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INTRODUCTION 

For t h e  d e s i g n  of many types  of  h i g h  speed a x i a l  f low 

machines such a s  pumps and compressors o p e r a t i n g  under  s t a l l e d  

o r  h e a v i l y  c a v i t a t i n g  c o n d i t i o n s ,  pe rhaps  t h e  most w e l l  d e f i n e d  

and s i m p l e  model co r re sponds  t o  t h e  f low th rough  s u p e r c a v i t a t i n g  

c a s c a d e s .  Betz  and P e t e r s o h n  (1931) s o l v e d  t h e  e x a c t  two d i -  

mens iona l  problem f o r  t h e  f low thlaough f l a t  p l a t e  cascades  w i t h  

i n f i n i t e  c a v i t i e s  u s i n g  t h e  f r e e  s t r e a m l i n e  t h e o r y  of Kirchhof f  

and Helmholtz .  Then Cohen and S u t h e r l a n d  (1958) so lved  t h e  E n -  

e a r i z e d  v e r s i o n  of t h e  s u p e r c a v i t a t i n g  f l a t  p l a t e  cascade  p rob-  

l e m  w i t h  f i n i t e  c a v i t i e s  u s ing  t h e  t h e o r y  developed by T u l i n  

(1953). L a t e r  Acosta (1960) a p p l i e d  t h e  same l i n e a r i z e d  f r e e  

s t r e a m l i n e  t h e o r y  t o  t h e  choked f low p a s t  a cascade  of c i r c u l a r  

a r c  h y d r o f o i l s .  S t r i p l i n g  and Acosta (1962) made an  exac t  non- 

l i n e a r  c a l c u l a t i o n  for p a r t i a l  c a v i t a t i o n  i n  a cascade  of f l a t  

p l a t e s  of s e m i - i n f i n f t e  chord .  Wade (19b3) s o l v e d  t h e  l i n e a r -  

i z e d  problem f o r  p a r t i a l  c a v i t a t i o n  i n  c a s c a d e s  o f f l a t  p l a t e  

h y d r o f o i l s  ~ 

F o r  a n  i s o l a 5 e d  s i n g l e  s u p e r c a v i t a t i n g  h y d r o f o i l ,  it nas  

been well under s tood  t h a t  the camber of t h e  f o i l  ve ry  much i n f l u -  

ences  the c h a r a c t e r i s t i c s  of t h e  h y d r o f o i l  such  a s  i t s  l i f t  c o e f -  

f i c i e n t  ar.d l i f t - d r a g  r a t i o ,  s i n c e  T u l i n  and B u r k a r t  (1955) 

developed  the  l i n e a r i z e d  two dirnefisional t h e o r y  of optimum l-!ydro- 

f o i l s  by a t p a n s f o r m a t i o n  i n t o  t h e  a e r o f o i l  p l a n e ,  Auslaerlder 

(1962) c a l c u l a t e d  t h e  shapes  of such f o i l s  t o g e t h e r  w f t n  t h e i r  

c a v i t y  shapes  and found t h a t  t h e  c a v i t y  had n e g a t l v e  t h i c k n e s s e s  
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u n l e s s  a n  e x t r a  l ead ing  edge s i n g u l a r i t y  was superposed.  Auslaender  

a l s o  cons idered  a f o i l  shape w i t k  a c o n s t a n t  p r e s s u r e  d i s t r i b u -  

t i o n ;  i n  t h i s  c a s e  'the c a v i t y  t h i c k n e s s  i s  n o t  n e g a t i v e ;  afid 

t h i s  shape i s  q u i t e  s i m i l a r  t o  a T u l i n  two-term optimum camber 

w i t h  a s l i g h t  a n g l e  of a t t a c k .  ( T u l i n  and Burka r t ,  1955). Thus, 

t h e  cons t an t  p r e s s u r e  camber seems t o  be q u i t e  a t t r a c t f i v e  I n  t h e  

d e s i g n  of h y d r o f o i l s  a s  w e l l  a s  of a e r o f o i l s ,  

Doenhoff, 1959). 
(See  Abbott  and 

I n  a d d i t i o n ,  n o n l i n e a r  t heo ry  f o r  t h e  s u p e r c a v i t a t i n g  con- 

s t a n t  p r e s s u r e  cambered f o i l s  i s  no t  t o o  d i f f i c u l t  t o  so lve ,  a s  

i n  t h e  case  of f l a t  p l a t e  f o i l s ,  I n  g e n e r a l ,  t h e  f r e e  n o n l i n e a r  

s t r e a m l i n e  theo ry  f o r  t h e  g i v e n  curved boundary i s  q u i t e  compli-  

c a t e d  t o  so lve  w i t h  an i n t e g r a l  e q u a t i o n  t o  s o l v e  (Sedov 1965, 
Jacobsen  1964) ,  The second o r d e r  t h e o r y  f o r  t h e  c o n s t a n t  p r e s -  

s u r e  camber i s  a l s o  q u i t e  s imple  i f  w e  u se  t h e  same scheme 

adopted by T u l i n  (1963),  s i n c e  t n e  second o r d e r  problem has  ex- 

a c t l y  t h e  same f o r m  a s  t h e  f i r s t  o r d e r  problem, 

T h e  p r e s e n t  r e p o r t  i s  concerned w i t h  a l i n e a r i z e d  theo ry  or1 

t h e  f low t h r o u g h  a s u p e r e a v i t a t f n g  cascade  w i t h  a c o n s t a n t  p r e s -  

s u r e  camber, For t h e  c a v i t y ,  T u l i n ' s  double  s p i r a l  model (1963) 
i s  used;  this model was proved to do ve ry  w e l l  ir! p r e d i c t i r l g  

pt-lysical  q u a n t i t i e s  ( Y i m ,  l 9 6 L ) .  Each f low through a f o i l  i n  a 

cascade  i s  t ransformed i n t o  a h a l f  p l a n e  by t h e  same conformal  

mapping w e d  by Ucosta (l(JbCl)d A s imp le  boundary va lue  problem 

i s  so lved  i n  t h e  t ransformed p l a n e  w i t p i  t h e  bourdary c o n d i t r o n s  

g i v e n  on a s t r a i g h t  l i n e  and a t  t h e  p o i n t  which cor responds  t o  
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n e g a t i v e  i n f i n i t y  i n  t h e  p h y s i c a l  p l a n e .  

t i o n s  were performed on an  TBM 1130 a t  HYDRONAUTICS, J n c o r p o r a t e d , ,  

The r e l a t i o n s  between d rag  c o e f f i c i e n t s ,  c a v i t a t i o n  numbers and 

l i f t  c o e f f i c i e n t s  a r e  p l o t t e d  f o r  many s o l i d i t i e s  and s t a g g e r  

a n g l e s .  

The numer i ca l  computa- 

The f o i l  shapes  and t h e  c a v i t y  shapes  a r e  a l s o  p l o t t e d ,  

FORMULATION OF THE BOUNDARY VALUE PROBLEM 

We c o n s i d e r  a cascade  w i t h  t h e  s t a g g e r  a n g l e  y and s o l i d i t y  

c/d where c i s  t h e  chord l e n g t h  of  a f o i l  and d i s  t h e  d i s t a n c e  

between t h e  l e a d i n g  edges of a d j a c e n t  f o i l s  a s  shown i n  F i g -  

u r e  l a .  The f low a t  i n f i n i t y  f a r  i n  f r o n t  i s  uniform wi th  t h e  

v e l o c i t y  c. 
p e r i o d i c a l l y  r e p e a t e d .  We c o n s i d e r  a complex c o o r d i n a t e  

z = x + y i  w i t h  t h e  o r i g i n  a t  t h e  l e a d i n g  edge of  a f o i l  and 

t h e  x ax is  p a r a l l e l  to c, a s  shown i n  F i g u r e  l a .  When t h e  a n g l e  

o f  a t t a c k  and t h e  t h i c k n e s s  of  t h e  f o i l  a r e  small, t h e n  t h e  p e r -  

t u r b a t i o n  due to t h e  cascade  can b e  c o n s i d e r e d  t o  b e  small .  Thus 

t h e  l i n e a r i z a t i o n  of t h e  p e r t u r b a t i o n  v e l o c i t y  can b e  a l lowed 

f o r  t h e  f i r s t  approximat ion ,  and t h e  boundary cond i t io r i  can b e  

a p p l i e d  a t  t h e  x a x i s ,  

The f low th rough  each f o i l  can b e  cons ide red  to b e  

When we n e g l e c t  v i s c o s i t y ,  we can c o n s i d e r  t h e  p e r r w b a t i o F  

complex v e l o c f t y  w ( z )  = u - i v  which i s  a n a l y t i c  except  a t  s i rLgu-  

l a r i t i e s .  We c o n s i d e r  a c a v i t y  s t a r t i n g  from t h e  l e a d i n g  edge 

o f  t h e  f o i l  and ending behind  t h e  f o i l ,  ?ne p r e s s u r e  i n s i d e  the 

c a v i t y  i s  t h e  vapor  p r e s s u r e  and t h e  speed a t  t h e  f r e e  s t r eam-  

l i n e  i s  c o n s t a n t .  I f  we u s e  t h e  c a v i t a t i o n  number 
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c 11 
e 
2 

where P -03 i s  t h e  p r e s s u r e  a t  x = - 0 3 ,  and Pc i s  t h e  p r e s s u r e  i n  

t h e  c a v i t y ,  t h e  B e r n o u l l i  e q u a t i o n  g i v e s  us  w i t h i n  t h e  l i n e a r  

approxima t i o n  

u o  - -  - - 
u 2  

on t h e  c a v i t y ,  and everywhere i n  t h e  f low 

633 

where p i s  t h e  p e r t u r b a t i o n  p r e s s u r e .  

p r e s s u r e  on the f o i l  i s  co rLs tan t ,  t n e n  U/U i s  a l s o  a c o n s t a n t ,  

s ay  A ,  t hen  trLe l i f t  c o e f f i c i e n t  of  t h e  s u p e r c a v i t a t i n g  f o i l  w i l l  

b e  

Now, i f  we assume t h a t  t h e  

c 41 
1 L 1  p u "  c ,-pU2 2 

where L i s  t h e  l i f t  f o r c e ,  T h i s  w l l l  b e  u s e f u l  l a t e r  f o r  t h e  

r e p r e s e n t a t i o n  of o u r  s o l u t i o n  i n  terms of  C r a t h e r  t h a n  X L 
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T u l i n ' s  doub le  s p i r a l  model assumes t h e  p r e s s u r e  behind  t h e  

c a v i t y  i s  c o n s t a n t  e q u a l  to t h e  p r e s s u r e  a t  x = a l l  t h e  way on 

t h e  wake boundary.  The p r e s s u r e  a t  x = co and t h e  l e n g t h  o f  cav-  

i t y  can  b e  o b t a i n e d  by t h e  c o n d i t i o n  a t  x = - and t h e  wake 
c l o s u r e  c o n d i t i o n .  Thus, i n  e f f e c t ,  u i s  g i v e n  everywhere on 

y = k0, x > 0 w i t h  t h e  c o n d i t i o n  a t  a. Namely, i f  we u s e  u ,v ,p  

a s  nondimens iona l  q u a n t i t i e s  f o r  u/U, v/U, p/($pU2) r e s p e c t i v e l y , ,  

i u = a/2 on y = +o o <  x < &  

u = a/2 on y = -0 1 <  x <  .e 

u = x  on y = -0 o <  x <  1 

u = u2 on y = k0 & C x < m  

u = o  at x = -a 

[: 51 

a s  i s  shown i n  F i g u r e  l b .  The d i s t a n c e  & r e p r e s e n t s  c a v i t y  

l e n g t h .  The wake c l o s u r e  c o n d i t i o n  can. b e  w r i t t e n  i n  t h e  l i . n e a r  

a p p r  0-ximat i o n  a s 

v ( x , - O )  dx + v ( x , + O )  dx = 0 

0 Q) 

C 61 

It w i l l  b e  shown t h a t  t h i s  c o n d i t i o n  i s  a c t u a l l y  e q u a l  to t h e  cori- 

d i t i o n  of  c o n t l n u i t y  between t h e  ups t ream and t h e  downstream of 

t h e  c a s c a d e .  I n  o r d e r  t h a t  t h e  a n a l y t i c  f u n c t i o n  w(z )  has a 
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unique  s o l u t i o n  wlth t h e  above I;ourLdary c o n d i t f o n s ,  it I s  a l s o  

r e q u i r e d  That the cor ld i t ionc  a t  a l l  t P e  j u n c t u r e  p o i n t s  should  

b e  s p e c i f i e d  ( s e e  e , g ,  M d s k h e l i s h v i l i  1953) such as  t h e  k i n d  of  

s i n g u l a r i t i e s  o r  z e r o s  a t  t h e  p o i n t s  0, -a 0 , a L ,  - a3 ,  a s  shown i n  

F i g u r e  16. 
CO NF 0 Rl'4 A Ls MA PPI N G 

We c o n s i d e r  t h e  mapping 

i [ E  - y )  

where 5 = 5 + in = e co r re sponds  t o  

and i s  cons ide red  t o  b e  the brar-cl.: p o i n t ;  arLd The e u t  b y  a 

S t r a i g h t  l i n e  from tLis p o i n t  t o  5 = a e 

va lued  I n  t h e  upper  k a l f  cf t h e  c p l a n e ,  = O3 is mapped to 

'' makes z s i n g l e  i ( r r J 2  - 

x = a. By one c r o s s i n g  of tnis c u t  l i n e ,  z w i l l  b e  l r i c r eased  by 
27r e i(7J/2 - "'; t h u s  5 = 0 correspor-ds  t o  z = 2mr e i ( r r /2  - t v )  h i t h  

m = 0, 21, L2, o l l l  , ( I  which a r e  tF.e  l e a d i r g  edges of a l l  t he  foils 

w i t h  d = 2 ~ ,  

can  b e  mapped by t h e  flow i n  the  upper  h a l f  o f  t h e  5 p l a n e ,  

'Tr-erefore any f low p a s s i n g  a f o i l  or' t h e  c a s c a d e  
L t  



. HYDRONAUTICS, I n c o r p o r a t e d  

-7 - 

s u f f i c e s  t o  c o n s i d e r  t h e  f low pass ing  a s i n g l e  member of f o i l s ,  

say  t h e  c a s e  of  m = 0. Then, when 5 i s  r ea l ,  z i s  a l s o  r e a l .  

By a l i t t l e  a l g e b r a  we can e a s i l y  s e e  

x = cos  y log  {I - 25 s i n  y + 5 ” s  

- 2 s i n  y a r g  (1 - 5 s i n  y - i 5  C O S  Y> [ 81 

where -T < a r g  < TT. By a d i f f e r e n t i a t i o n  wi th  r e s p e c t  to ? we 

o b t a i n  

25 cos  y - - -  dx 
‘5 1 - 25 s i n  y + ? a  

S i n c e  t h e  s c a l e  of  l e n g t h  i s  a l r e a d y  s e t  by d = 2m-J t h e  

co r re spond ing  p o i n t  -a f o r  t h e  chord l e n g t h  c cannot  b e  se t  

a r b i t r a r i l y  b u t  depends on t h e  s o l i d i t y  c/d.  

6 depends main ly  on t h e  c a v i t a t i o n  number 0 i n  o u r  problem. How- 

e v e r  w e  may g i v e  4, i n s t e a d  o f  o and f i n d  0 which co r re sponds  to 

6 .  Thus if we g i v e  a p o i n t  5 = -a and 5 = al i n  t h e  t r a n s -  

formed p l a n e  f o r  t h e  chord l e n g t h  and t h e  c a v i t y  l e n g t h ,  r e s p e c -  

t i v e l y ,  t h i s  w i l l  d e c i d e  x = c,  and x = 4, from G83 g i v i n g  t h e  

s o l i d i t y  and t h e  c a v i t y  l e n g t h .  The co r re spond ing  p o i n t  5 = -a3 

f o r  y = -0, x = 6 can be  obta ined  by s o l v i n g  f o r  a3 i n  

0 

The c a v i t y  l e n g t h  

0 
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4 = cos  y l o g  (1 + 2a3 s i n  y + a a 2 )  

-1 a3 cos  y - 2 s i n  y t a n  
1 + a3 s i n  y 

I: 101 

numer ica l ly  by Newton-Raphson's method or o t h e r s .  

N o w  our pro'blem i s  t o  s o l v e  f o r  w ( z ( 5 ) )  = u(5 ,V)  - i v ( S , q )  

which i s  an a n a l y t i c  f u n c t i o n  o f  5 excep t  it s i n g u l a r i t i e s ,  w i t h  

t h e  boundary c o n d i t i o n s  on q = 0 a s  f o l l o w s  

-a3 < 5 -a 0 

G 111 
u = x  on -a < < < O  

u = y  OI-! -OD < 5 -a3 and 

0 

a l e < < =  

We c o n s i d e r  a s i n g u l a r i t y  a t  5 = 0 behaving l i k e  k / ( r r i < )  which i s  

tantamount  2 0  having  a s i n g l e  v o r t e x  i n  t h e  t r ans fo rmed  p l a n e  a t  

5 = 0 w i t h  t h e  s t r e n g t h  kU/.rr. T h i s  has  o f t e n  been  c o n s i d e r e d  

f o r  a d d i t i o n a l  c a v i t y  t h i c k n e s s  (see Johnson and S t a r l e y  1962 o r  

Auslaender  1962)  o r  a p o i n t  d rag  c a v i t y  model ( e , g .  Y i m  1 9 6 2 ) .  

Otherwise  we do riot c o n s i d e r  any e x t r a  s i n g u l a r i t y  because a t  

j u n c t u r e  p o i n t s  f o r  t h e  end of  t h e  c a v i t y  the d e s i r a b l e  s i n g u -  

l a r i t y  i s  l o g a r i t h m i c ,  arid a t  t n e  t r a i l i n g  edge If t h e r e  was no 
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zero ,  t h e  l o g a r i t h m i c  s i n g u l a r i t y  t h e r e  may b e  a t  most t o l e r a b l e  

a s  i n  t h e  c a s e  of  an  a e r o f o i l  camber o f  c o n s t a n t  p r e s s u r e  (Abbott  

and Doenhof f ,  1959 ) 

SOLUTION 

To o b t a i n  t h e  s o l u t i o n ,  i t  i s  r a t h e r  convenient  t o  solve f o r  

J. I 

where - v a  i s  t h e  imaginary p a r t  of t h e  complex 

(or I S (  = m ) .  Then our boundary c o n d i t i o n  w i l l  

The s o l u t i o n  f o r  t h i s  is g i v e n  by 

I: 12-01 

v e l o c i t y  a t  x = 

change f o r  F ( C ) :  

and an: 

I: 121 
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By s u b s t i t u t i o n  of  Cl23 and per forming  i n t e g r a t i o n  w e  o b t a i n  

1 

S i n c e  

o r  at .  z = -03 

I 

I Now we c o n s i d e r  t h e  wake c l o s u r e  c o n d i t i o n  L61 i n  t h e  p h y s i c a l  

p l a n e  and n o t l c e  w ( z )  i s  p e r i o d i c  having  e x a c t l y  t h e  same v a l u e  

a t  t h e  cor responding  p o i n t s  w i t h  r e s p e c t  t o  eacn  f o i l  o f  t h e  c a s -  I 
I 

I cade .  We a l s o  n o t i c e  w ( z )  i n  the f low h a s  no s i n g u l a r i t y  excep t  I 

a t  t h e  boundary, 

t o  F i g u r e  l a  

Thus Equat ion  C63 can b e  r e w r i t t e n  p e f e r r i n g  
I 
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S i n c e  w ( z )  = 0 a t  z = -a i n  a d d i t i o n ,  

I m  /.(.z) dz = I m  (u2 - i v 2 ) d  (y  t a n  y + i y )  = 0 

T h i s  shou ld  b e  t r u e  for any l e n g t h  of d o r  BOo1B,. Hence 

uz = v2 t a n  y c 171 

T h i s  r e l a t i o n  can a l s o  b e  ob ta ined  by t h e  c o n t i n u i t y  r e l a t i o n  of  

f low.  Namely 

u cos  y = q, cos (Q + y )  

= (U + u 2 )  cos  y - v2 s i n  y 

where qa i s  t h e  t o t a l  speed a t  z = and 

q2 cos  Ob = U + uz , q2 s i n  cl, = va 
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Hence 

ua = v2 t a n  y 

Now i f  we s u b s t i t u t e  t h e  boundary c o n d i t i o n  a t  z = -0 ex- 

p r e s s e d  by [ 161 i n t o  o u r  s o l u t i o n  [ 141, and s e p a r a t e  t h e  

imaginary and t h e  r e a l  p a r t ,  we w i l l  o b t a i n  two s imul t aneous  

e q u a t i o n s  f o r  cr and h, w i t h  a l i t t l e  a l g e b r a  a s  f o l l o w s ,  

= -A a rg  - + k cos  y D 

where 

A PI = a r g  - B 

c 

c 191 

0 < a r g  2m- J 
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w i t h  

A = a s i n  y - cos 2y - a al - al s i n  y 
0 0 

+ i . ( a  cos  y + s i n  2y - al cos y) 0 

I: 201 B = a3 s i n  y - cos 2y + i ( a 3  cos y + s i n  2y) 

C = s i n  y + i c o s  y 

D = a  + s i n y + i c o s y  
0 

Thus u s i n g  [ % I  we o b t a i n  from [181 

I: 213 

G 221 

where 

e 231 

= (Pz sin my + Qz cos ?)/Dl  

& = (QL cos  y + P1 sin y)/Dl 



HYDRONAUTICS, I n c o r p o r a t e d  

FOIL  SHAPE AND DRAG COEFFICIENT 

From t h e  l i n e a r i z e d  s t r e a m l i n e  e q u a t i o n  

- w v  - -  dY 
dx l + u  

we can o b t a i n  t h e  shapes  of foils and c a v i t y  j u s t  by i n t e g r a t i n g  

6: 241 

y = f ( x )  = 

0 

0 

or 

u2 ) l o g  + (. -, q - - 1 0 

cL 

y + C T  u2 c o t  y 
a +t: 

0 
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The d r a g  c o e f f i c i e n t  i s  

C 
P 

D a  - dY 21c2 
-* - $) ( 0  - 21) - dx + - 

dx T C  
c =  

$p?c 
0 

-a 
n r o  

- dx 2ka 
- - "/ V ( X ( s ) , O )  dg + - 

C T C  
0 

The l a s t  t e r m  i n  [271 i s  a pu re  c a v i t y  d r a g  which i s  o b t a i n e d  by 

a p p l i c a t i o n  of B l a s i u s  theorem 

d ( X  - IY) = s i p $  dz c 281 

where t h e  l e f t  hand s i d e  r e p r e s e n t s  t h e  f o r c e  a t  d z .  

When we i n t e g r a t e  around a small  c i r c l e  arzound t h e  o r i g i n  

dz 3 (z) dz = 4 i p  . " ( C )  dg dp 

If we compare e171, e251 and E261 we can immediately s e e  t h a t  
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2 2  
- -  

a 
cD - -  fo+ 

cL” cL T C  CL 

The i n t e g r a l  L261 i s  i n t e g r a t e d  n u m e r i c a l l y  w i t h  due  c a r e  abou t  

t h e  i n t e r v a l s  i n  t h e  5 p l a n e  s i n c e  t h e  cor respondence  between < 
and x behaves q u i t e  d i f f e r e n t l y  when 151  < 10 from t h e  c a s e  of  

I! I > 10 a s  shown i n  F i g u r e  2 .  

CASE OF INFINITE CAVITY LENGTH 

i s  

L 

1 

s i n c e  from l 8 1  
-T t a n  y l i m  = e 

and i n  Equat ion c201 

-TI- t a n  y 
A = ( - a  0 - s i n  y - i cos  y ) e  

B = s i n  y + i c o s  y 
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Otherwise,  no th ing  changes i n  a l l  t h e  e q u a t i o n s  f o r  t h e  c a s e  o f  

f i n i t e  c a v i t i e s .  However, i t  may be  worth n o t i n g  h e r e  ,ha t  , h i s  

r e s u l t  may b e  a l i t t l e  d i f f e r e n t  from t h a t  ob ta ined  by t h e  con- 

d i t i o n  a t  x = Q), u = a/2 s i n c e  h e r e  u = % < 0 a t  x = a l t h o u g h  

u = a/2 > 0 a t  t h e  c a v i t y  whose l e n g t h  i s  i n f i n i t e l y  long, y e t  

c l o s e s  a t  i n f i n i t y .  

CASE OF ZERO SOLIDITY 

T h i s  i s  t h e  c a s e  of an i s o l a t e d  s u p e r c a v i t a t h g  f b i l  k9:bh 

c o n s t a n t  p r e s s u r e  camber and with t h e  double  s p i r a l  c a v i t y  model.  

For t h i s ,  t h e  conformal  mapping cor responding  t o  [73 i s  

2 z = c  

This  may be  ob ta ined  f r o m  t h e  l i m i t  ( d  + = )  of 

6331 

which i s  e s s e n t i a l l y  equ iva len t  t o  c71, by a T a y l o r ' s  se r ies  ex- 

p a n s i o n  of l o g .  I n  t h i s  ca se ,  & = 0. Hence, from c141 
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For  t h e  a p p l i c a t i o n  o f  t h e  wake c l o s u r e  c o n d i t i o n  G61 i n  

t h i s  c a s e ,  w e  expand c353 f o r  l a r g e  5 

I + . . . . .  

To have  

[: 361 

I m f  w(z )dz  = 0 

( y  = fO, x > 0) 

we should  have 

I m f  w(z )dz  = 0 

c371 

s i n c e  t h e r e  i s  no s i n g u l a r i t y  i n  t h e  f low.  Thus t h e  c o e f f i c i e n t  

i n  L361 must b e  z e r o .  Namely 
Of  5- 

B a. ( F  - x) - oa, + k = 0 
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From [: 4 1, L331 and E381 we o b t a i n  

which g i v e s  t h e  c a v i t y  l e n g t h .  

The f o i l  shape  and t h e  drag c o e f f i c i e n t  a r e  o b t a i n e d  by 

u s i n g  

dx 
d< 
- -  - 2g 401 

i n  c251 and c271 i n s t e a d  of  [gl. 
can  b e  performed i n  a c l o s e d  form and we have  

I n  t h i s  ca se ,  t h e  i n t e g r a t i o n  

where 

421 
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CURVATURE AT LEADING EDGES 

The s t r e n g t h  o f  t h e  s i n g u l a r i t y  a t  t h e  l e a d i n g  edge k i s  r e -  

l a t e d  t o  t h e  c u r v a t u r e  of  t h e  l e a d i n g  edge of t h e  f o i l .  When we 

c o n s i d e r  c a v i t y  shapes n e a r  t h e  l e a d i n g  edge i n  Equat ion  c 2 6 1 , t h e  

c u r v a t u r e  kl a t  t h e  l e a d i n g  edge will be  r e p r e s e n t e d  approximate ly  

by t h e  v a l u e  a t  ( y  = $0, x = +0) of 

kl = da y / d 2  

2 5  + (dy/dx) l3 
I: 443 

c 451 
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[: 461 

From L141, L441, [451 and [461 we o b t a i n  by t a k i n g  t h e  l i m i t  of 

5 - 0  

o r  t h e  r a d i u s  of c u r v a t u r e  a t  t h e  o r i g i n  can  be  r e p r e s e n t e d  by 

DISCUSSION OF NUMERICAL RESULTS 

The r e l a t i o n  between t h e  drag  c o e f f i c i e n t  C t h e  c a v i t a -  
DJ 

t i o n  number (s, and t h e  l i f t  c o e f f i c i e n t  C a r e  shown i n  F i g -  

u r e s  3-8 f o r  d i f f e r e n t  s t a g g e r  a n g l e s  y and d i f f e r e n t  s o l i d i t i e s  
L 

c/d, by c u r v e s  of C,/CL2 v e r s u s  a/C 

y and c/d, t h e n  any two v a l u e s  of CDy (s, and CL w i l l  d e c i d e  t h e  

f o r  k = 0. Thus i f  w e  have  L 

r e s t  o f  them. A s  i s  c l e a r  i n  

a s  y/(C,c) a t  x/c = 1 f o r  k = 

p r e t e d  a s  e q u a l  to-a/C where L 

Equat ion [ 3 O l ,  CD/C: i s  t h e ' s a m e  

0. T h e r e f o r e  t h i s  may b e  i n t e r -  

a i s  t h e  a n g l e  of a t t a c k  w i t h i n  o u r  
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approximat ion ,  

f o r  t h e  i n f i n i t e  c a v i t y  l e n g t h  i n  t h e  cascades  and f o r  t h e  c a s e  

of z e r o  s o l i d i t y  whictl i s  t h e  c a s e  of an  i s o l a t e d  c a v l t a t e d  f o i l  

so lved  by Auslaender  (1962) f o r  z e r o  c a v i t a t i o n  number. It has  

a l r e a d y  been known (Auslaender  1962)  t h a t  t h e  c o n s t a n t  p r e s s u r e  

camber i s o l a t e d  f o i l  has  f o u r  t imes  a s  l a r g e  l i f t  c o e f f i c i e n t  a s  

t h a t  due t o  a f l a t .  p l a t e  f o i l  f o r  t h e  same a n g l e  of  a t t a c k ,  How- 

e v e r ,  when t h e  s o l i d i t y  i n c r e a s e s ,  t h e  l i f t  c o e f f i c i e n t  o f  t h e  

c o n s t a n t  p r e s s u r e  camber d e c r e a s e s  f o r  t h e  same a n g l e  of a t t a c k  

a s  shown i n  F i g u r e  21 T h i s  w i l l  b e  d i s c u s s e d  more l a t e r .  

T h e  l i m i t i n g  c a s e s  a r e  a l s o  shown i n  F i g u r e s  3-8 

The  l eng th  o f  c a v i t y  has  a s e n s i t i v e  r e l a t i o n  w i t h  t h e  d rag -  

l i f t  r a t i o .  The s h o r t e r  i s  t h e  former,  t h e  l e s s  i s  t h e  l a t t e r ,  

However s i n c e  i t  i s  known from experiments  (Wade and Acosta  1967) 
t h a t  t h e  c a v i t y  is u n s t a b l e  i n  e i t h e r  t h e  c a s e  of a n  i s o l a t e d  

f o i l  o r  of ca scades  when t h e  c a v i t y  l e n g t h  chord r a t i o  i s  

n e a r  1 (< 1,25) t h e  d e s i g n e r  may wel l  avoid t h i s  a r e a .  I n  F i g -  

Lxres 9-12 t h e  le r ,g ths  of c a v i t i e s  a r e  a l s o  shown. It appea r s  

t h a t ,  f o r  eaen c a v i t y  chord r a t i o ,  t h e r e  i s  an  optimum s t a g g e r  

a n g l e  where C /C i s  ninimum. D L  
The shapes of cambers a r e  shown i n  F i g u r e s  16-21 i n  terms 

of y/(~ c )  vers i is  K / C  N a t u r a l l y  a f l a t  p l a t e  p a r a l l e l  t o  t h e  

s t i e a m  i s  t h e  l i m i t i n g  shape of C = 0 f o r  any s o l i d i t y  o r  

s t a g g e r  angles : ,  

c u r v a t u r e  a t  the leadir-g edge i s  z e r o )  camber shapes  cor respond 

t o  sr-ock f r e e  er i t ryg I,E, the  f low i s  tarLgent  t o  t h e  f o i l  a t  t h e  

l e a d i n g  edge, I t  seems t h a t  t h e  camber i s  n o t  t o o  s e t z s i t i v e  t o  

L 
L 

For The c a s e  of k = 0 ( o r  when t h e  r a d i u s  of 
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e i t h e r  t h e  l e n g t h  of t h e  c a v i t y  or t h e  c a v i t a t i o n  number, f o r  

t h e  p r e s s u r e  to be  u.niform on the  f o i l .  Mainly t h e  change of  

a n g l e  of  a t t a c k  seems t o  b e  a b l e  to a d j u s t  t h e  un i fo rmi ty  of 

p r e s s u r e .  However, t h e  camber i s  d e c r e a s i n g  when t h e  s o l i d i t y  

becomes l a r g e r  f o r  t h e  same angle  of a t t a c k .  T h i s  seems to b e *  

t h e  r e a s o n  why t h e  l i f t  c o e f f i c i e n t  o f  t h e  c o n s t a n t  p r e s s u r e  ' 

camber becomes a s  sma l l  a s  i n  the  c a s e  of f l a t  p l a t e s  f o r  l a r g e  

s o l i d i t i e s ,  a s  shown i n  F i g u r e  2 1 .  

According to our  formula t ion  of  t h e  problem, t h e  s t a g g e r  

a n g l e  i s  no t  t h e  same a s  t h e  conven t iona l  one which i s  s m a l l e r  

by t h e  a n g l e  o f  a t t a c k  c1 which i s  no t  known a p r i o r i  t h a n  ou r  

nominal s t a g g e r  a n g l e  y .  The a c t u a l  s t a g g e r  a n g l e  can b e  i n -  

t e r p o l a t e d  e a s i l y  i n  F i g u r e s  9-12. The conven t iona l  i n l e t  a n g l e  

o f  t h e  f low i s  equa l  to y. The f low e x i t  a n g l e  Pa can be  c a l c u -  

l a t e d  from t h e  v a l u e s  of  u2 which  i s  g i v e n  i n  F i g u r e s  13-14 by 

-1 u2 c o t  y 
/32 = y - t a n  

1 + u 2  

The i n f l u e n c e  of  t h e  c u r v a t u r e  a t  t h e  l ead ing  edge on t h e  

d rag  c o e f f i c i e n t  i s  shown i n  F igu re  15 from equat ion  i n  t h e  c a s e  

of  an  i s o l a t e d  f o i l  of c o n s t a n t  p r e s s u r e  camber,  

Examples f o r  f o i l  shapes a r e  g i v e n  i n  F i g u r e s  16-19. Exam- 

p l e s  for c a v i t y  and f o i l  shapes wi th  z e r o  l e a d i n g  edge r a d i i  a r e  

shown i n  F i g u r e  20. 
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The numer ica l  r e s u l t s  of  f i n i t e  c a v i t y  problems,  e s p e c i a l l y  

of  such  a s  c a v i t y  l e n g t h s ,  h e a v i l y  depend upon t h e  model assumed 

a t  t h e  o u t s e t .  The v a l i d i t y  o f  t h e  model may b e  judged n o t  on ly  

by i t s  p h y s i c a l  r e a s o n i n g  b u t  a l s o  by t h e  comparison between t h e  

expe r imen ta l  and t h e  numer i ca l  r e s u l t s .  U n f o r t u n a t e l y ,  i n  t h e  

c a s e  of  cascade problems,  v e r y  few e x p e r i m e n t a l  r e s u l t s  a r e  

a v a i l a b l e .  I n  the e a s e  of i s o l a t e d  f o i l s ,  t h e  p r e s s u r e  a t  t h e  

wake i s  known t o  q u i c k l y  approach  t h e  p r e s s u r e  f a r  downstream 

(Song 1963), and t h e  c a l c u l a t i o n  o f  c a v i t y  l e n g t h  b e n e a t h  t h e  

f r e e  s u r f a c e  by Y i m  (1964) w i t h  T u l i n ' s  doub le  s p i r a l  model 

matches very w e l l  w i th  t h e  exper iments  by Dawson and B a t e s  (1962).  
Whether t h i s  i s  t r u e  i n  t h e  c a s e  of  cascades  i s  y e t  t o  be  found 

th rough  exper iments .  

Although t h e r e  i s  rio numer i ca l  r e s u l t  f o r  n o n l i n e a r  t h e o r y  

a v a i l a b l e  f o r  a c a s c a d e  of  eurved  f o i l s ,  y e t  t h e  comparison b e -  

tween t h e  l i r l e a r  and t h e  n o n l i n e a r  t h e o r y  f o r  f l a t  p l a t e  c a s c a d e s  

shows ( i n  F i g u r e  16)  tha t ,  f o r  l a r g e  s t a g g e r  a n g l e s ,  a l l o w a b l e  

s o l i d i t i e s  o r  a n g l e s o f  a t t a c k  shou ld  b e  s u f f i c i e n t l y  s m a l l  i n  

o r d e r  f o p  t h e  l i n e a r  t h e o r y  t o  be  yeasonably  a c c u r a t e  i n  q u a n t i t y .  

However i n  t h e  c a s e  of c a v i t a t i n g  h i g h  speed pumps, t h e  s t a g g e r  

a n g l e s  a r e  n a t u r a l l y  r e q u i r e d  t o  b e  l a r g e .  Thus more c o o r d i n a -  

t i o n  w i t h  exper iments  1 s  r e q u i r e d  h e r e .  

S ince  t h e  n o r l l i n e a r  t h e o r y  f o r  t h e  s u p e r c a v i t a t l n g  cascade  

W i t h  c o n s t a n t  p r e s s u r e  eambered f o i l  i s  no t  too d f f f i c u l t  t o  

s o l v e ,  t h e  h i g h e r  o r d e r  problem i s  b e i n g  t r e a t e d ,  and w i l l  b e  

p r e s e n t e d  l a t e r  
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Research and Technology Div. 
A i r  Fo rce  Systems Command 

25 Edwards, C a l i f o r n i a  93523 

Lab o r a t o r y  

A t t n :  RPRR/Mr. H.  Main 1 

Aero je t -Genera l  Corpora t ion  
P. 0 .  Box 1947 
T e c h n i c a l  L.ibrary,  Bldg.  2015, 

Sacramento,  C a l i f o r n f a  95809 
Dept.  2410 

1 A t t n :  R .  S t i f f  1 

Beech A i r c r a f t  Corpora t ion  
Boulder  F a c i l i t y  
Box 631 
Boulder ,  Colorado 
A t t n :  J .  H ,  Rodgers 1 

1 
1 B e l l  Aerosystems Company 

P .  0 .  Box 1 
B u f f a l o  5, N .  Y .  
A t t n :  W .  M .  Smith 1 
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Advanced Engine and Technology 

Genera l  E l e c t r i c  Company 
C i n c i n n a t i ,  Ohio 45215 
A t t n :  D .  Suichu 

Dept , 

F l o r i d a  Res. and Dev, Cen te r  
P r a t t  and Whitney A i r c r a f t  
United A i r c r a f t  Corpora t ion  
P.O. Box 2691 
West Palm Beach, F l o r i d a  33402 
A t t n :  R .  J .  Coar 1 

Reac t ion  Motors D i v i s i o n  
Th ioko l  Chemical Corpora t ion  
D e n v i l l e ,  N e w  J e r s e y  07832 
A t t n :  Ar thur  Sherman 1 

Rocketdyne ( L i b r a r y  Dept . 
586-306) D i v .  o f  North 
American A v i a t i o n  
6633 Canoga Avenue 
Canoga Park, C a l i f o r n i a  91304 
A t t n :  E.  B.  Monteath 1 

Chief ,  Turbomachinery 1 
D r .  Kurt Rothe, 

TAPCO D i v i s i o n  
TRW, Inco rpora t ed  
23555 Euclid Avenue 
Cleveland,  Ohio 44117 
A t t n :  P.  T. Angel1 1 

Worthington Corpora t ion  
Advance Product  D i v i s i o n  
H a r r i s o n ,  New J e r s e y  
A t t n :  W .  K O  J e k a t  1 

1 

Research  L a b o r a t o r i e s  
United A i r c r a f t  Corpora t ion  
400 Main S t r e e t  
E a s t  H a r t f o r d ,  Conn, 06108 
A t t n :  E r l e  Mar t in  1 


