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ABSTRACT 

A scale model ( fo  = 2OGHz) of a Solc-type b i r e f r ingen t  wave f i l t e r  

f o r  m i l l i m e t e r  wavelengths i s  described. The f i l t e r  cons i s t s  of f i v e  

cascaded i d e n t i c a l  half-wave p l a t e s ,  or crystals,  each composed of an 

a r t i f i c i a l  an i so t rop ic  d i e l e c t r i c  medium with i ts  reference ax i s  t i l t e d  

a t  some prescr ibed angle  t o  the  plane of t he  input  po lar iza t ion .  The 

design and ana lys i s  of an ind iv idua l  p l a t e ,  using R. E. C o l l i n ' s  second- 

order  theory of the  b i re f r ingence  of a r t i f i c i a l  an iso t ropic  d i e l e c t r i c s ,  

and the  ana lys i s  of multielement f i l t e r s  ( f i l t e r s  composed of many p l a t e s ) ,  

aided by J. W. Evans's matr ix  method, a r e  discussed.  The experimental  

f i l t e r  w a s  t e s t e d  i n  t h e  range of 18-33 GHz, and i ts  measured performance 

was found to compare w e l l  wi th  the  t h e o r e t i c a l  performance over a major 

port ion of t he  range of frequencies used i n  the  tests. 

A synthes is  procedure f o r  optimum (equal-r ipple  s t o p  band) response 

multielement f i l t e r s  is given,  together  with t a b l e s  of p l a t e  angles f o r  

such f i l t e r s .  This procedure combines t h e  Fourier approximation method 

of C. L. Dolph with t h e  genera l  synthes is  method of S .  E. Harr i s .  
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PURPOSE 

The purpose of this  con t r ac t  i s  t o  explore  the  p o s s i b i l i t y  of 

u t i l i z i n g  o p t i c a l  b i r e f r ingen t  f i l t e r  techniques a t  m i l l i m e t e r  wave- 

lengths .  The major goal of t h i s  e f f o r t  is the  cons t ruc t ion  and test of 

a multielement b i r e f r ingen t  scale-model f i l t e r  t o  opera te  a t  microwave 

frequencies .  
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I INTRODUCTION 

A. GENERAL 

The expansion of rad io  communication i n t o  t h e  m i l l i m e t e r  region 

depends e i t h e r  on the  development o f  new techniques or t he  adaptat ion 

of e x i s t i n g  techniques i n  new f i e l d s .  The research reported he re in  f a l l s  

i n  t he  l a t t e r  category: an o p t i c a l  b i r e f r ingen t  f i l t e r  serves  a s  t h e  

prototype f o r  a millimeter-wave f i l t e r .  A s  with almost a l l  research ,  

t he re  is c r o s s - f e r t i l i z a t i o n ;  t he  optimum b i r e f r ingen t  f i l t e r  synthes is  

technique developed here  i s  usefu l  f o r  o p t i c a l  f i l t e r s  as w e l l  as 

millimeter-wave f i l t e r s .  

The scope of t h i s  research includes t h e  following: t he  design and 

t e s t i n g  of a s c a l e  model of a p l a t e  of  a r t i f i c i a l  b i r e f r ingen t  medium f o r  

t h e  millimeter-wave region; t h e  cons t ruc t ion  and t e s t i n g  of an experi-  

mental f i l t e r  composed of severa l  p l a t e s ;  and t h e  inves t iga t ion  of methods 

of synthesizing optimum conf igura t ions  of t h e  p l a t e s  of a f i l t e r ,  with a 

view toward providing convenient t a b l e s  of f i l t e r  designs ( p l a t e  angles) .  

Although radio-frequency and o p t i c a l  waves a r e  q u a l i t a t i v e l y  the  

same, they requi re  d i f f e r e n t  techniques,  which a r e  genera l ly  not inter-  

changeable. However, o p t i c a l  technology i s  more e a s i l y  adapted t o  lower 

frequencies than the  o the r  way round. I t  i s  q u i t e  n a t u r a l ,  t he re fo re ,  t o  

consider t he  use of o p t i c a l  f i l t e r  techniques t h a t  w e r e  o r i g i n a l l y  devel- 

oped t o  exp lo i t  t h e  b i re f r ingence  proper ty  of c e r t a i n  n a t u r a l l y  occurr ing 

t ransparent  c r y s t a l s ,  such as quar tz  and c a l c i t e ,  f o r  mil l imeter  or shor t e r  

wavelengths. 

The motivation, of course,  i s  t h a t  microwave f i l t e r  techniques are unsat is-  

fac tory  a t  mil l imeter  wavelengths. 

n a r i l y  requi re  components comparable i n  s i z e  t o  a half-wavelength. Not 

This  idea  w a s  f i r s t  proposed by one of t h e  authors  (LY).'+& 

Conventional waveguide f i l t e r s  ordi-  

* 
References are given a t  t h e  end of the  repor t .  
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on ly  a r e  such i t e m s  d i f f i c u l t  and c o s t l y  t o  construct  f o r  t h e  m i l l i m e t e r  

wave region,  but t ransmission l o s s  rises rap id ly  and power-handling capac- 

i t y  decreases as frequency goes up. Furthermore, coherent power sources 

have an upper l i m i t  on power t h a t  decreases a s  frequency increases ,  so 

t h a t  t he  combination of high t ransmission l o s s  and low ava i l ab le  power 

can e a s i l y  become in to l e rab le .  

Bi re f r ingent  f i l t e r s  a r e  genera l ly  used with waves propagating a s  

a p a r a l l e l  beam" i n  f r e e  space,  r a t h e r  than with guided waves. Power 

dens i ty  i s  then much less than  i n  waveguides of small cross sec t ion ,  and 

d ispers ion  a s  i n  hollow waveguides i s  no longer  a problem. Metal l o s s e s  

a r e  e l iminated,  t o  be replaced by r e l a t i v e l y  m i l d  d i e l e c t r i c  losses .  

Birefr ingent  f i l t e r s  w e r e  f i r s t  invented i n  1933 by Lyot,' a French as- 

tronomer, These f i r s t  f i l t e r s  required c r y s t a l s  or p l a t e s  of unequal 

length and l o s s y  po la r i ze r s  between each p a i r  of adjacent p l a t e s .  La te r ,  

So1c,3-6 i n  Czechoslovakia, invented t h e  form of f i l t e r  i n  which a l l  p l a t e s  

a r e  of equal length  and only  two p o l a r i z e r s ,  one a t  each te rmina l ,  a r e  re- 

quired. The Solc-type f i l t e r  is t h e  subjec t  of t h i s  research. 

19 

Cascades of b i r e f r ingen t  crystals  have been used i n  o p t i c s  not only 

a s  f i l t e r s  but a s  demodulators of l i g h t 7  and a s  broadband quarter-wave 

plates . '  The ana ly t i ca l  techniques i n  a l l  t hese  appl ica t ions  a r e  s imi l a r ,  

a s  a r e  t h e  cons t ruc t ion  techniques.  This repor t  i s  concerned only with 

f i l t e r s ,  p a r t i c u l a r l y  those designed t o  have small and equal r i pp le s  i n  

t h e  pass band. 

l a r g e  r e f l e c t i o n  r i p p l e s  a t  t h e  edges of  t h e  pass band.) 

(Previous b i r e f r i n g e n t - f i l t e r  designs have suf fered  from 

Optical  b i r e f r ingen t  f i l t e r s  have t h e  advantage of very narrow pass 

bands,' owing t o  the  l a r g e  number of o p t i c a l  wavelengths i n  t h e  path 

through t h e  b i r e f r ingen t  mater ia l .  I n  t h i s  respect  they a r e  much supe- 

r i o r  t o  o p t i c a l  i n t e r f e rence  f i l t e r s .  The presenta t ion  of an exact de- 

s i g n  theory,  p lus  numerical t a b l e s ,  should the re fo re  be of some s igni f icance .  

The experimental confirmation of t heo r i e s  r e l a t i n g  t o  t h e  design of bire-  

f r ingent  f i l t e r s  a t  m i l l i m e t e r  wavelengths was c a r r i e d  out  a t  cent imeter  

wavelengths, and it was thus  demonstrated t h a t  b i r e f r ingen t  f i l t e r s  can 

a l s o  be constructed and operated down t o  microwave frequencies.  H e r e  

2 
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they are equivalent to directional (nonreflecting) filters, and should 

be suitable f o r  use in (higher-mode-free) beam waveguides, particularly 

at millimeter wavelengths. 

The remainder of this section concerns certain elementary aspects 

of birefringent plates and filters as they apply here. Section I1 dis- 

cusses considerations leading to the choice of a suitable artificial bi- 

refringent medium for the construction of a filter, and also the design 

and construction of the first test plate. In Sec. 111, test results and 
theory for a five-element filter are compared, and the effect of the 

coarse structure of the artificial birefringent medium on the filter re- 

sponse is computed and compared with an ideal linear medium for a four- 

and a five-element filter. Analysis and synthesis methods, including 

the method of synthesizing birefringent filters with equal-ripple stop- 

band response, are described in Sec. IV. Design tables for optimum bire- 

fringent filters are presented in Sec. V, together with a description of 

their use. 

B. THE BIREFRINGENT FILTER 

The birefringent filter is a four-port, intrinsically reflectionless 

passive device. The term intrinsic is used because each element of the 

filter, by itself is assumed to be ideally reflectionless. In practice, 

the elements can be well-matched over a broad band. The filter causes 

radiant energy entering one of the ports to separate into bands which 

emerge from two other ports, with no power emerging from the fourth port. 

This mode of operation is similar to that of a directional filter in 

microwave technology and is different from conventional reflection-type 

filters. The four ports" are simply the two orthogonal polarizations 

of a plane wave at the input and output ends of a birefringent filter. 

The wave polarization is partially rotated as it passes through the filter, 

the amount of rotation depending on the wavelength. The power is always 

divided between the output ports; at certain discrete frequencies, all the 

power emerges from one port. Such wave rotation also occurs in each fil- 

ter element; however, while all filter elements (plates) respond to a 

plane wave in a fundamentally similar way, a complete filter (cascade of 

f t  
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seve ra l  c r y s t a l s )  can have a v a r i e t y  of d i f f e r e n t  responses. 

multielement f i l t e r ,  t h e  response depends on t h e  following design param- 

eters: 

p h a s e s h i f t  per  u n i t  length f o r  t he  two po la r i za t ion ,  which i s  a funct ion 

of frequency);  (3) the angles between the  p l a t e  axes and t h e  input  

po la r i za t ion ;  and ( 4 )  the choice of output port  (angle of output polar- 

i z e r ) .  

of t h i s  s ec t ion  d i scuss  t h e  frequency response of a s i n g l e  plate ,  and the  

ac t ion  of cascaded p l a t e s  a t  one p a r t i c u l a r  frequency, the  design center  

frequency f o. 

For a 

(1) the length of a p l a t e ,  ( 2 )  i t s  birefr ingence ( d i f f e r e n t i a l  

This  top ic  i s  discussed more f u l l y  i n  Sec. I V .  P a r t s  C and D 

c. THE BIREFRINGENT PLATE (FILTER COMPONENT ELEMENT) 

1. General P rope r t i e s  Required f o r  F i l t e r  Work 

The t e r m  b i re f r ingence  means double r e f r a c t i o n  a s  appl ied t o  an un- 

polar ized  beam of l i g h t  s t r%king  the sur face  of an an iso t ropic  c r y s t a l .  

AS a r e s u l t  of t h e  d i f f e rence  i n  r e f r a c t i v e  index f o r  rays  polar ized  

normal and p a r a l l e l  t o  t he  o p t i c  a x i s ,  the  beam i s  genera l ly  (but not 

always) s p l i t  i n t o  two separa te  beams t r ave l ing  i n  d i f f e r e n t  d i r ec t ions  

i n s i d e  the p l a t e ,  a s  shown i n  Fig. 1. The condi t ion under which no 

beam s p l i t t i n g  occurs is p rec i se ly  t h a t  required f o r  b i r e f r ingen t  f i l t e r s .  

This  s i t u a t i o n  is  shown i n  Fig. 2. There, the input and output sur faces  

of t he  p l a t e  a r e  p a r a l l e l  t o  t he  o p t i c  a x i s ;  propagation i s  normal 

t o  t h a t  a x i s ,  and of course t o  t h e  two surfaces .  Birefringence is then 

understood t o  be a d i f f e r e n t i a l  r e t a r d a t i o n  o r  phase s h i f t  between waves 

polar ized  normal to  and p a r a l l e l  t o  t h e  o p t i c  axis .  In  t h i s  r e p o r t ,  the  

re ference  a x i s  w i l l  be a d i r e c t i o n  normal t o  t h e  o p t i c  a x i s  r a t h e r  than 

t h e  o p t i c  a x i s  i t s e l f .  

(of p o l a r i z a t i o n ) ,  i n  conformance with t h e  c h a r a c t e r i s t i c s  of t he  laminated 

d i e l e c t r i c  sandwich type of a r t i f i c i a l  b i r e f r ingen t  medium used i n  the  f i l -  

ters described herein.  Birefr ingence o f  t h i s  type is defined a s  negative. 

A p o s i t i v e l y  b i r e f r ingen t  c rys ta l ,  on t h e  o the r  hand, has i t s  slow a x i s  i n  

l i n e  with the  o p t i c  ax i s .  

opposed t o  p l a t e s )  would have p o s i t i v e  birefr ingence.  

negat ive types of  o p t i c a l  b i r e f r ingen t  c r y s t a l s  occur i n  na tu re ,  and both 

types of b i re f r ingence  can be r ea l i zed  a t  m i l l i m e t e r  wavelengths. 

Here the  o p t i c  a x i s  i s  a l s o  c a l l e d  t h e  - f a s t  a x i s  

An a r r a y  of p a r a l l e l  d i e l e c t r i c  cy l inders  (as 

Both pos i t i ve  and 

4 
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REFERENCE 1 A X I S  

UNPOLARIZED RALk4 
TA-652582-3 

FIG. 1 OPTICAL BIREFRINGENCE - ' AN UNPOLARIZED RAY 
OF LIGHT IS SPLIT INTO TWO LINEARLY POLARIZED RAYS 

SLOW AXIS 
( REFERENCE AXIS ) 

TI-6040-6 

SLOW AXIS 
( REFERENCE AXIS ) 

TI-6040-6 

FIG.2 EFFECT OF A BIREFRINGENT "HALF-WAVE PLATE" ON A LINEARLY 
POLARIZED INPUT WAVE 
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2. The Half-Wave P l a t e ;  Cascades of Half-Wave P l a t e s  

F igure  2 shows a b i r e f r ingen t  plate  t h a t  w e  w i l l  assume i s  impendance- 

matched t o  free space. W e  f u r t h e r  assume t h a t  t he  frequency i s  such t h a t  

l i n e a r l y  polar ized waves normal and paral le l  t o  the p l a t e  reference a x i s  

s u f f e r  a d i f f e r e n t i a l  phase change of 180 degrees. This frequency i s  

c a l l e d  f o ,  t he  design cen te r  frequency, and t h e  c r y s t a l ,  a t  frequency f 

i s  c a l l e d  a "half-wave plate ."  

of a half-wave p l a t e  on a l i n e a r l y  polar ized  wave w i l l  y i e ld  a bas i c  

p r i n c i p l e  r e l a t i n g  t o  the cons t ruc t ion  of b i r e f r ingen t  f i l t e r s .  

0' 
The following b r i e f  ana lys i s  of t he  ac t ion  

An input  wave w i t h  l i n e a r  po la r i za t ion  i n  t h e  v e r t i c a l  plane e n t e r s  

t h e  crystal ,  t h e  reference a x i s  of which i s  a t  an angle @ to  the plane of 

po la r i za t ion ,  and t h e  output wave emerges on t h e  r igh t .  A s  shown i n  Fig. 2,  

t he  input  wave of amplitude E 

and E , ,  , which are, respec t ive ly ,  normal and p a r a l l e l  t o  t h e  c r y s t a l  r e f -  

erence axis .  These waves E, and E , ,  pass through t h e  c r y s t a l  without 

changing t h e i r  amplitudes or d i r e c t i o n  of po la r i za t ion  and s u f f e r  a d i f -  

f e r e n t i a l  phase s h i f t  of 180 degrees. 

is  of no concern he re ,  s ince  i t  p lays  no p a r t  i n  t he  ana lys i s . )  

s impl i fy  t h e  ana lys i s ,  t he  phase of  t he  emerging wave E , ,  

a s  zero degrees. The orthogonal wave, having t r ave led  along the  f a s t  

a x i s ,  w i l l  have suf fered  a r e l a t i v e  phase advance of 180 degrees.  There- 

f o r e ,  a t  t h e  output ,  E: may be depicted as a wave vector  i n  phase with 

E;, b u t  with i t s  d i r e c t i o n  of po la r i za t ion  reversed 180 degrees i n  space 

with respect  t o  El a t  t he  input ,  as shown i n  Fig.  2 .  

and E;, (which are i n  phase i n  t i m e )  may now be added v e c t o r i a l l y  t o  form 

a l i n e a r l y  polar ized wave, 

is  decomposed i n t o  i t s  two components E, IN 

(The t o t a l  phase s h i f t  of each wave 

Thus, t o  
I i s  here chosen 

The two waves E: 

EOUT 

The important point  o f  t h i s  ana lys i s  i s  tha t  the  output wave now i s  

a t  an angle  @ t o  the p l a t e  ax i s .  S ta ted  i n  another way, a ro t a t ion  of 

t h e  ax i s  of  a half-wave p l a t e  by an angle @ from the  plane of po la r i za t ion  

of t h e  incoming wave causes t h e  plane of po la r i za t ion  of t h a t  wave t o  be 

r o t a t e d  by an angle  28.  Thus, the hor izonta l  and v e r t i c a l  components of 

t h e  output wave are 
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EV E cos 28 
I N  

and 

EH EIN s i n  2p 

When !3 = 45 degrees,  i t  is  seen t h a t  t h e  half-wave p l a t e  can become a 

one-element f i l t e r ,  because a l l  power a t  frequency f emerges as a hor i -  

zon ta l ly  polar ized  wave (E 
0 

= 0 ,  EH = 1). V 

When t h e r e  a r e  two p l a t e s ,  t h e  f i r s t  p l a t e  a t  an angle  of  6 degrees 1 
t o  t h e  v e r t i c a l ,  t he  wave en te r ing  t k e  second p l a t e  ( a t  frequency f o )  

w i l l  be polar ized  a t  an angle  of 2f11 degrees. 

hor izonta l  po la r i za t ion  (B 
t h e  second p l a t e  by t h e  d i f f e rence  angle  of  (f90 - ZP,) degrees. This 

r o t a t i o n  can be e f f ec t ed  by l e t t i n g  +he second p l a t e  be o r i en ted  a t  an 

angle  P 2 ,  such t h a t  t h e  p l a t e  re ference  a x i s  b i s e c t s  t h e  d i f f e rence  angle 

(A90 - 28 degrees).  Thus, 

Clear ly ,  t o  emerge with 

= f90 degraes) ,  t h e  wave must be ro t a t ed  by 
P 

1 

( 3  1 p2 = 2p, + - 1 (+ 90 - 2B ) degrees . 
2 1 

W e  can a l s o  w r i t e  B2 = 2P1 + Pp 2 

where P 
Hence, p must a l s o  have t h e  value 

is t h e  output p o l a r i z e r  d i f f e rence  angle  def ined by p 
P P 

= Bp - B2.  

P 

(4) = 1/2(f90 - 2p1) 
pP 

When t h e  second p l a t e  i s  o r i en ted  a t  angle p2, given by Eq. ( 3 ) ,  t h e  

plane of po la r i za t ion  of t he  output wave i s  ro t a t ed  exact ly  90 degrees 

from the  p l a n e  of po la r i za t ion  a t  t he  inpu t .  

p u t  i n  t h e  following form, 

Equation ( 3 )  can be 

( 5  1 = +45 degrees , P, - p 1  

which is  t h e  general s o l u t i o n  f o r  t h e  two-plate f i l t e r .  

guarantees t h a t  a l l  power a t  f o  emerges with hor izonta l  po la r i za t ion ,  it 

says nothing about t h e  response a t  o the r  f requencies ,  which of course 

depends on t h e  choice of p, and t h e  s ign  on t h e  right-hand s i d e  of 

Although Eq. (5) 
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Eq. (5). Nevertheless,  a similar rather simple scheme can be used t o  

design a f i l t e r  a t  frequency fo  with any number of p l a t e s ,  and w i t h  the 

t o t a l  power output a t  any des i red  angle  of po lar iza t ion .  To cont ro l  t h e  

response a t  o the r  f requencies  a s  w e l l ,  a more soph i s t i ca t ed  approach i s  

needed. 

D. FREQUENCY RESPONSE OF A ONE-PLATE FILTER 

Consider now t h e  complete frequency response of a s ingle-p la te  

f i l t e r  w i t h  u n i t  input .  Instead of a frequency va r i ab le  f ,  w e  w i l l  u se  

the b i re f r ingence  parameter y, which is  one-half t h e  d i f f e r e n t i a l  phase 

s h i f t  o f  t h e  p l a t e .  H e r e ,  y w i l l  be assumed t o  vary l i n e a r l y  with f re -  

quency. 

t o t i c  condi t ion f o r  a r t i f i c i a l  an i so t rop ic  d i e l e c t r i c s  a t  s u f f i c i e n t l y  

Although t h i s  condi t ion i s  genera l ly  not exact (it is an asymp- 

low f requencies ) ,  t h e  assumption of l i n e a r i t y  is  extremely u s e f u l  i n  

understanding b i r e f r ingen t  networks. We thus  def ine  y, f o r  t h e  present  

purpose only,  as 

y = rrf/2f0 . 

The frequency response of t h e  single-element f i l t e r  is  given by 

EV = cos y 

and 

EH j s i n  y 

The de r iva t ion  method f o r  these formulas w i l l  be l e f t  f o r  a l a te r  sec t ion ;  

it s u f f i c e s  t o  s a y  here t h a t  Eqs. (6) through (8) are based on an assump- 

t i o n  t h a t  a t  f o ,  t h e  f a s t  a x i s  advances the phase by 90 degrees whereas 

the  slow ax i s  r e t a r d s  the phase by t h e  same amount--all r e f e r r ed  t o  some 

output reference phase which these  equat ions s t a t e  i s  zero. The p l a t e  
dC 

45 
Phys ica l ly ,  t h e  r a t e  of change of phase with frequency is  proport ional  
t o  t i m e  de l ay  and must be pos i t i ve .  There i s  no s imi l a r  r e s t r i c t i o n  
on phase, and t h e  i n i t i a l  value of phase i s  l i k e  a constant  of integra-  
t i o n  t h a t  may be assigned an a r b i t r a r y  value,  conveniently zero. 
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angle  is  assumed t o  be P = 45 degrees. According t o  Eqs.  (6) through (8), 

t he  f i l t e r  has t w o  complementary outputs ,  and both are per iodic  i n  y ,  with 

a per iod of 2n radians t h a t  encompasses two complete passbands and stop- 

bands. One or t he  o the r  output ( e i t h e r  E 

dummy load t h a t  permits only the des i red  s igna l  t o  pass. This w a s  accom- 

p l i shed  by p lac ing  very t h i n  p a r a l l e l  absorbing s t r i p s  i n  the  test horns 

and a l ign ing  them normal t o  the  desired component. Note t h a t  E i s  un i ty  

and EH is  zero a t  y = 0 (zero frequency). 

has a low-pass f i l t e r  form which is l imi t ed  on the  low-frequency end only 

by the s i z e  of  t h e  aper ture ,  whi le  e i t h e r  output could serve as a band- 

pass or band-stop f i l t e r ,  with cen te r  f requencies  e a s i l y  found from 

Eqs. (7) and (8). 

or E ) may be absorbed by a V H 

V 
Thus, t h e  direct (E ) output V 

E. ARTIFICIAL BIREFRINGENT MEDIUM 

The cons t ruc t ion  of a b i r e f r ingen t  f i l t e r  f o r  mil l imeter  waves re- 

qu i res  an a r t i f i c i a l  b i r e f r ingen t  crystal  or medium. Our choice was the  

a i r - d i e l e c t r i c  sandwich, which has been analyzed by  R. E. Collin.'' 

Col l in ' s  second-order theory of b i re f r ingence  i n  an a i r - d i e l e c t r i c  sand- 

wich mater ia l  enables u s  t o  p red ic t  how t h e  birefringence-vs-frequency 

funct ion dev ia t e s  f r o m  l i n e a r i t y  and helps  u s  to  choose s u i t a b l e  dimen- 

s ions  f o r  t he  f i l t e r  s t ruc tu re .  
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I1 DESIGN OF AN'ARTIFICIAL BIREFRINGENT PLATE 

A. THE ANISOTROPIC MEDIUM 

The f i r s t  t a s k  was t o  cons t ruc t  a s i n g l e  b i r e f r ingen t  p l a t e  which 

could l a t e r  become one element of a multielement f i l t e r .  Rough p l a t e  

dimensions w e r e  c a l cu la t ed ,  based i n  general  on t h e  equipment to  be used 

i n  t e s t i n g  t h e  f i l t e r  and i n  p a r t i c u l a r  on the  c ros s  sec t ion  and ex ten t  

of t h e  r ad ian t  beam t h a t  could be generated. When t h i s  work was f irst  

planned, the a v a i l a b i l i t y  of  e l e c t r o n i c a l l y  swept s igna l  generators  up 

t o  and including K-band (but not beyond) suggested a cen te r  frequency 

of  about 20 GHz. The test  f i l t e r  would t h u s  be a s c a l e  model of a 

millimeter-wave f i l t e r .  A p a i r  of horn r e f l e c t o r s  with aper ture  c ross  

sec t ions  of approximately 8 by 8 inches appeared t o  be wel l -sui ted for 

t r ansmi t t i ng  and receiving test  antennas. When the  antennas were sepa- 

r a t ed  about four  f e e t ,  i t  was found t h a t  the s ignal- to-noise  r a t i o  of 

t h e  test  s i g n a l  provided enough dynamic range t o  measure -40-dB inser -  

t i o n  l o s s .  A test p l a t e  of a complete f i l t e r  could then be placed be- 

tween the two horns,  one of which was made ro t a t ab le .  The test beam was 

well-coll imated and i t s  c ross  sec t ion  was found t o  be l i t t l e  g r e a t e r  than 

t h a t  of  t h e  antenna aper tures .  On t h a t  b a s i s ,  i t  was decided t o  make 

t h e  p l a t e  aper ture  10 inches square,  so t h a t  i t  would encompass t h e  test 

beam, and t o  make i ts  length  not much g r e a t e r  than i t s  width t o  minimize 

t h e  e f f e c t s  of any beam divergence. An upper l i m i t  of about 3 inches 

was thus placed on t h e  thickness  of a s i n g l e  p l a t e  i n  a four-element 

f i l t e r .  

The p l a t e  design problem was then considered from the  s tandpoint  

of ma te r i a l s ,  processes ,  and physical  (electromagnetic) cons t r a in t s .  

Several  poss ib l e  conf igura t ions  were considered f o r  t h e  a r t i f i c i a l  bire-  

f r ingen t  medium. These included a i r - d i e l e c t r i c  sandwiches, g ra t ings  of 

p a r a l l e l  d i e l e c t r i c  rods,  and g ra t ings  of p a r a l l e l  metal w i r e s  or s t r i p s .  

Only t h e  f i r s t  conf igura t ion  appeared t o  be amenable t o  impedance match- 

i n g  over very w i d e  opera t ing  bands. The need f o r  impedance matching 
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of each element w a s  s t a t e d  i n  t h e  previous sec t ion .  The w i d e  opera t ing  

bandwidth requirement r e s u l t s  from the f a c t  t h a t  f o r  a given order  of 

pass band, t he  bandwidth is approximately proport ional  t o  t h e  number of 

elements. Figure 3 shows four  poss ib le  response shapes. The lowest pass 

band, a t  frequency f 

sketch i n  Fig. 3), i n  order  t o  keep the o v e r a l l  l ength  of the f i l t e r  rea- 

sonably shor t .  The width of t h e  pass  band t o  the half-power po in t s  was 

computed from an approximate formula derived from one given by S01c3 

( a l so  approximate) f o r  f i l t e rs  with equal p l a t e  angles:  

was chosen a s  the  main pass band ( the  lower r i g h t  0’ 

OUTPUT 
AXIS 

( Degrees 1 

0 

90 

PLATE ARRANGEMENT 

FAN 
( Monotonically increasing 

plate angles) 

IUTPUT POWER 

0 0.5 
7r 

0 0.5 I .o 

FOLDED 
(Alternating plate 

angles 1 

1.0 

0 0.5 1.0 

0 0.5 1.0 

TA-652582-5 

FIG. 3 FUNDAMENTAL PASS AND STOP BANDS O F  EQUAL-LENGTH BIREFRINGENT 
FILTERS.  (Two possible arrangements of plate angles and two polarizations of the 
output wave relative to  the output wave relative to the input are shown.) 
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H e r e ,  N is  the  number of elements or p l a t e s  and k i s  an in t ege r  represent-  

i ng  the order  of t he  pass band. 

non-zero pass band because t h i s  r e s u l t s  i n  the  s h o r t e s t  poss ib le  length  

( W e  choose k = 1 f o r  the  lowest-order 

f o r  each p l a t e ,  an important considerat ion h e r e , )  According t o  Eq. (9)  

f o r  N = 4 and k = 1, w e  can expect pass bands of t he  order  of 30 percent 

of t he  cen te r  frequency. I t  is  t h u s  clear t h a t  i n  order  t o  measure both 

t h e  pass band and t h e  s top  band, a wide opera t ing  band is  required.  Each 

p l a t e  would thus  have t o  be matched by taper ing  or stepping the edges of 

t h e  dielectric lamina&ions. I f  a h igh -d ie l ec t r i c  constant mater ia l  w e r e  

used f o r  t he  p l a t e  laminat ions,  a very compact f i l t e r  could be provided. 

However, t he  high cos t  of such ma te r i a l s  and the  abrasive q u a l i t y  of t h e  

f i l l e r  mater ia l  (and consequent poor machinabi l i ty)  ru led  out  t h i s  choice 

i n  favor of Rexol i te  1422 ( r e l a t i v e  d i e l e c t r i c  constant  K = 2.53),  which 

has good machinabi l i ty  and dimensional s t a b i l i t y ,  a s  w e l l  a s  low loss .  
d 

With t h e  a i d  of Collin's' ' second-order theory of t he  b i re f r ingence  

of a i r - d i e l e c t r i c  sandwich mater ia l ,  i t  was found t h a t  a p l a t e  thickness  

less than three inches was f e a s i b l e ,  i f  Rexol i te  were used. 

B. DESIGN OF A HALF-WAVE PLATE 

The plan f o r  p l a t e  cons t ruc t ion ,  excluding framework, i s  shown i n  

Fig. 4. Here,t is t h e  maximum thickness  of t he  d i e l e c t r i c  mater ia l  

(Rexol i te)  and S is  the spacing of the sheets of t h i s  material. 

tapered regions,  which occupy two-thirds of t he  p l a t e  length  ( th ickness) ,  

the sheet  thickness  t '  va r i e s  l i n e a r l y  from 0 t o  t over more than a wave- 

length f o r  both po la r i za t ions ,  y ie ld ing  wide-band impedance matching. 

The normalized design parameters f o r  t h e  composite mater ia l  are t h e  

r a t i o s  t/S f o r  t he  inner  region; t ' /S  (varying from 0 t o  t /S)  i n  the two 

tapered regions;  and S/A, where h i s  the wavelength i n  f r e e  space. The 

reference ax i s  is p a r a l l e l  t o  the t h i n  edge of a sheet of d i e l e c t r i c .  

I n  t h e  

The most e f f i c i e n t  u s e  of t h e  d i e l e c t r i c  laminations is obtained 

when the  r a t i o  t /S is approximately 0.5. The b i re f r ingence  f o r  the s t a t i c  

case is then near maximum f o r  a given mater ia l .  When frequency e f f e c t s  

are considered, a s  i n  Co l l in ' s  theory,  the optimum r a t i o  is a funct ion 

of frequency and genera l ly  i s  less than 0.5. Exci ta t ion  of g ra t ing  
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FIG.4 SKETCH OF THE INTERNAL CONSTRUCTION OF AN IMPEDANCE- 
MATCHED ARTIFICIAL BIREFRINGENT PLATE 

lobes w i l l  be prevented i f  S/hd i s  less than 1/2, where hd is the  wave- 

length  i n  the  mater ia l  of t h e  d i e l e c t r i c  sheets .  With a r e l a t i v e  dielec-  

t r i c  constant of U 

fo  = 20 G H z ) ,  w e  f i nd  t h a t  S/ho should be no g rea t e r  than 0.314. 

l i m i t a t i o n  on t h e  lamination spacing was not adhered t o ,  a s  explained 

below.) Also, i n  deciding on lamination thickness  and spacing, the  stan- 

dard sheet  thicknesses  should be considered. I n  the  range of in te res t ,  

these  are 0.125 and 0.063 inch. Since f ac to ry  to le rances  on sheet  thick- 

ness a r e  0.004 inch f o r  both s i z e s ,  t he  l a r g e r  thickness  gives g rea t e r  

accuracy i n  t h e  r a t i o s  t /S  and S / h o .  I n  addi t ion ,  ha l f  a s  many lamina- 

t i o n s  would be required i f  t he  th i cke r  sheet  were used, and these  lami- 

nat ions would be considerably more robust.  The l a r g e r  sheet  thickness  

(t = 0.125 inch)  was the re fo re  chosen f o r  the  p l a t e ,  and the  value t /S 

was chosen a s  0.4,  which provided near-optimum e f f i c i ency ,  according t o  

ca l cu la t ions  based on Co l l in ' s  theory. Combined, t hese  values y i e ld  

S/A0 = 0.53, a l a r g e r  value than the  0.314 ca lcu la ted  above f o r  t he  

= 2.53 and a free-space wavelength of 0.59 inch ( a t  

(This 
d 
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maximum w i t h  respec t  t o  t h e  generat ion of g ra t ing  lobes.  However, such 

lobing would normally be generated by d i scon t inu i t i e s .  Since the  plan 

w a s  t o  t ape r  t h e  laminations and thus  e s s e n t i a l l y  e l imina te  discontinu- 

i t i e s ,  t h e  high value of S/A w a s  accepted i n  favor of t he  r e s u l t i n g  more 

robust and easier- to-construct  b i r e f r ingen t  p l a t e .  An addi t iona l  advan- 

tage  of t h i s  choice was t h e  f a c t  tha t  f o r  the  given range of test fre- 

quencies,  the  test  da t a  (by v i r t u e  of t he  sca l ing  procedure) could be 

0 

ext rapola ted  t o  higher  frequencies.  

Co l l in ' s  theory,*' t ak ing  i n t o  account t h e  effect of frequency on 

b i re f r ingence  i s  given below. These formulas w e r e  used i n  determining 

the length  of the p l a t e ,  including the  t a p e r  lengths .  The formulas give 

t h e  d i e l e c t r i c  constants  f o r  t he  two po la r i za t ions ;  it i s  then a simple 

matter t o  determine t h e  d i f f e r e n t i a l  phase s h i f t  per  u n i t  length.  W e  

first g ive  t h e  s t a t i c  values of t h e  d i e l e c t r i c  cons tan ts  of t h e  composite 

mater ia l :  

and 

t u 2 = 1 - t ( u  d - 1 ) ;  . 

Here, u1 -3  t h e  s t a t i c  d i e l e c t r i c  constant  of t h  

a l l e l  t o  t he  re ference  a x i s  ( p a r a l l e l  t o  t h e  plane of the lamina t ions) ,  

and u is  t h e  d i e l e c t r i c  constant  f o r  t h e  case of perpendicular polar iza-  

t ion .  The formulas for  the  second-order approximations of the  d i e l e c t r i c  

constants  are:  

wave w i t h  E-f ie ld  par- 

2 

and 

2 
7 (13 1 2 t  

S 
32 s i n  T - + s i n 2  2"T u l = u +  

2 2 
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where 

A 2 
poopll - pol 

u - I t  - d = 1 -  
u s ’  d poo 

pH 

d 

I t - s i n  2n- n 2u S 
U - 

d poo 
t s i n  2n- 1 u - 1  

d 
- d - 

n 2u s o  pll 
= poo 

The formula f o r  t he  t o t a l  d i f f e r e n t i a l  phase s h i f t  ( 2 y )  of  a uniform 

p l a t e  i s  

Y = U d ( R  1 - R ) / h  2 rad ians  , (14 )  

where d is  the  length  of a uniform (untapered) an i so t rop ic  p l a t e .  A s  an 

example of ca l cu la t ions  of p l a t e  lengths  by these  second-order formulas, 

w e  f i nd  t h a t  f o r  d = h = h t he  d i f f e r e n t i a l  phase s h i f t  per  free-space 

wavelength, f o r  the  parameters adopted f o r  t h e  test  p l a t e  i n  t h e  uniform 

region,  is  51.82 degrees a t  a value of  S /ho  = 0.53 ( fo  = 20 GHz) .  (This 

compares with a s t a t i c  value of 44.8 degrees per  free-space wavelength.) 

A uniform p l a t e  must  then be s l i g h t l y  g r e a t e r  than 2 inches long t o  y i e ld  

180 degrees d i f f e r e n t i a l  phase s h i f t .  A tapered p l a t e  would have t o  be 

somewhat longer ,  s ince  t h e  tapered  por t ions  cont r ibu te  less t o  the  t o t a l  

b i re f r ingence  than  t h e  uniform port ion.  

0’ 

The dimensions of a tapered lamination are given i n  Fig.  5 .  The 

length dimension was obtained as follows: The b i re f r ingence  of the  

d i e l e c t r i c  sandwich mater ia l  was ca lcu la ted  f o r  values of t /S and S / h  

from 0 to  1.0, i n  s t e p s  of 0.1, 

t h e  b i re f r ingence  per  free-space wavelength f o r  S / h  = 0.53 was found by 

i n t e r p o l a t i n g  between computed values of b i re f r ingence  f o r  S/A values 

of 0.5 and 0.6. 

0 
For the  uniform region,  where t /S = 0.4,  

0 

0 
Likewise, i n  t h e  tapered region,  where t’/S var ied from 
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MAT'L: REXOLITE T*-6040-8 

FIG.5 SKETCH OF A PLATE LAMINATION, SHOWING DIMENSIONS 

zero to 0.4, the birefringence of a single taper in terms of differential 

phase shift per free-space wavelength was calculated, using Simpson's rule. 

The birefringence of a complete plate with two tapered end portions equal 

in length to the central uniform portion was then computed by an averaging 

process. Thus, with two tapers yielding 31.16 degrees (computed) differen- 

tial phase shift per free-space wavelength each, and a uniform portion 

yielding 51.82 degrees, we obtain an average of 38.04 degrees per wave- 

length at h = A The overall required length is thus 180/38.04 = 4.73 wave- 

lengths. 

0.59 = 2.79 inches. 

0' 
With h = 0.59 inch at fo = 20 GHz, we find the length to be 4.73 X 

In the interest of brevity, the above description of the computation 

omits the method used to handle certain small details. These included 

the original use of u = 2.56 rather than 2.53 (manufacturer's datum); 

the fact that the average lamination thickness was about 0.004 inch thicker 

than nominal, and corrections for these differences. A recomputation of 

d 
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t h e  center frequency of  t h e  p l a t e ,  a f t e r  i t  had been f ab r i ca t ed  and a f t e r  

t he  above cor rec t ions  had been made, yielded a center  frequency of 19.85 GHz. 

(A l a te r  r eca l cu la t ion  of t h e  center  frequency a t  the  p rec i se  value of 

S / h  

yielded fo  = 20.35 G H z . )  

= 0.53, r a t h e r  than an in t e rpo la t ion  from previously computed da ta ,  
0 

The dimensions of each laminat ion a r e  given i n  Fig. 5. A sketch of 

t he  f r o n t  view of t h e  p l a t e  i s  shown i n  Fig. 6. The laminations a r e  sepa- 

r a t e d  by phenolic washers 0.194 inch thick.  

t h i c k  phenolic laminate and is  mounted on a ro t a t ab le  s e c t o r  of a c i r c l e  

10.5 inches i n  r ad ius ,  having i t s  cen te r  a t  the  center  of t he  p l a t e .  The 

s e c t o r ,  i n  t u r n ,  is mounted on a l a r g e  plywood base and can be clamped 

The p l a t e  frame is  one-inch- 
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i n t o  pos i t i on  a t  var ious angles t o  t h e  v e r t i c a l .  

mounted on i t s  base i s  shown i n  Fig. 7. 

A photo of  t h e  p l a t e  

C. TEST RESULTS ON THE HALF-WAVE PLATE 

The f i r s t  half-wave p l a t e  w a s  t e s t e d  a t  t h e  ( o r i g i n a l l y )  ca lcu la ted  

center frequency of 19.85 GHz. The method of t e s t i n g  was t o  l i n e  up the  

test  antennas i n  p a r a l l e l  (without t h e  half-wave p l a t e )  so t h a t  a s igna l  

c lose  t o  the  maximum (which was made the  reference l e v e l )  w a s  received. 

The half-wave p l a t e  w a s  then  in se r t ed  midway between t h e  t ransmi t t ing  

and rece iv ing  antennas,  and i t s  re ference  a x i s  was var ied from pe r fec t  

pa ra l l e l i sm with t h e  plane of po la r i za t ion  of t h e  incoming wave t o  a 

maximum angle of  45 degrees t h e r e t o  i n  5-degree s t eps .  A t  each such 

pos i t i on ,  t he  l e v e l  of t he  received s igna l  was noted, and compared with 

the  reference l e v e l .  

o r i e n t a t i o n  of p l a t e  (degrees) i n  Fig. 8. 

t h i s  c h a r a c t e r i s t i c ,  p lus  a t h e o r e t i c a l  curve based on Eq. (1) a r e  given 

i n  Fig. 8. The lower experimental c u r v e  was obtained with the  a i d  of a 

p rec i s ion  r o t a r y  a t t enua to r ,  while t he  upper one was made by assuming 

pe r fec t  square-law opera t ion  of a c r y s t a l  de tec tor .  The p rec i s ion  a t ten-  

ua tor  method presumably i s  more accura te  than t h e  c r y s t a l  de t ec to r  method; 

however, both a r e  reasonably c lose  t o  the  t h e o r e t i c a l  c u r v e ,  except i n  

The r e s u l t s  a r e  p l o t t e d  a s  a t tenuat ion  (dB) vs. 

Two experimental curves of 

t he  region above p l a t e  o r i e n t a t i o n s  of 36 degrees. 

I n  add i t ion  t o  t e s t i n g  t h e  p l a t e  a t  t he  ca l cu la t ed  value of f t e s t s  0 ’  
were made t o  determine the  ac tua l  cen te r  frequency. These yielded a center  

frequency f = 20.65 GHz, with an est imated measurement accuracy of 

a . 1 5  GHz. 

p l a t e s  gave fo  = 20.4 GHz.) 

0 
(Later measurements on a f i l t e r  composed of f i v e  i d e n t i c a l  

I n  making the  described measurements, i t  was necessary t o  f u l l y  

absorb or d i v e r t  ( t h a t  i s ,  r e f l e c t  out  of t he  sys tem)  t h e  output wave 

orthogonal t o  t h e  des i red  wave. Since the  undesired component was hori-  

zon ta l ly  polar ized ,  plane g ra t ings  made of p a r a l l e l  t h i n  w i r e s  spaced 

one-eighth inch apar t  w e r e  placed on each s i d e  of the  t e s t  p l a t e .  The 

wires were hor i zon ta l ,  and the  g r a t i n g  planes were a t  45 degrees t o  the  

propagation path.  The undesired component was thus r e f l e c t e d  out  of 
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FIG. 7 PHOTOGRAPH OF A BIREFRINGENT HALF-WAVE PLATE ASSEMBLY, 
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t h e  sys t em,  while the  des i red  component was t ransmit ted f r e e l y  through 

t h e  t w o  g ra t ings .  Also, t h i n  absorbent cards  were placed in s ide  each 

horn so tha t  t h e  des i red  component was t ransmi t ted  f r e e l y  and t h e  un- 

des i red  component w a s  absorbed. These precaut ions were necessary t o  pro- 

vide proper terminat ion of a l l  four  (poss ib le )  po r t s  of t h e  network, t h e  

two input po r t s  and the  two output p o r t s ,  as c a l l e d  f o r  by theory. If 

t h i s  were not  done, t h e  undesired cross-polar ized component would be 

r e f l e c t e d  by t h e  horns as i n  a Fabry-Perot resonator ,  u l t i m a t e l y  enter-  

ing the  receive horn and d i s rup t ing  the  test measurements. The d iver t -  

ing g ra t ings  and t h e  absorbing cards  have t h e  e f f e c t  of s e v e r e l y  dampening 

resonances of  the  undesired mode and t h u s  preventing spurious responses 

of  t h a t  type. 

For t h i s  f i r s t  test a t  f on a s i n g l e  b i r e f r ingen t  element, t he re  0 
appeared t o  be l i t t l e  or no r e f l e c t i o n s  from the  p l a t e ;  t h e  i n s e r t i o n  

l o s s  was found t o  be very low, the  measured center  frequency was q u i t e  

c lose  t o  the  design value,  and the  transmission-vs.-plate-angle charac- 

t e r i s t ic  was genera l ly  c lose  t o  theo re t i ca l .  

22 
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I11 DESIGN AND TEST OF A FIVE-ELEMENT FILTER 

A. DESIGN 

Once f w a s  chosen and t h e  b i r e f r ingen t  p l a t e  w a s  designed, i t  re- 
0 

mained only to  choose t h e  number N of p l a t e s  t o  be cascaded and t o  deter-  

mine t h e  angles of o r i e n t a t i o n  of each p l a t e  with respec t  t o  the  input  

wave po la r i za t ion .  Solc' gave simple design formulas f o r  f i l t e r s  with 

any value of  N.  These formulas w e r e  of two types:  one i n  which the  

p l a t e  angles w e r e  arranged so a s  t o  tilt a l t e r n a t e l y ,  f i r s t  on one s i d e  

and then on the  o the r  s i d e  of t h e  input  p o l a r i z a t i o n  ( t h i s  is c a l l e d  t h e  

folded-type f i l t e r ) ,  and one i n  which t h e  p l a t e  angles increased mono- 

t o n i c a l l y  i n  one d i r e c t i o n  ( t h i s  i s  c a l l e d  the  fan-type f i l t e r ) .  

four poss ib l e  responses of t hese  two f i l t e r  types a r e  shown i n  Fig. 3. 

The upper row i n  Fig. 3 shows t h e  responses of the  f i l t e r s  when the  re- 

ceived s i g n a l  i s  polar ized  p a r a l l e l  t o  t h e  input  s i g n a l ,  and the  lower 

row shows responses f o r  t h e  orthogonal wave. One can e a s i l y  see t h a t  

t he  lowest-center frequency, non-zero, narrow pass band occurs f o r  a 

folded-type f i l t e r  i n  the  90-degree output  p o l a r i z a t i o n ,  i . e . ,  f o r  t he  

case i l l u s t r a t e d  i n  t h e  lower r i g h t  box of Fig. 3. The more p l a t e s  used 

f o r  the  f i l t e r ,  t he  more r i p p l e s  t h e r e  w i l l  be i n  the  stop-band regions 

on each s i d e  of t h e  f i r s t  pass band and, a s  ind ica ted  by Eq. ( g ) ,  t he  

narrower w i l l  be t h a t  pass band. 

The 

S o l c ' s  formulas f o r  t hese  two types of f i l t e r  categorized by p l a t e  

arrangement can be f u r t h e r  c l a s s i f i e d  a s  t o  soph i s t i ca t ion  of method of 

determining t h e  ac tua l  p l a t e  angles.  I n  the  simpler c l a s s  of  f i l t e r ,  

t he  absolu te  values of t h e  d i f f e rence  angles  between adjacent p l a t e s  a r e  

equal and a r e  i d e n t i c a l  f o r  both t h e  fan  and t h e  folded types ,  f o r  t he  

same value o f  N. The p l a t e  d i f f e rence  angles f o r  t he  general  f i l t e r  of 

Y p l a t e s  are: 
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, 

= Pp - BN , ( 1 5 )  pP 

where the  pi a r e  the  p l a t e  angles  a s  before ,  and @ 

pr inc ipa l  a x i s  of t h e  frame of re ference  f o r  t h e  output waves. The for- 

mulas f o r  t h e  p l a t e  angles  of t h e  folded type of  f i l t e r  are 

i s  t h e  angle  of the 
P 

Pi = B , (i odd) 

Pi = - $  , (i even) ,  

and 

and 

= 90 degrees 
@P 

where 

@ = 4 5 / N  degrees . 
The equat ions f o r  t h e  fan-type f i l t e r  a r e  given by: 

$, = (ai - l ) p ,  (i = 1 t o  N) 
I 

= o  
@P 

One may t,,us eas l y  der ive  L e  design of one type of  f l t e r  ,--om the  

o ther .  F'urthermore, t h e  response shapes w i l l  be i d e n t i c a l  except f o r  a 

s h i f t  of  one-half cyc le  i n  y and a s h i f t  of t h e  output a r m  t o  the  one 

orthogonal t h e r e t o ,  as can be seen i n  Fig. 3. The r i p p l e s  i n  t h e  s t o p  
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band t h a t  are neares t  t o  t h e  pass band a r e  genera l ly  q u i t e  severe i n  

t h i s  type of f i l t e r ,  and f o r  l a r g e  values of N they  are orders  of mag- 

ni tude g r e a t e r  than t h e  lesser r ipp le s .  This undesirable  s i t u a t i o n  can 

be ameliorated t o  a c e r t a i n  degree i n  So lc ' s  second c l a s s  of f i l t e r  de- 

signs: where the  I pil of Eq. (16) are not equal.  

perimental  f i l t e r ,  t he  f i r s t  c l a s s  (equal p l a t e  angles)  was prefer red  a s  

a design b a s i s ,  s ince  the  l a rge r  stop-band r i p p l e s  could be more e a s i l y  

measured and the  equal-angle design could be more e a s i l y  set up. F i l t e r  

designs i n  which a l l  stop-band r i p p l e s  are equal i n  magnitude a r e  d i s -  

cussed later i n  t h i s  r epor t .  A t  t h i s  point  i n  the  research ,  no such 

designs f o r  b i r e f r ingen t  f i l t e r s  were ava i l ab le .  

I n  order  t o  t e s t  an ex- 

Four addi t iona l  p l a t e s  i d e n t i c a l  t o  the  f i r s t  test  p l a t e  were con- 

s t ruc t ed  so t h a t  a f i l t e r  with up t o  f i v e  p l a t e s  could be tes ted .  The 

advantage of t e s t i n g  a f ive-p la te  f i l t e r  over a four-plate  f i l t e r ,  as 

o r i g i n a l l y  planned, can be seen from Figs. 9 and 10. These two graphs 

a r e  the  ca lcu la ted  frequency responses of an equal-angle four- and f ive-  

element f i l t e r ,  respec t ive ly .  In  Fig. 9 t he  s o l i d  l i n e  shows the  cal-  

cu la ted  frequency response using C o l l i n ' s  second-order theory" described 

i n  t h i s  r e p o r t ,  f o r  a set of a l t e r n a t i n g  p l a t e  angles @ = f11.25 degrees 

i n  a four-element f i l t e r .  

be described l a t e r . )  The s o l i d  l i n e  i n  Fig. 10 shows the  response of 

a five-element equal-angle f i l t e r .  In  t h i s  case t h e  p l a t e  angles a r e  

f9 degrees. One may note  t h a t  t h e  peak of the  lower stop-band r i p p l e  

f o r  the  four-element f i l t e r  occurs s l i g h t l y  above 8 GHz,  while i n  the  

five-element f i l t e r  t h a t  peak occurs a t  about 11 G H z ,  making it  much 

more observable i n  an X-band test setup. A s i m i l a r  s i t u a t i o n  holds f o r  

t he  f i r s t  upper r i p p l e  i n  t h e  upper s top  band, so t h a t  the  value N = 5 

appears t o  be a b e t t e r  choice f o r  t e s t i n g  an experimental b i r e f r ingen t  

f i l t e r .  

i 
(The method o f  ca l cu la t ing  the  response w i l l  

In  add i t ion  t o  a id ing  the  s e l e c t i o n  of N ,  Figs. 9 and 10 show q u i t e  

c l e a r l y  how t h e  nonl inear  birefringence-vs.-frequency c h a r a c t e r i s t i c  of  

t he  a r t i f i c i a l  d i e l e c t r i c  medium causes a crowding of t h e  pass bands and 

s top  bands a t  t h e  high-frequency end of t h e  spectrum. A comparison be- 

tween t h e  f i l t e r  responses f o r  t h e  i d e a l  l i n e a r  response medium and the  
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non-linear medium can be made i n  Fig. 9 by comparing t h e  dashed l i n e ,  

represent ing  a l i n e a r  response,  with t h e  s o l i d  l i n e .  

i n  Fig. 9 is f o r  a l i n e a r  f i l t e r  assumed t o  be centered a t  f = 20.35 GHz; 

i t  is not t h e  ca l cu la t ed  f i r s t - o r d e r  response f o r  t h e  p l a t e  s t r u c t u r e  shown 

(The dashed l i n e  

0 

i n  the  i n s e t ,  which would have a higher  cen te r  frequency than t h e  f of 

Fig. 9.) 
0 

The dashed l i n e  i n  Fig. 10 is  t h e  complementary output (absorbed 

component) of t h e  five-element f i l t e r  and i s  labe led  "d i rec t  wave," s ince  

i t s  E-f ie ld  l ies i n  t h e  same plane a s  t h e  input wave. I t  would appear 

t h a t  t he  stop-band r i p p l e s ,  o t h e r  than those c l o s e s t  t o  t he  pass bands, 

a r e  missing; however, t h i s  i s  only  because t h e i r  amplitude is impercep- 

t i b l e  on the  s c a l e  used i n  Fig. 10. These minor r i p p l e s  a r e  shown i n  some 

of t h e  following f igures .  (There a r e  a c t u a l l y  two r i p p l e s  i n  the  lowest 

s t o p  band--four i n  a l l  t he  o t h e r s  of a five-element equal-angle f i l t e r . )  

B. TEST 

The five-element folded-type f i l t e r  was t e s t e d ,  over t he  range of 

8 t o  33 GHz,f i rs t  i n  t h e  narrow-band (bandpass) mode, i . e . ,  with t h e  output 

taken from the  orthogonal arm. The t e s t  r e s u l t s  toge ther  with the  calcu- 

l a t e d  response ( f i l t e r  a t t enua t ion  vs. Prequency) a r e  shown i n  Fig. 11. 

(The method used i n  c a l c u l a t i n g  t h e  response of b i r e f r ingen t  f i l t e r s  i s  

ou t l ined  i n  the  next s ec t ion . )  

p rec is ion  a t tenuators .  Photographs of t h e  assembled f i l t e r  and the  test  

setup a r e  shown i n  Figs. 12 and 13, respec t ive ly .  The experimental po in t s  

p l o t t e d  i n  Fig. 11 were obtained by two methods: I n  t h e  frequency range 

above 22 GHz, t h e  measurements were made a t  d i s c r e t e  f requencies;  a t  lower 

f requencies ,  t h e  frequency was swept e l ec t ron ica l ly .  The experimental 

po in ts  i n  the  region below 22 GHz a l s o  include some point-by-point measure- 

ments a s  a f u r t h e r  check. The re ference  l e v e l s  w e r e  measured when t h e  

test  horns were (polar ized)  p a r a l l e l  and the  f i l t e r  was absent from the  

path of transmission. The rece ive  horn w a s  then ro t a t ed  90 degrees ,  caus- 

i ng  t h e  received s igna l  t o  be a t tenuated  by about 40 dB or more, without 

t h e  f i l t e r  i n  pos i t ion .  The f i l t e r  was subsequently in se r t ed  i n  t h e  path 

of t ransmission and t h e  s igna l  l e v e l  was again measured. 

H e r e ,  measurement accuracy depended on 
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FIG. 11  MEASURED AND COMPUTED ATTENUATION RESPONSE OF THE ORTHOGONAL 
OUTPUT (NARROW-BAND) OF THE FIVE-ELEMENT EQUAL-ANGLE FILTER 
OF FIG. 12 
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FIG. 12 PHOTOGRAPH OF THE EXPERIMENTAL FIVE-ELEMENT FILTER 
(See Figs. 1 1  and 14 for measurements on th is  filter.) 
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A p l o t  of t he  f i l t e r  response f o r  t h e  bandstop mode i s  shown i n  

Fig. 14 over t h e  range 16 t o  33 GHz. For re ference  purposes,  t h e  calcu- 

l a t e d  t h e o r e t i c a l  responses of both modes are p l o t t e d  on the  same s c a l e  

i n  Fig. 15; however, here  t h e  absc issa  i s  the  parameter y ,  so t h a t  t h e r e  

is no crowding of  t h e  response shape i n  t h e  upper p a r t  of t h e  spectrum 

such a s  occurs when frequency i s  used a s  the  independent va r i ab le  (Figs. 11 

and 14). 

a l igned p a r a l l e l ,  and they  remained so throughout t h e  t e s t ;  no r o t a t i o n  

of t h e  horn was required.  

The f i l t e r  response shown i n  Fig. 14 was made with both antennas 

The test r e s u l t s  (Figs. 11 and 14) tend t o  confirm the  v a l i d i t y  of  

Co l l in ' s  second-order theory of t h e  b i re f r ingence  of a r t i f i c i a l  aniso- 

t r o p i c  d i e l e c t r i c s , 1 °  and So lc ' s  theory  with respec t  t o  equal-length bire-  

f r ingent  f i l t e r s . 6  Solc had, of  course,  constructed f i l t e r s  a t  o p t i c a l  

f requencies ,  while t he  work a t  SRI was done a t  frequencies many orders  of 

magnitude lower. Thus, i n s t ead  of a f i l t e r  diameter of many thousands of 

I I I I I I I I I 
0 - 

- N = 5  

8L n 
14 18 22 26 

FREQUENCY - GHz 
30 34 

TA-6040-5 

FIG. 14 MEASURED AND COMPUTED RESPONSE OF THE FILTER OF FIG. 12 
FOR THE BANDSTOP MODE 
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- ORTHOGONALLY POLARIZED WAVE (useful filter output ) 

X - DEGREES TA-6040-IO 

FIG. 15 COMPUTED ATTENUATION RESPONSE OF THE FIVE-ELEMENT EQUAL- 
ANGLE FILTER WITH y AS THE INDEPENDENT VARIABLE 

wavelengths, our f i l t e r  is  only  about a dozen wavelengths across ,  and 

t h e r e  a r e  probably appreciable  phase va r i a t ions  i n  the  rece ive  horn 

aperture .  

I t  may be noted i n  Fig. 11 t h a t  t h e  region of c l o s e s t  agreement be- 

tween test measurements and ca l cu la t ed  response l i e s  i n  t h e  range 13 t o  

24 GHz. Below t h i s  range i t  w a s  found t h a t  the  diameter of t he  t e s t  beam 

was not iceably  l a r g e r  than a t  t h e  design frequency, and some of t h e  radi-  

a t ed  energy appeared t o  be i n  a pos i t i on  t o  be in te rcepted  by t h e  frames 

of the  p l a t e s .  This s i t u a t i o n  could have modified the  f i l t e r  response 

t o  some degree,  by e i t h e r  guiding o r  focussing t h e  beam. This supposi t ion 

i s  supported by t h e  f a c t  t h a t  i n  t h e  lower-frequency region,  t h e  measured 

response was c o n s i s t e n t l y  g rea t e r  for both the  narrow-band(bandpass) mode 

of Fig, 11 and t h e  bandstop mode ( t h i s  region i s  not shown on Fig. 14) .  

In  p a r t i c u l a r ,  f o r  t he  bandstop mode a net  pseudo-insertion ga in  of about 

1 dB w a s  measured, whereas t h e  a t t enua t ion  should have been near zero 
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decibels .  This anomaly tends t o  support t he  b e l i e f  t h a t  some energy 

from t h e  t ransmit  horn bypassed t h e  rece ive  horn,  owing t o  na tu ra l  

spreading of t h e  beam, and then,  when t h e  f i l t e r  was in se r t ed  i n  t h e  

transmission pa th ,  i t  was redirected i n t o  the  rece ive  horn, where it 

i n t e r f e r e d  cons t ruc t ive ly  i n  t h e  rece ive  horn aperture .  It i s  more rea- 

sonable t o  a t t r i b u t e  t h i s  pseudo-insertion gain e f f e c t  t o  s c a t t e r i n g  by 

the  p l a t e  frames, or t o  d i f f r a c t i o n  from the  p l a t e  edges ' (s imi1ar  t o  t h e  

focussing of a l e n s )  than  t o  an inherent  q u a l i t y  of t h e  a r t i f i c i a l  b i re -  

f r ingent  medium. 

The devia t ion  of t he  .measured poin ts  from t h e  computed l i n e  i n  the  

(Fig. 11) may be a t t r i b u t e d  t o  one of two causes ,  o r  t o  upper stopband 

a combination of  both causes. F i r s t ,  w e  had d i f f i c u l t y  i n  s a t i s f a c t o r i l y  

dampening resonant modes of t he  undesired (direct-wave) response during 

the  course of t he  measurements i n  t he  upper stopband (Fig. 11). Some of 

t h i s  d i f f i c u l t y  was caused by the  f a c t  t h a t  adjustments of w i r e  g ra t ings  

and absorbent cards w e r e  made a t  f ixed  frequencies ,  as were the  measure- 

ments, so t h a t  t he re  was always the  p o s s i b i l i t y  of hidden in t e rac t ions  

which were canceled out  during adjustment but which reappeared when the  

f i l t e r  was inser ted .  Also, p a r t  of  the  d i f f i c u l t y  may be a t t r i b u t a b l e  t o  

t he  inaccuracies  i n  t he  horn cons t ruc t ion ,  which a r e  more se r ious  a t  the  

higher f requencies ,  e spec ia l ly  when one considers t h a t  the  horns were 

opera t ing  a t  about twice t he i r  o r i g i n a l  design frequency, Dispersion i n  

the test measurements i n  t h e  high-frequency region tend t o  support the  

above reasoning. 

Second, it is q u i t e  poss ib le  t h a t  the  energy d i s t r i b u t i o n  i n  t h e  

i n f i n i t e  medium pos tu la ted  by C o l l i n ' s  theory does not occur i n  a f i n i t e -  

length p l a t e  for t h e  l a r g e  S / h  values used here, even when long por t ions  

of t h e  p l a t e  a r e  tapered. The first-measured near-null  above the  pass- 

band i n  Fig. 11 occurs a t  about 1 GHz above t h e  computed n u l l  frequency, 

and t h e  first-measured stop-band r i p p l e  appears t o  be somewhat spread o u t ,  

as though t h e r e  was a r e l axa t ion  of  t he  nonl inear  second-order effect ,  i n  

support of t h e  above supposit ion.  

33 





I V  ANALYSIS AND SYNTHESIS 

A .  ANALYSIS OF FILTERS WITH EQUAL-WNGTH PLATES 

Evans" has described a method of c a l c u l a t i n g  t h e  response of b i re -  

f r i n g e n t  f i l t e r s  composed of equal-length elements us ing  a mat r ix  mult i -  

p l i c a t i o n  technique a t t r i b u t e d  t o  Jones." 
- 

A complex output wave vec tor  E 

I N  

is found by premultiplying t h e  - OUT 
input  wave vec tor  E 

f i l t e r :  

by a matr ix  [ M I  r epresent ing  t h e  b i r e f r i n g e n t  

The wave vec to r s  a r e  two-element column vec tors  and M i s  a 2-by-2 square 

matrix. Thus 

Expanding Eq. ( 1 9 ) ,  w e  ob ta in  

EX = M E + MI2EH 
11 v 

and 

For a v e r t i c a l l y  polar ized  input  wave of u n i t  amplitude ( E  

t he  output wave components are seen t o  be 

= 1, EH = 0 )  V 

(22) 
- Ey = MZ1 . 

EX - M1l 

! 

)+ The X-Y and V-H axes a r e  independent, with t h e  X-axis a t  an angle @ 
t o  t h e  V-axis. P 
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I t  now remains 

is  t h e  product 

t h e  ma t r ix  f o r  

^x . - 

t o  spec i fy  the components of t he  f i l t e r  mat r ix  [MI, which 

of p l a t e  matrices [PI and r o t a t i o n  matrices [SI .  

a p l a t e  i s  given by 

F i r s t ,  

where, as be fo re ,  2y i s  the  d i f f e r e n t i a l  phase s h i f t  of the two orthogonal 

waves on t h e  p r i n c i p a l  axes of t h e  p l a t e .  The mat r ix  for a r o t a t i o n  by 

an angle  @ i s  

The {S] matr ix  r o t a t e s  t h e  wave vec tor  and p l a t e  ( a s  a s y s t e m )  so t h a t  

t h e  p l a t e  a x i s  is  a l igned  w i t h  the  v e r t i c a l  a x i s ,  and then  r o t a t e s  them 

back again t o  t h e  o r i g i n a l  angle ,  so t h a t  the v e r t i c a l  and ho r i zon ta l  

complex components of t h e  output vec to r  a r e  obtained. This i s  done fo r  

a s i n g l e  p l a t e  through a combination of pre-mul t ip l ica t ion  and post- 

m u l t i p l i c a t i o n  by the [SI matr ix  a s  fo l lows:  

For seve ra l  p l a t e s  w e  ob ta in  a cha in  mat r ix ,  which--after a simple sub- 

s t i tu t ion- -can  be put i n  the  following form: 

Here the pi are a s  defined i n  E q .  (15).  

and i t  has  been used t o  compute f i l t e r  responses. Since the  independent 

Equation (26)  i s  e a s i l y  programmed, 

v a r i a b l e  i n  the [PI mat r ix  is y ,  the frequency response of t h e  f i l t e r  
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was obtained by s u b s t i t u t i n g  frequency values corresponding t o  va lues  of 

y used i n  the  f i l t e r  response c a l c u l a t i o n s .  A curve showing the  needed 

r e l a t i o n s h i p  had been ca l cu la t ed  by Eqs. (10) t o  (14)  f o r  t h e  s p e c i f i c  

p l a t e  s t r u c t u r e  of t h e  f i l t e r  and was used here .  L a t e r ,  t h e  two programs 

w e r e  combined so t h a t  frequency w a s  t h e  independent va r i ab le  and frequency 

response was given d i r e c t l y  by t h e  computer. 

B. SYNTHESIS OF OPTIMUM RESPONSE FILTERS 

1. General 

H a r r i s  et a 1  described a gene ra l  procedure7++ f o r  t h e  syn thes i s  of 

lossless b i r e f r i n g e n t  networks. I n  t h e  referenced a r t i c l e ,  an example 

of an o p t i c a l  d i sc r imina to r  designed us ing  t h i s  theory and a f u l l  descrip- 

t i o n  of t h e  phys ica l  l i m i t a t i o n s  on t h e  response shape are given. Basi- 

c a l l y , t h e s e  a r e  governed by t h e  conservation of energy ( t h e  t o t a l  power 

i n  both output arms s h a l l  be equal t o  t h e  input  power) and t h e  s t i p u l a t i o n  

t h a t  t h e r e  s h a l l  be no more condi t ions  placed on t h e  s p e c i f i c  shape of 

t h e  response than the re  a r e  degrees of freedom i n  choosing the  p l a t e  

angles and t h e  angle of t h e  output horn or p o l a r i z e r .  Thus , in  an N-plate 

f i l t e r  t h e r e  a r e  ( N  + 1) allowed degrees of freedom. 

Before t h e  syn thes i s  procedure can begin,  a Four ie r  series representa- 

t i o n  of t h e  des i red  response must be found. Now, t h e  standard Four ie r  

series method l eads  t o  a least-mean-square approximation of zero  response 

i n  t h e  s t o p  band wi th  accompanying l a r g e  amplitude r i p p l e s  near t h e  pass- 

band edge, a condi t ion  known as Gibbs' phenomenon. Furthermore, t h e  

stop-band r i p p l e s  ;Ire g ross ly  unequal ( a l s o  t r u e  of S o l c ' s  f i l t e r  d e s i g n s ) ,  

which is p r e c i s e l y  t h e  s i t u a t i o n  one attempts t o  avoid i n  f i l t e r  design 

work. 

s ide lobes  includes a method of ob ta in ing  a Four ie r  series wi th  equal- 

Dolph's13 method of designing antenna a r r a y s  wi th  equal-amplitude 

amplitude r i p p l e s .  H i s  method is employed here  a s  a preliminary s t e p  i n  

t h e  syn thes i s  procedure proper;  then  t h e  Har r i s  method7 is  used t o  ob ta in  

b i r e f r i n g e n t  f i l t e r s  w i th  equal-amplitude stop-band r i p p l e s .  The Dolph 

4c This s h a l l  be known throughout t h e  r epor t  a s  t h e  "Harris" procedure 
or method. 

37 



method w i l l  be i l l u s t r a t e d  f o r  t h e  case  of N = 5 up t o  the  point  of 

ob ta in ing  formulas f o r  c o e f f i c i e n t s  of t h e  Four ie r  series a f t e r  which, 

H a r r i s ' s  procedure i s  required.  Following t h a t ,  i t e r a t i v e  procedures 

good f o r  any value of N w i l l  be given and t h e  method of ob ta in ing  them 

w i l l  be discussed. 

L e t  us  f i r s t  consider  t h e  mathematical form of t h e  response [M 

Eqs. (20)  and (22)i of equal-length,  l o s s l e s s  b i r e f r ingen t  f i l t e r s .  

I f  t h e  components of M are found by mult iplying out  Eq. ( 2 6 )  f o r  a 

s p e c i f i c  v a l u e  of N ,  one obta ins  sums of exponent ia l  terms i n  the  va r i ab le  

i '  y ,  with c o e f f i c i e n t s  t h a t  are func t ions  of t h e  plate  d i f f e rence  angels  p 

including p . W e  s h a l l  use t h e  p of Eqs. (15), (16), and (18), and be 

concerned only with folded and fan-type f i l t e r s  t h a t  have t h e i r  plates 

s y m m e t r i c a l l y  or an t ime t r i ca l ly  disposed about cer ta in  axes on the  c e n t r a l  

plane of t h e  f i l t e r :  t h e  v e r t i c a l  ax is  f o r  t h e  folded t y p e ,  and a 45-degree 

l i n e  f o r  t he  fan t y p e .  I t  can then be shown t h a t  t he  t e r m  Mll can be put 

i n  t h e  Porm of a Four ie r  cosine or s i n e  series. For t h e  fan-type f i l t e r ,  

of 11 

11 

P P 

with N even, 

N 
M = A. + C Ak cos  (ky)  

k=2 11 

and wi th  N odd, 

N 
= Ak COS (ky)  

1 

For the  folded-type f i l t e r ,  w i th  N even, 

1 N 
111 = j [ c Ak s i n  (ky)  

k=2 11 

aqi  with  N odd, 

1 N 
Mll = j [Z Ak s i n  (ky) 

1 

( k  i s  even) 

( k  i s  odd) . 

( k  i s  even) 

( k  is  odd) 

, (27) 
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The express ions  f o r  t h e  M ou tpu t s  f o r  t h e  two types  of f i l t e r  a r e  more 

complex than  Eqs. (27) through (30), and t h e  l a t t e r  equat ions  a r e  more 

s u i t a b l e  f o r  t h e  approximation procedure. The one used i n  t h i s  r epor t  

is Eq. (28) ,  which is a Four ie r  cos ine  series wi th  only  odd t e r m s ,  

corresponding t o  t h e  d i r e c t  output of a fan-type f i l t e r  w i th  N odd. A 

21 

fan-type f i l t e r  w i l l  t hus  be d i r e c t l y  synthes ized;  however, as mentioned 

ea r l i e r ,  t h e  analogous folded-type design can be e a s i l y  obtained from 

t h e  fan-type des ign;  i n  f a c t ,  t h e  t a b l e s  of Sec. V r e f l e c t  t h i s  procedure. 

I n  r e spec t  t o  t h e  above d iscuss ion  on symmetrically arranged p l a t e s  and 

t h e  r e s u l t i n g  mathematical form of the  response func t ions ,  w e  may a l s o  

note t h e  following: Mertz14 and Harris'  showed t h a t  t h e  frequency 

response of lossless, impedance-matched b i r e f r i n g e n t  f i l t e r s  must be of 

t he  form of a f i n i t e  Four i e r  exponential  series. I f  one f u r t h e r  r equ i r e s  

t h a t  t h e  response be symmetrical or a n t i m e t r i c a l  about y = n/2 ,  then  

only odd or only even t e r m s  appear i n  t h e  series, so t h a t  it can be 

converted t o  a Four ie r  s i n e  or cos ine  series a s  i n  Eqs. (27)  through (30) .  

This sugges ts  t h a t  t h e  synthesized optimum response f i l t e r  w i l l  have a 

symmetrical or a n t i m e t r i c a l  arrangement of t h e  p l a t e  ang le s ,  which is 

indeed t h e  case.  The symmetry r e l a t i o n s h i p s  t h a t  were discussed b r i e f l y  

here  a r e  f u l l y  explained i n  an a r t i c l e  by Ammann15 on t h e  genera l  

p r o p e r t i e s  of b i r e f r i n g e n t  networks. 

2 .  Finding t h e  Four ie r  S e r i e s  ( N  = 5 )  

Dolph's13 design method a s  appl ied  t o  our problem i s  t o  take  t h e  

c o e f f i c i e n t s  of an equal - r ipp le  Chebyshev polynomial t e r m  by t e r m  and 

make them t h e  c o e f f i c i e n t s  of a polynomial i n  t h e  v a r i a b l e  ( cos  y ) .  
l a t t e r  i s  then  a power series i n  (cos y)" with t h e  same equal - r ipp le  

behavior a s  t h e  Chebyshev polynomial; however, because of t h e  pe r iod ic  

behavior of t h e  cos ine  func t ion ,  t h i s  power series is also p e r i o d i c ,  and 

of course ,  un l ike  a Chebyshev polynomial, i t  is always f i n i t e .  The 

power series is then  r ewr i t t en  i n  t h e  form of a Four ie r  series, a s  

The 

P a r t  of t h e  Chebyshev func t ion  i s  discarded i n  t h i s  process.  
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required for the Harris synthesis procedure. Two scaling procedures must 

also be used. These will be done before the substitution of variables, 

described above, is made. 

We start with a Chebyshgv polynomial of order 5 ,  sketched in Fig. 16: 

(31 1 5 3 T5(y) = 16y - 20y i- 5y , 

FIG. 16 SKETCH OF THE ESSENTIAL CHARACTER 
OF A CHEBYSHEV POLYNOMIAL OF THE 
FIRST KIND, OF ORDER 5 

where T (y) is an odd polynomial with equal ripples of maximum amplitude 
*l in the interval -1 < y < +l. 
in the negative or  positive direction monotonically. The ripples cor- 

respond to the low-amplitude response ripples in the stop band of the 

5 
Outside this range, T5(y) increases 

birefringent filter, hence we must add a scale factor to the polynomial 

and thereby reduce the ripples to the desired value, say e <1. This 

is done by multiplying the polynomial by 8 ,  which will give another 

equal-ripple polynomial, as follows: 
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The r i p p l e s  i n  P now have a maximum amplitude of *e. The second s c a l i n g  

procedure has  t o  do wi th  determining how much of t h e  o r i g i n a l  Chebyshev 

polynomial is t o  be discarded and how much r e t a ined  i n  a s p e c i f i c  design. 

Note t h a t  s i n c e  t h e  e n t i r e  equal - r ipp le  po r t ion  of P corresponds wi th  

t h e  s top  band, a po r t ion  of t h e  monotonic reg ion  of t h a t  func t ion  must be 

r e t a ined  f o r  t h e  pass  band and t h e  remainder-discarded. This  i s  done by 

r ep lac ing  t h e  v a r i a b l e  y by y/y where y < 1. The two s c a l i n g  proce- 1' 1 
dures y i e l d  

5 

5 

P (z , e )  = eT (")  
y1 y1 

which is  sketched i n  Fig.  17. The constant y corresponds wi th  t h e  edge 

of t he  s top  band i n  t h e  Four ie r -ser ies  representa t ion .  Since t h e  Chebyshev 
1 

I 
TA- 6040-12 

FIG. 17 THE SCALED CHEBYSHEV POLYNOMIAL 
OF ORDER 5 
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4 

polynomials always take  on t h e  values *1 a t  y = 1, P5(y/y1 , e )  always 

t akes  on t h e  va lues  *e a t  y = y a s  can be e a s i l y  ascer ta ined  from 

Eq. ( 3 3 ) .  
1’ 

We next make t h e  s u b s t i t u t i o n  

cos y = y 9 

which y i e l d s  a power series i n  t h e  va r i ab le  cos (. W e  now ha 

3 5s 
20e cos y + - cos y 5 P5(=y, .) = j cos y - -7j- 

Y, Y, Y 1  

( 3 4 )  

( 3 5 )  

I t  should be noted t h a t  t h e  use of t h e  cos ine  s u b s t i t u t i o n  [Eq. ( 3 4 ) l  

reverses  t h e  response shape from l e f t  t o  r i g h t  when y (not  cos y )  i s  the  

independent va r i ab le ,  so t h a t  t h e  pass  band is  centered on y = 0 ,  as i s  

requi red  f o r  t h e  f a n  type  of f i l t e r .  One more s t e p  i s  needed before 

Eq. (35) can represent  t h e  normalized response of a f i l t e r  with zero  loss 

a t  band cen te r .  

sketched i n  Fig.  18,  f o r  zero  loss a t  band cen te r .  This is done by 

f i x i n g  t h e  r e l a t i o n s h i p  between e and y . F i r s t ,  y is  set  equal t o  zero ;  

then ,  a f t e r  equating t h e  right-hand s i d e  of Eq. ( 3 5 )  t o  1 . 0 ,  w e  so lve  

W e  must i n su re  t h a t  P ( cos  y/y E )  = 1.0 a t  y = 0 ,  a s  
5 1, 

1 

1: f o r  e i n  terms of y 

1 6  20 5 ik + -  - - - -  -1 

y 1  
- 5  e 

y1 y1  

% W e  can a l s o  so lve  e x p l i c i t l y  f o r  y1 us ing  Eq. ( 3 9 ) :  

-1 1 -1 1 
y1 = cash - cosh - 5 E 

-1 
Here , yl > 1, hence cosh is s u b s t i t u t e d  f o r  cos i n  Eq. ( 3 9 ) .  
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FIG. 18 

P A S S L  STOP-, 
BAND BAND 

-I 

From Eq.  ( 3 4 ) ,  

SKETCH OF THE ESSENTIAL CHARACTER OF A FOURIER 
COSINE SERIES OF ORDER 5 DERIVED FROM THE 
SCALED CHEBYSHEV POLYNOMIAL. (This i s  also the M,, 
term of the matrix for the output waves of a fan-type, five-element, 
equal-ripple response fi l ter when the average t ime delay i s  assumed 
to be zero.) 

cos y - 1 - y1 9 (37)  

and y is  seen t o  be t h e  edge of t h e  s top  band i n  t h e  va r i ab le  y. Once 

t h e  edge of t h e  s top  band y1 has  been chosen, t h e  va lue  of yl can be 

computed from E q .  ( 3 7 ) ,  and € may then be computed from Eq.  ( 3 6 ) ;  t hus  

t h e  response of a five-element f a n  type of b i r e f r i n g e n t  f i l t e r  is 

completely spec i f i ed .  

1 

The next s t e p  is t o  put E q .  (35) i n  the  form of a Four i e r  cos ine  

series, Qhich i s  then i d e n t i f i e d  as %1 of Eq.  ( 2 8 ) :  

- cos  5y + A cos 3y + A1 cos y = Mll(y) , 
3 
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where the Ak(k = 1, 3, and 5) coefficients are functions of E and y 

making use of the defining equation for Chebyshev polynomials, 

Now, 1’ 

we make the following substitutions in Eq. (38): 

and 

(41) 3 cos (sY) = 16 - 20 cos + 5 cos . 
After gathering like terms and equating coefficients of the same power 

of cos y in Eqs. (35) and (38), the following are obtained: 

8 
16A5 = 16 - 5 9 

Y1 

E -20A + 4A3 = -20 - 3 9 5 

8 
5A5 - 3A + A1 = 5 - 

Y1 3 

. 

Equations (42) are solved in an iterative manner to yield the coefficients 

of Eq. (38): 

-5  
A5 = “Y1 

A3 = 5E (515  - Yi3) 

A1 = 5c  2yl - 3yi3 + yi’) ( -5 

Finally, an exponential Fourier series is constructed from Eq. (38): 

(43) 
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Equation (44)  is  i n  a form s u i t a b l e  f o r  use w i t h  t h e  H a r r i s  syn thes i s  

procedure, which i s  given i n  t h e  following paragraph i n  o u t l i n e  only. 

Equations ( 3 5 ) ,  (38),  and (44 ) ,  which a r e  a l l  i d e n t i c a l  func t ions  of y 
a r e  approximately sketched i n  Fig.  18. 

3. H a r r i s ' s  Synthesis  Procedure 

The procedure makes use of the c o e f f i c i e n t s  of t h e  two exponential  

s e r i e s  t h a t  descr ibe  the des i red  f i l t e r  output and the  orthogonal (undesired)  

output.  Since only the  Fourier  series of t he  des i r ed  output can be 

found i n  the  d i r e c t  manner described above, t h e  f i r s t  s t ep  i n  synthes is  

is t o  f i n d  the  orthogonal output .  ( W e  assume, a t  t h i s  po in t ,  t h a t  t he  

c o e f f i c i e n t s  of M ( y )  have been computed f o r  a p a r t i c u l a r  value of y 
11 1' 

The orthogonal output is obtained by invoking the p r i n c i p l e  of t h e  con- 

serva t ion  of energy. Accordingly, the following equation is t r u e  a t  

a l l  f requencies:  

) 

This equation s t a t e s  t h a t  t h e  t o t a l  output power normalized t o  the  input 

power is  un i ty  a t  a l l  f requencies  i n  a l o s s l e s s ,  nonre f l ec t ive ,  b i re -  

f r ingen t  f i l t e r .  
2 

Equation (45) is then solved f o r  lM211 : 

b2J2 = 1 - 1MJ2 

Now, M,, is i n  the  form of an exponent ia l  series for  the  same reasons 
Ll. 

t h a t  %l is.7,14 The problem is  how t o  f ind  t h a t  series, given I M21 I 
This is  explained by Har r i s ,7  using a procedure described by Pegis t h a t  

includes complex root-f inding methods. During t h i s  process ,  one-half 

of a set of 2N r o o t s  a r e  chosen f o r  use i n  t he  ensuing opera t ions ,  and 
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t h e  remaining r o o t s  a r e  discarded. The c o r r e c t  r o o t s  t o  choose a r e  those  

wi th  absolu te  magnitude less than or equal t o  one, 

Af te r  t h e  exponential  series M has been found, a mat r ix  multi- 21 
p l i c a t i o n  method is  used t o  sequen t i a l ly  f i n d  t h e  p l a t e  d i f f e rence  

angles  p This series of s t e p s  s t a r t s  wi th  f ind ing  t h e  output p o l a r i z e r  i' 
d i f f e rence  angle p 

t o  t h e  f i r s t ,  PI, thereby obta in ing  t h e  p p l a t e  d i f f e rence  angle ,  

every p a i r  of elements i n  t h e  f i l t e r .  Then, by changing t h e  s igns  of 

a l t e r n a t e  p of t h e  fan-type f i l t e r ,  w e  ob ta in  t h e  design of a folded- 

type f i l t e r ,  and f i n a l l y ,  t h e  p l a t e  angles Bi.  
t h i s  a l s o  r equ i r e s  a change of t h e  output plane o f  p o l a r i z a t i o n  from t h e  

d i r e c t  t o  t h e  orthogonal wave, but t h i s  change i s  au tomat ica l ly  accomplished 

by t h e  s ign  r e v e r s a l  of a l l  t h e  a l t e r n a t e  p including p 

= Bp - pN, and then works backwards from t h e  l a s t  

'N' i 

P 
of 

i 
A s  explained e a r l i e r ,  

P'  i ' 

4. An Equal-Ripple Design ( N  = 5 )  

The response shape of an optimum design i s  shown i n  Fig.  1 9 ,  for 

a folded-type f i l t e r ,  w i th  N = 5. The absc issa  is t h e  v a r i a b l e  y .  Since 

t h e  response i s  symmetrical wi th  r e spec t  t o  y = 90 degrees,  only the  

lower s t o p  band and ha l f  of t h e  f i r s t  pass band a r e  shown. The edge of 

t h e  s t o p  band is y; = 43.4 degrees ,  and t h e  r i p p l e  l e v e l  i s  E = 0.02 ,  
2 

(Figure 1 9  g ives  t h e  r e l a t i v e  power ou tpu t ,  hence E i s  shown t h e r e  a s  

the peak power of t h e  r i p p l e s  i n  t h e  s top  band.) Although t h e  curve of 

Fig.  1 9  w a s  o r i g i n a l l y  found by an approximate method employed before 

a l l  t h e  d e t a i l s  of t h e  exac t  syn thes i s  procedure had been worked out  and 

programmed on a computer, it is c l o s e  enough t o  t h e  exact curve a s  t o  be 

ind i s t ingu i shab le  from it t o  t h e  s c a l e  drawn. Likewise, t he  p l a t e  angles 

shown i n  Fig. 1 9 ,  which a l s o  were obtained by an approximate method, a r e  

accura te  to  t h e  s i g n i f i c a n t  f i g u r e  shown. The exac t  p l a t e  angles obtained 

from t h e  syn thes i s  by computer are 

8, = B5 = 4.90240 degrees 

P, = P, = -10.1365 degrees 

46 



? ? ?  

a 
3 

- 2 

2 

c 

W 

L 

. 
0 10 20 30 40 50 60 70 80 90 

TB-6040-14 T - Degrees 

FIG. 19 COMPUTED RELATIVE POWER OUTPUT O F  A FOLDED TYPE 
OF EQUAL-RIPPLE FIVE-ELEMENT FILTER 

47 



B3 = 14.9221 degrees 

= 90.0 degrees . 
@P 

The input f o r  t h e  computer synthes is  was y = 46.6 degrees - for  the fan- 

type f i l t e r ,  corresponding w i t h  y' = 90 - 46.6 = 43.4 degrees ,  the edge 

of the s t o p  band of t he  folded-type f i l t e r  response of Fig.  19. 

1 

1 

5 .  Synthesis  of Maximally F l a t  Stop-Band Response F i l t e r s  

The maximally-flat condi t ion is  m e t  when a l l  poss ib le  de r iva t ives  

with respec t  t o  the va r i ab le  y i n  P ( y )  ( inc luding  the  Oth-order deriva- 

t i v e ,  i .e . ,  t h e  func t ion  i t s e l f )  a r e  set equal t o  zero a t  y = 0. 

done by l e t t i n g  a l l  but t he  Nth c o e f f i c i e n t s  of t he  terms i n  the poly- 

nomial equal zero.  Since t h e r e  a r e  N such terms, N of t he  ( N  + 1) 

allowed degrees of freedom a r e  used. The l a s t  remaining choice i s  t o  

make the  output u n i t y  a t  t h e  design frequency, which is done by making 

the  Nth c o e f f i c i e n t  equal 1, yie ld ing  

N 
T h i s  is  

Then w i t h  the usual  s u b s t i t u t i o n ,  

cos y = y 9 

w e  ob ta in  t h e  matr ix  element M of t he  f a n  f i l t e r  11 

N cos y . - 
M1l - (49) 

When Eq. (49)  is  expressed a s  an exponent ia l  Four ie r  s e r i e s ,  the co- 

e f f i c i e n t s  of t he  terms of t h e  series a r e  found t o  be the  binomial co- 

e f f  i c i e n t s  of order  N. 

expression 1 - lM1,l2 of the orthogonal (power) output a r e  t h e  binomial 

c o e f f i c i e n t s  of order  2N. From t h i s  po in t  on, t h e  synthes is  proceeds 

by t h e  Har r i s  method, a s  f o r  t h e  equal-r ipple  case i n  p a r t  3 of t h i s  

s ec t ion  ( B - 3 ) ,  except t h a t  no a u x i l i a r y  parameters such a s  E and y 

L i k e w i s e ,  the c o e f f i c i e n t s  of I ii$l I i n  the  

of 1 
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t h e  equal - r ipp le  case  e n t e r  i n t o  t h e  syn thes i s  procedure. However, i n  

order  t o  choose a s u i t a b l e  value of N f o r  a given app l i ca t ion ,  i t  is 

necessary t o  know t h e  r e l a t i o n s h i p  between N and a s u i t a b l e  defined band- 

edge parameter. 

w e  have [from Eq. (49) ]  f o r  t h e  fan-type f i l t e r ,  

Using t h e  3-dB poin t  as t h e  band-edge parameter i n  y ,  

Y1 from which t h e  band-edge b i re f r ingence  parameters y 
( f o r  t h e  fan- and folded-type f i l t e r s ,  r e spec t ive ly )  may be.computed. 

and y '  = 90 - 1 1 

6. Formulas f o r  Equal-Ripple F i l t e r s  w i th  Any Value of N 

I n  o rde r  t o  compute t h e  p l a t e  angles f o r  any va lue  of N and var ious  

va lues  of y t h e  following i t e r a t i v e  formulas were developed. These 

formulas g ive  t h e  Chebyshev c o e f f i c i e n t s ,  t h e  c o e f f i c i e n t s  of t h e  two 

Four ie r  exponential  series M 

polynomial ( A 8 )  of t h e  Pegis procedure, a s  described i n  Harris. '  

1' 

and lM2112, and t h e  c o e f f i c i e n t s  of t h e  
11 

a .  Chebyshev Coef f i c i en t s  

The c o e f f i c i e n t  of yk of the Nth-order Chebyshev polynomial 

of t h e  f i r s t  kind T ( y )  is  given the  no ta t ion  t 

odd, An i t e r a t i v e  formula f o r  t h e  t i s  then 

f o r  N both even and 
N Nk 

Nk 

- - , f o r k  = 1 t o N  , 
tNk - 2tN-1 ,  k-1 tN-2,k 

wi th  t h e  following i n i t i a l  condi t ions :  

= 

= 0 ,  f o r  N odd, 

(-1 )'I2, f o r  N even, 
tNO 

tNO 

11 

tN-2, k 

t = 1, 

= 0 ,  f o r  k > ( N  - 2) .  
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b. Coef f i c i en t s  of t h e  Four ie r  Exponential S e r i e s  M i 1  

F i r s t  compute E from t h e  Chebyshev coeff ic ients3 '  

W e  then have f o r  t h e  c o e f f i c i e n t s  of t h e  cos ine  series, 

- 

(53) 

k+2 
2 

tN-k, N-k ( E  t:t-z-k - j=2  C A N-2( j -2 )  N-2( j - 2 ) ,  N-k t 1 - - 
AN- k 

The A va lues  a r e  t o  be computed f o r  even values of k ,  over t h e  range 

k = 0 t o  N - 1. Note t h a t  i f  k = 0 i n  t h i s  equation, t h e  summation term 

is understood t o  be zero.  The c o e f f i c i e n t s  of t he  exponential  series 

N-k 

- J N Y  a r e  then - j (N-z)y  + e 
N -j4' + ... + c e T1 = C + C2e - j2y + e 

0 4 n- 2 
obtained from t h e  A values as follows: 

N-k 

( N  - 1) 
2 , j = O t o  1 c = c  = - A  

j n-j 2 N-2j (54)  

These a r e  analogous t o  t h e  c o e f f i c i e n t s  of C(W) i n  H a r r i s ' s  Eqs. ( 2 )  and 

(20)' and are given i n  t h e  same order .  Here, un l ike  i ts  func t ion  i n  

t h e  previous cos ine  series,  t h e  subsc r ip t  j does not d i r e c t l y  ind ica t e  

t h e  power of t h e  exponential  va r i ab le .  

2 
c. Coef f i c i en t s  of t h e  Exponential S e r i e s  ]Mall 

N 

k=O 
Do = 1 -  C C z  (55 )  

and 

N-k 
Dk = - C CjCj+k , f o r  k = 1 t o  N 

j =O 

36 An a l t e r n a t e  procedure, rep lac ing  Eq. ( 5 2 ) ,  would be t o  choose E and 
compute y1 from Eq.  (39) a s  was done i n  the footnote  on page 42. 
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H e r e ,  aga in ,  t he  Dk c o e f f i c i e n t s  a r e  analogous t o  those  of D(w) i n  

H a r r i s ' s  Eqs. (8)  and ( 2 1 ) ,  and they  a r e  given i n  t h e  same order .?  

d. Coe f f i c i en t s  Bk of Eq. ( A 8 )  i n  Harr i s ' s  Method 

F i r s t ,  cons t ruc t  t h e  following set of numbers: 

~ 

+ R  , j = O t o N , k  = j t o N  , 'j-1, k-1 j ,  k-2 R =  
j k  

( 5 6 )  

excluding those  R 

condi t ions  

i n  which (j + k )  is an  odd number, w i t h  t h e  i n i t i a l  
j k  

R = 1 f o r  a l l  j 

ROk 

j j  
= 2 f o r  k f 0. 

k 
The c o e f f i c i e n t s  of t h e  Pegis  polynomial [ c o e f f i c i e n t s  of y 

i n  H a r r i s  -- e t  a17] are then computed f o r  k = 0 t o  n: 

i n  Eq. ( A 8 )  

D '- ';+j k+j  ' (57) 

with  t h e  summation over j t o  be made only f o r  even values of j ( n  - k ) .  

The remainder of t h e  syn thes i s  procedure is  a s  given i n  

Har r i s  -- e t  a17; i t  r e q u i r e s  complex root - f ind ing  procedures, t h e  recon- 

s t r u c t i o n  of t h e  polynomial MZ1 from ha l f  of t h e  roo t  f a c t o r s  of lMzl1 , 
and mat r ix  m u l t i p l i c a t i o n s  f o r  determining p l a t e  angles.  A s  mentioned 

2 
i n  p a r t  3 of t h i s  s e c t i o n  ( B - 3 ) ,  t h e  proper r o o t s  of 1MZ11 t o  use i n  

t h e  syn thes i s  procedure-are  those  wi th  absolu te  magnitude less than or 

2 

equal t o  one. 

The i t e r a t i v e  formulas i n  t h i s  s e c t i o n  were obtained by 

ar ray ing  t h e  var ious  end-product terms i n  two-dimensional a r r ays  and 

then  looking f o r  r u l e s  t h a t  allowed t h e  cons t ruc t ion  of t h e  terms i n  a 

given row from the  terms i n  t h e  previous row (or rows). I n  t h e  case  of 

the c o e f f i c i e n t s  B t h i s  necess i t a t ed  t h e  p r i o r  s o l u t i o n  of t h e  problem 

f o r  each va lue  of N up t o  N = 9. 
k '  
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e .  Discussion 

Of f u r t h e r  i n t e r e s t ,  from the  network theory viewpoint, a r e  

the  computer-determined d i s t r i b u t i o n s  of t h e  o n e  r e a l  zero and the  (N - 1)/2 

p a i r  of conjugate zeros  of t he  Pegis  Eqs. (A8) and (A10) i n  Harr is .7  
2 These equations descr ibe  the  orthogonal wave response 1111 I and M21, 21  

r e s p e c t i v e l y ,  of the fan-type f i l t e r .  Here, t h e  va r i ab le s  appear t o  be 

Y = 2 cos 2y and X = eJ". 

a r e  p l o t t e d  i n  t h e  complex Y-plane, they a r e  found t o  l i e  on an e l l i p s e ,  

t h e  major a x i s  of which l ies  on the r e a l  ax i s .  The roots a r e  equi-spaced 

on the  e l l i p s e  i n  t h e  sense t h a t  they a r e  pro jec t ions  (toward t h e  r e a l  

a x i s )  of N equi-spaced po in t s  on t h e  circumscribing c i r c l e ,  w i t h  con- 

juga te  roo t s  i n  both the r i g h t  and l e f t  ha l f -p lanes ,  and the one r e a l  

roo t  a t  t h e  ver tex  of t he  e l l i p se  P = 2. The semi-major diameter of 

the e l l i p s e  i s  - a > 2 ,  hence the cen te r  of the e l l i p s e  does not l i e  on 

the  o r i g i n  but is s l i g h t l y  displaced to  the  l e f t  thereof .  The locus 

of the half-cycle  i n  y, 0 < y < n/2 (see  t h e  lower l e f t  sketch of Fig.  3 ,  

which shows a f u l l  cycle  of the orthogonal response of the fan-type 

f i l t e r )  is thus transformed t o  0 < 2y <IT, and i n  the va r i ab le  Y ,  it 

is -2 < Y < 2 on the  r e a l  ax i s .  A s  noted above, t he  poin t  Y = 2 is a 

ver tex  of the e l l i p se ;  the  poin t  Y = -2 appears t o  be the opposi te  focus 

2 
When the zeros  of Eq. ( A 8 )  f o r  IMZl(Y)I  

of the  e l l ipse .  This d i s t r i b u t i o n  of zeros is  t o  be compared with t h e  

zeros  of IM 

general  case by s u b s t i t u t i n g  ( a  general ized vers ion o f )  Eq. 

Eq. (46): 

l2 i n  t he  va r i ab le  y/y which can be derived f o r  t h e  21 1' 
( 3 3 )  i n t o  

H e r e ,  the  zeros  can be shown t o  l i e  on an e l l i p s e  centered on the  o r i g i n ,  

with 2N zeros  t h a t  a r e  equi-spaced on the  ell ipse i n  t he  same sense a s  

s t a t e d  above: < 1 on 

the  r e a l  a x i s  of y/yl. 

method i l l u s t r a t e d  by Weinberg," a r e  

the locus 0 < y < n/2 is  transformed t o  0 < y/y 1 
The exact  l oca t ion  of the zeros ,  derived by a 
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j s i n  (F) s inh  @, k = 0 ,  1, 2, .. 2N - 1 

where 

¶ 

It i s  n a t u r a l  to  ask what is t h e  r e l a t i o n s h i p  between these 

The t w o  zero  d i s t r i b u t i o n s ,  and how can w e  der ive  one from the  o ther?  

answer t o  these  ques t ions  would make it poss ib l e  t o  f i n d  t h e  zeros  of 

MZ1 by formula, without t h e  need f o r  general  (polynomial) root-f inding 

procedures,  a s  w a s  done here  f o r  t he  tabula ted  optimum-response f i l t e r  

designs.  

The computer-determined zeros  of M ( X )  a r e  found t o  l i e  on a 21 
pear-shaped curve w i t h  i ts  ve r t ex  a t  X = 1 ( y  = 0 ) ,  w i t h  one r e a l  zero  

a t  X = 1, and ( N  - 1)/2 p a i r s  of conjugate zeros  (absolu te  magnitude 

less than one) arrayed around t h e  o r i g i n ,  on t h e  rounded po r t ion  of the 

curve,  which is almost c i r c u l a r  i n  shape. The locus of the half-cycle  

i n  y, 0 < y C n/2, is  here the u n i t  c i rc le  s t a r t i n g  a t  X = l ( y  = 0 )  and 

ending on X = -1. 

obtained f r o m  those of IMZl(Y)I 

As explained i n  Harris, '  the zero loca t ions  a r e  
2 

by t h e  so lu t ion  of a quadra t ic  equation. 
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V DESIGN TABLES FOR OPTIMUM RESPONSE FILTERS 

The design t a b l e s  i n  t h i s  s ec t ion  g ive  the  p l a t e  angles @ of t h e  
i 

folded-type f i l t e r  f o r  a l l  odd values  of N from N = 5 t o  19,  and for 

N = 25 (see Figs.  3 and 1 9 ) .  I n  each case,  f i v e  separa te  designs a r e  

given f o r  various values of the  stop-band r i p p l e  parameter 8 .  The t ab le s  

give t h e  value of 8 i n  t e r m s  of a t t enua t ion  L de f ined  by 
S )  

LS 

-1 
20 loglo dB 

The output wave is  orthogonal t o  the  input  wave f o r  these  designs.  

Heading each column a r e  va lues  of L from 10 t o  40 dB. These a r e ,  how- 

e v e r ,  only nominal values .  The exact  a t t enua t ion  values ,  from which 

the  t a b l e s  w e r e  computed, a r e  within 0 .1  dB of t h e  nominal values for 

most of t he  cases  l i s t e d ,  the  g r e a t e s t  devia t ion  from the nominal va lue  

being 0.22 dB, and these exact  va lues  a r e  given d i r e c t l y  below the  last 

given value of 8 f o r  each case.  Since the  folded-type f i l t e r  i s  sym- 

me t r i ca l  about a c e n t r a l  plane,  only the  f i r s t  ha l f  of t he  pi values ,  

including i = ( N  + 1) /2 ,  i s  given i n  t h e  t ab le s .  The angle [from 

which Ls (exact)  w a s  computed] is a l s o  given f o r  each design. 

bering t h a t  yo = 90 degrees i s  t h e  center  of the  pass band f o r  t h e  

folded-type f i l t e r  and t h a t  the  response has a r i t hme t i c  symmetry about 

yo, t he  r e l a t i v e  width of t he  f i r s t  pass band a t  t h e  E l e v e l  may r ead i ly  

be computed a s  follows: 

S 

i 

Remem- 

90 - y; 

90 
w =  

The value of - w thus obtained r e l a t e s  t o  the  f i r s t  pass band; higher-order 

pass bands ( a l l  odd) w i l l  have r e l a t ive  bandwidths inverse ly  proport ional  

t o  t h e i r  order .  

The approximate values of a t tenuat ion  used for synthesizing the  

f i l t e r  designs were found by in t e rpo la t ion  i n  published t a b l e s  of t h e  
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-1 
squared Chebyshev function" l i s t e d  aga ins t  values of N and y1 . 
approach would have been t o  so lve  the  equat ion i n  t h e  footnote  (p. 42) 

f o r  exact  values  of y f o r  given values of G. Such a course would have 

added l i t t l e  to  the  u t i l i t y  of t h e  f i n a l  r e s u l t s .  Several  of the designs,  

inc luding  N = 25, w e r e  analyzed by t h e  mat r ix  mul t ip l i ca t ion  technique of 

Eq. (26),  and t h e  responses a t  t he  r i p p l e  peaks w e r e  found t o  be within 

a few hundredths of a dB of the  exact  value of a t tenuat ion .  

values  (i = 1 t o  N)  w e r e  computed i n  sequent ia l  order  from B t o  p, and 

were found t o  be symmetrical t o  better than 0.001 degree f o r  the N = 25 

designs,  and t o  better than 0.0001 degree f o r  the designs with lower 

values of N ,  wi th  increas ing  symmetry a s  N decreases.  Since the t ab le s  

g i v e  f3 values t h a t  a r e  rounded off t o  the  fou r th  decimal place ( i n  

degrees) ,  a l l  l i s ted values except f o r  N = 25 r e t a i n  the f u l l  accuracy 

of t he  computations; f o r  N = 25 t h e r e  is some (but  not complete) l o s s  

of accuracy i n  the  l a s t  decimal place.  In any case ,  t he  prec is ion  of  t he  

t a b l e s  genera l ly  exceeds the  s t a t e  of t h e  a r t  of s e t t i n g  devices t o  pre- 

c i s e  angles.  

A d i r e c t  

1 

The pi 

N 

A previously unsuspected f e a t u r e  of equal-r ipple  designs that  is 

brought out  by the tables i s  the  fact  t h a t  many of the designs ( those 

with t h e  smaller Ls values)  have p values t h a t  do not a l t e r n a t e  i n  s ign .  

They do, however, a l t e r n a t e  i n  pos i t i on  about some average (non-zero) 

value of @ and are therefore  of t h e  folded-type design. The corresponding 

fan-type f i l t e r s  have monotonically increasing p values ,  and both types,  

of course,  are symmetrical, or anti-symmetrical, about a c e n t r a l  plane. 

The value of y' f o r  a 3-dE3 l o s s  i n  t h e  pass band may be computed 

from t h e  following formula: 

( L ~  + 3)] . yidB N 
-1 0.115 [sin y; cosh - = s i n  

The primed values of y denote the  folded-type f i l t e r ,  and the values of 

y' and L (a t tenuat ion)  are given i n  the  design tables,  1 S 

Equation (62) is accurate  f o r  r i p p l e  l e v e l s  of 10 dB or g r e a t e r  

and may the re fo re  be used wi th  a l l  t he  design t ab le s  i n  t h i s  repor t .  
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GPAGE BLANK EQDT HljJlio. 

T a b l e  I :  N = 5 

15 20  A TTENUAT I ON 
{NOM I NAC ) 

10 30 40 

G A M V A /  1 PR 1 luF 
( D E G R E E S  ) 

BETA[  1 1  
( O E G R E E S  I 

1=1,2,3,.ee 

AT TE NUA T I ON 
t EXACT 1 

69- 62 63.44 57.55 47. 7 0  38.26 

15.0843 
1.4638 

17. 7590 

11.0060 8.3863 
-3,7661 -6.8380 
15.4277 14-  5 5  13 

5 5708 
-9 . 6 124  
14.6327 

4,1994 
- 10.599 1 

15  .4O30 

39.97 9.99 14.95 20.03 29.95 

T a b l e  11: N = 7 
15 20  ATTENUATION 

I NOM 1 NAL 1 
10 30 40  

57.94 75.27 70.63 6 6 - 2 2  50. i a  

13,1514 
4.1609 

15.0415 
3.0640 

8.9231 6.3180 
-0.403O -2.0306 
12.0154 10.5452 
-2.3182 -5,6122 

15.01 20.00 

3.5400 
-4 7216 

9.6391 
-9. 1972 

2.2297 
-5.0604 

9.6754 - 1 1 0692 

ATTENUATION 
( FXAC T 1 

10.01 29.94 40.12 

T a b l e  111: N = 9 
1 5  20 A TTFNUAT I ON 

INOMINAL)  
10 30 40 

GAMMA/lPRIMF 
[ D € G R E E S  1 

78.52 74.81 7 1 - 2 9  64.49 58-01 

12.2189 
5 . 5 9 9 1  

13.4851 
4.6174 

14.OZft9 

7.9079 5.3422 
1.2546 -0.959 1 
9.9470 8.0665 

-0,4392 -3.3744 
10.9210 7.5154 

2 hh92 
-2 586 0 

6.4334 
-6.3675 

a e A a R o  

1.488 1 
-2  76R3 

5.5674 
-7.7108 

9 .3  104 

ATTENlJATlr?Fd 
( E X A C T )  

9.97 15-02 20.00 29.99 40.08 
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ATTENUAT ION 
t NOM1 NAL 1 

G A M M A / l P R I M E  
I DFGREES 1 

BETA1 I I 
(DFGREES 1 

I t  192 r 3 r .  

A TTENUA T I ON 
I E X A C T )  

ATTFNUATlON 
(NOMINAL)  

GAMMA/ LPR IME 
( D E G R E E S  1 

ATTENUATION 
( E X ACT 1 

A TTF NUA T I ON 
( N f l Y I r J A L  I 

GAMMA/lPRIMF 
(DEGREES 1 

ATTENUATInN 
f E X A C T  f 

10 

80,bO 

11.6500 
6,4361 

12,5368 
5.6706 

130 1038 
5.3679 

9-95 

i o  

R2,01 

11.1941 
6,9025 

11 o.8489 
6.3065 

12.3454 
5,9486 

12-  5332 

10.00 

10 

83.05 

10 .8630  
7.2211 

111 3645 
6.7509 

11.7806 
6,4123 

13.0202 
6.2980 

10.04 

Table IV: N = 11 
15 20 30 40 

7 7 - 5 2  74.59 68.88 63.44 

7,3127 4.7790 2.2103 1,1369 
-1.6861 2,1904 0 -0516  - 1 0 5044 

8.7176 6.6216 4.6515 3.8504 

9.7262 8.0984 7.0802 7.1597 
0.8958 -1. 755 1 -4.2131 -5.0760 

0.3396 -2.5950 -5.6780 -7 o 1829 

15-03 20.02 30.02 39.95 

Table V: N = 13 
15 2 0  30 40 

79.42 76.93 72.06 67.30 

6.9274 4.4348 1 e9503 0.9319 
2,7831 0.6793 -0,8779 -1  - 1009 
7,9430 5,7442 3.6283 7,7283 
1,8026 -0,6588 -2.6045 -3.472 1 
A.8010 6.9728 5,5685 5.2864 
1 1604 -1.6116 -4.4211 -5.7017 
9.1461 7.4974 6 , 4989 6,6558 

15-02 19.99 2 9 0 9 3  39.94 

Table VI: N = 15 
15 20  3 0  40 

80.65 78 -66  74.35 70.14 

5.6976 
3,2224 
7- 4587 
7.4703 
8.1554 
1 ,8815 
8.5843 
1, 6549  

4.2036 
1.0996 
5.1765 
0.0859 
6,1594 

-0,7770 
6.8065 

-1,1251 

1.7541 
-0.493 9 

2,9691 
-1 9076 

4.4707 
-3 3279 

5.5984 
-3,9569 

0,7797 
-0.75 16 

7.0575 
-2,3914 

3.9620 
-4,3253 

5.5872 
-5.2607 

1 4 - 9 4  19.95 30.02 39.93 
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T a b l e  V I I :  N = 17 
15 20 A TTENUAT ION 

I NOMINAL 1 

GAHMA/lPR I M E  
(DEGREES 1 

10 30 40  

8 3 - 9 0  81 089 79.91 76.16 72 .  42 

L O .  7 3 6 8  
7.5764 

11.1272 
7.2039 

11-4683 
6.9083 

11.7047 
6.7432 

I 1  7 8 9 6  

6.4559 
3.4739 
7.0490 
2,8786 
7,6187 
2.3657 
8.0419 
2.0629 
8.2000 

3.9559 
1.3341 
4 ,  7096 
0.5400 
5.5037 

-012028 
60 1364 

-0 6 6 6 4  
6.382 1 

1,6276 
-0.2301 

2.5424 - 1.7964 
3.7038 

-2 . 4644 
4.7599 

-1 2743 
5.2018 

30.00 

0.7100 
-0.5267 

1.631 5 
-1 7756 

3.0571 
-3  e 2662 

4,5339 
-4.4500 

5.1982 

40.07 

BETA1 i 1 
f DEGREES 1 

I=i l r2131 9 0 

ATTENUATION 
( E X A C T )  

9.97 15.02 20.13 

T a b l e  VIII: N = 19 
1 5  20 A 1 T F fil U A T I ON 

( NOY I NAL 1 

G A Y V A /  1 P 9  1°F 
f D F G R E E S  1 

10 30 40 

8 4 - 4 6  R2.69 81.06 77062 74.25 

1 0 324 7 
7.5363 

10 e 6469  
7.2246 

10.9393 
6.9609 

11,1647 
6. 7826 

11.7883 
6.7193 

LO. 19 

6 ,7012 
3.0035 
6.6864 
3.113A 
7,1600 
2.6760 
7.5506 

7 ,7745 
2.2430 

2.3590 

3 , 9 2 0 3  
1.6268 
4.2129 
1.0021 
5.1467 
0,3692 
5,7035 

6 . 0 3 6 3  
-0.0737 

-0.2481 

1 . 5 4 3 4  
-0.0'373 

2,2537 
-0.8627 

3.1632 
-1.8074 

4.0756 
-2.6051 

4.6718 
-7.9250 

0.6519 
-0.3773 

1.3526 
-1.2765 

7.4377 
-7,4966 

3 . 6 7 8 2  
-3.6255 

4.5615 
-40 1108 

R E T A I  I 1  
I DEGREES 1 

1=1.2,3,... 

ATTENUATICN 
( E X A C T )  

15.17 19066 29.92 79.92 

T a b l e  I X :  N = 25 
15 20 ATTENUATION 

(NOMINAL)  

GAMMA/ Z P R I Y E  
(DEGREES1 

10 30 40  

7 7 0 9 3  85.79 84.46 83.10 80.50 

5 e 9436 
4.0553 
5.2152 
3.7784 
6.4925 
3.5063 
6.7529 
3.2645 
6.9691 
3.0810 
7.1132 
2.9816 
70  1640 

3.5236 
l e 9 0 8 7  
3.8607 
1.5518 
4,2309 
1.1767 
4.6006 
0,824 1 
4.9231 
0.5452 
5,1455 
0.3903 
5.2250 

0.5309 
-0.1179 

0 ,8882 
-0.5664 

1 -42h3  
-1.1853 

2.1066 
-1.9038 

2,8257 
-2 -5725  

3 . 3933 
-2,9870 

3.6125 

40 006 

10.0028 
8.0157 

10,1765 
7.845% 

10,3410 
7.6895 

10-4854  
7.5596 

10,5974 
7,4689 

10.6646 
7.4257 

10-6852 

1.3113 
0,2708 
1.7175 

-0.1700 
2,2080 

-0 -6991  
2.7599 

-1.2528 
3.2898 

-1.7297 
3,6833 

-2.0112 
3,8303 

30.15 

BETA[ I I 
4 DEGREES 1 

1x1921  39 e 9 

A TTFNUAT I ON 
( E X A C T )  

15.09 20.22 10.15 
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VI CONCLUSION 

The mechanics of adapting the theory of optical birefringent filters 

to millimeter wavelengths appears to be fairly straightforward. The con- 

cept of impedance-matched elements, which leads to design and analysis 

methods within the present state of the art, can be implemented with arti- 

ficial anisotropic dielectric media; however, the resulting designs may 

not be the most compact that can be made with a given bulk dielectric 

material. Hence, the methods described herein are only a beginning in 

this area. 

Extrapolation of the results of research on the microwave scale model 

(reported herein) to millimeter wavelengths should not be difficult. The 

necessarily smaller size and greater fragility of the resulting structure 

would then demand different methods of manufacture from the standard 

machining techniques used for the scale model. This does not appear to 

be an insurmountable problem for half-wave plates with a center frequency 

as high as 90 GHz, where the thickness of a plate lamination would be 

about 0.025 inch. Nevertheless, plate designs embodying anisotropic 

dielectrics that are easier to construct than the air-dielectric sandwich 

type of material used here might be preferred for use at such short wave- 

lengths. 

The optimum-response birefringent-filter design tables, their deriva- 

tion and the numerical tables, represent an important advance in the state 

of the art; the analytical techniques and the numerical results should 

prove useful at optical as well as millimeter wavelengths. The methods 

used in deriving the optimum-response filter designs can also be used for 

other useful network components, such as differential phase-shifters and 

directional couplers. Topics relating to artificial anisotropic dielectrics 

that are worthy of investigation include (1) improved methods of construc- 

tion aimed at making them light, compact, and inexpensive; and ( 2 )  study of 

the effects of reflections from interfaces between plates and between a 

plate and free space, and means of dealing with such effects. 
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VI1 RECOMMENDATIONS FOR FUTURE WORK 

Problems encountered and suggestions for solving them are given 

be low : 

1. Edge tapers on the laminations of the birefringent plate 

described herein increased its length by more than fifty percent compared 

with a uniform plate. It would, therefore, be desirable to seek a means 
to eliminate tapered edges, perhaps by close spacing of uniform plates, 

without, of course, causing any significant degradation in filter per- 

f ormance . 
2. The positions of the upper pass bands and stop bands depend on 

higher-order effects in plates with large spacings (that is, large compared 

with a wavelength) between laminations. Further investigation of these 

effects would provide information on the upper frequency limits of specific 

birefringent structures. 

operates in its lowest passband, will not have a Vby narrow passband. 

For this reason it would be desirable to combine a birefringent filter 

3. A birefringent filter with a small number of plates, that 

with an easier-to-construct multilayer interferend filter having a 

narrow passband. 
z 

4. An interference filter of the type mentioned in (3) above could 
be tuned by inclination and thus could be used to suppress spurious pass- 

bands of the birefringent filter. 
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