
8 
I 

Low-Frequency Component E l e c t r i c  Mic ro f i e ld  
D i s t r i b u t i o n s  i n  Plasmas * 

C. F. Hooper, Jr. 

Department of Physics  & Astronomy, U n i v e r s i t y  of F l o r i d a  
Ga inesv i l l e ,  F l o r i d a  

ABSTRACT 

Low-frequency component e l e c t r i c  m i c r o f i e l d  d i s t r i b u t i o n s  i n  a plasma 

a r e  c a l c u l a t e d  a t  both  a n e u t r a l  and charged poin t . '  I t  is shown t h a t  t h i s  

c a l c u l a t i o n  a l lows  f o r  t h e  inc lus ion  of a l l  c o r r e l a t i o n s  t o  a h igh  degree of 

accuracy.  

A d e t a i l e d  a n a l y s i s  of a l l  approximations is  inc luded ,  t oge the r  w i th  a "lonte 

The theory  is compared wi th  t h e  Holtsmark and Baranger-Mozer t h e o r i e s .  

Car lo  s tudy .  Numerical r e s u l t s  a r e  shown both g r a p h i c a l l y  and i n  t abu la t ed  

f o m .  
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T . TNI’ROIIUCTTON 

T h i s  is the  second paper d e a l i n g  with the  problem of e l e c t r i c - m i c r o f i e l d  

d i s t r i b u t i o n s  i n  plasmas. The f i r s t ,  h e r e a f t e r  r e f e r r e d  t o  a s  I ,  d e a l t  wi th  

high-f requency component p l a smas ,  where the  plasma w a s  assumed t o  c o n s i s t  of 

N-charged p a r t i c l e s  moving i n  a uniform n e u t r a l i z i n g  background . These N 

p a r t i c l e s  i n t e r a c t e d  wi th  each o t h e r  through a Coulomb p o t e n t i a l .  

1 

The problem of t h e  low-frequency component i s  t h e  s u b j e c t  of t h i s  naoer. 

Here t h e  plasma i s  rep resen ted  as a c o l l e c t i o n  of N singly-charged s h i e l d e d  

i o n s  which i n t e r a c t  w i t h  each o the r  through an e f f e c t i v e  p o t e n t i a l .  

e f f e c t i v e  p o t e n t i a l  i nc ludes  t h e  e f f e c t  of t h e  ion-e lec t ron  i n t e r a c t i o n s .  This  

The 

model of a plasma has  been, and is c u r r e n t l y ,  used when d e a l i n g  wi th  t h e  e f f e c t s  

of i o n s  on r a d i a t i n g  atoms and/or  i ons  immersed i n  a The N per- 

t u r b i n g  ions  i n  t h e  plasma are assumed t o  i n t e r a c t  w i t h  each  o t h e r  through a 

s h i e l d e d  Coulomb o r  Debye-HGckel p o t e n t i a l .  The plasma is  considered t o  be  

i n  thermal  equ i l ib r ium and macroscopical ly  n e u t r a l .  

When t r e a t i n g  t h e  problem of t h e  e l e c t r i c  f i e l d  d i s t r i b u t i o n  a t  a charged 

p a r t i c l e ,  an  a d d i t i o n a l  (N+l)st  p a r t i c l e ,  convenient ly  p laced  a t  t h e  o r i g i n  

of t h e  r e f e r e n c e  frame, must be inc luded .  A s  i n  I ,  t h e  problem of t h e  e lectr ic-  

m i c r o f i e l d  d i s t r i b u t i o n  a t  a n e u t r a l  p o i n t  is  j u s t  a s p e c i a l  case of t h e  charged- 

p o i n t  development. 

Sec t ion  I1 of t h i s  paper o u t l i n e s  t h e  development of t h e  formalism. The 

4 
numerical  r e su l t s  and a n a l y s i s ,  i nc lud ing  a comparison wi th  t h e  R-Y theory  , 

are  d i scussed  i n  Sec t ion  111. F i n a l  conclus ions  are presented  i n  t h e  f o u r t h  

and f i n a l  s e c t i o n .  
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T T .  FORfifALISY 

The  equa t ions  presented  i n  t h i s  s e c t i o n  o r i g i n a t e  from t h e  formalism 

developed i n  I. 

f i e l d  d i s t r i b u t i o n  f u n c t i o n ,  P ( E ) ,  which is  found from a n  e v a l u a t i o n  of t h e  

equa t ion  

Again, t h e  problem i s  t h e  c a l c u l a t i o n  of t h e  e lec t r ic -micro-  

where T ( k )  is g iven  by,  

where N 
.2 -r / A  i j  . v =  1 - e c 

o = i < j  L i j  

and A i s  the Debye l eng th ,  

Now express  t h e  t o t a l  p o t e n t i a l ,  V ,  i n  t h e  form 

v = VO+CiWiO 

where 

(5) 

a i s  a n  a r b i t r a r y  p o s i t i v e  cons t an t .  

With t h e s e  b a s i c  d e f i n i t i o n s  w e  can fo l low the  procedure i n  I (Eq .12  

t o  24) t o  arr ive a t  t h e  fo l lowing  expres s ion  f o r  T(8): 
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T(R) [ T o ( R ) / T o ( ~ ) l e x p { ~  . ( n j / j  ! ) [hj(R)-hj(o)]}.  
J 

Again as i n  I, t h e  f a c t o r  T (R)/T (0) has  t h e  form 
0 0 

[T,,(E)/T (o ) ]  e-yL 2 . 
0 

where Y is  g iven  by t h e  express ion:  

y = [a /4(a2-2I2 1 [a5+2(1-2fi)a4+k3+8(fi-l)a2-6a+4(2-fi)], 

and where 

(7 )  

r is  t h e  much d i scussed  ion-sphere r a d i u s  which is def ined  by t h e  r e l a t i o n  
0 

4 
3 0  - r r  3n = 1. 

Next, we c o n s i d e r  t h e  f a c t o r s  r e s u l t i n g  from t h e  terms i n  t h e  series 

exponent.  For j = 1, w e  f i n d ,  us ing  Eqs. 28 and 29 of I ,  t h a t  

where : 

x E r/r  
0 



, 
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Following Eqs.31 t o  33 i n  I ,  w e  f i n d  f o r  t h e  second term i n  t h e  series exponent 

( j  = 2) t h e  express ion:  

= 1k(-l)k'13(2k+l)a2 { 1 

Four of t h e  f u n c t i o n s  appearing i n  t h e  above equation, C.(x), w q ( x ) ,  and 10 ' 
s ( x )  have a l r e a d y  been de f ined .  

a s p h e r i c a l  Bessel f u n c t i o n  of  o rde r  k ,  wh i l e  I and K r e f e r  t o  modif ied Bessel 

f u n c t i o n s  of t h e  f i r s t  and t h i r d  k ind  r e s p e c t i v e l y ?  Another f e a t u r e  of t h i s  

l a s t  equa t ion  which should  be  noted i s  t h a t  t h e  argument of t h e  modif ied 

Bessel f u n c t i o n  invo lves  an  a '  which i s  de f ined  by the r e l a t i o n  a' = &. 
Thus w e  f i n a l l y  arrive a t  t h e  r e s u l t ,  

It  remains t o  no te  t h a t  t h e  jk ( - )  r e p r e s e n t s  

T( k) = exp [-yL %Il ( k)+12( k) 1 (16) 

T h i s  expres s ion  is  used i n  Eq . ( l )  t o  c a l c u l a t e  P(E) a t  a charged p a r t i c l e .  
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To determine P ( E )  a t  a n e u t r a l  p o i n t ,  t he  above equat ions  a r e  e a s i l y  a l t e r e d  

t o  an  a p p r o p r i a t e  form. f lod i f i ca t ions  are necessary  s i n c e  w e  no longer need 

t o  i n c l u d e  any c e n t r a l  i n t e r a c t i o n s  i n  t h e  p o t e n t i a l  energy of t he  system. 

When t h i s  change i s  in t roduced  i n t o  t h e  equa t ions ,  i t  i s  found t h a t  To(R)/To(o) 

i s  n o t  a l t e r e d ,  b u t  t h a t  I 1 ( R )  and 12(R) are. For I ( a )  w e  f i n d  1 

Thus, a s  i n  I ,  t h e  r e s u l t  of e l imina t ing  t h e  c e n t r a l  i n t e r a c t i o n s  i s  t o  s e t  

F(x)  and h (0) equa l  t o  zero i n  the  charged p o i n t  equat ions .  S i m i l a r l y ,  f o r  

I,(L) we f i n d  t h a t  

1 

'2(')neutra1 = - 1 2 n2h2(R) n e u t r a l  = 1k(-l)k+13(2k+l)a2 { 

It  may a l s o  be shown t h a t  Eq.(16) goes t o  t h e  Holtsmark l i m i t  as T -+ OJ. 

Two approximations have been made thus  f a r .  F i r s t ,  w e  have terminated 

t h e  series appear ing  i n  the  exponen t i a l ,  w i th  t h e  second t e r m .  This map be  

j u s t i f i e d ,  as i n  I ,  by the  cons ide ra t ion  of t h e  a n a l y t i c  form of t h e  terms 

appear ing  i n  t h e  series, and by d i r e c t  numerical  c a l c u l a t i o n s .  The results 

of such c a l c u l a t i o n s  w i l l  be  presented  i n  Sec t .  111. The second approxima- 

t i o n  concerns t h e  use of c o l l e c t i v e  coord ina te s  i n  t h e  e v a l u a t i o n  of t h e  manv- 

dimensional  i n t e g r a l s  occur r ing  i n  t h i s  theory .  

It i s  shown i n  Appendix A of I t h a t  t h e  e v a l u a t i o n  of  t h e  many-dimensional 

i n t e g r a l s  involved i n  the  c a l c u l a t i o n  of T(R) may be  transformed i n t o  i n t e g r a l s  
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. over  c o l l e c t i v e  coord ina te s  which have a form t h a t  i s  e a s i l y  eva lua ted .  

convenience,  t h e  form of t h e s e  co l l ec t ive -coord ina te  i n t e g r a l s ,  a long  wi th  

s o l u t i o n s  is  s t a t e d  below: 

For 

= c o n s t  x exp{- 1 1 b 2/(1+%)} x [l-a3+ah**-1, 
2 k k  

where Ak and b 

c o o r d i n a t e s ,  and J is  t h e  Jacobian  of t h e  r -f X t r ans fo rma t ion .  The series 

of terms i n  b r a c k e t s  r e p r e s e n t s  t h e  p o s s i b l e  h ighe r  o r d e r  c o r r e c t i o n s  t o  t h e  

are s p e c i f i c  func t ions  of k, t h e  X ' s  r e p r e s e n t  c o l l e c t i v e  k k .  

% %  

f i r s t  J acob ian  approximation. 

etc. have been neg lec t ed .  We assume, of course ,  t h a t  t h e s e  c o r r e c t i o n  terms 

are n e g l i g i b l e .  However, t h i s  a s s e r t i o n  must be  v e r i f i e d .  

In  t h e  c a l c u l a t i o n s  made thus  f a r ,  a3, a4,  

The f i r s t  s t e p  i n  us ing ,  and i n  e v a l u a t i n g  the p r e s e n t  t heo ry ,  i s  t o  de t e r -  

mine t h e  a d j u s t a b l e  parameter  a. Perhaps t h e  b e s t  cho ice  of a is t h e  one which 

r e s u l t s  i n  a minimum e r r o r  due t o  t h e  combined e f f e c t  o f  t h e  c lus te r -expans ion  

t e rmina t ion  e r r o r  and t h e  Jacobian  e r r o r .  An even b e t t e r  cho ice  of a would' 

b e  one which r e s u l t e d  i n  t h e  e r r o r  due t o  each of t h e  two major sou rces  be ing  

n e g l i g i b l e ,  i f  t h i s  is p o s s i b l e .  A clear i n d i c a t i o n  t h a t  such a c i rcumstance  

had occurred  would be  t h e  e x i s t e n c e  of a d i s t i n c t  and extended range of  a 

v a l u e s  over  which t h e  T(R) curve ,  and hence t h e  P ( E )  curve ,  would remain 

s t a r i o n a r y ;  t h e  requirement  of such a range would v i r t u a l l y  r u l e  ou t  any 

p o s s i b i l i t y  t h a t  t h e  two e r r o r s  had merely cance l l ed  one ano the r .  

cho ice  w a s  shown t o  b e  p o s s i b l e ,  and w a s  t h e  one chosen t o  determine t h e  

b e s t  v a l u e  of a ;  s p e c i f i c a l l y ,  an a v a l u e  lying a t  the approximate c e n t e r  

of t h e  s t a t i o n a r y  range  w a s  t h e  one chosen. 

The l a t te r  
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Rather  than  r e l y  s o l e l y  on t h e  above argument, t h i s  c r i t e r i o n  w a s  sub jec t ed  

t o  s e v e r a l  tests. F i r s t ,  t he  second t e r m  i n  t h e  c l u s t e r  expansion w a s  c a l c u l a t e d ,  

and i s  shown i n  F i g . 1  t o  c o n t r i b u t e  less than  2% t o  any p o i n t  on t h e  P ( E )  

c u r v e  i n  a "worst case" s i t u a t i o n .  S i m i l a r l y ,  t h e  a t e r m  i n  t h e  Jacobian  

c o r r e c t i o n  series was eva lua ted .  

chosen f o r  t h e  c a l c u l a t i o n ,  t h i s  term, which i n d i c a t e s  skewness of t h e  c o l l e c -  

3 

It is shown i n  Fig.2 t h a t ,  i n  t h e  a r eg ion  

4 

I n  4 

and a4 are small, 

t i v e  c o o r d i n a t e  d i s t r i b u t i o n , i s  n e g l i g i b l e .  

i t  may be deduced t h a t  t h e  same choice of CI w i l l  a l s o  make a 

an  e f f o r t  t o  a l s o  r u l e  o u t  t h e  p o s s i b i l i t y  t h a t  a l though a 

t h e  e n t i r e  series i s  a p p r e c i a b l e ,  a s p e c i a l  case i s  cons idered .  

From t h e  r e l a t e d  s t r u c t u r e  of a 

n e g l i g i b l e .  

3 

S ince  t h e  theory  of B-M should indeed b e  v a l i d  f o r  d i l u t e  systems a t  

s u f f i c i e n t l y  h igh  tempera ture ,  P ( E )  curves  p r e d i c t e d  by both  t h e o r i e s  a t  a =  - 
0.2,  should  a g r e e  q u i t e  w e l l  (a - = 0.0 corresponds t o  t h e  Holtsmark case). 

It is  shown g r a p h i c a l l y  i n  t h e  next  s e c t i o n  t h a t ,  i n  t h i s  i n s t a n c e ,  t h e  p r e s e n t  

theory  wi thou t  Jacobian  c o r r e c t i o n s  y i e l d s  a P(E)  curve almost  i d e n t i c a l  

t o  t h a t  p r e d i c t e d  from t h e  B-M theory.  The a s s e r t i o n  is  t h a t  i n  t h i s  case, 

a3, a4,  and t h e  e n t i r e  Jacobian  c o r r e c t i o n  series are really n e g l i g i b l e .  

F i g u r e  2 i n d i c a t e s  t h a t  freedom t o  choose the  c o r r e c t  a v a l u e  corresponding 

t o  a g iven  2 having a t  least  t h e  same o r d e r  of  magnitude f o r  

a > 0 . 2  as i t  d id  when a =  0.2. If t h e  a v a r i a t i o n  a f f e c t s  a and a i n  t h i s  

manner, i t  is  p l a u s i b l e  t o  expect  t h e  e n t i r e  series t o  b e  s i m i l a r l y  a f f e c t e d .  

r e s u l t s  i n  a 3 

3 4 - 

Thus, by t h i s  argument t o o ,  w e  expect t h e  p r e s e n t  theory  wi thout  Jacobian  

c o r r e c t i o n  t o  be v a l i d  f o r  r a t h e r  h igh-dens i ty ,  low-temperature r eg ions  (e.&., 

- a = 0.8). 

A f i n a l  a t t empt  a t  v e r i f y i n g  t h e  procedure is shown i n  Fig.3.  Here w e  

see a comparison of a Monte Carlo c a l c u l a t i o n  of  P(e)  f o r  a = 0.8 ( the  l a r g e s t  - 
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. d e v i a t i o n  from the  Holtsmark d i s t r i b u t i o n  considered i n  t h i s  paper)  and t h e  

corresponding cu rve  f o r  t h i s  theory.  It i s  seen  t h a t  a l though t h e r e  are s t i l l  

some f l u c t u a t i o n s  i n  t h e  Monte Carlo curve, i t  ag rees  q u i t e  w e l l  w i t h  the  

result  p r e d i c t e d  by t h e  p r e s e n t  theory and would seem t o  f u r t h e r  s u b s t a n t i a t e  

t h e  p re sen t  r e s u l t .  

Actua l  numerical  r e s u l t s  are d i scussed  i n  d e t a i l  i n  the nex t  s e c t i o n .  

111. Numerical Resu l t s  and Analys is  

I t  should aga in  be emphasized t h a t  a l l  s t u d i e s  of t h e  a f l a t n e s s  r eg ion  

i n d i c a t e  t h a t  i n  t h i s  range  t h e  d is regarded  c o r r e c t i o n s  due t o  both  major 

s a u r c e s  of e r r o r  are indeed n e g l i g i b l e .  

While F ig .1  i s  se l f - exp lana to ry ,  F ig .2  may be  understood as fo l lows:  

w r i t e  

F igu res  1. and 2 show t h e s e  r e s u l t s .  

W e  may 

6 

0 2  a3 = a3 -y'L . 
0 Since  a i s  no t  a f u n c t i o n  of L a n d  s i n c e ,  i n  a d d i t i o n ,  i t  is very  s m a l l  

compared t o  u n i t y  ( = l o  ) f o r  a l l  c a s e s  cons idered ,  i t  i s  set  equa l  t o  ze ro '  

i n  a l l  f u r t h e r  d i s c u s s i o n s .  I n  o rde r  t o  g a i n  some impress ion  of t h e  importance 

of t h e  a3 c o r r e c t i o n ,  w e  cons ider  i ts  i n f l u e n c e  on t h e  c a l c u l a t e d  va lues  of 

To(k)/To(o). I n  view of t h e  f a c t  t h a t  y '  is  q u i t e  small, i t  is  p e r m i s s i b l e  

t o  w r i t e  , 

3 
-5 

A measure of t h e  importance of the c o r r e c t i o n  due t o  a i n  t h i s  i n s t a n c e  

may be  g iven  by p l o t t i n g  t h e  r a t i o  of y ' / y  v e r s u s  ci f o r  2 v a l u e s  of i n t e r e s t .  

3 
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- It i s  c l e a r l y  seen  from Fig .2  t h a t  i n  the  r eg ions  of f l a t n e s s ,  a3 amounts 

t o  an i n s i g n i f i c a n t  c o r r e c t i o n .  

F igu res  4 and 5 show graphs of P ( c )  v e r s u s  E f o r  several va lues  of a ,  

w h i l e  F igs .6  and 7 i n d i c a t e  t h e  d i f f e r e n c e s  occur r ing  between t h e  B-Y theory 

and t h e  p r e s e n t  theory  f o r  cases cha rac t e r i zed  b y 2  = 0.2 and a = 0.8. 

will b e  n o t i c e d  t h a t  t h e  d i f f e r e n c e  between t h e  two t h e o r i e s  i n c r e a s e s  as t h e  mag- 

n i t u d e  of - a i n c r e a s e s ,  and t h a t  the  B-?+I theory  f a v o r s  weaker f i e l d s  than  does t h e  

proposed theory.  

between t h e  two may l i e  i n  t h e  f a c t  t h a t  i n  Baranger 's  second c o r r e c t i o n  

term t o  T(I1) , exp [L3'21y2(aL1/2) 3 ,  t h e  l i n e a r i z e d  p a i r - c o r r e l a t i o n  f u n c t i o n  

is used i n s t e a d  of t h e  non-l inear ized form. 

It 

One p o s s i b l e  exp lana t ion  f o r  the d i r e c t i o n  of t h e  d i f f e r e n c e  

It  has  been argued by B-M t h a t  

t h e  d i f f e r e n c e  between t h e  

t h e  procedure w a s  " a l s o  i n  

F ig .8  i l l u s t r a t e s  t h a t  t h e  

two f u n c t i o n a l  forms should n o t  r e a l l y  matter s i n c e  

t h e  s p i r i t  of t h e  Debye-HGckel theorg .  'I7 

e f f e c t  of a r educ t ion  i n  Y (aL 'I2) on t h e  f i n a l  

However, 

2 

P ( E )  curve may b e  ve ry  l a r g e .  

t e r m  i n  t h e  p r e s e n t  theory  l e a d s  t o  only  a s l i g h t  change i n  t h e  P ( E )  curve 

under i d e n t i c a l  c o n d i t i o n s ;  t h i s  may be deduced from Fig.1.  A r educ t ion  

i n  t h e  magnitude of Y 2  i s  what one would expec t  i f  t h e  non l inea r i zed  Debye- 

Htlckel f u n c t i o n  were used i n s t e a d  of  t h e  l i n e a r i z e d  v e r s i o n :  t h i s  is  because 

t h e  l i n e a r i z e d  form underes t imates  the  c o n t r i b u t i o n  t o  t h e  p a i r - c o r r e l a t i o n  

f u n c t i o n  from s t r o n g  f i e l d s  and hence overemphasizes t h e  Y t e r m . ,  It would ' 

be necessa ry  t o  c a r r y  o u t  a c a l c u l a t i o n  of Y 

b e f o r e  t h e  f i n a l  magnitude of the  r educ t ion  could be a s c e r t a i n e d .  

Tables  I and 11 list  some t abu la t ed  v a l u e s  of P(E)  f o r  r e f e r e n c e .  

A similar r educ t ion  i n  t h e  second c o r r e c t i o n  

2 

us ing  t h e  non l inea r i zed  f u n c t i o n  2 
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TV. Conclusion 

Th i s  paper  d i s c u s s e s  t h e  c a l c u l a t i o n  of e lec t r ic  m i c r o f i e l d s  i n  low- 

f requency component plasmas.  It d e p e n d s l a r g e l y  on I f o r  t h e  development 

of t h e  necessa ry  formalism. For  t h e  plasma under c o n s i d e r a t i o n ,  t h i s  method 

of c a l c u l a t i n g  e lec t r ic  mic ro f i e lds  i n  plasma has  been shown t o  b e  e f f e c t i v e  

ove r  a wide temperature-densi ty  range;  i t  goes t o  t h e  Holtsmark l i m i t  as T -+ O D ,  

and a t  2 = 0.8 i t  has  been shown t o  p r e d i c t  a r e l i a b l e  r e s u l t .  A comparison 

of t h i s  method w i t h  t h a t  o f  B-M c l e a r l y  i n d i c a t e s  t h a t  wh i l e  t h e  l a t t e r  

is  good a t  h igh  tempera tures  and l o w  d e n s i t i e s  & = 0.2) i t  becomes progres-  

s i v e l y  i n a c c u r a t e  as 5 i s  r a i s e d  from 0.2 t o  0.8. The n e t  r e s u l t  of t h e s e  

c a l c u l a t i o n s  is t h a t  f o r  t h e  charged-point and t h e  nue t r a l -po in t  ca ses ,  t h e  

d i s t r i b u t i o n  curves  genera ted  by t h e  p r e s e n t  t heo ry  f a v o r  s l i g h t l v  s t r o n g e r  

f i e l d s  than  does t h e  theory  of  B-M. 

A s  i n  I ,  t h e  method of i nc lud ing  n o n c e n t r a l  f o r c e s  through t h e  mechanism 

of c o l l e c t i v e  coord ina te s  i s  shown t o  be  h i g h l y  e f f e c t i v e .  Exac t ly  how good 

t h i s  method is ,  is evidenced when t h e  second term i n  t h e  c l u s t e r  expansion i s  

c a l c u l a t e d ;  h e r e  one f i n d s  t h a t  t h e  n o n c e n t r a l ,  two-pa r t i c l e  c o r r e l a t i o n s  are 

inc luded ,  through t h e  use  of c o l l e c t i v e  c o o r d i n a t e s ,  t o  t h e  approximation of 

t h e  n o n l i n e a r  Debye-HGckel r e s u l t .  Since t h i s  second t e r m  is  only  a s m a l l  

c o r r e c t i o n  t o  t h e  theo ry ,  even i n  t h e  case of  h igh  2 v a l u e s ,  such  an 'approxi-  

mat ion must be cons idered  h igh ly  a c c u r a t e . .  Furthermore,  d u r i n g  t h e  d e r i v a t i o n  

of t h e  g e n e r a l  formalism, e s p e c i a l l y  t h a t  p a r t  r e l a t i n g  t o  t h e  c l u s t e r  ex- 

pans ion ,  t h e  f a c t  t h a t  i t  was not necessary  t o  e x p l i c i t l y  mention n o n c e n t r a l  

i n t e r a c t i o n s  r e s u l t e d  i n  much s i m p l i f i c a t i o n .  
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FIGURE CAPTIONS 

F i g .  1. A comparison of two T(I1) approximations as a p p l i e d  t o  t h e  p re sen t  

theory  of t h e  e l e c t r i c  mic ro f i e ld  d i s t r i b u t i o n  f u n c t i o n  P ( E )  

(Charged p o i n t  c a s e ) .  E is i n  u n i t s  of E . 
0 

Fig.  2. An estimate of t h e  importance of t he  Jacobian  c o r r e c t i o n  term, a3. 

P ( E )  curves c a l c u l a t e d  f o r  any of t h e  a v a l u e s  l y i n g  i n  t h e  heavy 

s e c t i o n  of a given l i n e  w i l l  agree  t o  w i t h i n  several pe rcen t  ( a t  

wors t )  over  t h e  e n t i r e  range of E v a l u e s  cons idered  i n  t h i s  paper.  

For f u r t h e r  exp lana t ion ,  see Sec t ion  111 of the  text.  

A comparison of t h e  e l e c t r i c  m i c r o f i e l d  d i s t r i b u t i o n  P(E) c a l c u l a t e d  Fig.  3. 

by t h e  p r e s e n t  theory ,  with t h a t  p r e d i c t e d  by a Monte Car lo  ca l cu la -  

t i o n  (40,000 particle conf igu ra t ions ) .  

F ig .  4 .  The e lectr ic  m i c r o f i e l d  d i s t r i b u t i o n  f u n c t i o n  P(E), a t  a charged 

p o i n t ,  f o r  s e v e r a l  values  of 2; E is  i n  u n i t s  of E 0 . 
The e l e c t r i c  m i c r o f i e l d  d i s t r i b u t i o n  f u n c t i o n  P(E), a t  a n e u t r a l  

p o i n t ,  f o r  s e v e r a l  va lues  of 3; E is i n  u n i t s  of E 0 . 
A comparison of t h e  e l e c t r i c  m i c r o f i e l d  d i s t r i b u t i o n  func t ion  ( a t  

a charged p o i n t )  determined by B-M, w i th  t h a t  p r e d i c t e d  by t h e  

F i g .  5. 

Fig.  6. 

p r e s e n t  theory ;  E is  i n  u n i t s  of E 0 . 
A comparison of t h e  e l e c t r i c  m i c r o f i e l d  d i s t r i b u t i o n  f u n c t i o n  (a t  

a n e u t r a l  p o i n t )  determined by B-M, w i th  t h a t  p r e d i c t e d  by t h e  

F ig .  7 .  

p r e s e n t  t heo ry ;  E is i n  u n i t s  of E 0 . 
A comparison of two T(R) approximations as a p p l i e d  t o  t h e  B-M 

theory  of t h e  electric mic ro f i e ld  d i s t r i b u t i o n  func t ion  P(E) 

(charged p o i n t  case)  

F ig .  8. 

E is i n  u n i t s  of E. 0 .. 
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T a b l e  I 

Probability distributions, P ( E ) ,  at a charged point f o r  several v a l u e s  

of 2. The electric field strength, E ,  is in units of E . 
0 

E a = 0 . 2  a = 0.4 a = 0.6 a = 0.8 
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0 .5  
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1.1 

1.2 

1 . 3  

1.4 
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1.8 
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0.00710 

0.02779 
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0.38385 
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0 .35021 

0.33049 
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0.16687 
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0.35745 

0.40179 

0.43248 

0.44972 
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0.43690 

0.41822 

0.39572 
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0.34537 

0.31974 

0.29480 

0.27 100 

0.17489 

0.02229 

0.08397 

0.17146 

0.26777 

0.35752 

0.43017 

0.48081’ 

0.50909 

0.51766 

0.51053 

0.49199 

0.46591 

0.43546 

0.40305 

0.37041 

0.33870 

0.30864 

0.28065 

0.25489 

0.23140 

0.14420 

0.04114 

0.14866 

0.28527 

0.41354 

0.51032 
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0.56481 

0.53069 

0.49072 

0.44876 

0.40731 

0.36786 

0.33125 

0.29782 

0.26763 

0.24057 

0.21644 

0.19498 

0.11889 
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T a b l e  I Coiit'd. 

c a = 0.2 a = 0.4 ' a = 0.6 a = 0.8 

3.0 
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0.00526 

0.11423 

0.07722 
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0.03945 

0.02960 

0.01798 

0.01181 

0.00823 

0.00604 

0.00455 

0.09330 

0.06310 

0.04447 

0.03247 

0.02443 
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0.00978 
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0.00499 

0.00373 

0.07636 

0.05152 

0.03627 

0.02645 

0.01988 

0.01205 

0.00788 

0.00544 

0.00399 

0.00297 
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* Table I1 

P r o b a b i l i t y  d i s t r i b u t i o n s ,  I?(€), a t  a Neu t ra l  p o i n t  f o r  s e v e r a l  va lues  

of 2. The e l e c t r i c  f i e l d  s t r e n g t h ,  E, is i n  u n i t s  of E . 
0 

E a = 0 .2  a = 0.4 a = 0.6 , a = 0.8 
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0.35604 

0.37851 

0.39273 

0.39914 

0.39857 

0.39206 

0.38077 

0.36582 

0.34828 

0.32908 

0.01159 

0.04475 

0.09505 

0.15612 

0.22098 

0.28313 

0.33751 

0.38083 

0.41160 

0.42985 

0.43668 

0.43384 

0.42331 

0.40709 

0.38697 

0.36447 

0.34080 

0.31689 

0.29342 

0.01938 

0.07321 

0.15020 

0 .23601 

0.31745 

0.38516 

0.43440 

0.46434 

0.47677 

0.47487 

0.46215 

0.44193 

0.41706 

0.38960 

0.36132 

0 .33331 

0.30633 

0.28085 

0.25710 

0.03341 

0.12143 

0.23520 

0.34511 

0.43193 

0.48866 

0.51674 

0.52160 

0.50962 

0.48656 

0.45700 

0.42432 

0.39083 

0.35803 

0.32684 

0.29775 

0.27098 

0.24658 

0.22446 
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Table  TI Cont'd. 

€ a = 0 .2  a = 0.4 a = 0.6 a = 0.8  

2.0 0.30900 0.27085 0.23520 0.20451 

2.5 0.21296 0.17812 0.15167 0.13120 

3 .0  

3.5 

4.0 

4 .5  

5.0 

6.0 

7 .0  

8 .0  

9.0 

10.0 

0.14208 

0 .09611 

0.06704 

0.04838 

0.03603 

0.02166 

0.01415 

0.09856 

0.00722 

0.00546 

0.11818 

0.08095 

0.05749 

0.04224 

0.03197 

0.01971 

0.01312 

0.00925 

0.00686 

0.00522 

0.10098 

0.06999 

0.05038 

0.03749 

0.02870 

0.01804 

0.01217 

0.00868 

0.00652 

0.00498 

0.08797 

0.06162 

0.04484 

0.03371 

0.02603 

0.01659 

0.01135 

0.00815 

0.00623 

0.00480 
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