
Elec t ron  Corre la t ions  i n  Plasma 
Line Broadening* 

Earl W. Smith t 

Department of Physics and Astronomy 
Univers i ty  of F l o r i d a ,  G a i n e s v i l l e ,  F l o r i d a  

(Received. . . ) 
Abstract 

A method of i nc lud ing  e l e c t r o n  c o r r e l a t i o n s  i n  t h e  r e l a x a t i o n  theory f o r  s p e c t r a l  
l i n e  broadening plasmas is presented. The e f f e c t  of t h e s e  c o r r e l a t i o n s  i n  t h e  
r e l a x a t i o n  theory  is  compared wi th  the analogous r e s u l t s  i n  t h e  impact theory ;  
s p e c i f i c a l l y ,  i t  i s  shown t h a t  t h e  impact parameter  cu to f f  used i n  t h e  impact 
theory c o n s t i t u t e s  a very  good approximation t o  t h e  e f f e c t  of t h e s e  co r re l a -  
t i o n s .  
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1. INTRODUCTION 

The s p e c t r a l  d i s t r i b u t i o n  of t h e  r a d i a t i o n  emit ted by atoms i n  a plasma 

is  determined p r imar i ly  by pe r tu rba t ions  which t h e  charged p a r t i c l e s  e x e r t  on 

the  atom. For n e u t r a l  atoms, t he  dominant p e r t u r b a t i o n  is  a S ta rk  e f f e c t  with 

the  e l e c t r i c  mic ro f i e ld  produced by the  charged p a r t i c l e s  i n  t h e  plasma. Since 

t h i s  i s  a "long range" type  of i n t e r a c t i o n ,  one is  forced t o  consider  the  simul- 

taneous e f f e c t  of many pe r tu rb ing  p a r t i c l e s ,  t h a t  is,. a many-body pe r tu rba t ion  

p o t e n t i a l  . 
Over t h e  t i m e s  of i n t e r e s t  i n  most l ine  broadening problems, t h e  d i s t r i b u -  

t i o n  of ions  does no t  va ry  appreciably.  

i on  approximation, i n  which i t  is  assumed that the  i o n s  do no t  move a t  a l l .  

With t h i s  approximation, i t  i s  poss ib l e  t o  treat t h e  ions  by means of an average 

over a l l  p o s s i b l e  s ta t ic  ion  f i e l d s .  

i n t e r a c t i o n  are taken i n t o  account i n  the  d e r i v a t i o n  of  t he  i o n  f i e l d  d i s t r i -  

This f a c t  has  given rise t o  a static- 

1 The many-body a spec t s  of t he  ion-atom 

I n  t h e  s t a t i c - i o n  approximation, the atom is perturbed but ion  func t ion .  

by an e l e c t r i c  f i e l d  which has  a s t a t i c  component due t o  t h e  i o n s ,  and a r ap id ly  

f l u c t u a t i n g  component due to  the  e l ec t rons .  

2,3 

I n  many l i n e  broadening theo r i e s ,  an at tempt  i s  made t o  reduce t h e  e l ec t ron -  

atom i n t e r a c t i o n  to  a b inary  c o l l i s i o n  between t h e  atom and a s i n g l e  pe r tu rbe r .  

4 
I n  t h e s e  "one-electron" t h e o r i e s  , i t  is  necessary t o  use an e f f e c t i v e  i n t e r -  

a c t i o n  which accounts  f o r  t h e  many-body e f f e c t s .  

Since the  usua l  e f f e c t  of p a r t i c l e  c o r r e l a t i o n s  is  t o  in t roduce  a s h i e l d i n g  

of t h e  p o t e n t i a l ,  one is a t  f i r s t  tempted t o  use a Debye sh ie lded  f i e l d  f o r  

t he  e l e c t r o n .  Such arguments were indeed used i n  t h e  e a r l y  ve r s ions  of t he  

i m p a c t  theory5 * 

a c t i o n  a t  t h e  Debye length .  

t o  j u s t i f y  c u t t i n g  o f f  the range of the electron-atom i n t e r -  

However, t he  v a l i d i t y  of such a procedure is open 
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t o  qucs t ion  because a sh ie lded  f i e l d  i s  a time-average e f f e c t  whereas an impor- 

t a n t  c h a r a c t e r i s t i c  of t he  e l ec t ron  f i e l d ,  i n  t h i s  a spec t  of l i n e  broadening, 

i s  i t s  rap id  f l u c t u a t i o n  i n  t i m e .  L e w i s '  has  approached t h i s  problem without  

t he  u s e  of a sh i e lded  f i e l d  assumption and without  t h e  "completed c o l l i s i o n  

assumptiont1 which had been made by the  impact t h e o r i e s .  H i s  work i n d i c a t e s  

t h a t  t he  usua l  cu tof f  procedure is  v a l i d ,  i n  t he  l i n e  wings [ s e e  Eq.(19) of 

r e f . ( 7 ) ] ,  i f  t h e  frequency separa t ion ,  A w ,  from t h e  cen te r  of the n a t u r a l  l i n e  

where v i s  the  average e l e c t r o n  v e l o c i t y  and X i s  the  
av"D' av D 

i s  less than v 

Debye length .  For l a r g e r  frequency sepa ra t ions ,  t h e  cu to f f  a t  the  Debye length 

i s  rep laced  by a cu to f f  a t  v / A m .  av 

I n  a r e c e n t l y  developed r e l axa t ion  theory f o r  s p e c t r a l  l i n e  broadening 

i n  plasmas', an express ion  f o r  t he  l i n e  p r o f i l e  w a s  ob ta ined ,  i n  t h e  s t a t i c -  

i o n  approximation, without  t he  use of b ina ry  c o l l i s i o n  o r  impact approxima- 

t i o n s .  

d i l u t e  gas  weakly coupled t o  t h e  atom. 

are formally q u i t e  s imi la r  t o  those of t he  impact t h e o r i e s ;  t h e  primary d i f -  , 

fe rence  being i n  the  form of t h e  " e f f e c t i v e  i n t e r a c t i o n  opera tor"  which repre-  

s e n t s  t h e  in f luence  of the e l ec t ron  per t 'urbat ion on t h e  atom. I n  t h e  r e l a x a t i o n  

theory  t h i s  ope ra to r ,  x ( u ) ,  is  a frequency-dependent complex ope ra to r  whereas, 

i n  t h e  i m p a c t  t h e o r i e s  ( f o r  hydrogen) t h i s  ope ra to r  i s  not complex. 

I n  the  r e l a x a t i o n  theory ,  t he  e l e c t r o n s  are t r e a t e d  as a many-particle 

The r e s u l t s  of t h e  r e l a x a t i o n  theory 

I n  r e f . ( l ) ,  c a l c u l a t i o n s  were made wi th  t h e  assumption t h a t  t h e  d i s t r i b u t i o n  

of e l e c t r o n  states may be  approximated by an i d e a l  gas. It is t h e  purpose of 

t h i s  paper t o  c o r r e c t  t h a t  i d e a l  gas  approximation and t o  compare t h e  r e s u l t s  

of t h i s  co r rec t ion  wi th  the  corresponding work i n  the  impact theory.  

It w i l l  be shown t h a t  t h e  e l ec t ron  c o r r e l a t i o n s  i n f l u e n c e  only the e f f e c t i v e  

i n t e r a c t i o n  opera tor ,X((w) ,  and t h e i r  e f f e c t  on t h e  real p a r t  of th is  ope ra to r  
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7 is almost i d e n t i c a l  wi th  t h e  r e s u l t s  ob ta ined  by L e w i s  . 
t h e  s t r o n g  electron-atom i n t e r a c t i o n s ,  which have been given no s p e c i a l  t rea tment  

i n  t h e  r e l a x a t i o n  theory ,  can inf luence  x ( w )  i n  a s i g n i f i c a n t  manner. 

It is a l s o  found t h a t  

2. I N I T I A L  FORWLATION AND APPROXIMATIONS 

I n  t h e  r e l a x a t i o n  theory ,  t h e  system considered is  an exc i t ed  atom weakly 

coupled t o  a macroscopical ly  n e u t r a l  gas of e l e c t r o n s  and i o n s .  

is  provided by a d i p o l e - f i e l d  i n t e r a c t i o n  of t h e  form eR-(E; + E . )  i n  which & d e n o t e s  

t h e  p o s i t i o n  of t h e  atomic e l e c t r o n  whi le  & 

produced by t h e  e l e c t r o n s  and ions  r e spec t ive ly .  

The weak coupl ing 

.w w e  r r i  

andJi  r e p r e s e n t  t h e  e l e c t r i c  f i e l d s  
w e  

The Hamiltonian f o r  t h e  plasma is t h e  sum of t h e  unperturbed atomic Hamil- 

and Ki, t h e  elec- 

and Vii, t h e  e lec t ron- ion  

t o n i a n ,  Ha, t h e  e l e c t r o n  and i o n  k i n e t i c  energy o p e r a t o r s ,  K 

t r o n  and i o n  i n t e r n a l  p o t e n t i a l  energy o p e r a t o r s ,  V 

e 

ee 

and t h e  weak coupling i n t e r a c t i o n  e$-(€ +€.): 'ei 9 m e  4 
i n t e r a c t i o n ,  

H = Ha+Ke+Vee+Ki+Vii+Vei+e$* (&,*si) . .. (1) 

It is assumed t h a t  t h e  p o t e n t i a l  func t ion  (V 

e f f e c t i v e  p o t e n t i a l  (Ve+Vi) where Ve and V .  con ta in  on ly  e l e c t r o n  and i o n  coor- 

d i n a t e s  r e s p e c t i v e l y .  A Debye-Huckel e f f e c t i v e  p o t e n t i a l  is  used f o r  t h e  i o n s ;  

8 
t h e  e l e c t r o n  p o t e n t i a l  w i l l  remain temporar i ly  unspec i f i ed  . 
i t  is convenient t o  d e f i n e  e l e c t r o n  and ion  Hamil tonians,  H and H by e i' 

+V .+Vii) can be  rep laced  by an ee e l  

1 

Using Ve and Vi, 

He = Ke+Ve 

Hi = Ki+Vi . 
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AS i n  most l i n e  broadening theor ies ,  t h e  ions  are regarded as i n f i n i t e l y  

massive c l a s s i c a l  p a r t i c l e s  over the t i m e  of i n t e r e s t  ( s t a t i c  i on  approximation).  

I t  is  f u r t h e r  assumed t h a t  t he  three subsystems are s t a t i s t i c a l l y  independent 

and t h e  plasma d e n s i t y  mat r ix  is given by a product of d e n s i t y  mat r ices  f o r  the  

atom, e l e c t r o n s ,  and ions , p ‘a)p(e)p(i). This  approximation requi red  t h a t  the  

coupling i n t e r a c t i o n ,  e$*(€ +e . ) ,  b e  neglec ted  i n  t h e  d e n s i t y  ma t r ix  . By neg- 

l e c t i n g  t h i s  coupl ing,  t h e  electron-atom and ion-atom c o r r e l a t i o n s  are removed. 

These c o r r e l a t i o n s  w i l l  be important f o r  s t rong  f i e l d s  which w i l l  b e  discussed 

1 
m e  w 

f u r t h e r  i n  s e c t i o n  ( 4 ) .  

With the  above approximations, i t  i s  found t h a t  t h e  l i n e  shape f o r  d i p o l e  

1 r a d i a t i o n  i s  given by 

where Q(&) is the  p r o b a b i l i t y  of f inding an i o n  f i e l d ,  5 ,  a t  the atom and J(w,€) 
..# P ~ 

i s  t h e  l i n e  shape r e s u l t i n g  from t h e  e l e c t r o n  atom i n t e r a c t i o n  i n  t h e  presence 

of t he  s t a t i c  field&-. 
% 

I n  t h e  re laxa t ion  theory,  w is  a complex v a r i a b l e ,  w = w + i & ,  

% 
whose r e a l  p a r t ,  w, i s  t h e  t r u e  frequencv and whose imaginary p a r t ,  6 ,  repre- 

s e n t s  t h e  n a t u r a l  width f o r  t h e  l i n e  being s tud ied .  The Hamiltonian which appears  

H’ = Ha+He+eR ( 6  +E) 
w w e  *I* 

( 4 )  

1 
where Lis a vec to r  which h a s  t h e  same magnitude and d i r e c t i o n  as the i o n  f i e l d  . 

The mic ro f i e ld  func t ion ,  Q ( E ) ,  i s  k n ~ r n * ’ ~  and J(w,&), evaluated by means 
w w 

of t h e  Zwanzig-Fano r e l a x a t i o n  techniques, is given by 1. . 
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where d i s  t h e  atomic d i p o l e  operator", d(w) is  an e f f e c t i v e  L i o u v i l l e  ope ra to r  

f o r  the 'a tom,  and t h e  t r a c e  is  over states of t h e  atom. 

expanded i n  a p e r t u r b a t i o n  series based on an unperturbed L i o u v i l l e  o p e r a t o r ,  

Lo ' a e  
corresponds t o  t h e  i n t e r a c t i o n  e R * ( &  +E) .  

,VI< 

I n  r e f . ( l ) , d : ( w )  i s  

which corresponds t o  t h e  Hamiltonian (H +H ) y  and a p e r t u r b a t i o n ,  L1, which 

.A -le *I 

The H e i g e n s t a t e s  la>, Ib>,  I C >  are used i n  e v a l u a t i n g  t h e  trace i n  Eq.(5) a 

ab  

t h e  * 

and t h e  energy d i f f e r e n c e  between t h e  states la> and Ib> is  denoted by w 

Denoting t h e  z component of k by R and de f in ing  a v a r i a b l e  Awab=w-w 

ma t r ix  elements of [w-,&(w)] are given by 

Z 

*,A ab ' 
1 

where :'(a) is  an e f f e c t i v e  i n t e r a c t i o n  o p e r a t o r  which t akes  t h e  p l ace  of t h e  

ope ra to r  @ used by G r i e m  e t .a l .  [ s e e  Eqs.(lO) and (32) of r e f . ( 6 ) ]  o r  t h e  ope ra to r  ab 

:< used by Baranger [see Eq. (13-46) of r e f .  (ll)] . 
between t h e  impact and r e l a x a t i o n  t h e o r i e s  l i es  i n x ( w ) ,  t h i s  o p e r a t o r  w i l l  be  

Since t h e  primary d i f f e r e n c e  

s t u d i e d  i n  d e t a i l  i n  t h e  following s e c t i o n s .  

3. THE EFFECTIVE INTERACTION OPERATOR 

A. A Second Order Expression forx(w) 
i 

I n  r e f . ( l ) y  t h e  p e r t u r b a t i o n  ope ra to r  L w a s  wr i t t en  i n  t h e  form (LF1) 1 
i 

1 1 where Le corresponds t o  efiY'4, and L corresponds t o  ej?;-$,. With t h e s e  o p e r a t o r s ,  

t h e  r e s u l t  of a second o rde r  eva lua t ion  of X(w) w a s  found t o  be* 
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where < - e * >  denotes an ensemble average over e l e c t r o n  states and K o ( o )  is  given 

by 

I n  o rde r  t o  write o u t  an e x p l i c i t  express ion  f o r  $((w), t h e  H e i g e n s t a t e s  a 

la>, I b> l a > ,  ]y>  w i l l  be  used. In terms of 

t h e  composite state v e c t o r s  law,  ] b p ,  Icy>, t h e  ope ra to r  K?(w) is  diagonal:  

I c> and t h e  He e i g e n s t a t e s  la> 

The e l e c t r o n  dens i ty  ma t r ix ,  

e 
P = exp (-H,/kT) /TreIexp (-He/kT) 1 

i s  a l s o  diagonal  and i t s  ma t r ix  elements are w r i t t e n  i n  t h e  form 

1 With t h e  above n o t a t i o n , x ( w )  may be  wr i t ten  

(10) 
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These te-nns are eva lua ted  i n  Appendix A using t h e  c l a s s i c a l  l i m i t  of the  Boltz- 

mann f a c t o r  and a l i n e a r i z e d  Debyc-Huckel r a d i a l  d i s t r i b u t i o n  func t ion  ro desc r ibe  

t h e  d i s t r i b u t i o n  of s ta tes  i n  the e l e c t r o n  gas;  i t  i s  a l s o  assumed t h a t  the  

change i n  t h e  i n t e r n a l  e l e c t r o n  p o t e n t i a l ,  Ve,  is n e g l i g i b l e  over  t h e  times 

of i n t e re s t  [see E q . ( A . 1 5 ) ] ,  

fo l lowing  expression:  

The resu l ts  of this  evaluation provide the 

where m and n denote  t h e  mass and dens i ty  of e l e c t r o n s ,  and G(Aw) i s  an  i n t e g r a l  

d i scussed  i n  t h e  fol lowing sec t ions .  

B. Some Physical  P r o p e r t i e s  of R(w) 

To second o r d e r ,  $((a) represents  a q u a d r a t i c  S t a r k  i n t e r a c t i o n  between 

. t h e  atom and t h e  f l u c t u a t i n g  e l e c t r o n  f i e l d .  I n  o r d e r  t o  s tudy  t h e  meaning 

of t h e  frequency dependence i n  .t!i'(w), we n o t e  t h a t  i t  is p o s s i b l e  t o  i n t e r p r e t  

a q u a d r a t i c  S t a r k  e f f e c t  as an induced d i p o l e  i n t e r a c t i o n  . The frequency 
1 2  

dependence i n  X(w) i s  t h e r e f o r e  a r e s u l t  of t h e  t i m e  dependence i n  an  induced 

d i p o l e  i n t e r a c t i o n ;  t h a t  is, as the mic ro f i e ld  6 varies, t h e  induced atomic 

d i p o l e  v e c t o r  moves i n  such a way t h a t  i t  always p o i n t s  i n  the same d i r e c t i o n  

as the f i e l d  I-E,. 
S ince t h e  lower energy states are more t i g h t l y  bound, t h e  ene rg ie s  of t h e  f i n a l  

-e 

An i n t e r a c t i o n  of t h i s  t ype  w i l l  lower t h e  atomic energy levels. 

states w i l l  be  less a f f e c t e d ,  t he  n e t  r e s u l t  being a reduc t ion  i n  t h e  energy 

s e p a r a t i o n  of t h e  i n i t i a l  and f i n a l  states. We t h e r e f o r e  expect  t h e  q u a d r a t i c  

electron-atom i n t e r a c t i o n s  t o  produce a small asymmetry i n  the l i n e  p r o f i l e  
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. which inc reases  t h e  i n t e n s i t y  o f  the red wing r e l a t i v e  t o  t h a t  of t he  b lue  

wing; w e  also expect t h e s e  i n t e r a c t i o n s  to  s h i f t  t h e  cen te r  of t h e  l i n e  toward 

longer  wavelengths . 13 

To exp lo re  t h e  source  of these s h i f t s  and asymmetries, w e  no te  t h a t  a 

s imple Lorentzian l i n e  may be  expressed by 

where w denotes a s h i f t  of the l i n e  c e n t e r  and w. provides  t h e  l i n e  width. 

The l i n e  shape J ( w , e )  , given by Eqs. (5) and (6) ,  may b e  l o o s e l y  compared 

w i t h  E q .  ( 1 4 ) ,  and one may expec t  t h e  real p a r t  of 

the  imaginary p a r t  adds t o  t h e  l i n e  width.  

i n d i c a t e s  t h a t  t h e s e  “width” and “ s h i f t ”  o p e r a t o r s  may n o t  be  symmetric. 

l i n e a r  S t a r k  e f f e c t  i n  Eq.(6) produces a symmetric s p l i t t i n g  and t h e r e f o r e  

c o n t r i b u t e s  only t o  t h e  width.  These arguments are o f f e r e d  merely as p l aus i -  

b i l i t y  arguments because, s t r i c t l y  speaking, one may n o t  d i s c u s s  the  ope ra to r s  

i n  J ( w , E )  i n  t he  same manner a s  the s c a l a r s  i n  Eq.(14). Never the less ,  t h i s  

does g i v e  a rough i d e a  of t h e  r o l e s  played by t h e  real and imaginary parts of 

i n  determining t h e  l i n e  shape. It may be noted i n  pas s ing  t h a t ,  i n  t h e  

numerical  c a l c u l a t i o n s  made by t h e  au tho r ,  i t  is found t h a t  t h e  l i n e  s h i f t  

van i shes  when t h e  real p a r t  of is  set  to  zero. Furthermore, when t h e  s h i f t  

van i shes ,  most of t h e  asymmetry i n  t h e  l i n e  c e n t e r  a l s o  van i shes ;  t h i s  i n d i c a t e s  

r 1 

v” 

t o  produce a s h i f t  whi le  

The frequency dependence of R(w) 
The 

,..‘ 

t h a t  t h e  cen te r  r eg ion  of t h e  broadened l i n e  is roughly symmetric about t h e  

s h i f t e d  frequency. 

C.  The I n t e g r a l  G(Aw) 

From E q .  (13) , i t  is c l e a r  t ha t  t h e  i n t e g r a l  G(Aw) con ta ins  a l l  of t h e  

frequency dependence i n  t h e  e f f e c t i v e  i n t e r a c t i o n ,  %(a). I n  Appendix A, i t  
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is  shown t h a t  t h e  inf luence  of e l e c t r o n  c o r r e l a t i o n s  i s  a l s o  contained i n  C(0w). 

Since t h i s  i n t e g r a l  plays such an important r o l e  i n  the  s tudy  of t he  e l ec t ron -  

atom i n t e r a c t i o n ,  i t s  de r iva t ion  is  presented i n  d e t a i l  i n  t h a t  appendix. The 

r e s u l t s  of t h i s  d e r i v a t i o n  are ou t l ined  and i n t e r p r e t e d  i n  this sec t ion .  

The G i n t e g r a l  which appears  i n  t h e  i d e a l  gas case  (no c o r r e l a t i o n s )  is  

given by Eq. (A38) [and a l s o  by Eq. (58) of r e f .  (1) 1 i n  t h e  form 

m 

Go(Am) = exp{is?iAw/kT) (s2+is)-'"ds. (15) 

When e l e c t r o n  c o r r e l a t i o n s  are considered,  i t  is found t h a t  a cor rec t ion  term 

i s  added t o  t h e  in tegrand  i n  Eq.(15). The co r rec t ed  i n t e g r a l  i s  given by Eq.(A38) 

i n  t h e  form 

8 

G ( A o )  = [ exp{isAAw/kT) [(s2+is)-1/2-& exp{a2(s2+is) } E r f c { a G ) ] d s ,  (16) 

where Erfc  i s  the  complimentary e r r o r  func t ion .  The parameter a is  definedby 

by X/2hAD, where X and A 

l e n g t h ,  JkT/4nneZ, f o r  e l e c t r o n s .  

are the  thermal wavelength, h / m ,  and t h e  Debye D 

From Eq.(16) it  is  apparent  t h a t  t he  parameter a is a measure of the importance 

05 e l e c t r o n  c o r r e l a t i o n s .  I n  t h e  l i m i t  akO, t h e  argument of t h e  in tegrand  i n  Eq.(15) 

becomes l / f n h e n c e  G(Aw) reduces t o  t h e  i d e a l  gas r e s u l t ,  G o ( A w ) ,  i n  t h i s  

l i m i t .  

t he  E r f c  term f o r  s u f f i c i e n t l y  small va lues  of s; t h a t  is, t h e  e l e c t r o n  co r re l a -  

t i o n s  are n e g l i g i b l e  f o r  s h o r t  times o r  l a r g e  Am. We note  f u r t h e r  t h a t  1/- 

For any f i n i t e  a however, t he  i d e a l  gas  t e r m , l / = , w i l l  dominate 

is  t h e  l a r g e  s asymptote of t he  Erfc  term. This  i m p l i e s  t h a t  the  e l e c t r o n  

c o r r e l a t i o n s  w i l l  be  important f o r  long t i m e s  o r  small Au. 

Fur the r  a n a l y s i s  of t h e  in tegrand  i n  Eq.(16) shows that  the  t r a n s i t i o n  

from t h e  regime where c o r r e l a t i o n s  are important ,  t o  t he  i d e a l  gas  regime, 
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occurs  f o r  t h e  values  of s on the order  of l/a. 

the  plasma frequency, we nay use  the  we l l  known proper ty  of Four ie r  t ransforms,  

Since a%wp/kT, where up i s  

t o  i n f e r  t h a t  c o r r e l a t i o n s  w i l l  be important only f o r  IAwl <up. This  a l s o  in- 

d i c a t e s  t h a t  t he  t r a n s i t i o n  from the c o r r e l a t e d  regime t o  the  

occurs  f o r  values  of l a w 1  on t h e  o r d e r  of up o r  v av. / AD where 

e l e c t r o n  v e l o c i t y .  

i n  t he  impact theory . 
This is exact ly  t h e  po in t  where the L e w i s  

7 

i d e a l  gas regime 

v i s  t h e  average 

cu to f f  is appl ied  

av . 

We t h e r e f o r e  conclude t h a t ,  f o r  frequency s e p a r a t i o n s  (from the cen te r  

many-particle e f f e c t s  are important av."D of t h e  n a t u r a l  l i n e )  less than v 

and e l e c t r o n  c o r r e l a t i o n s  must be  considered. I n  the  impact  theory t h i s  is  

done by s h i e l d i n g  t h e  electron-atom i n t e r a c t i o n ,  o r  by c u t t i n g  o f f  t h e  range 

of t h i s  i n t e r a c t i o n  a t  the Debye length.  When lAwl is  l a r g e r  than vav./AD 

t h e  c o r r e l a t i o n s  are n e g l i g i b l e ,  hence the  atom is per turbed  through binary 

c o l l i s i o n s  wi th  e l e c t r o n s  and electron-atom i n t e r a c t i o n  need n o t  be  sh i e lded . '  

I n  order  t o  i l l u s t r a t e  t he  above conclusions'graphically, i t  is  convenient 

t o  express  G ( A ~ )  i n  terms of r e a l  funct ions.  It is  p o s s i b l e  t o  w r i t e  G ( A w )  

i n  t h e  form 

2, 2, 

where G and G .  are real  func t ions  of the real  v a r i a b l e  Au. The v a r i a b l e  Aw, 

def ined  by a,p&i-i€, is  t h e  frequency s e p a r a t i o n  from t h e  cen te r  of t he  n a t u r a l  

l i n e .  

t he  l i n e  cen te r  when IAOI=E.) There is no analog f o r  G i n  t h e  impact t h e o r i e s  

( f o r  hydrogen),  hence numerical  comparisons w i l l  be made only  f o r  G r .  

r 1 

'L 
(Since the  n a t u r a l  width, €,is n e g l i g i b l y  s m a l l ,  /Awl = / A w l  except  a t  

'L 

i 
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The i n t e g r a l  corresponding t o  G 

The parameter y 

i n  t h e  impact theory is  given by Eq.(30) r 

of r e f .  (6) .  used i n  t h a t  paper is j u s t  2n4a2/3 where n min 

is  the p r i n c i p a l  quantum number and a=X/2&X We t h e r e f o r e  compare Gr(Aw) % D' 
with  

This  func t ion  is p l o t t e d  i n  f i g . ( l )  f o r  /Awl smaller than  t h e  L e w i s  cu to f f  (LC). 

For l a r g e r  va lues  of law] L e w i s  obtains  7 

= 0.8-log (5 I Au I /kT)-Zlog (n) . G L e w i s  

Fig.  (1) shows t h a t  Gr ( 1 A; I and GImpact d i f f e r  by a cons t an t  over  most of t h e  

c o r r e l a t e d  regime. 

t h a t  

To i l l u s t r a t e  the source  of t h i s  cons tan t ,  i t  may be noted 

The s i g n i f i c a n t  d i f f e r e n c e  between Eqs.(20) and (21) is  i n  the  f a c t o r  log(n) .  

t h e  i m p a c t  theory t h i s  f a c t o r  comes about because of a "s t rong-col l i s ion"  cu to f f  

which is no t  made i n  t h e  r e l a x a t i o n  theory. This  p o i n t  w i l l  be  explored f u r t h e r  

i n  t he  nex t  s e c t i o n .  

In 

For f requencies  l a r g e r  than t h e  Lewis cu to f f  Gr(A;LW) has  the form 

The f a c t o r  exp(hA$/2kT) produces an asymmetry in G,, which is observed i n  f i g . ( l ) ,  

f o r  l a r g e  IA;~. Since Lewis '  r e s u l t s  a r e  symmetric, w e  may compare [0.8-log(filAu]/kT)] 



. .  

-12- 

- [dot ted  l i n e  i n  f i g .  (1) 1 wi th  the  expression f o r  G 

a cons tan t  d i f f e r e n c e  i n  which t h e  f a c t o r  log(n)  p lays  a s i g n i f i c a n t  ro l e .  

Eq.(20). Again, w e  f i n d  L e w i s  ’ 

F i g . ( l )  a l s o  shows the func t ion  Gr(A$), ca l cu la t ed  wi th  only t h e  i d e a l  

gas term Eq.(15). 

r a p i d l y  a t  t h e  L e w i s  cutoff(LC). While t h i s  t r a n s i t i o n  i s  by no means as sharp  

i t  does i n d i c a t e  that t h e  c u t o f f s  used as the  change from G 

i n  t h e  impact theory provide a good approximation t o  t h e  e f f e c t s  of e l e c t r o n  

c o r r e l a t i o n s .  

The co r rec t ed  G r  goes i n t o  i t s  i d e a l  gas asymptote very 

to GLewis’ Impact  

D. The Inf luence  of Strong C o l l i s i o n s  

I n  t h e  previous s e c t i o n ,  i t  was noted that  Gr(A2) d i f f e r s  from i t s  counter- 

p a r t  i n  t h e  impact t h e o r i e s  by a n o n t r i v i a l  cons tan t .  It w a s  a l s o  noted t h a t  

t h e r e  is no analog f o r  Gi(AS) i n  the impact t h e o r i e s  ( fo r  hydrogen) and i t  is  

t h i s  func t ion  which g ives  r ise t o  a l i n e  s h i f t  i n  the  r e l a x a t i o n  theory.  Since 

t h e s e  are important po in t s ,  i t  is  appropr ia te  t o  i n v e s t i g a t e  t h e  source of t h e s e  

d i s p a r i t i e s .  

I n  t h e  r e l a x a t i o n  theory ,  t h e  e f f e c t i v e  i n t e r a c t i o n  ope ra to r  may b e  wri t ten 

i n  t h e  form 

OD 

<<(u) = -(i /452)j  exp(i tAw)<W(t)>dt  
0 

[ s e e  Eqs.(A3) and (A4)] where < e - * >  denotes an average over e l e c t r o n s  and V ( t )  

is  given by 
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I f  nonrad ia t ive  t r a n s i t i o n s  o u t  of t h e  i n i t i a l  s tates are neglected (no-queching 

assumption), t he  hw which appears i n  Eq. (23) w i l l  be  (w-wo)+i€,where wo i s  ' t h e  

unperturbed frequency. The r a d i a t i o n  damping is  n o t  r e l e v a n t  t o  t h e  fo l lowing  

d iscuss ion ,hence  w e  may set E: t o  zero and t h e  Ao i n  E q . ( 2 3 )  may be regarded 

s imply a s  t h e  frequency sepa ra t ion  from t h e  c e n t e r  of the n a t u r a l  l i n e .  

I n  t h e  impact  theory ,  t h e  e f f e c t i v e  i n t e r a c t i o n . o p e r a t o r  corresponding t o  

i4 ,15  %(w) is, t o  second o rde r  Y 

i o  = -(i/45As]<j0 6s V ( t ) j o Y ( f ' ) d t ' d t > .  t 

In  t h e  impact theory the  electron-atom c o l l i s i o n s  are assumed t o  be  i n s t a n t a n -  

eous so  t h a t  t h e  l i m i t s  on the i n t e g r a l s  may b e  extended t o  i n f i n i t y  and As 

may be  removed [ s e e  Eq.(4-44) of r e f . ( l 4 ) ] .  For purposes of comparison however, 

i t  i s  convenient t o  u s e  

+T t 
i 0  = - l im( i /2d i2)<  V(t)  V ( t ' ) d t ' d t >  

r-t" i, I, 
T T  

= - l im( i /2rh2)  <[Jo V(t)V( t+s)dsdt> .  
T-t" 

I n  t h e  impact theory-, t h e  average over t h e  states of t he  e l e c t r o n s ,  denoted 

by < - * a >  i n  Eq.(27), i s  c a l l e d  a "thermal average". 

The p e r t u r b a t i o n  is  u s u a l l y  assumed t o  b e  a s t a t i o n a r y  random process  

(a l though t h i s  approximation i s  r a r e l y  s t a t e d  e x p l i c i t l y ) ,  hence 

<V(t)V(t+s)> = <W(S)>.  

This proper ty  is i l l u s t r a t e d ,  i n  the impact t heo ry ,  by E q . ( 4 A )  of r e f . ( 7 ) .  
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1 J i t l i  E q . ( 2 8 ) ,  the  expres s ion  f o r  0 mav be w r i t t e n  

i@ = -(i/.ti> [< vv ( t ) > d t . (29) 

Comparing E q s .  (23 )  and (291, it  i s  apparent  t h a t  t h e  ope ra to r s  %(w) and iQ should 

be i d e n t i c a l  when Aw=O. 

f o r  A w < l / t c ,  where tc i s  the  c o r r e l a t i o n  t i m e  f o r  t he  e l e c t r o n  f i e l d ,  because 

< W ( t ) >  should be n e g l i g i b l e  f o r  t>tc.  L e w i s 7  has  es t imated  t, by Xn/vav; 

us ing  t h i s  estimate, w e  do not  expect x ( w )  and i@ t o  d i f f e r  u n t i l  AOV 

Indeed, these  ope ra to r s  should not  d i f f e r  aDpreciably 

a v ' b *  

It has a l ready  been shown tha t  t hese  ope ra to r s  a r e  no t  i d e n t i c a l ,  even when 

Aw=O, hence the  d i s p a r i t y  between them mus t  be due t o  d i f f e r e n c e s  i n  t h e  methods 

of eva lua t ing  <VV(t)>. 7 Lewis has eva lua ted  t h i s  ope ra to r  i n  a manner which i s  

n i l n i l a r  t o  t he  d e r i v a t i o n  i n  t h i s  paper  (Appendix A) and i t  is poss ib l e  t o  make 

a f a i r l y  c l o s e  step-by-step comparison. The e s s e n t i a l  d i f f e r e n c e  i n  t h e s e  

d e r i v a t i o n s  l i es  i n  the  t reatment  of s t r o n g  c o l l i s i o n s .  The term s t rong  c o l l i -  

s i o n s  r e f e r s  t o  those i n t e r a c t i o n s  i n  which an e l e c t r o n  comes c l o s e  enough t o  

t h e  atom t o  produce an apprec iab le  over lap  of the e l e c t r o n  and atom wave-packets. 

I n  the impact theory,  an impact parameter cu to f f  removes these  s t r o n g  c o l l i s i o n s  

from the  average i n  <VV(t)>.16 

Lorentz-Weisskopf t reatment  of s t rong  c o l l i s i o n s  and is found t o  be s m a l l  . 
The r e s u l t i n g  e r r o r  i n  is  es t imated  by a 

6 

Since no s p e c i a l  t reatment  has  been given f o r  s t r o n g  col3.isions i n  the  relaxa-  

t i o n  theory ,  t h i s  is c l e a r l y  the  source of t h e  d i s p a r i t y  between YX(w) and i o .  

To test  t h i s  a s s e r t i o n ,  t h e  author has eva lua ted  < W ( t ) >  using a cu to f f  

which r e q u i r e s  a l l  e l e c t r o n s  t o  remain o u t s i d e  a small s p h e r i c a l  region around 

the  atom (see  Appendix B ) .  

n2A/&, t h e  same as the  cu tof f  i n  the  impact theory [ s e e  m.(l9) of r e f . ( 6 ) ] .  

The radius  of t h i s  sphere  may b e . t a k e n  t o  be 
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Numerical c a l c u l a t i o n s  have been made wi th  t h i s  c u t o f f ,  and i t  i s  found t h a t  

G r ( & )  is decreased as shown i n  Fig. ( 2 ) .  

t o  w i t h i n  t h e  accuracy s t a t e d  f o r  t h e  impact theory c a l c u l a t i o n s .  

Gr(Aw) s t i l l  shows an asymmetry fo r  l a r g e  I A w I  which does n o t  appear i n  C 

This  asymmetry is  roughly equiva len t  t o  mul t ip ly ing  C, 

In Fig.  (2 ) ,  Gr and G agree  Impact 

The func t ion  

L e w i s  

by exp (+la:/ 2kT) . L e w i s  

A numerical c a l c u l a t i o n  a l s o  shows t h a t  t h e  s t r o n g  c o l l i s i o n  cu to f f  reduces 

G i ( ~ 2 )  so much t h a t  the  s h i f t  of the l i n e  c e n t e r  ( f o r  Ly-a) is  reduced bv a 

f a c t o r  of 10. 

l i s i o n  c u t o f f s ,  t h e r e  i s  less than a 20% d i f f e r e n c e  between the  impact and 

r e l a x a t i o n  t h e o r i e s .  

When l i n e  p r o f i l e  c a l c u l a t i o n s  are made, us ing  the  s t r o n g  col-  

4 .  RESULTS AND CONCLUSIONS 

The r o l e  of e l e c t r o n  c o r r e l a t i o n s  i n  plasma l i n e  broadening has  been s t u d i e d ,  

w i t h i n  t h e  framework of t h e  r e l axa t ion  theory ,  by t h e  use  of s t a t i s t i c a l  tech- 

n iques .  This  method provides  a very a c c u r a t e  t rea tment  of  t h e s e  c o r r e l a t i o n s  

which is  l i m i t e d  only by the  choice of a r a d i a l  d i s t r i b u t i o n  func t ion  f o r  t h e  

e l e c t r o n  gas .  The l i n e a r i z e d  Debye-Huckel func t ion  which w a s  used f o r  t h i s  

purpose is  known t o  be  q u i t e  adequate f o r  t h e  temperatures  and d e n s i t i e s  en- 

countered i n  most S t a rk  broadening problems. 

The r e s u l t s o f  t h i s  work i n d i c a t e  t h a t  t h e  impact parameter c u t o f f s ,  which 

approximate t h e  e f f e c t s  of  e l e c t r o n  co r re l a t ions '  i n  t h e  impact t h e o r i e s ,  are 

v a l i d  t o  wi th in  the  accuracy stated by t h e s e  t h e o r i e s .  In t h e  r e l a x a t i o n  theory ,  

an asymmetry is  found f o r  f requencies  l a r g e r  than  t h e  L e w i s  c u t o f f :  t h i s  asymmetry 

may b e  included i n  t h e  impact theory i f  L e w i s '  r e s u l t s  [Eq.(20)] are m u l t i p l i e d  

by exp(nA;)j/ZkT). The symmetry and s h i f t  i n  t h e  center reg ion  of t h e  r e l a x a t i o n  
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theory p r o f i l e s 1 7  are p r imar i ly  d u e  t o  t h e  real p a r t  of ?((w), f o r  which t h e r e  

is no analog i n  the  impact theory ( f o r  hydrogen). 

t h a t  t h e  real p a r t  o f  .:<(a) is  considerably reduced i f  the s t r o n g  c o l l i s i o n  cu to f f  

i n  t h e  j-mpact theory is  a l s o  appl ied i n  t h e  r e l a x a t i o n  theory.  

T t  has b?en found, however, 

While the  primary purpose of t h i s  paper  is the  s tudy o f  e l e c t r o n  co r re l a -  

t i o n s ,  t h e  s i g n i f i c a n t  e f f e c t s  of a s t r o n g  c o l l i s i o n  cu tof f  r e q u i r e  some comment 

as w e l l .  The d ipo le  in te rac t ion .which  has  been used t o  r ep resen t  t h e  e l ec t ron -  

atom coup1ing:is c e r t a i n l y  not  v a l i d  when a p e r t u r b e r  comes c l o s e  enough t o  

pene t r a t e "  the  atom. For t h e s e  c lose  con tac t s ,  t h e  elementary Coulomb i n t e r -  II 

a c t i o n s  between t h e  p e r t u r b e r ,  t h e  nucleus,and t h e  bound e l e c t r o n  should be  

used.  In t h e  r e l a x a t i o n  theory there  is  no problem wi th  t h e  wave func t ions  i n  

a s t r o n g  c o l l i s i o n  because one i s  free t o  choose any complete s e t  of wavefunctions 

i n  eva lua t ing  a trace. There is a problem wi th  t h e  Roltzmann f a c t o r s  however; 

t he  electron-atom coupl ing which has been neglec ted  i n  t h e  d e n s i t y  ma t r ix  [ ( s e c t . ( 2 ) ]  

w i l l  become important  i n  a s t r o n g  c o l l i s i o n .  Ten ta t ive  i n v e s t i g a t i o n s  i n d i c a t e  

t h a t  i t  w i l l  be  p o s s i b l e  t o  t rea t  s t rong  c o l l i s i o n s  i n  the  r e l a x a t i o n  theory 

s o  t h a t  no cu to f f  w i l l  be needed. This work w i l l  be  repor ted  i n  a f u t u r e  paper .  

I n  conclus ion ,  i t  is noted t h a t  t h e  r e l a x a t i o n  theory does n o t  r e q u i r e  

a b ina ry  c o l l i s i o n  approximation, an impact approximation,or a c lass ical  pa th  

assumption. When a s t r o n g  c o l l i s i o n  cu to f f  i s  used, t h e  r e s u l t s  of t h e  re laxa-  

t i o n  theory  ( f o r  hydrogen) agree  t o  w i t h i n  20% wi th  those  of t h e  impact theory ,  

thus  provid ing  an independent v e r i f i c a t i o n  of the  approximations i n  t h e  impact  

theory.  The s u b j e c t  of s t r o n g  c o l l i s i o n s  r e q u i r e s  f u r t h e r  i n v e s t i g a t i o n  and i t  

i s  f e l t  t h a t  t he  formalism of t h e  r e l axa t ion  theory provides  a promising frame- 

work i n  which t o  s tudy  t h i s  problem. 
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APPENDIX A: DERIVATION OF G(Au) 

A. S e p a r a t i o n  of C o r r e l a t i o n s  

I n  Eq.(12), t h e  e f f e c t i v e  i n t e r a c t i o n  o p e r a t o r  was expressed as t he  sum 

of four  terms: 

where 

I n  o rde r  t o  i l l u s t r a t e  t h e  de r iva t ion  of G(Au), t h e  t h i r d  term, [ 3 ] ,  w i l l  be 

eva lua ted  i n  d e t a i l ;  t h e  remaining terms i n  Eq.(A2) are then  obta ined  through 

s i m p l e  t ransformat ibns  of t h e  dummy v a r i a b l e s .  

Using Eq.(9) and t h e  nota t ions  V=eR*€ and Auab=u-u w e  have ... .-<e ab ' 

[ 31 = - i C  <b'B IV I ba><aa I V I a'B>f exp{i(Awab - m a $ )  t ) d t  
CtB 

where ( t, aa 1,b 1 b is given by 
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It is convenient to use ,Raal = Rl,%',, = R2 and P 

complete set of basis vectors may he used in evaluating a trace, we may use 

the eigenvectors of the N-electron position operator, X, to evaluate the 

trace in Eq.(A4). 

= F12. Since any 
v aa' ,b'b 

Mn( 

The eigenvectors of X are denoted by x, 
,*.\I Lm 

where 5 is a 3N-vector whose components are the position vectors for each of 

the N electrons. In this notation, Eq.CA4) becomes 

In the classical limit, the density matrix for the canonical ensemble has 

18 the form 

The 3N-vector ~=(?~,p~,=**p ) is the N-electron momentum vector and is there- 

fore an eigenvector of K 

sentation, the states /p> have the form 

N 

with the eigenvalue K (p)=p2/2m. In a position repre- e e 

hence Eq.(A8) becomes 



.. 
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where A = h / m  is  t h e  thermal wavelength f o r  an e l e c t r o n .  

p r o b a b i l i t y  func t ion  

Using the  N-electron 

19 

P(x> = exp[-Ve(x)/kT]/ exp [-V,(x)/kT]dx, 
wt ,ut w w< 

i t  is  clear t h a t  

The e l e c t r o n  time-development ope ra to r  will b e  t r e a t e d  i n  a similar manner; 

w e  f i r s t  in t roduce  the  i d e n t i t y  

exp { i t  (Ke+Ve) /a 1 = exp{ i tKe/'h) exp{ ( i  /a) ve (t ) d t  } i' 
where 

%I 

Ve(t)  = exp (itKe/ti)Veexp (-i tKe/6),  . (A14) 

Since  w e  do not  expect  t he  i n t e r n a l  energy of t he  e l e c t r o n s ,  Ve,  t o  v a n  appreci-  

a b l y ,  over  t h e  times of i n t e r e s t ,  w e  make the  fol lowing approximation: 

With t h i s  approximation we have 

exp (i tHe /K)V2exp (4. tHe/4i) = exp ( i  tKe/41)V 2exp ( - i  tKe  /&) , (A161 

where V 

opera t o r s .  

has  been commuted wi th  V2 s i n c e  they depend only on e l e c t r o n  p o s i t i o n  e 
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Using Eqs.(A12) and (A16), and in t roducing  t h e  v a r i a b l e  s=tkT/fi, w e  have 

x exp ( -p 2/ 2mkT)exp ( is  (p 2-p ' 2, /2mkT}dp ' dpdydx 
.d m r*: \u 

where t h e  K 

Eq.(9) i t  is apparent  t h a t  

e igenvec tors  Ip> and Ip'> have been used [see Eq.(A9)]. Noting 
r v. ',.. e 

Changing v a r i a b l e s  from p' t o  q=p'-p and no t ing  f u r t h e r  t h a t  (pt2-p2)=q2+2p*q, 
,AI 1,. A,\, ,,,!' ,'.'.! ;.. \ 

t h e  p and q i n t e g r a l s  are performed i n  the  fol lowing manner: 
1 % %  

exp (-isp *q/mkT )exp (-p 2/2mkT Idpdqdydx 
,l. 1. L ; !. 

I n  o r d e r  t o  s impl i fy  t h e  fol lowing c a l c u l a t i o n s  w e  i n t roduce  t h e  variable 

The exponent ia l  appearing i n  t h e  r e s u l t  of Eq.(A19) is  expressed as a product  

i nvo lv ing  t h e  3-vectors x (e lec t ron  p o s i t i o n  v e c t o r s ) ,  . .., j 
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and a Coulomb f i e l d  is used f o r  the e l e c t r o n s ,  

With Eqs. (A20), (A21) and (A22), t h e  y i n t e g r a l  i n  Eq. (A191 is  e a s i l y  reduced 

t o  

The remaining i n t e g r a l  over  y .  i s  eva lua ted  i n  s p h e r i c a l  coord ina te s ,  choosing 
*-3 

x .  a s  the  p o l a r  axis.  The p o l a r  and azimuthal  ang le s ,  between x and y .  are 
J 4 4-J 

denoted by 8 and + whi le  t h e  corresponding angles  between and x are denoted 4 
by e 2  j and G2. j The scalar product  R i s  expanded us ing  the a d d i t i o n  theorem ~2 . j 

20 f o r  s p h e r i c a l  harmonics of o rde r  1, 

and i t  i s  noted t h a t  the  azimuthal i n t e ' g ra l  of cos(+-$ j ) vanishes .  I n  t h i s  2 

manner t h e  y .  i n t e g r a l  i n  Eq.(A23) is  found t o  b e  
*rJ 

S u b s t i t u t i n g  t h i s  r e s u l t  i n t o  Eq.(A19) we o b t a i n  

(A? 5) 

Since P(,xl,***x ) i s  symmetric with r e s p e c t  t o  a n  in te rchange  of  p a r t i c l e  coor- 

d ina tes l ' ,  t he  form of t h e  integrand i n  Eq.(26) i n d i c a t e s  t h a t  only the  one- 

.yN 

and two-par t ic le  d i s t r i b u t i o n  func t ions ,  
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1 9  For a gas  of N particles,  t h e s e  func t ions  may be w r i t t e n  w i l l  be  needed. 

i n  the  form 

(A281 

where n2 i s  the  d e n s i t y  and g is  t h e  r a d i a l  d i s t r i b u t i o n  func t ion  f o r  t h e  gas.  

F ( t )  is expressed as  t h e  sum o f  one- and two-body i n t e g r a l s  i n  t h e  fol lowing 

manner : 

2 

where 

= (8.rrne4A/3&) R1 e R 2  

The one-body i n t e g r a l ,  Fo, w i l l  g ive rise t o  t h e  usua l  i d e a l  gas  r e s u l t s ,  whi le  

t h e  two-body term, F C , r ep resen t s  the in f luence  of electron c o r r e l a t i o n s .  
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B. Evaluation of t h e  Cor re l a t ion  Term 

C I f  t h e r e  w e r e  no co r re l a t ion  between e l e c t r o n s ,  g would be 1 and F 
2 

would vanish (by v i r t u e  of t h e  angle i n t e g r a l s ) .  Since F C vanishes  i f  g2 i s  

% 

2’ 
rep laced  by 1, w e  may r ep lace  g2, in t he  in tegrand  of Eq.(A31), by (g -l)=-g 

2 

I n  o rde r  to s impl i fy  t h e  eva lua t ion  of FC, w e  change v a r i a b l e s  to y = x -x 
, . . V I  ..,2 

and x = x ( t h e  3-vectors x and y used i n  t h i s  s e c t i o n  should not  be confused 2 
wi th  the  3N-vectors x = (x,,x2,*o*%) and y used i n  the  previous s e c t i o n ) .  

where R(x,y) denotes  t h e  r e s u l t  of i n t e g r a t i n g  over t h e  s o l i d  angles  Q and R : 
X Y 

The f i n a l  s t e p  i n  Eq.(A33) w a s  made by i n t e g r a t i n g  f i r s t  over t he  y angles ,  

choosing x as the  p o l a r  a x i s ,  and then over t h e  x angles  wi th  R as the po la r  

a x i s .  Equation (A33) i s  s u b s t i t u t e d  i n t o  (A32)and t h e  x i n t e g r a l  i s  performed 

wi th  the  r e s u l t :  

’ 1  
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A l i n e a r i z e d  Dcbye-Huckel rad ia l  d i s t r i b u t i o n  func t ion  is  used i n  t h e  eva lua t ion  

of Eq. ( A 3 4 ) ;  t h i s  func t ion  has the form 19 

where A D  is  the  Debye l eng th ,  ~k-~, € o r  electrons.  

becomes 

Using Eq.(A35), FC 

Combining Eqs. (A20) , (A29) , (A30) and (A36) and s u b s t i t u t i n g  i n  Eq. (A3) 

one ob ta ins :  c; 

\ 

where G(Aw) is  an  i n t e g r a l  def ined by 

03 -1/2ds 
G0(Aw) = exp(ishAw/kT)(s2+is) 

G (Am) =. exp { is?iAw/kT)exp (a2(s 2+is) }Erf c ( a m )  ds  
C 

and ct is  a cons tan t  def ined  by 

ci = A/2J;;AD. (A391 

The t e r m  denoted by [ 4 ]  i n  Eq.(A2) i s  obta ined  by making t h e  t ransformat ion  

(a,b,a',b',w)-+(b,a,b',a',-0) p l u s  complex conjugat ion  on [ 3 ] .  

t o  w r i t e  [l] i n  the  form 

It is p o s s i b l e  
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wlicre F ( t )  is  given by Eq. (h4) .  The second term [2 ] ,  i n  Eq. (Al) i s  then obtained 

from [l] by t h e  t ransformat ion  (a ,b ,a ' ,b ' ,u )  (b ,a ,b ' , a ' , -u )  p lus  complex conjuga- 

t i o n .  I n  t h i s  manner one o b t a i n s  the  r e s u l t  stated i n  Eq.(13). 
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APPENDIX J3 : STRONG COLLISION CUTOFF 

A s t rong  c o l l i s i o n  cu to f f  may be  imposed i n  t h e  r e l a x a t i o n  theory by 

r e q u i r i n z  t h a t  a l l  e l e c t r o n s  remain o u t s i d e  a s m a l l  s p h e r i c a l  region around 

t h e  atom. The r a d i u s  of t h i s  sphere i s  c a l l e d  x - t h e  magnitude of x w i l l  

be on t h e  o rde r  of t h e  thermal wavelength f o r  an e l e c t r o n  

0' 0 

. 2 1  

With a cutof f  a t  x t h e  i d e a l  gas term, Eq.(A30), becomes 
0' 

Using Eq.(A33) i n  t h e  c o r r e l a t i o n  tern., Eq.(A32), the cu to f f  g ives  rise t o  

Using t h e  D i r i c h l e t  i n t e g r a l  theorem w e  o b t a i n  t h e  i d e n t i t y :  
00 

m x  X TOD x 
J 1 f(x,y)dydx = 1, 1 O f(x,y)dydx+J J f(x,y)dydx 

0 x x  
0 0 0  x o  

0 

With t h i s  i d e n t i t y  , Eq. (B2) becomes 

where FC is  given by Eq. (A34). 
1 2  

Since FC is  t h e  c o r r e l a t i o n  t e r m  without  a c u t o f f ,  t h e  remaining terms 12 
. on t h e  r i g h t  s i d e  of Eq.(B4) represent  t h e  s t r o n g  c o l l i s i o n  e f f e c t s  on t h e  elec- 

t r o n  c o r r e l a t i o n s .  It will be shown t h a t  s t r o n g  c o l l i s i o n s  have a n e g l i g i b l e  
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?, - c f f e c t  on t h e s e  c o r r e l a t i o n s .  Using g2 as given by Eq.(35), t h e  f i r s t  i n t e g r a l  

i n  Eq.(B4) i s  found t o  be: 

-4 Since (xo/XD) i s  on t h e  o rde r  of  

than  Foc [Eq. (Bl ) ]  . 
t h e  term i n  E q . ( B 5 ) ;  hence w e  see t h a t  s t rong  c o l l i s i o n s  e f f e c t s  i n  t h e  cor- 

r e l a t i o n  t e r m  are n e g l i g i b l e  compared wi th  t h e i r  e f f e c t s  i n  t h e  i d e a l  gas  term. 

o r  less, th i s  term i s  10 t i m e s  smaller 

The remaining i n t e g r a l  i n  Eq. (B4) is even smaller than  

The s t rong  c o l l i s i o n  cu to f f  may b e  included by s u b t r a c t i n g  (F°C-Fo) from 

t h e  F given by Eq. (A29). This  is  equiva len t  t o  s u b t r a c t i n g  

m 

Gsc(Au) = loexp(ishAu/kT.) [ ( s ~ + ~ s ) - ~ / ~ - ( X / ~ X  0 )Erf ( 6 x  0 / X m ) ] d s  

from t h e  G i n t e g r a l  g iven  by Eq. (A38). 
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F igure  Captions 

F igure  (1): G func t ions  f o r  t he  Lyman-alpha l i n e  a t  a temperature of 2 x l o 4  
degrees .  The L e w i s  cu to f f  (LC) denotes the s e p a r a t i o n  of t h e  i d e a l  gas  and 

c o r r e l a t e d  gas  regimes. 

F igu re  ( 2 ) :  

l i n e  a t  a temperature of 2 X l o 4  degrees. 

s e p a r a t i o n  of t h e  i d e a l  gas  and co r re l a t ed  gas regimes. 

G,, c a l c u l a t e d  wi th  a s t rong  c o l l i s i o n  c u t o f f ,  f o r  t he  Lyman-alpha 

The L e w i s  cu tof f  (LC) denotes  t h e  
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