

( s x b j e c t  t o  a d d i t i o n a l  r e s t r i c t i n g  c o n d i t i o n  r ep resen ted  by equa t ion  (16-11)) 

reduce  t o  a problem of second o rde r  on ly .  This  r educ t ion  goes back p a r t l y  t o  

t h e  f a c t  t h a t  on ly  one r a d i a l  func t ion  v ( r , t )  is  found s u f f i c i e n t  t o  des- 

c r i b e  t o r o i d a l  deformat ions  - i n  place of two such f u n c t i o n s  u ( r , t )  and 

v ( r , t )  i n  t h e  s p h e r o i d a l  case - and p a r t l y  t o  t h e  f a c t  t h a t  t h e  t o r o i d a l  

deformat ions  do no t  p e r t u r b  the g r a v i t a t i o n a l  p o t e n t i a l  of t h e  r e s p e c t i v e  body 

It may b e  added t h a t  t h e  fundamental equa t ion  (16-12) o f  t h e  t o r o i d a l  

case w a s  f i r s t  de r ived  by Alterman, Jarosch and P e k e r i s  (1959) i n  connect ion 

w i t h  t h e i r  i n v e s t i g a t i o n  of  f r e e  t o r o i d a l  o s c i l l a t i o n s  of t h e  Ea r th ;  wh i l e  

f o r  i t s  subsequent  a p p l i c a t i o n s  t o  t h e  Moon c f .  Takeuchi,  S a i t o ,  and Kobayashi 

(1961) o r  Carr and Kovach (1962). 
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XVII. SPHEROIDAL DEFORMATIONS: PARTICULAR CASES 

The sixth-order system (15-1) - (15-3) of fundamental equations governing 

spheroidal deformations of self-gravitating globes of arbitrary equilibrium 

structure is too complicated to admit of any but numerical solutions in an 

unrestricted case; and such solutions can be constructed by standard methods 

for any given functions a(r), X(r), P(r) and p(r) or T(r). Certain 

particular cases exist, however, in which our problem simplifies sufficiently 

to admit of analytic solutions expansible in series of well-known elementary 

or transcendental functions. The aim of the present section will be to point 

out such cases and to construct their appropriate solutions - with particular 

attention to the similarities obtaining between our present treatment of 

elastic solids and viscous fluids investigated in earlier reports of this series. 

1. Radial Deformations 

As the first instance which we propose to treat in some detail, consider 

the case of a purely radial deformation (i.e., such as represented by an ex- 

pansion or contraction of an elastic solid globe) in which, by definition, 

j = 0 and v(r,t) = 0, 

so that, by (15-8) and (15-91, 

(17-1) 

i a  2 U 

r 
Y = ? G  (r u) and z = - - r . (17-2) 

Moreover, in such a case equation (15-23) governing the potential disturbance 

reduces to 
r a 

co,o 
4 ~ r G  

R = A- /pr2dr + [pu dr - 
r2 o r 

(17 -3 )  
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SO t h a t  
r 

- = - - - -  ;I;: :I / p r 2 d r  = a R  

a r  r 
(17 -4 )  

I f  so ,  

e q u a t i o n s  (15-2) - (15-3) o r  (15-26) become i d e n t i c a l l y  z e r o ,  wh i l e  (15-25) 

w i l l  reduce t o  a second-order d i f f e r e n t i a l  equa t ion  f o r  u ( r , t )  of t h e  form 

a p  a u  a 2 U  au 2u a 2 + - (A + 7 !J)W + 2 -- = p 2  + g p [ g  - --I 
ar ar a t  ar 

o r ,  more e x p l i c i t l y ,  

(17-5) 

(17-6) 

The boundary c o n d i t i o n s  of  our p re sen t  problem d e r i v e  from (15-33) and 

(15-38) , which i n  view (17-2) reduce t o  

u ( 0 , t )  = 0 

a t  t h e  c e n t e r ,  and 

on t h e  bounding s u r f a c e  r = a.  

(17-7) 

(17-8) 

I f  t h e  motion i n  q u e s t i o n  were o f  o s c i l l a t o r y  n a t u r e  which, f o r  small 

ampl i tudes ,  becomes harmonic wi th  t h e  frequency v ,  t hen  by s e t t i n g  
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2 
V - -  _ -  a 2  

2 a t  
(17-9) 

w e  can r ega rd  (17-6) as an o r d i n a r y  d i f f e r e n t i a l  equa t ion  f o r  u a s  a 

f u n c t i o n  of r ,  and s o l v e  i t  as such  f o r  g iven  va lues  of a ,  A ,  p, p and T .  

Cons ider ,  on t h e  o t h e r  hand, t h e  s t e a d y  s t a t e  case i n  which none of t h e  

q u a n t i t i e s  involved i n  equa t ion  (17-6) depend on t h e  t i m e .  I f ,  moreover,  

t h e  parameters  a ,  X ,  p as w e l l  as P can be regarded  as cons t an t  ( i . e . ,  

our  c o n f i g u r a t i o n  regarded as a homogeneous e l a s t i c  s o l i d  non-uniformly 

hea ted  w i t h i n ) ,  equa t ion  (17-6) w i l l  aga in  reduce t o  

where t h e  f i r s t  t e r m  on t h e  r ight-hand s i d e  r e p r e s e n t s  t h e  e f f e c t s  of thermal  

expansion o r  c o n t r a c t i o n ;  t h e  second,  those  of compression due t o  s e l f -  

a t t r a c t i o n .  

The foregoing  equa t ions  can ,  moreover, b e  reduced t o  more symmetr ical  

forms i f  w e  i n t roduce  a new v a r i a b l e  

U 6 = -  
r '  (17-11) 

and replace the  Lame' c o n s t a n t s  X and 1.1 by t h e  c o e f f i c i e n t  B of i s o t h e r m a l  

compression ( i . e . ,  r e c i p r o c a l  of t h e  b u l k  modulus k 

t i o n  (15-52)) and t h e  Po i s son ' s  r a t i o  u of t r a n s v e r s e  compression t o  long i -  

t u d i n a l  expans ion ,  r e l a t e d  w i t h  X and p by means of  t h e  equa t ions  

in t roduced  through equa- 

U - 
r y  (17-10) 

(17 -12)  
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and 
3 

3 + 2 1 1 '  B =  (17-13) 

If we do so and remember that, for homogeneous configurations, 

g = 4 nGpr, 
our equation (17-10) can be alternatively rewritten as 

(17-14)  

(17-15)  

and its associated boundary condition (17-8) for r = a becomes 

Equations (17-15) - (17-16) were previously used by the present writer 

(cf. Kopal, 1962,  1963) to study the secular thermal expansion of the Moon 

radioactively heated within, as w e l l  as its contraction due to self-compres- 

sion; but the more general equation (17-6) has not yet been used to this end. 



- 3 4 -  

2. Incompressible Configurations 

The aim of the present section will be to study the case of spheroidal 

deformations of incompressible elastic globes, characterized by the condition 

n = y = 0 ,  (17-17) 

which, by (15-8) and (15-9) , implies that 

and 

or, by setting 

and thus, by (17-18) , 

equation (17-19) can be expressed more symmetrically as 

(17-18) 

(17-19) 

(17-20) 

(17-21) 

2 

ar 
rz = - a w - j(.i+l) w. (17-22) 

2 r 2 

Since, moreover, incompressible configurations cannot be deformed radially, 

it follows that, in our present case, 

j > 0. (17-23) 
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. 
Moreover, imcompress ib i l i t y  imp l i e s  t h a t  t h e  v e l o c i t y  c of pro- 

paga t ion  of t h e  l o n g i t u d i n a l  waves i n  ou r  s o l i d  be i n f i n i t e  - which, by 

(15-51), i m p l i e s  t h a t  t h e  Lam6 parameter 

R 

) , = m  (17-24) 

b u t  i n  such a way t h a t  

and t h a t ,  fur thermore ,  

O I V  < m ,  

which by (17-12) r e n d e r s  t h e  Poisson r a t i o  

i 
2 .  

0 = -  

(17-25) 

(17-26) 

(17-27) 

I n  t h e  l i m i t i n g  case of 1-1 = equat ion  (17-12) pe rmi t s  0 t o  assume any 

v a l u e  c o n s t r a i n e d  by 0 < u < - ; and f o r  p = 0 ( i . e . ,  z e ro  r i g i d i t y )  w e  

o b t a i n  t h e  case of incompress ib le  l i q u i d .  A l l  t h e s e  w i l l  b e  t r e a t e d  i n  t u r n .  

1 
2 

L e t  us f i r s t  t a k e  up t h e  harmonic o s c i l l a t i o n s  of a heterogeneous globe 

of incompress ib le  l i q u i d ,  f o r  which c1 = 1-1 = 0 and h = w .  Since ,  moreover, 

y = 0 (though Ay remain f i n i t e ) ,  the  f i r s t  fundamental equat ion (15-27) f o r  

harmonic motion wi th  a frequency v in t roduced  by (17-9) w i l l  reduce t o  

w h i l e  t h e  second fundamental  equa t ion  (15-28) s i m i l a r l y  reduces t o  

(17-28) 

r 
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(17-29) 

E l imina t ing  Xy between (17-28) and (17-29), and i n s e r t i n g  f o r  v i n  terms 

of  u by means of  (17-181, w e  o b t a i n  

(17-30) 

where r z  i s  e x p r e s s i b l e  i n  t e r m s  of u by (17-19) and where,  i n  accordance 

w i t h  (17-11), 5 con t inues  t o  s t a n d  f o r  t h e  r a t i o  u / r .  

S ince  r z  as g iven  by (17-19) i s  of second o r d e r  i n  u ,  t h e  fo rego ing  

equa t ion  (17-30) c o n s t i t u t e s  a d i f f e r e n t i a l  equa t ion  f o r  u of f o u r t h  o r d e r ,  

which i s  g e n e r a l l y  s o l v a b l e  o n l y  by qua,dratures .  However, i n  c e r t a i n  l i m i t i n g  

cases i t  can b e  reduced t o  one of second o r d e r .  Thus, i n  t h e  e q u i l i b r i u m  case 

(when v = 0 ) ,  it can b e  s a t i s f i e d  only  i f  

2 P 

2 P  
+ 6- l r  2 + t) - j ( j + l ) C  = 0 , r 

ar 
(17-31) 

which r e p r e s e n t s  t h e  well-known C l a i r a u t  equa t ion  of h y d r o s t a t i c  e q u i l i b r i u m  

( c f . , e . g . ,  Kopal, 1960) ;  o r ,  f o r  homogeneous c o n f i g u r a t i o n s  ( P = c o n s t a n t ) ,  

o s c i l l a t i n g  with a frequency v2 > 0 i t  r e q u i r e s  t h a t  

(17-32) 

by (17-22). 
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The particular solution of (17-32) which remains finite at the origin is of 

the form j +1 w(r) = kr , (17-33) 

so that , by (17-20) and (17-21) , 

u = j(j+l)kr j -1 and v = (j+l)kr j -1 , (17 -34 )  

where k denotes an arbitrary constant. Moreover, since for homogeneous 

configurations PIP = 1, the expression 5 = u/r = j(j+l)kr satisfies 

also Ciairaut's equation (17-31). Both sides of (17-30) vanish on insertion 

from (17-34) which represent,therefore, the solutions of the complete equation 

(17-30) for homogeneous configurations. 

j -2 

In order to determine the frequency v of the respective oscillations, 

let us return to our fundamental equation (15-26) in which, for homogeneous 

configurations, R as defined by (15-23) can be integrated to yield 

(17-35)  

by the first one of equations (17-34). Let us, moreover, particularize now 

equation (15-26) for r = 0. Since, in accordance with the boundary condition 

(15-38) , 
Ay = 0 at r = a, 

and 

(17-36) 

(17-37) 
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by t h e  second one of (17-34), on i n s e r t i o n  from (17-34) - (17-37) i n  (15-26) 

t h e  l a t t e r  can b e  reduced t o  t h e  a l g e b r a i c  form 

(17-38) 

I n  t h e  absence of  a d i s t u r b i n g  f o r c e  ( i . e . ,  when c = 0 1, t h e  
i , j  

fo rego ing  equa t ion  y i e l d s  f o r  t h e  frequency of f r e e  harmonic o s i c l l a t i o n s  

of s e l f - g r a v i t a t i n g  g lobes  of incompress ib le  l i q u i d s  t h e  well-known r e s u l t  

4 j  (.j-1) 2 
- -  - V 

2nGp 3 (2 j+ l )  ’ (17-39) 

ob ta ined  f i r s t  by Kelv in  (1863) and re-der ived subsequen t ly  by u s ,  by a 

d i f f e r e n t  method, i n  Report  111 ( equa t ion  13-16) of  t h i s  series. I f ,  on 

t h e  o t h e r  hand, v = 0 i n  (17-38) - corresponding t o  t h e  case of  hydro- 

s t a t i c  equ i l ib r ium - equa t ion  (17-38) l e a d s  t o  

and, by (17-34) , 

(17-40) 

u =  (17-41) 

(17-42) 

where t h e  cons t an t s  c are s p e c i f i e d  by t h e  n a t u r e  of t h e  e x t e r n a l  f o r c e s  
i , j  

a c t i n g  on o u r  c o n f i g u r a t i o n .  

A s  t h e  next  case t o  b e  cons idered  i n  t h e  p r e s e n t  s e c t i o n ,  l e t  us  relax 

t h e  c o n d i t i o n  u = 0 and r e g a r d  t h i s  l a t t e r  q u a n t i t y  as f i n i t e  b u t  c o n s t a n t  

such  t h a t  0 < u < a. I f  s o ,  e q u a t i o n s  (15-27) and (15-31) w i l l  r educe  t o  
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(17-43) 

and 

and, f o r  p = c o n s t a n t ,  f u r t h e r  t o  

(17-45) 

(17-46) 

With in  t h e  scheme of ou r  approximation, equa t ion  (17-45) i s  independent of 

(17-46) and can be so lved  f o r  r z  as i t  s t a n d s ;  whereupon (17-46) can be 

s o l v e d  f o r  Xy. 

I f  we a b b r e v i a t e  

(17-47) 

t h e  p a r t i c u l a r  s o l u t i o n  of equat ion  (17-45) which remains f i n i t e  a t  t h e  

o r i g i n  can be expressed  as 

(17-48) 

where B deno tes  an i n t e g r a t i o n  c o n s t a n t .  I n  consequences, t h e  d i f f e r e n t i a l  

e q u a t i o n  (17-19) f o r  u assumes now t h e  form 
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and i t s  p a r t i c u l a r  s o l u t i o n  which i s  r e g u l a r  a t  t h e  o r i g i n  becomes 

-j-2 f rS i2+jJ  (Kr)dr B ,  - r  I j +% 0 

(17-49) 

(17-50) 

where A r e p r e s e n t s  a n o t h e r  i n t e g r a t i o n  c o n s t a n t .  

The i n t e g r a l s  on t h e  right-hand s i d e  of (17-50) can be  eva lua ted  by 

t h e  same techniques  w e  employed i n  s e c t i o n  X I  of Report 111. I n  doing so 

r w e  f i n d  t h a t  

and 
r 3  

(Kr)dr  = - ' J  (Kr) , -j-2 IrT+jJ 
J- j+3 /2  

K T  
j +5 

r 
0 

which i n s e r t e d  i n  (17-50) y i e l d s  

(17-51) 

(17-52) 

(17-53) 

i f  advantage i s  taken  of t h e  r e c u r s i o n  formula (11-36). 

(17-18) i t  fol lows then t h a t  

Moreover, from 
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(17-54) 

I n  o r d e r  t o  proceed f u r t h e r  we invoke now t h e  boundary c o n d i t i o n s  

0 = CJ = 0 which, f o r  11 # 0 ,  r e q u i r e  t h a t  
r 0  r 0  

(17-55) 

a t  r = a. I n s e r t i n g  i n t o  i t  f o r  u and v from (17-53) and (17-54) w e  

f i n d  t h a t  

The use of t h e  boundary cond i t ion  0 = 0 a t  r = a r e q u i r e s  rr 

a knowledge of t h e  s u r f a c e  v a l u e  of t h e  f u n c t i o n  

On i n s e r t i o n  f o r  r z  

Ay governed by (17-46). 

from (17-481, (17-46) assumes t h e  more e x p l i c i t  form 

(17-5 7) 

and i t s  p a r t i c u l a r  s o l u t i o n  which remains f i n i t e  a t  t h e  o r i g i n  assume t h e  form 

r 
(Kr)dr 

j +4 Ay = c x j  + 2 j + l  

r 
- r  -j-2 / r '/'+jJ (Kr)dr  j +& 

0 
(17-58) 

where C denotes  a n o t h e r  i n t e g r a t i o n  c o n s t a n t ;  and which on s u b s t i t u t i o n  

from (17-51) and (17-52) y i e l d s  
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by (11-36);  s o  t h a t ,  f o r  r = a ,  

j B J  (Ka) . 
j 35 

Xy = Ca - 
K 

A n  i n s e r t i o n  from (17-53) and (17-60) i n  t h e  boundary c o n d i t i o n  

then  y i e l d s  

(17-59) 

(17-60) 

(17-61) 

(17-62) 

Equat ions (17-56) and (17-62),  based on t h e  boundary c o n d i t i o n s  (17-55) 

and (17-61) a t  r = a ,  c o n t a i n  t h r e e  a r b i t r a r y  c o n s t a n t s  A ,  B ,  C ,  and 

cannot  as y e t  b e  so lved  uniquely  f o r  them. I n  o r d e r  t o  complete t h e  spec i -  

f i c a t i o n  of our problem, a r ecour se  must be  had t o  t h e  fundamental  e q u a t i o n  

(15-26) i n  which ( f o r  c o n s t a n t  p ) R con t inues  t o  b e  g iven  by t h e  f i r s t  

p a r t  of equat ion  (17-35). I n s e r t i n g  i n  t h e  l a t t e r  f o r  u from (17-53) we 

f i n d  t h a t ,  i n  t h e  p r e s e n t  case, 
i 

c aJ L.. p a  - 4.rrG 9 
2(j-1) Aaj-l j ( i + l > B  

j 35 
2 j + l  l -  K 

R(a) = (17-63) 
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and i f  so ,  equa t ion  (15-36) on i n s e r t i o n  f o r  r z ,  v, Xy, and R from 

(17-48), (17-54), (17-60) and (17-63) w i l l  assume t h e  form 

(17-64) 

which r e p r e s e n t s  t h e  t h i r d  independent  r e l a t i o n  between our  i n t e g r a t i o n  

c o n s t a n t s  A, B ,  and C.  

If ci = 0 on the right-hand s i d e  of equa t ion  (17-64) - i . e . ,  i f  our  
, j  

c o n f i g u r a t i o n  i s  s u b j e c t  t o  t h e  a c t i o n  of  no e x t e r n a i  f o r c e s ,  equa t ion  (1?-55), 

(17-62) and (17-64) are homogeneous i n  A ,  B ,  C ,  and can b e  so lved  f o r  unres-  

t r i c t e d  values-of  t h e s e  cons t an t s  on ly  i f  

i . e . ,  provided t h a t  t h e  nondimensional parameter  

(17-65) 

K a  = vam = a (17-66) 

is  a r o o t  of  t h e  t r a n s c e n d e n t a l  equa t ion  
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or, in a slightly more simplified form, 

(17-67) 

(17-68) 
2 + 4(j+l)(j-l) J j+3 /2 (a )  = 0, 

where 

e m =  
11 

(17-69) 

denotes likewise a nondimensional parameter characterizing the structure of 

the respective configuration. Once the roots cl of (17-67) o r  (17-68) 

have been determined (numerically or otherwise) f o r  given values of m, the 

normalized frequency of oscillations itself follows from the equation 

i 

2 

271Gp 3m 
2cl - - -  - V (17-70) 

Since Bessel's functions of half-integral argument are expressible as 

trigonometric polynomials of their arguments, equations (17-67) or (17-68) 

are in effect trigonometric; and can be solved for the a ' s  corresponding 

to any given value of m by standard methods applicable to such equations. 

For small a ' s ,  the following expansions may be useful. Since, by definition, 
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and, therefore, 

(17-71) 

(17-72) 

an insertion of (17-71) and (17-72) in (17-67) converts the latter into an 

equation of the form 

(17-73) 

This equation admits obviously of the root 

state of equilibrium. For i = 0, it is satisfied by 

c1 = 0 ,  corresponding to the 

c1 2 2 j ( j - 1 )  + 2(j-l)(2j+l) 
- -  - 
m 2j+l m Y 

which on insertion from (17-66) and (17-69) can be rewritten as 

and this for p = 0 reduces indeed to (17-39). 

(17-74) 

(17-75) 

The foregoing results represent the most general formulation of o u r  

results, valid when the surface value of hy in the boundary condition 

(17-58) is different from zero. Should this not be the case, and (like 

for fluids) (hg), = 0, it f o l l o w s  immediately from (17-60) that the constant 
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-j++ -2 j(j+l)gpa a Jj++ (17-76) 

If so, equations (17-56) and (17-62) then become independent of (17-64); 

and are solvable for arbitrary values of A and B provided that a is 

the root of the determinantal equation 

= o  

which can be reduced to 

( a )  = 0 ; CXJ j+5/2 ( a )  + J j + 3 / 2  

(17-77) 

(17-78) 

and once these equations have been solved for a ,  the corresponding value 

of m can then be obtained from (17-64). The reader may wish to note the 

similarity of the preceding equations (17-77) - (17-68) with equivalent 

equations (12-11) - (12-12)  valid for the case of incompressible viscous 

fluids (cf. Report III), which prove to be formally identical with the 

present results except for the definition of the parameter a 

in fact, identical with a geometric mean of the arguments cx and 6 of 

equations (12-12)  and (12-14) in Report 111, and related by (11-25)). 

(which is, 

The foregoing equations (17-65) - (17-78) apply to a homogeneous system 

on the right-hand side of equation (17-64) obtaining if the constants c 

are set equal to zero. 

unique solutions for the constants A ,  B, and C can be obtained by a 

i,j 
If this is not the case by virtue of external forces, 
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i , j '  
s imul taneous  s o l u t i o n  of (17-56), (17-62) and (17-64) i n  terms of  c 

Provided t h a t  

A which s p e c i f i e s  t h e  ampli tude of t h e  fo rced  d isp lacements  u and v 

proves r e a d i l y  t o  be  e x p r e s s i b l e  as 

c1 is  n o t  a r o o t  of (17-67) o r  (17-68), t h e  scale cons t an t  

xith similar  r e s u l t s  f o r  B and C .  A s  1-1 + 03, a l l  t h e s e  c o n s t a n t s  are 

bound t o  t end  t o  z e r o .  

I n  t h e  equilibrium ease, f o r  which 

v = 0 ,  

e q u a t i o n  (17-45) w i l l  pos ses s  a p a r t i c u l a r  s o l u t i o n  

j+l r z = B r  
0 

which i s  well-behaved a t  iiie o r i g i i ~ ;  and equation (17-19) f o r  u ,  

w i l l  admit  of a s imilar  polynomial s o l u t i o n  of t h e  form 

j-1 i(.i+l) .j+l 
2(2j+3) 0 ' u = A r  + 0 

(17-80) 

(17-81) 

(17-82) 

(17-83) 
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corresponding by (17-18) t o  

A~ j-1 + j+3 r j+l .  
r 2(2j+3) 0 

v = -  
j 

(17-84) 

The boundary c o n d i t i o n  (17-55) t han  r e v e a l s  by i n s e r t i o n  from (17-83) 

and (17-84) t h a t  

2( j -1)  (2j+3) - -  BO 

AO 
- -  

2 ,  
j ( j +2) a 

by v i r t u e  of which 

(17-85) 

and 

(17-86) 

(17-87) 

S ince ,  moreover, i n  t h e  e q u i l i b r i u m  c a s e  t h e  boundary c o n d i t i o n  (17-61) 

r evea Is t h a t  

2p(j-1) j -2  
(AY), = - = j ( j + 2 )  a A. , 

a 
(17-88) 

w h i l e  equa t ion  (17-35) t o g e t h e r  w i t h  (17-86) l e a d s  t o  

(17-89) 

a n  i n s e r t i o n  of (17-81), (17-85) and (17-88) - (17-89) i n  (15-26) t h a t  

(17-90) 
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so that the displacements 

force specified by the coefficients c of the disturbing potential will 

ultimately assume the form 

u, v caused by an application of an external 

i , j  

j -1 3j(j+2) r u(r) = 2(j-1) 1 + q/m 

and 

j -1 3(i+2) r 
2 ( j -1 )  1 + q/m v(r) = 

(17-91) 

where m E gpa/u continues to be given by equation (17-69) and 
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3. Fluid Configurations 

If the self-gravitating globe under investigation were fluid (i.e., 

possessed zero rigidity), we should expect that 

a = u = O .  (17-94) 

If s o ,  the matter in question will be incapable of transmitting transversal 

waves (i.e., c = 0 in accordance with equation (15-50)).  However, the 

velocity c of propagation of the longitudinal waves must remain finite - 
a requirement which implies, by (15-51), that 

t 

R 

(17-95) 2 A  
R P  
c = -  

Hence, for p # 0, X < m in the present case; and equations (15-27) and 

(15-31) reduce them to 

and 

(17-96) 

= 14y - j ( j + l ) z  + 6(1 - f) (e - Y)I" r (17-97) 

Let us consider first the equilibrium case, in which neither y nor z 

depend on the time. If so ,  equation (17-96) can be satisfied for an arbitrary 

function p(r) only if y = 0 as in the incompressible case, for which 

equations (17-18) and (17-19) continue to hold good. Inserting them on the 

right-hand side of (17-97) we find this latter equation then to reduce to 
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(17-98) 

which on s u b s t i t u t i n g  

(17-31). 

which f o r  v = 0 and y = 0 toge the r  w i t h  a = 1.1 = 0 reduces ( i n  accordance 

u = rS becomes i d e n t i c a l  w i t h  t h e  C l a i r a u t  equa t ion  

That t h i s  should  b e  so  fo l lows  indeed d i r e c t l y  from equa t ion  (15-26), 

w i t h  15-23) t o  r r 
j +2 

R = u J p r 2 d r  - 1 2 j + l  [L .j+l J P  -$ ( u r  ) d r  
r2 o 

r r w i t h  15-23) t o  

(17-99) 

which r e p r e s e n t s  C l a i r a u t ' s  equat ion  i n  i t s  i n t e g r a l  form. 

Next, l e t  us  t u r n  t o  t h e  non-equi l ibr ium (time-dependent) case, f o r  

which v # 0 and 
2 x = p c ,  (17-100) 

where c deno tes  t h e  v e l o c i t y  of propagat ion  of s m a l l  ( l o n g i t u d i n a l )  d i s tu rb -  

ances  which ( l i k e  X and p ) w i l l  h e r e a f t e r  b e  regarded as a f u n c t i o n  of 

r on ly ,  and such t h a t  

where P deno tes  t h e  p r e s s u r e  i n  t h e  f l u i d  and y ,  t h e  r a t i o  of s p e c i f i c  

h e a t s  of t h e  r e s p e c t i v e  material. I f  s o ,  t h e  r e a d e r  can e a s i l y  v e r i f y  t h a t ,  

f o r  example, equa t ion  (17-6) v a l i d  f o r  j = 0 reduces  t o  t h e  well-known 

e q u a t i o n  governing t h e  harmonic p u l s a t i o n s  of s e l f - g r a v i t a t i n g  g lobes  of in -  

v i s c i d  f l u i d .  
* 

* 
The r e a d e r  may even n o t i c e  t h a t  i t  con t inues  fo rma l ly  t o  hold  good a l s o  
f o r  v i s c o u s  f l u i d s  ( c f . ,  Kopal, 1964) provided t h a t  t h e  Lam6 c o e f f i c i e n t  
P of r i g i d i t y  i f  r ep laced  by i v u G ,  where ~.IG denotes  t h e  c o e f f i c i e n t  
of material  v i s c o s i t y ;  v ,  t he  f requency of o s c i l l a t i o n s ;  and i, t h e  
imaginary u n i t .  
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(17-102) 

the coefficient of the second term on the left-hand side of equation (17-96) 

can, by use of (17-100) - (17-1021, be expressed as 

(17-103) 

where the term in the curly brackets on the right-hand side becomes identical 

with the quantity A introduced already by equation (6-19) of Report I1 - 

and our present equation (17-96) becomes indeed identical with equation (6-25) 

if the viscous terms in the latter are omitted (i.e., p = 0 ). 

The quantity A as defined by (6-19) or (17-103) vanishes if the equili- 

brium structure of our configuration is adiabatic, so that 

p = Kp Y (17-104) 

where K as well as y are constants; and is different from zero otherwise. 

If A = 0, the validity of equation (17-96) in the time-dependent case re- 

If, moreover, our fluid at rest is in hydrostatic equilibrium requiring 

quires that 
z = 0 ,  

which by (15-8) and (15-9) implies that 

(17-105) 

u = r a + v  
ar 

(17-106) 
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and 

(17-107) 

If we insert now (17-106) - (17-107) in (17-97), the latter will reduce to 

which constitutes a differential equation of fourth order for v. 

(17-108) 

Therefore, while in the equilibrium case (u = 0) and for A # 0 

equation (17-96) necessarily requires that y = 0, which converts (17-97) 

into Clairaut's equation (17-98) for u ; in the non-equilibrium case 

(v # 0) the condition z = 0 (leading by (17-106) and (17-107) to (17-108)) 

becomes necessary only in the adiabatic case (i.e., A = 0 ) and not other- 

wise; for A # 0, z = 0 only if y = 0 ; in which case equations 

(17-109) 

can (for j > 1 ) be satisfied with particular solutions for u and v 

varying as r which remain finite at the origin, However, a glance at 

the fundamental equations (17-96) and (17-97) of motion in fluid case reveals 

that they could also be satisfied by such a solution only if our configuration 

were homogeneous (i,e., for P = P . - 
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