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ABSTRACT 

An analysis of the signal-to-noise ratio at the outputs of 
three types of coherent phase detectors is performed for the case 
of sinusoidal phase modulation at various values of phase deviation 
and a perfectly coherent reference. The phase detectors studied 
a re  the conventional multiplier, the sinusoidal phase detector pre- 
ceded by a limiter, and the cross-over detector. These phase 
detectors a r e  frequently employed as phase demodulators in PNI 
telemetry systems. 

The output noise power is evaluated both in the absence 
and in the presence of modulation. The results a r e  presented in 
the form of input-output SNR curves. In the case of noise measured 
in the absence of modulation, good agreement between theoretical 
and experimental results is achieved. The output noise measured 
in the presence of modulation is found to include modulation dis- 
tortion components and modulation/noise interaction components. 

A threshold effect is found to occur for the sinusoidal phase 
detector preceded by a limiter and the cross-over detector, but 
not for the conventional multiplier. The SNR degradation below 
threshold is not as catastrophic as  that for wideband FM.  This 
fact makes P M  in conjunction with coherent phase demodulation 
more attractive at low input SNR thanFM. It w a s  alsofound that 
the conventional multiplier gave the best performance at low input 
SNR. 
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I. INTRODUCTION 

1.1 Purpose of the Report 

This report comprises the fourth final task report on the results of a 

program of investigations carried out at ADCOM, Inc. under Contract No. 

NAS 5-9742 for  NASA. This work was  conducted in close coordinatim with, and 

in direct support of activities of members of the R F  Systems Branch, Advanced 

Development Division of the Goddard Space Flight Center. 

The effort during the quarter 1 June 1965 - 31 August 1965 w a s  allocate( 

exclusively to performing the fifth task of the study program. 

was completed in one quarter, no quarterly reports are  contractually required 

for the fourth quarter. 

1.2 Scope of the Report 

Since the task 

The objective of the fifth task of the subject contract is to investigate 

demodulation techniques to permit receiver operation with a minimum of SNR 

deterioration. In particular, we concentrate our attention in this report on: 

a. 

b. 

The SNR deterioration in the cross-over phase detector, and 

The SNR deterioration in the conventional phase detector 
(with or without a limiter). 

The ultimate objective of the joint NASA-ADCOM effort is to attain a complete 

understanding of the noise performance of coherent phase detectors, and to 

evaluate possible schemes for improving their performance. 
The SNR behavior of coherent phase detectors employed in telemetry 

Both the multiplier type and cross-over receivers is examined in Section 11. 

(sawtooth) phase detectors are considered, under conditions of sinusoidal modu- 

lation and additive narrowband gaussian noise. 

of the phase detector is considered to be that measured by a narrowband ac 
voltmeter tuned to the frequency of the sinusoidal modulation; whereas the noise 

power is considered to be that measured by a true power meter placed at the 

The signal power at the output 

1 
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output of the phase detector, but with the modulation turned off. We predict 

analytically the behavior of these measurements,compare the predictions with 

the measurements made by members of the R F  Systems Branch, identify the 

primary causes of SNF, degradation, and, in the light of these results, propose 

further SNR measurements which serve to characterize the phase detector3 

more fully. 

W e  point out in Section I1 that a better characterization of the SNR 

behavior of phase detectors would be obtained if the output noise power were to 

be measured in the presence of modulation. 

t rue  power meter which measures the output noise power must be preceded by a 

notch filter tuned to the modulation frequency. 

will  then include the distortion harmonics of the signal and additional noise powe 

which would disappear if  the modulation was removed. We also point out that a 

third type of phase detector, namely the sinusoidal detector preceded by alimiter 

should be examined since it is frequently employed in operational telemetry 

systems. 

In order to accomplish this, the 

The noise power measurement 

The purpose of Section I11 is to theoretically predict and compare the 

SNR behavior of the three commonly used phase detectors, namely: 

the conventional multiplier, 

the multiplier preceded by a limiter, and 

the cross-over detector. 

The output noise is considered to be measured in the presence of modulation. 

The results a r e  presented in the form of curves of the signal-to-noise power 

ratio out of the detector plotted as a function of input signal-to-noise power ratic 

p, for several values of phase deviation /3 
S' 

In Sec. 3.1 the general case of a phase detector preceded by a limiter is 

discussed for the case of a sinusoidal phase modulating signal, and a general 



procedure for calculating the signal and noise powers out of the phase detect 

is evolved. 

limiter and the cross-over detector are discussed in Secs. 3.2 and 3. 3 respc 

tively. The conventional multiplier as a phase detector is then discussed in 

Sec. 3 .  4. Final12 

conclusions are drawn and some application considerations a re  presepted in 

Section IV. 

The special cases of the sinusoidal phase detector preceded by 

The results for the three cases are  compared in Sec. 3. 5. 

The results of this task w e r e  presented orally to the technical staff 

the R F  Systems Branch on two occasions: 

Date of Presentation 

5 August 1965 

9 September 1965 

AD COM Staff Parti ci pat 

Ahmad F. Ghais 
Richard H. Wachsm: 

Ahmad F. Ghais 
Richard H. Wachsm: 

In addition, most of the contents of this report were presented in the form o 

informal technical memoranda to the technical representative of the contrac 

officer, as follows: 

Tech. Memo. No. Date Title 

G-63-8 20 August 1965 SNR Behavior of 
Phase Detectors. 

G-63-9 30 September 1965 SNR Behavior of 
Coherent Phase 
Detectors, Part 11. 

A technical paper based on the results of this investigation was  sub 

ted for publication in  the proceedings of the National Telemetry Conference 

held in Boston in May 1966. The paper is entitled "The SNR Characterizatii 

Coherent Phase Detectors, I' and is authored by Ahmad F. Ghais and Richar 

Wachsman. 





11. INTERPRETATION OF THE MEASUREMENTS 

2.1 Description of the SNR Measurements 

A block diagram of the experimental test setup is shown in Fig. 1. The 

sinusoidal modulating signal of frequency w 

with an adjustable peak phase deviation, f l  
S' 

ratio, p, is varied by attenuating the output of the phase-modulated-carrier 

signal generator prior to amplification by an AGC -controlled telemetry receiver 

of noise bandwidth 300 kc. 

= 1 kc phase modulates a carr ier  

The input signal-to-noiRe power 
m 

The IF output of the telemetry receiver is fed into both the cross-over 

detector (linear sawtooth phase detector preceded by a limiter) and a conventional 

multiplier, 

sured by an rms  meter after filtering at l kc by a narrowband ( 3  cps bandwidth) 

tuned amplifier. 

the phase detectors, but with the modulation turned off. 

made over a range of input signal-to-noise power ratios from -25 db to +20 db, 

and for peak phase deviations of 1 and 2 radians. 

each phase detector is obtained from a carr ier  -tracking phase -locked loop (noise 

bandwidth 

the loop. 

static phase e r r o r s  must therefore be considered at low input signal-to-noise 

power ratios where they a re  most noticeable. 

The signal powers at the outputs of the phase detectors a re  mea- 

Noise powers are  measured by an rms  meter at the output of 

SNR measurements are 

The reference carr ier  for 

30 cps) which incorporates the phase detector in question as part of 

The effects of jitter on the reference carrier,  and of carrier-tracking 

However, the analyses in this 

report a re  restricted to a properly phased and jitter-free reference carrier.  

2 . 2  Description of Analytical Approach 

In this section, the analysis is confined to interpreting the measure- 

ments performed by V. DiLosa of NASA GSFC. Theoretical analyses of a more 

complete characterization of the noise properties of phase detectors, including 

the sinusoidal phase detector preceded by a limiter, appear in  Section 111 of this 

report. 
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Constant Impedance 
At tenuator  

Output  Noise Output  Signal 

Output Noise Output Sign a I 

Fig. 1 Experimental test setup. 
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In Sec. 2. 3, the conventional multiplier is discussed and SNR curve! 

are  calculated and compared with experiment. 

In Sec. 2.4, the cross-over detector is analyzed by an extension of 1 

work performed by Chadima. Assuming a constant signal phase, @, the avE 

value of the output of the cross-over detector, m (6, p )  is calculated as afun 

of @ and the signal-to-noise power ratio, p. Knowledge of ml(p, p )  en^ables 1. 

calculate the output signal power in  the presence of modulation. The varianc 

the output of the cross-over detector is also calculated. With 8 = 0, this is j 

the noise power that was measured. 

1 

These calculations a re  carried out by utilizing the nonlinear phase 

transfer function T(@+ 8 ), and averaging over the noise component, On, of t k  

total phase, using the probability density.function, q(8 ). This is the approp 

procedure for a phase detector preceded by a limiter. 

n 

n 

The effects of sinusoidal modulation a re  then taken into account, an 

appropriate signal-to -noise ratio calculations performed in the limiting cast 

p -, co and p -, 0. The theoretical results are  then compared with the experim 

curves. 

Section 2. 5 is devoted to a discussion of the analytical approach an( 

recommendation of alternate measurements. 

2. 3 The Conventional Multiplier 

A conventional multiplier multiplies the input signal plus noise by t 

reference carrier,  then lowpass filters the output,removing all double -carrj 

frequency components. The noise at the input to the detector is assumed to 

additive narrowband gaussian noise. The input signal plus noise may be wr: 

a s  

Es sin[+ + @ (t)]+ Nc(t) sin[wift] + N (t) cos[wift] 
q 

7 
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The reference carr ier  may be written in general as  

-ADVANC C ARCH AND DEVELOPM€NT- 

cos CWif t + 4spe + 4 j(t)l 

where d) is the static phase e r r o r  representing imperfect phasing of the 
SPe 

reference, and +.(t) is low frequency jitter. A 

J 
The output of the detector may be represented, in normalized form, by 

Since we a re  not considering the effects of non-zero 4 and 4.(t) J in  
SPe 

this report, Eq. (3) may be written as 

With B(t) = ,!3 sinw t, the signal component at w m becomes 
S m 

The total noise in the absence of modulation is just 

N (1) 9 = E 
S 

The signal power is therefore 

8 



and the noise power is simply 

so that the output signal-to-noise ratio is given by 

This is shown plotted for  fi = 1 rad.  in Fig. 2a, and for 

The experimental cwves a re  also presented in these figures. 

= 2 rads.  in 
S S 

Fig. 2b. There 

is strong reason to believe that the deviation of the experimental curves from 

linearity at small p is a result of improper phasing and jitter on the reference 

car r ie  r . 
2.4 Cross -over Detector 

The total phase e r ror ,  4 may be written e' 

Again, since we are not considering the effects of non-zero 4 
+e reduces to 

and 4.(t) here, 
SPe J 

The first order probability density function of en is known to be given by 1 

2 
- P  - ( p  sin en} + L  case e q(Bn) = - e 

2?r 2 n 
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+10 

I I 

0 

I 

-10 

-20 

-3c  

A - I l l 1  - 20 -10 0 + 10 
p =  ( S/NIi db 

Fig. 2a Conventional demodulation, @ = 1 rad .  
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(S/N )o db 
1 I 

+ 20 

+10 

flS = 2 rads 
I 

0 

-10 

-20 

-30 

I I I 

-20 - 10 0 410 

R-1110 

Fig. 2b Conventional demodul@on, fl  = 2 rads. 
8 
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2 2  where p = E /2uN is the input signal-to-noise power ratio. 
S 

Let T(+e) represent the instantaneous transfer function of the phase 

detector. Then, for the cross -over detector 

This is plotted in Fig. 3. 

R-403 

Fig. 3 T(+ ) for cross-over phase detector. e 
1 Following Chadima , the average value of the output oL the p.ase 

detector for a fixed value of /3 is calculated as a function of /3 and p. 

value is defined as 

The averag 

12 
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The integral 

is difficult to evaluate in general, but may readily be evaluated in the strong 

and weak signal limits. An evaluation of this integral as an infinite !Series of 

functions of p, valid for all p, is presented in Appendix A. 

In the weak signal limit , m (g, p )  approaches 1 

m,(p,p) ( p - 0 )  - &sinp (1 6 )  

whereas, in the strong signal limit m (8, p )  approaches 
1 

ml(#3, p )  ( p + d  + /3 -% < /3 < +7T 

Plots of m ( f l ,  p )  a re  shown in Figs. 4a and 4b. 

at w 

(1 7) 

With ,8= /3 S sinwmt, the componen 
1 

in the output of the cross-over detector in these two limits is 
m 

so that the signal powers become 

The noise power is measured with modulation turned off (i?= 0 )  and is 

given by 



1 

0 

R-404 
1 rad 2rod 

Input Phose, p (degrees ) 

F i g .  4a Cross -over detector  (signal-to-noise ra t io  = 0.1,  1, 10 and CO) 
from Chadima . 
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30 0 
R - I O 5  

Fig. 4b Cross -over detector (signal -to -noise rat io  = 0.00 1, 0.0 1 0 .1  
and 03) from Chadima. 

Input Phase, p (degrees) 
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AD/CollOM 

In the weak and strong signal limits, the noise power becomes 

These asymptotes a re  plotted in Figs. 5a and 5b ( p  = 1 and 2 radians) along I 

the experimental results. Here again, the deviation of the experimental reE 

from linearity as p -0 may be attributed to the effects of jitter and improper 

phasing of the reference. 

2 .5  

S 

Discussion and Recommended Alternate Measurements 

In predicting the SNR behavior of the cross-over detector theoretic 

the following approach w a s  taken: 

a. The phase of the combined phase-modulated carr ier  plus 
noise w a s  separated into the signal phase, p(t), plus the 
noise contribution, 0 , and the probability density distri- 
bution of 0 

The phase e r ror ,  (be, into the phase detector, was written 
as 

was  idenkfied. (See Ref. 1). n 
b. 

4, = B +  en - +spe - + .w. 
J 

= 0) and jitter free ((b.(t) = 0). 
c. The reference carrier was assumed to be properly phased 

((bspe J 

16 
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(S/NI, d b  

+20 

+10 

0 

-10 

- 2 0  

-30 

ADVANCED 

I I 

# - ? I t 3  - 20 

ps  = 1 rad. 
I 

-Theoretics I J 
A s y mptot es 

+10 

Fig. 5a Cross-over detector, 6 S = 1 rad. 
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(S/N), d b  PI = 2  rads 

20 

10 

0 

-10 

-20 

-30 

I I 

R - I I N  - 20 + 10 

Fig. 5b Cross-over detector, @ = 2 rads. s .  
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d. 

e. 

f .  

g. 

h. 

i. 

The mean value of the phase detector output, m (8, p ) ,  
1 for a fixed ,f3 and p, was calculated by averaging 

The resulting function m (8, p )  was  plotted vs ,fl(O<@<?r) 
for fixed values of p. 
T(B) as p-00, and a ( p )  s in8  as p 4 0 .  

The effect of modulation p(t) = fl sinw,t w a s  taken into 
account by calculating the fundamental harmonic of 
ml(flssino,t, p ) .  
situations of p-00 and p + O  where simple results may 
readily be obtained. 

The signal power, So, at w 
totic limits p co and p -, 0. 

2 The noise power, No= 00, w a s  calculated (see Ref. 1) and 
the ratio (S/N) 
and p + O .  

These theoretical results w e r e  compared with the experi- 
mental curves for ps = 1 and 2 radians and agreement was 
generally found to be good with the exception that the experi - 
mental curve departed from linearity below -20 db for 
B s =  2 rads. This is attributed to imperfect phasing and 
jitter on the reference carr ier  at such low input SNR. 

T@+Bn(p)) Over en. 

1 This function was  seen to approach 

P S 

This was  done in the two limiting 

w a s  calculated in the asymp- m 

formed for the asymptotic limits p + m  
0 

SNR calculations were also made for the conventional multiplier, and 

the results compared with the experimental curves. 

good. 

p = +10 db as in the case of the cross-over detector, 

improper phasing and jitter on the reference carr ier  appeared in the experimental 

curves for this detector also, and at about the same values of p as in the cross  

over detector. 

Agreement w a s  found to be 

The curves had the same slope and there w a s  no SNR degradation below 

Degradation caused by 

In the light of these results the following experimental modifications ar 

s ugge s te d: 

a. Phasing of the reference be checked and the IF frequency 
adjusted to equal the VCO free-running frequency as 
closely a s  possible. 
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b. 

C. 

d. 

e. 

AD/ColM L 

The noise bandwidth of the carrier-tracking loops be 
reduced from 30 cps by a factor of 5 o r  more. 

The bandwidth at the output of the phase detectors be 
at least 1 Mc, and the noise power measuring rms  
meter frequency response be flat to at least 1 Mc. 
This is necessary because the noise spectrum out of 
the phase detector is wider than the noise spectrum 
(limited by the amplifier bandwidth) into the detec 

An alternate set of measurements be made with the 
noise power measured with the modulation on, and 
with a notch filter used to remove the signal compo- 
nent at 1 kc. 
distortion harmonics of the signal and additional noise 
power present when 6 # 0. 

The noise wil l  therefore include the 

A complete set of measurements be made for a sinus- 
oidal phase detector preceded by a limiter. 

20 
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UT. ANALYSIS OF SNR BEHAVIOR 

3.1 

The general problem of a phase detector preceded by a limiter is 

conveniently handled by studying the effect of the limiter and phase detector 

separately. The input to the limiter is considered to be a phase-rncddated 

carr ier  plus ad tiveo narrowband9 gaussian noise, 

is a waveform whose informational content is the instantaneous phase of the 

combined input si nal plus noise, The ins ntaneous output of the phase de- 

tector, in general, is a single-valued nonlinear function of the difference 

between this phase and the phase of a reference carrier. 

by the block diagram in Fig. 6, 

I The output of the limiter 

I This is indicated 

R sf B re n ce 
Car r ie r  

R -8l7 

Fig. 6 Functional block diagram of a phase 
detector preceded by a limiter. 

2 1  
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In mathematical terms, the output of the phase detector is T(4 =4. -4 ), 
e i r  

where h.(t) is the sum of the phase modulation of the carrier, R( t ) ,  and a phase 

noise component, 8 (t), 4 (t) is the phase of a reference carrier, and T(4 ) is the 

phase detector transfer function relating the phase detector output voltage to 

1 

n r e 

the phase difference 4 = h. - n e 1 r* 

3. 1.1 Output Signal Power for a Sinusoidal Modulating Signal 

Measurements of the SNR behavior of phase detectors a r e  commonly 

performed using a sinusoidal modulating signal 

B(t) = Bs sin w t 12 7) m 

The signal power is measured at the output of a narrowband filter of center 

frequency w 

measured at the output of a narrowband notch filter of center frequency w 

placed at the output of the phase detector, 

in the form of a family of curves of the ratio of the signal-to-noise powers at 

the output of the phase detector plotted against the ratio of the power in the 

phase-modulated signal, E /2, to the noise power, a at  the input to the 

limiter, with the phase deviation 6 held constant. We now show how the 

behavior of these curves may be predicted theoretically. 

placed at the output of the phase detector. The noise power is m 

m 
SNR data a r e  usually presented 

2 2 
S N '  

S 

W e  begin by writing the instantaneous phase detector output as 

To proceed, we assume that the reference car r ie r  is properly phased and 

jitter-free so that 4 (t) = 0. 

input signal-to-noise power ratios for the case where the reference is obtainec 

from a carr ier  -tracking phase-locked loop. 

This is a valid assumption over a wide range of r 
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Since the signal power out is defined as  the power in the fundamental 

frequency component of the periodic part  of the phase detector output, we 

must determine the average amplitude of this component. A convenient way 

of doing this utilizes a property of the autocorrelation function of a waveform 

containing a periodic component. p. 235) that 

the autocorrelation function of the periodic component of a waveform is tbe 

periodic component of the autocorrelation function of the total waveform. If 

this periodic component can be determined from the periodic part of the auto- 

correlation function, its Fourier series expansion can be developed and the 

amplitude, and hence the power, of the fundamental harmonic can be calculatec 

It can be shown (see Ref. 2, 

The autocorrelation function of the output of the phase detector is the 

time average 

The periodic component of > b ( ~ ) ,  $ ( T ) ,  is obtained by evaluating (29) at suffi- 

ciently large values of 7 so that the noise is uncorrelated. 

time average by the equivalent ensemble average, (29) becomes 

P 
Replacing the 

1’ where p (e1, B , 8 B, en 2 nl n 
, 8 ) is the joint probability density function of 8 

2 

Since and 8 a re  assumed statistically independent, and since we n 
are considering large 7 so that 8 and 8 are also statistically independent, 

n l  n2 
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.m 

(R1, 6 , 0 , 0 ) may be factored as 
'6. 0 n 2 n l  n2 

( B ~ J  62' Qn1. 0 = p6(61a 62) q(Qn q(Q ) (31) 
2 1 n2 6, on P 

where p (6 , 6 1  2 
q(Qn) is the probability density function of 0 obtained from the vector noise 

model (See Chadima 1. 
function is obtained by combining (30) and (31) and integrating over Qnl and 

0 '  
n2' 

) is the joint probability density function of 6, and 8,. and 

n 1 
Accordingly, the periodic part of the autocorrelation 

)ml(82JP)P (6 # B  (32) (lPh = T~ - T ~ )  =j d81[d!32 ml(61* P 6 1  2 

where m (8, p )  is the first moment defined by 1 

n 
(33) ml(6,p) =JmT T(6t-Q n ) q(Q n ) n 

The integration is carried out over the range - 7 ~  to S n  because both T(6+0 ) n 
and q(O ) a re  periodic with period 2n, and q(Q is normalized so that 

n n 

*q(Qn) d0 n = 1 (34) 
-n 

Now Eq. (32) may be converted to the equivalent time average 

?j!l (7) - - ( m 1 s  (8 sinwmt, p )  ml(Bssinw m ( t + T ) J  P ) ) ~  (35) 
P 

This is recognized as the autocorrelation function of the periodic function 

m ( 8  sinwmt, p), and hence we may identify this function as the periodic 

component of the output of the phase detector. 
1 s  
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The periodic component ml ( 8, sin w t, p) may now be expanded 
m 

into a Fourier ser ies  as  

cb 

m (B sin 0 tJ p) = (ps, p) s i n k  0 t 1 s  m m k= 6 

Ak(Ps ,p) = 2 ( ml(fls sin w m t ,  p) sin k m t) (37) 

The signal power at w is therefore m 

The noise power out of the phase detector is defined formally a s  the 

mean square of the difference between the total output of the phase detector 

and the fundamental frequency component at w m’ 

I”, t N ( p  , p) = ( [ T ( P ~  sin o t + e (t)) - sin w t o s  m n m 

= ( T ~  (6 S s i n o  m t + e n (t))) (39) 

1 2  - 2A1 (T(8 sin wmt +en(t))-sin w t) + - A (40) m t 2 1  S 

Converting the time averages of the first two terms of (40) to the equivalent 

ensemble averages inorder to average over the noise, and then back to time 

averages in order toaverage over p ,  we obtain: 



The second term in (40) yields with the aid of (37) i 

This is recognized as the total power out of the phase detectsr minus the out- 

put signal power S 
0. 

The definition of the noise power given by (39) is more realistic than 

one which defines the noise power as theaveragepower at the phase detector 

output with the modulation turned off. It remains to compute S and N from 

(38) and (49) for various types of phase detectors. 
0 0 

3 . 2  Sinusoidal Phase Detector Preceded by a Limiter 

For the sinusoidal phase detector, T(4 ) is given by 

T(4 ) = sin4 

e 

( 5 0 )  e 

For b = 0 and p = f l  sin w t, (24) becomes 

e 

r S m 

W e  now employ Eqs. (38) and (49) to compute output signal and noise powers. 

26 
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3 .2 .  1 Calculation of So 

In this case, m (8, p) is given by 1 

P) = i s i n  (8 + q (en) de n 
-7r 

1 
Chadima has shown that 

where the signal suppression factor Q (plsin is given by 

F (3/2, 2; p) is a confluent hypergeometric function, a graph of which is 
1 1  
available in Fig. 159 of Ref. 3. 

We now expand the periodic component of the phase detector output in 

a Fourier series by making use of the relationship 

sin ( f i  sin w t) = 2 r( J,(E,> sin nwmt S m n= 1,3, ... 
(n-odd) 

Hence Al (fls,p ) is 

so that the signal power out, S (p  , p ), is o s  
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2 2 The functions a (pIsin and (1 - CL (p)sin)J a quantity which wil l  be 

needed in the study of N a re  plotted in Fig. 7. 
0, 

3. 2. 2 Calculation of No 

In this case, m2 p) is given by 

1 ,  

Trigonometric manipulation yields 

(60) 
2 7r 2 2 2 

n m2(/3, p) = sin 8 f (cos p - sin 8) sin en q(en) de 
-7r 

The integral in(60), which represents the noise power out in the absence of 

modulation was shown by Chadima to be 1 

This is plotted in Fig. 8. 

With ,9 = 6, sin wmtJ we have 

(cos ( 2 ~  sin w t)) = - 2 (1 - 1 
S m t'. (m2(fis sin w m t J  P ) ) ~  

2 + ( cos (2g sin 0 mt))t Go (P) 
S 

Since 

(cos (28 sin m t))t = J0(28,) 
S 

Eq. (63) becomes 

1 2 
= 5 C1 - J0(2@,)3 + J0(2fls) 0, (PI (m2 (8, s i n w  t, p,) m 
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Finally, thenoise power N is obtained by combining (49), (58), and (65): 
0 

An equivalent form of N more useful at highSNR,utilizes the re-lat 
0’ 

ship ’ 

2 

n=3,5.. . 
00 

[l - J (28 11 = 2 J1 2 (8,) + 2 Jn (0,) . o s  2 

(n- odd) 

and is 

(n- odd) 

2 
The various terms in (68) may be interpreted as  follows. Since a ( p )  i s  

noise power inthe absence of modulation, the first term represents a reductic 

this power as a result of the presence of modulation. This reduction comes abc 

cause the maximum incremental gain, or slope, of the phase detector trar 

fer function occurs at b = 0. With no modulation 4 = 0 (t), and the nois 
e e n  

jitter is always centered at the point of maximum incremental gain. Wher 

the modulation is turned on the noise jitter spends a large fraction of time 

centered at points of lower incremental gain, and hence the effect of modi 

tion is to reduce the average contribution of the 0 (p )  term to the total no 

power. 

0 

2 
0 

The second term in (68) represents power in the higher order harm 

of resulting from the nonlinearity of the phase detector transfer functio 

The magnitude of this term depends only on 8 and is independent of inpu 

signal-to-noise ratio p. It is this term which predominates at high inpu 

signal-to noise ratios. 

m 

SI 



The third term in (68) is equal to the difference between the signal 

power at p = 00 and p = p. This term may be thought of a s  an intermodulation 

between the signal and noise caused by the nonlinear phase detector transfer 

function. The result of this intermodulation is to cause a fraction(1 - CL (p) , ) sin 
of the power that, in the absence of noise, would lie at 0 to become spread 

out over the frequency spectrum and hence add to the total noise power. The 

simplicity of (68) and the above interpretation is a result of the sinusoidal 

form of the phase detector transfer function; no comparable simplicity should 

be expected for other types of phase detectors. 

2 

m 

The output signal-to-noise ratio is obtained by dividing (58) by (68) 

(n - odd) (69) 

This is plotted in Fig. 9 for P = 0.5, 1.0, 1.5, and 2.0 radians. 

at large and small p is 

S 

The asymptotic behavior of (S/N) 
0 

(n - odd) 

and 

or, from the alternate form of No given in (66), 
2 

(S/N) (P+O)-' wJl (8,) 0 
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Sinusoidal Phose 
Detector Preeeded 

B y  o Limiter 

1 I I I I I l l  1 1 1 1 I I l l  0.001 
10 100 

Fig. 9 SNR curves for sinusoidal phase detector preceded by a limiter. 
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3. 3 Cross -Over Detector 

For the cross-over phase detector 

T(h ) = +e - 2nn (2n-1) s I; b I; (2n+l)a 
e e 

n = 0, f 1, I t2 , . , .  (73) 

This is plotted in Fig. 10. Again, we employ Eqs. (38) and (49) to compute 

output signal and noise powers. 

3. 3. 1 Calculation of S 
0 

The first moment m (0, P) is 1 

This is shown in Appendix A to be 
00 

ml(g, p) = a0 (P) f i  + (Y,(P) sin IS - orn(p) I,(P) (75) 
n= 2 
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7r 1 
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Fig. 10 Cross -over phase detector transfer function. 
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and 

In(B) = - 1 f bn,k( "ht ) k=O 2n-l 

A s  shown in Appendix A, the coefficients bn, 
be obtained in a straightforward manner from simple recurrence formulas. 

and the function Gn (p) may 

The significance of the te rms  in(75) may be appreciated from th2 fol- 

lowing considerations. At large p, rn,(fi, p) 4 f i  (fa1 # n) and the first term 

in (75) dominates over a large range of j3 except near 101 = 1. At  small , p ,  

m,(P, p) 'dz sin p, and the second term in (75) dominates. At intermediate 

values of p, the first two terms in (75) dominate at small p, but at values of 

p approaching I P I  = n the final term in (75) must be taken into account. A s  

shown in Appendix A, the lowest  power of /3 in a Taylor expansion of I (p) 
about p = 0 is P2nfl ,  and for small 

- E  an(p) In@) need be considered. This behavior is shown for p = 1.0 (0 db) 
ns 2 
in Fig. 12 where the approximation to m1 (P ,  p) obtained by truncating the sun 

- 2 cy (p )  In (p) in (75)is plotted over the range 0 5 p 
n = 2, n = 4, n = 6,  n = 8, and n = 00. The n = curve was obtained from 

n 
only the first few terms in the sum 

co 

co 
'IT for truncation at 

n=2 n 

1 
Chadima . 
up to /3 = 2 radians, which is the maximum value of p considered here. 

Trucation at n = 8 provides an adequate approximation to m ( p ,  p) 1 

S 

Making use of (56); we may write the function A (P , p) by inspection. 

(79) 

1 s  
00 

A1(Ps, p) = a r 0 ( P )  Ps 4- C t p  2 Jl(Ps) - an(d Fn(B,) 
n= 2 

I where 

Fn( 8,) n-1 1 bn,k (2 k J 1 (kp,)) 
n = r )  - 

k=O 2 

The signal power out, S (@ , p), is therefore o s  
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which we write for convenience as 

The function 6 ( p  , p) approaches zero at both low and high values of p. This 

behavior is shown in Fig. 12, where - [% (P) Bs + a1 (P) 2 J1 (&)I and€(Bs, P) 
1 2 
2 

S 

a re  plotted for Bs = 0.5, 1.0, 1.5, and 2.0 radians. 

3. 3.2 Calculation of N 
0 

For the cross-over detector, m2 (@, d is (See Fig. 13) 
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R- 024 

Fig. 13 Square of the cross-over phase detector transfer function, 
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This is shown in Appendix B to be equal to 

where 

and where 

2 
9n 

is the noise power in the absence of modulation. 

been calculated by Chadima 
2 

behavior of u is 

The function a (p) has 
1 

andis shown plotted in Fig. 14. The asymptotic 

en 

2 
Note that as p decreases below lO(10 db) cr 
tote. Onthe other hand, Fig.12 shows that St deviates significantly from its 

high SNR asymptotic value of I/ 2 8, only below p NN 2 (3 db). Thus, the cause of 

initial SNR degradation at approximately 10 db is the r i s e  of 

value. 

( p )  r i ses  above the 1 / (2p )  asymp- e 

2 

2 

n 
( p )  at that e 

With 0 = 0, sin w t, (m2(bs s in  w t, p)) becomes 
m m 
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R - 8 2 5  p = (S/N)i 

2 

n 
Fig. 14 ae ( P I  and y(fiS> P ) .  
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The noise power out, N (/3 p ) ,  is found from (.49) to be 
0 s, 

Introducing S (fi , p) from (81) into (91) and regrouping terms we obtain 
o s  

or 

4 3  
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where y (/3 

modulation. At  large p(p-  ")y(Bs, e)+ 0 faster than I/ ( B p ) ,  which is how 0 ( p )  ap- 

proaches zero, while at small p ( p - 0 )  y(BS, p) - 6 2[1 -J ( f i  )], which is 

negligible compared to uen (~40) = T 13. Hence y(P , p) is only of signifi- 

came at intermediate values of p. 

where y ( P  , p) is plotted as a function of p for Ps = 0.5, 1.0, 1.5, and 2.0 

radians. 

quate approximation for p 5 2 radians. 

p) is that part of the noise power which disappears in the absence of 
2 s, 

en 
o s  2 2 

S 
This behavior is also illustrated in Eig. 1 4  

S 
The summation over n in (90) is truncated at n=8, which is anade- 

S 

The output signal-to-noise ratio (S/N)o is 

xaO(p)Ps + al(d 2 J (P  o2 - c(PS,  P) 
(941 

1 s  
2 

n 

(SIN) = 
0 ae (P) + r(P,, P) 

This is plotted as a function of p for p = 0.5, 1.0, 1.5 and2.0 radian, 

in Fig. .15. The asymptotic behavior of (S/N) for the cross-over detector at 

large and small p is 

S 

0 

2 
(SIN)o(P4 m) - P B S  (95) 

and 

(96) 
6 2  

(SIN) ( p  0)- ; p J1(Bs) 

Note that as p - 0, (SIN) for the cross-over detector is lower than for the 

sinusoidal detector preceded by a limiter at the same value of p. A detailed 

comparison of the cross-over detector with the sinusoidal detector and the 

conventional multiplier is presented in Sec. 3.5. 

0 

0 

3. 4 Conventional Multiplier as a Phase Detector 

The conventional multiplier has no limiter. The IF signal plus ad- 

ditive narrowband gaussian noise is multiplied by a reference carrier,  which 
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lb 

# -826 P = (S /NI;  

Fig. 15 SNR curves for cross-over phase detector. 
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A$*M 
we shall assume properly phased and jitter-free, and the resultant product 

46 
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is low-pass filtered to remove a l l  frequency components near 2 0  . 
C 

The input signal plus noise may be written as  

e (t) = E sin [w t + P(t)] + N (t) sin [act] in S C C 

+ N (t) cos [wctl  
9 

The reference carr ier  is written as 

e (t) = 2 COS Cwct] ref 

The product of ein(t) and eref (t) is 

ein(t) eref (t) = 2E sin [a t + @(t)] cos t] 
S C C 

2 
+ 2 N  (t)sin[w t] cos t] + 2 N  (t)cos b t] 

C C C q C 

o r  

e .  (t) eref (t) = E sin [P(t)] + Nq(t) 

+ E sin [2wct + P(t)l 

+ N (t) sin [2w t] + N (t) COS [2act1 

in S 

S 

C C q 

After filtering to remove terms near 2 w  

nal plus noise 

we have the normalized output sig- 
C’ 

With p(t) = 6, s i n w  t, e (t) becomes m o  
N (t) 
L 

E (102) 
S 

eo(t) = 2 J (p ) sin t + 2 1 J~ (P,) sin mmt + m n=3,5, ... 
(n-odd) 

1 s  



Note that the noise at the output of the multiplier phase detector is additive 

and gaussian. 

phase detector preceded by a limiter. 

There is no signal suppression factor here as in the case of a 

The signal power out, is simply 

for all p. The noise power, No, is 

(n-'odd) 

Since 

2 
1 
2P 

(N 2(t)) *N 
= -  = -  

E2 
S 

E 2  
S 

2 
N (P  , p ) =  2 Jn (8 , )  + o s  n=3,5,. . 

(n- odd) 

The first term in (106)is just thepower lying at higher harmonics of wm 

which results from the nonlinearity sin [P(t)l. The second term is the noise 

power resulting from the additive gaussian noise, and is the total noisepower 

out in the absence of modulation. 

The signal-to-noise ratio out is therefore 

25 2(P 1 s  
0 2 J 2 (Ps) + 2p 1 (S/N) = 

n n=3,5,. e 

(n-odd) 

This is plotted as a function of p for 6, = 0.5, 1.0, 1.5, and 2.0 radians in 

Fig. 16. The asymptotic behavior of (SIN) in the limit of large and small p i s  
0 
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Fig. 16 SNR curves for the conventional multiplier. 
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and 

(1 08) 

The behavior at large p is the same a s  for the case of the sinusoidal phase 

detector preceded by a limiter in that the nonlinearity of sin /3 limits the 

output signal-to-noise ratio as p + 00. As p -, 0 the output signal-to-noise 

ratio is larger  than for either the cross-over detector or the sinusoidalphase 

detector preceded by a limiter. 

phase detectors a re  compared in more detail in the next section. 

The signal-to-noise ratios out for the three 
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3 . 5  Comparison of the SNR Behavior of the Three Phase Detectors 

To compare the SNR behavior of the three phase detectors, w e  plot 

the SNR curves at fixed 

figure. This is shown in Figs. 17, 18, 19, and 20 for p = 0 . 5 ,  1 .0 , l .  5 and 

2 .0  radians respectively. Points at which the SNR curves intersect a r e  circled. 

for each of the three phase detectors in the same 
S 

S 

Examination of these figures indicates that no one phase detector may 

be considered as best at all values of p. In particular, at low input SNR, it is found 

that the conventional multiplier has the best SNR behavior, followed by the 

sinusoidal phase detector and the cross-over detector in that order. 

predicted by the asymptotic behavior of the (S/ N) 
indicated below. 

Conventional Mult iplie r : 

This is 

functions at low input SNR 
0 

(110) 
2 

( ~ ~ 0 )  + (4) P J1 (Ps )  

Sinusoidal Phase Detector Preceded By Limiter: 

2 
(S/N) ( P  -, 0) - (d P J1 (PSI 

0 

Cross - Over Detector : 

A t  high input SNR, on the other hand, the situation is just the reverse of that 

for low input SNR. Here the cross-over detector has the best SNR behavior, fol- 

lowed by the sinusoidal phase detector and the conventional multiplier in that 

order. This is also pre- 

dicted by the asymptotic behavior of the (S/N) functions at high input SNR in- 

dicated below. 

Cross-Over Detector: 

This is most noticeable at the larger  values of P S 
0 

(113) 
2 

( P +  cx)) + PP, 
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R -828 P' (SIN); 

Fig. 1 7  Comparison of the SNR curves of the three phase detectors for Ps= 0.5 rad. 
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1 
I I I I I l l 1  

a. Sawtooth phase 

b. Sinusoidal Detector 
Preceded by o Limiter 

c. Conventional Multiplier I 

Fig. 18 Comparison of the SNR curves ofthe three phase detectors €or f l  = 1 . 0  rad L 0 EV MENT- 

S 
52 



I I I I 1  I I l  

PS: 1.5 Radians 

# 1 I I I I L  

d b  
- 20 -1  

-30 I I I I 8  1 1 1  

0.01 0.1 1 .o 10 100 
R - 830 p =(S/N); 

Fig. 1 9  Comparison of the SNR curves of the three phase detectors for /3,= 1 . 5  rads. 
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10 20 
I I I I l l l l  I I I I I I l l  

10 0 

(S/N), 

10 

1 .o 

a. Sawtooth phase detector 

b. Sinusoidal Detector 
Preceded by a Limiter 

c. Conventional Multiplier 



I jl.0 

a. Cross Over Detector 

b. Sinusoidal Detector 
Preceded by a Limiter 

c. Conventional Multiplier 

Fig. 20 Comparisonof the SNR curves of the three phase detectors for ps= 2.0 rads 
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Sinusoidal Phase Detector preceded by limiter: 
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Conventional Multiplier: 

Note that as p becomes so large that 

1 2 - << 2 J, ( P S I  
n= 3,5,. . . 2P 

( 114) and (1 15) both approach 

J12” (E,) 
(S /N)  ( P  - O0) -, 

J: (P,) 0 

n= 3 , 5, .. . 
The noise in this case consists entirely of distortion harmonics at 3w 

This behavior is most noticeable for the fi  
, 5w etc,  m m  

= 2. 0 radians case of Fig. 20. 
S 

Note also that for p large enough so that (1 13), (1 14),. and (115) a r e  valic 

approximations for (S/N)o, but for 6 small enough so that 
S 

the (S/N) curves may be approximated by 
0 

(119) 
2 

Cross-Over Detector: (S/ N) M p 6, 
0 



Sinusoidal Phase Deteetor: 

1 2  (120) (SIN) M = P B s  (1 + 4Ps ) P 4Jl2(PS) 2 

(1 - L p 2, A 

0 
2 s  

, 
2 fl: (121) 2 

Conventional Multiplier: 

In this case, the SNR curves are linear functions of p ,  and the cross - over 

detector is actually the best of the three phase detectors. This behavior is most 

evident in  the f l  

(S/N) = p4J1(Ps) m p f ls  (1 -4) 0 

= 0. 5 radian case of Fig. 17 for p > 10. 
S 



IV. CONCLUSIONS 
We have computed the SNR behavior of three commonly used coher 

phase detectors, under conditions of sinusoidal modulation and additive nar 

band gaussian noise. The local reference car r ie r  was  assumed to be cor: 

ly  phased and jitter -free. Results were obtained over a wide range of inp 

SNR, including the intermediate or threshold region 0 db to 1 0  db. ,Outpui 

noise power was considered to be measured in the presence of modulation 

with the aid of a notch filter, so that any harmonic distortion components 

were included in the noise. Several explicit conclusions may be drawn frl  

the resulting SNR curves: 

Both the cross  -over detector and the sinusoidal detector 
preceded by a limiter exhibit a threshold effect in the 
range p = 0 to 10  db. 

This threshold effect is more pronounced for higher phase 
deviations /3 . 
The conventional multiplier exhibits no threshold effect. 

S 

A l l  the SNR curves maintain unity slope in the low SNR 
range. 
threshold is gradual, rather than catastrophic as  in F M  
demodulators. This is a property of coherent detectors. 
Ji t ter  on the carr ier  reference would tend to increase the 
SNR degradation at low p .  

Stated equivalently, SNR degradation below 

Noise power measured in the presence of modulation is 
always greater than that measured in its absence. Part 
of the difference is the power in the harmonic distortion. 

Both the conventional multiplier and the sinusoidal detector 
preceded by a limiter produce high harmonic distortion for 

greater than one radian, even in the absence of noise. 
S 

The cross-over detector produces no distortion in the ab- 
sence of noise, even for os approaching 7r radians. As 
input SNR decreases, distortion increases. For a given 
input SNR, the distortion increases with deviation. 
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h) At  low input SNR the conventional multiplier has the 
best SNR behavior, followed by the sinusoidal phase 
detector then the cross -over detector. 

i) At  high SNR the cross-over detector has the best 
SNR behavior, followed by the sinusoidal phase de- 
tector then the conventional multiplier. 

j) At high SNR and high deviation, the cross-over de- 
tector is significantly better than the other two de- 
tectors which suffer from high distortion and suppression 
of the fundamental modulation component. 

k) At high SNR and low deviation such that inequality (1 18) 
holds, all detectors yield equivalent performance. 

In a practical situation, the system designer would have a definite 

transmitter power and receiver noise power density. In the case of sinusoidal 

modulation, the designer would have at his disposal the choices of phase deviat 

and type of phase detector to be used in the receiver. For the sinusoidz 

phase detector or the conventional multiplier, the largest value of Bs that 

should be used is 1.84 radians, which corresponds to the maximum of J,(I 

Any value larger than this produces an output SNR curve which lies lower 

the SNR curve for 1.84 radians at all values of p .  A value of Bs larger thi 

1.84 radians can be used with the cross-over detector, however, and an i: 

provement over the sinusoidal phase detector with B = 1.84 radians may 1 

realized at high input SNR. If f i  for the cross-over detector is made mu< 

larger than 1.84 radians, the IF filter bandwidth may have to be widened t 

accommodate the larger IF signal bandwidth. This would introduce more 

put noise power, of course. The main advantage of the cross-over detect 

over the other two detectors is that at high values of p larger deviations c, 

be used with little dietortion. 

S 

S 



The analysis and results of this report apply to coherent phase 

demodulators employing a perfect carrier reference. They d s o  apply to 

phase demodulators that extract the carrier reference by means of a narrow- 

band carrier -tracking phase -locked loop, except that the residual carr ier  

phase jitter will degrade the predicted performance at very low input SNR. 
However, they do not apply directly to  modulation-tracking phase-hcked 

loops. 

W e  have intentionally ignored post -detection filtering in  the analysis, 

in order to concentrate attention on the phase detectors themselves. Accord- 
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ingly, we calculated the output noise power over an unbounded bandwidth. Now, 

in simulating a signal by a test tone, it is customary to choose the tone fre- 

quency, w m s  well  below the highest allowable modulation frequency, and hence 

much smaller than the IF bandwidth. In such cases most of the output noise 

power w i l l  be concentrated in a video band not much wider than half the 

IF bandwidth. A post-detection filter whose bandwidth is of the order of 

half the IF bandwidth will  thus not materially alter the SNR curves. 

A narrower post-detection bandwidth intended to reduce the output 

noise power raises some new problems. 

were relatively flat, then post-detection filtering would simply improve the 

output SNR by a fixed amount at all values of input SNR. Expectedly this is 

not the case. 

on its transfer function, but also on the noise power-density spectrum. 

latter depends in turn upon input SNR , phase deviation and modulation fre - 
quency. Evaluation of this power density spectrum is more complicated than 

the calculation of the total noise power. 

If the output noise power density 

The amount of S N R  improvement by the filter depends not only 

The 

For the case where the tone modulation represents a sinusoidal sub- 

one would use a narrowband subcarrier filter cen- 

at the output of the phase detector in order to reduce the output 

carr ier  at frequency w 

tered at w m 

m” 



noise. Once again, in order to calculate the total noise power at the output 

of this filter, the noise power spectrum would have to be evaluated. 

In conclusion, we note that the calculation of the first moment ml(p,p), 

from which the signal suppression for any type of modulationmaybe calculated 

is highly useful in that this signal suppression occurs independently of any 

post-phase detector linear filtering. The noise power results, on the other 

hand, characterize the total noise power at the output of the phase detector 

r\ 

prior to any post-detection filtering. These results may not be too accurate 

if post-detection filtering is used, but they serve a s  an upper bound to the 

noise power at the output of a post-detection filter, since this must certainly 

be less than the noise power at the output of the phase detector. 

The calculations a r e  useful also in that they can readily be verified 

experimentally, thus confirming the validity of the various theoretical models 

used in the analysis. 
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V. PROGRAM FOR NEXT INTERVAL 

The time remaining in the period of performance of the subject contract 

ill be allocated exclusively to the completion of Task I. 

Task I 

Apply the available analyses of intermodulation distortion caused by 
r\ 

hase non-linearities to cover: 

a. 

b. Non-linearities in  demodulators, and 

c .  

AM to P M  conversion effects in limiters, 

Overall filter design problems, e. g., form 
factor vs phase linearity. In particular, a 
catalog of commonly used predetection filters 
along with their intermodulation distortion 
levels wil l  be compiled. 

6 1  
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APPENDIX A 

Calculation of S_ for the Cross-Over Detector 
v 

It is convenient to introduce the variable b defined by 

+ = 7 r - e  n 

so that rn @3, p) becomes 1 
P 

ml ( P ,  P) = P - 2~ / q (n - 6) db 
0 

(A-2) 

(A-3) 

1 The probability density function q(e ) is obtained by integrating the 

joint amplitude-phase probability density function p .(A, 8 ) over all possible 

amplitudes 

n 

J n 

1 
The function p.(A, 8 ) is obtained from the vector-noise model (see Chadima ) 

and is 
J n 

where A is the normalized amplitude of the combined input signal plus 

noise (normalizedto the signal amplitude E ). Hence, m (6, P) becomes 
S 1 

6 5  
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It is convenient to interchange the order of integration over A and b,  and 

to integrateover b first. To integrate (A-61, w e  rewrite the integral as  

P 

Since the integral over b cannot be evaluated in closed form, we expand 

e - COS b)  in an infinite ser ies  as 

Now m (0, p) becomes 1 

00 

= P - C G ( P I  I (6)  n! n n n= 0 

where we have defined 

For n = 0 ,  and n = 1 

I ( P )  = P 
0 

and 

1 p  = P - s w 3  

66 

(A-8) 

(A- 9) 

(A-10) 

(A-11) 

(A-12) 

(A-13) 

(A-14) 
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n For n 2 2 we expand (1- cos b )  as 

b cos k+ n-1 n , k  k=O 2 

so that In (6) becomes 

The coefficients b a r e  obtained by writing 
n, k 

n- 1 
(1 - cos = (1 - cos +, (1 - cos +) 

or 

(A- 15) 

(A- 16) 

(A-1 7) 

n-1 
cos kh COS 4 (A-18) - k=O n-2 2 bn-l ,k  

Using the relationship 

(A-18) becomes 

n- 1 

k=O 
cos (k-l)b 

Equating coefficients of cos kb, we obtain 

(k= 0) - 
bn-lJ 1 = 2b 

n-1, 0 b 
n, 0 

(A-20) 

(A-21) 
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(k=l) 

- (A-22) b n, 1 - 2bn-l, 1 - 2bn-1,0 - bn-l, 2 

(k=n) 

- - -  (A-23) b n, n bn-l, n-1 
(k=n-l) /7 

2 

3 

4 

5 

6 

7 

8 

- - - 
n, n-1 2bn-l, n-1 bn-l, n-2 b 

(all other k) 

3 -4 1 

10 -15 6 -1 

35 -56 28 -8 1 

126  -210 120 -45 10 -1 

462 -792 495 -220 66 -12 1 

1716 -3003 2002 - 1001 3 64 - 91 14 -1 

6435 -9724 8008 -4368 1820 -560 120 116 1 

= 2bn-l,k - bn-l, k-1 - bn-l, k + 1 
n , k  

b 

1 
n=2 n! n for small /3, the terms 

leading terms (l-Go(p) - G1(p)) /3 + G (P) sin /3 of (A-10). This behavior is 1 

- G (p) In(@) wil l  be negligible compared to the 

(A-24) 

(A- 2 5) 

= - 1 the coefficients b for k .= 2,3,4,5,6,7, and 8 = 1 and bl , l  
n, k 

With b 

are easily obtained from (A-21) through (A-25), and a r e  listed in Table A-I.  
1,o 

Table A-1 

Coefficients b up to n = 8 
na k 

I 
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illustrated in Fig. 6 where for p = 1 successive approximationstom (6, p) 

obtained by truncating the above sum at n = 2,4,6,8, and 00 a re  plotted. 
1 

We now turn our attention to G (p). Note that G (p) defined in(A-11) n n 
may be written as 

(A- 26) 

The second integral is recognized as 2 p  Gn - l(p). 

integrated by parts as follows 

The first integral may be 

2 
-p(A+l) u = -(2pA)" , dv = - 2P(A+1) e 

n- 1 - P ( A + ~ ) ~  du = -2pn(2pA) dA,  v =  e 

00 00 00 1 udv = UV] - 1 v d u  (A-27) 
0 0 0 

2 n- 1 - p(A+1 IdA 00 

= -   PA)^ e - p(A+l)2i" +2pn l (2pA)  e 
0 0 

Hence for n 2 1, w e  have the recurrence formula 

(A-28) 

(A-29) 
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We denote the integral in (A-28) for n = 0 by 2 P G-l (p) 

+1 

00 2 
= l e  - p t  2pdt - S]e-p'22pd[ 

0 0 

where erf x is defined by 

x 2  2 erf x = = e" dy 

G (p) is therefore 
0 

With the following definitions 

w e  may w r i t e  
00 

(A- 30) 

(A- 31) 

(A- 32) 

(A- 33) 

(A- 34) 

(A-35) 

(A- 36) 

(A-37) 
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where 

F @ ) =  2 - n-1 1 bn,k ( g  k J 1 (kP s 1) n s  k=O 2 
(A- 39) 

The signal power out, S (p , p), is therefore 
o s  

2 00 - - 1 (E an(P)  Fn(Ps)) 
2 

n= 2 

(A-41) 

The signal power out is broken up into these two parts since 

smaller than the first term in (A-40) if P is not too large (less than about 2 

radians), and F(P p) becomes completely negligible compared to the f i r s t te rm 

in (A-40) as p-,w and p -, 0. This behavior is illustrated in Fig. 7 where 
1 2 - (a (p)  + al(p) 0 J,(ps)) 2 0  S S 

0.5,  1.0, 1.5, and 2.0 radians. 

€ ( P S I  P) is much 

S 

S 

and F (0 , p) are plotted as a function of P forPs = 

1 2  
We now show that as p -, 00, S (Ps, p) approaches 5 Ps (PS < I), and 

2 0 

that as p -, 0, S (6 , p) approaches 2(sP) J1 
the asymptotic forms of 2 p  G-1 (p) in the limits p -00. 

(P,). To do this w e  make use of 
o s  
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(A- 42) 

Hence .as p -., 03 

1 - 3  1.395 ... ) +-- G (p)=e-P-  2 ~ G - ~ ( p ) + -  1 e - P ( l  - - 
2P 2P ( 2 d 2  

0 

1 -  
2P 

which approaches zero as - e A s  p -. 0 

2 3  
Go(p) = e-' - 2 ~ G - ~ ( p )  1 - p + - + . . . 21 3f 

2 
-6 + 2 p ( l - P +  3 - 1 1  5:2! 2- - . . . I  

1 2  1 3  G ( p + O ) = l - G + p -  gp + g p  -... 
0 

(A-44) 

(A-45 

For n 2 1 the recurrence formula (A-29) is used in conjunction with (A-42) to 

A-45)  to obtain the asymptotic behavior of Gn(p), and hence of an(p). For 

example, for n = 1, the asymptotic behavior of G (p) as  p +  0 and p + co is 
1 

1 2  
6 .  - 2 p c 1  -G+ p -  - p +. . . I  

- 4p+2p"J l rp -  z p  4 2  +... 
G1(p+ 0) = dG 

and 

(A-46) 
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A 

(A-47 1- 3 .2  + 1-30 5: 3 1. 3.5.7- 4 +... ) - 1 -P G l ( p + W ) = p  e ( 1  - - 
2P (2 d2 (2 P)3 

Hence the asymptotic behavior of CY (p), considering the first two leading terms 

only, is 
0 

a0(p) = 1 - G (PI - G1(P) 0 

3 -P CY (p-") - 1  - - e 
0 2P 

CY ( P ' O )  -, 3 p  - 2pnJ; ; ; ;  
0 

The asymptotic behavior of CY (p) is 1 

CY,(P) = G1(p) 

(A-48) 

(A-49) 

(A-50) 

Oll(P'O) -, 6 - 4P 

The dominant terms in the asymptotic behavior of an(p)  as p- 0 and 

(A- 51) 

p -, for n = 0 ,1 ,2 ,3 ,4 ,5 ,6 ,7 ,  and 8 a r e  listed in Table A-2. The situation 

for n 2 9 may readily be deduced from Table A-2. 

Hence 01 ( p )  dominates as p+o, and cu0(p) dominates as  p+ 00. Consequently, 

and 

(A-52) 

(A- 53) 
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Table A-2 

Asymptotic Behavior of a&) 

n 

0 
- 

1 

2 

8 

dnp 
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APPENDIX B 

Calculation of N for the Cross-Over Detector 
0 

The second moment m2(P, P) for the cross-over detector is 

2 n 
= u  (p) + p2 + 4r2 J [l - (0 + en)]q(e )den 

7r n 
n I- P Q 

2 

n 
where 0 (p) is given by 

0 

and is the noise power that would be measured with the modulation turned off. 

This has been computed by Chadima and is plotted in Fig. 14. To evaluate the 

last integral in (B-3) we again introduce the variable 4 = n - 8 so thatm2(P, p) 

becomes 

1 

n 

With q(On) as given in (A-4) and (A-51, m2 (0, p) becomes 
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00 
~ A J  (+-P)e 2pA(l-cos+) 

m2(Ps P) = ae 2 ( p )  + P 2 +  2 (2pA)e 

(B-6) n 0 0 

Expressing e 2pA(1-cos +) as in (A-8) and making use of Eq. (A-151, and the 

definition of G (p)  from (A- l l ) ,  m2(P, P) becomes n 

00 

n= 2 

Integrating twice by parts we obtain 

k r l  = -  (1 - cos kp) 
k 2  

so that m2(P, p) becomes 

where 
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or, with an(p)  as defined in (A-34) through (A-36), 

With p = p sin w tJ (m (p s i n w  t, P ) ) ~  is 
S m 2 s  m 

co 

where 

(B-11) 

(B-12) 

(B-13) 

(B- 14) 

Introducing S (p , p) from (A-40) and (A-41) and regrouping terms, we may 

write N (p , p) as 
o s  

o s  

(B-15) 

where y ( p  , p) contains the dependence on S J  andbecomes negligible compared 
S 
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L. 

ere y (PSI p) is plotted 

as a function of P for Ps = 0.5, 1.0, 1.5, and 2.0. 

1 2  
y ( P s ,  P) = { Q ~ ( P )  5 P, + oll(p) (1 - Jo(Ps)) 

- (a ( P )  P + oll(p) 2 Jl(Ps) 12) 2 0  S 

00 

+{ C a n (PI c(lor0(P) P,+ @,(P) 25 1 s  (0 i) F n s  (P - ~E,(P, )I  
n=2 

00 

(B-16) 
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