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T W 0 C ONVERSATIONA L LANGUAGES FOR C ONTR OL - THEOR ET .IC A L 

COMPUTATIONS IN THE TIME-SHARING MODE 

EY 

P. M. Newbold ar,d A. K. Agrawala 

Division of Engineering and Applied Physics  

Harvard  University Cambridge, Massachuset ts  

A BS TI1 A C T 

The  paper presents  in the form of u s e r s '  manuals ,  a descr ip-  

tion of two conversational languages for  use on a d i rec t -access  t ime-  

shar ing  computer,  The languages a r e  designed for  control-theoretic 

applications. 

The second is designed to  simula.ie l inear  dynamic sys t ems  and to  

solve the associated Riccat i  equacions. 

possible.  

languages. 

The first language is a matrix manipulation language. 

Fu r the r  applications a r e  also 

Each manual includes detailed examples of the usage of the 



scientific programm 

to devising Languages 

INTRODUCTION. 

Since the advent of the high-leve 

uages,  much attention has been devoted 

ng l a n -  

which 

a r e  to  an ever- increasing degree  user -  and problem-oriented. 

limit our  attention to  languages which a re  useful f r o m  the control 

theory point of view, i t  is obvious from the amount of work a l ready  

accomplished that whiLc we might call the 'bas ic '  languages, F o r t r a n ,  

Algol, Mad, and s o  on, a r c  ittaui'Eiciently specialized for  many pur-  

poses.  

to  be solved, the requirements  expected of a language a r e  increased  

ease of use ,  and increased  .dpeed of problem specification (with the 

assumption of cour se  of more  detailed theoret ical  knowledge). 

penalty the u s e r  mus t  be prepared  to accept longer t imes  for  t ranslat ion 

into machine language, and in some cases longer execution time. 

If w e  

Generally speaking tiic more res t r ic ted  the c l a s s  of problems 

A s  a 

T o  descr ibe  the operation of a specialized language it is con- 

venient to  define the following hierarchy: 

Level I: bas ic  machine instructions 

Level 11: symbolic assembly : MAP,  T A P ,  e tc .  

Level 111: 'bas ic '  scientific : F o r t r a n ,  Algol, e tc ,  

Level  IV: specialized scientific. 

Most of the p rocesso r s  fo r  the specialized, o r  Level  IV languages a r e  

wri t ten in Level I11 o r  mixed Level I1 / Level I11 languages, to which 

the former appear  as data. 

computational procedures  contained in the p rocesso r  which perforri 

the t a sks  required by the u s e r ,  

to  use  the p rocesso r  in a vers ion precompiled to a Level I s tage,  and 

This  data de te rmines  se t s  of options 011 

Because of this s t ruc tu re  it is  possible 
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run  the program under the standard Operating Sys tem for  the u s e r ' s  

par t icular  machine. 

A number of languages exis t  for  sys t em simulation. Some of 

these [ l ,  21 a r e  designed to  present  the digital computer to the u s e r  

as a pseudo-analogue computer.  

the tabulation of analogue computation blocks and their  interconnexions, 

Other systems s imulators  consis t  more  of For t ran- l ike  s ta tements  r31. 

Programming consis ts  mainly of 

Some languages a re  direct ly  oriented towards the solution of 

differential equations, though most  of these can bare ly  m e r i t  the title 

of language in spite of having the processor  s t ruc ture  outlined above, 

GPSS I11 [4] is a language oriented towards queueing theory. 

Probably one of the most  important languages f r o m  the control point 

of view is A S P  [5], which is a language fo r  the manipulation of ma t r i ces  

and the solution of ma t r ix  equations. 

Recently the introduction of d i rec t  access  t ime-sharing computer 

sys t ems  has made the usage of specialized languages m o r e  at t ract ive 

because they can take on a s imple question-answer o r  command-response 

;o;.m. the 

motivation for  the development of the languages descr ibed  in this r epor t  

was the partial  filling of this software gap. 

Little o r  no software of this type is available a t  the moment: 

The remainder  of this paper  is divided into two p a r t s ,  each 

part being in effect a u s e r ' s  manual for  the language descr ibed.  

languages a r e  intended to  be used both as r e s e a r c h  and as educational 

tools. T h e  p rocesso r s  w e r e  writ ten in F o r t r a n  I1 for the SDS 940 

Time-sharing Sys t em at the Harvard  University Computation Laboratory,  

The i r  object language vers ions operate normally under the F o r t r a n  

The 



Operating System, 

ent,  but little labour would be involved in adapting them to  other sys t ems  

of a similar type. 

The processors  a r e  to  some extent machine depend- 

PART I descr ibes  a language for the manipulation of matrices. 

Most of the usual matrix operations can  be  c a r r i e d  out, r a the r  in :he 

same way as one might carr!  out scalar  operations on  a desk calc.ilator, 

Operations are c a r r i e d  out one at a t ime,  the intermediate  resu l t s  being 

s tored  for  la te r  re -use .  

PART I1 descr ibes  a language t o  be used fo r  the simulation of 

d i sc re t e  l inear  sys tems;  for  the solution of the Ricca t i  equations for 

such sys t ems  and the calculation of feedback gains; and for  the d is -  

cret izat ion of continuous l inear  systems.  The simulation of l inear  

s tochast ic  sys t ems  and the solution of var iance equations a r e  a l s o  

possible;  by t r ickery  even more  may be feasible.  The  language is 

dignified by the name CLOSE. 

The two languages have been designed to be mutually compatible 

in the sense  that that ma t r i ces  stored on disk file f r o m  one Language 

may be  used direct ly  in the o ther ,  

a r e  main117 due to  lack of computer s torage space  which has severely 

l imited the sophistication of the processors ,  

A n y  shortcomings in the languages 

DISCLAIMER, 

Copies of the p rocesso r  a r e  obtainable f r o m  the authors .  

eve ry  e f fo r t  has  been made to  eliminate e r r o r s  and keep document a t '  ion 

of modifications up to  d a t e ,  the authors give no  guarantee that the c u r -  

r en t  vers ions  of the p rocesso r s  will run  co r rec t ly  according to  the 

manual  under every  eventuality. At the same t ime the authors  would 

be glad to  receive notice of e r r o r s  and suggestions fo r  improvement.  

JVhilst 
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P A R T  I 

A MATRIX IMANIPULATION LANGUAGE 



MATRIX MANIPULATOR 

Version (110-2) 

1. INTRODUCTION. 

The Matr ix  Manipulator, abbreviated to MM, i s  a F o r t r a n  I1 

program wri t ten for the SDS 940 system to operate  under the Executor 

FOS. It allows var ious ma t r ix  operations on up to 60 ma t r i ces ;  the 

maximum size of a ma t r ix  is l imited to 10 by 10. 

F o r t r a n  i s  required.  

any o rde r ;  up to  6 ma t r i ces  can be stored on fi les f o r  la te r  use  in  the 

same o r  different p rograms .  

No knowledge of 

Any number of operations can  be per formed in  

2.  DESCRIPTION. 

loaded 

of the 

The sc 

The program is available on the L ib ra ry  f i le  MAT. 

direct ly  under FOS. The Manipulator a l so  requi res  

L ib ra ry  file F T L .  The command ;G then passes  co 

:quc' i icf ' instructions is a s  follows 

@?os. 9 
LOAD MAIN PROGRAM@ 
FROM FILE MAT. (LIBRARY)@ 
LUAU SUBPROGRAMS @ 
FROM FILE FTL.  (LIBRARY)@ 
LOADING COMPLETE @ 
659 WORDS O F  STORAGE UNUSED@ 

be 

g 

M. 

which can 

the loadin 

Nntrol to  M 

The program is available on the L ib ra ry  file MAT. which can be 

loaded direct ly  under FOS. 

of the L ib ra ry  file F T L .  The command ;G then passes  control to  MM. 

The sequc ' i ic f  

The Manipulator a l so  requi res  the loading 

' instructions is a s  follows 

@?os. 9 
LOAD MAIN PROGRAM@ 
FROM FILE MAT.-(LIBRARY)@ 
LUAU SUBPROGRAMS @ 
FROM FILE FTL.  (LIBRARY)@ 
LOADING COMPLETE @ 
659 WORDS O F  STORAGE UNUSED@ 
- +;G2 

The standard convention is followed that portions typed out by 

the computer  a r e  underlined. The symbol @ represents  a ca r r i age  

re turn .  

then types : 

The u s e r  himself types out the portions not underlined. MM 

MATRIX MANIPULATOR (1 10-2) 

The symbol < typed immediately after a ca r r i age  re turn ,  and followed 

by two dings on the bel l  indicates that MM is waiting for a command. At 

I- 1 



present  one can converse with MM using any one of about twenty different  

commands described in  the following sections. Matr ices  and sca l a r s  

used in  the program a r e  defined by a two-character  name. The name 

" .  . I t  is reserved for a special  ma t r ix  where resu l t s  of operations a r e  

s tored.  

var iables .  

Apart f rom this there  i s  no restr ic t ion on the names of the 

3 .  COMMANDS. 

There a r e  two types of commands; defining commands which 

set  up the names of the var iables  and their  dimensions,  o r  manipulate 

the l is t  of existing names; and executable commands which c a r r y  out 

ma t r ix  operations o r  handle input and output. Only the f i r s t  th ree  

le t te rs  of a command need be typed out, the others  being optional. 

the description given below these three  le t te rs  a r e  capitalized. 

3 .  1 .  Defining Commands. 

In 

The general  format  for a defining command, with one exception, 

i s  

- < {command}@ 

There  a r e  four different commands:  

(i) - < MATrices @ 

This command is used to  name and define the s izes  of a l i s t  of ma t r i ces  

of any length up to the capacity of MM. 

signals by a double bel l  that  it i s  waiting for the l is t  to  be typed in. 

Typing ALL instead of a l i s t  entry te rmina tes  the command and the 

list. 

After the ca r r i age  r e tu rn  MM 

The general format for a l i s t  entry is 

{ s }  = m , n , @  

where { s} is any valid two-character name and m, n a r e  the row and 

column dimensions of the ma t r ix  writ ten as in tegers .  

mus t  be taken not to omit the final comma of each l i s t  entry.  

Special ca re  
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Example : 

- < MATRICES @ 
AA=2, 2,  
c = 2 , 3 , @  
+ D = l ,  6, @ 

< 
ALL @ 

(ii) - < S C A l a r s B  

This command operates  i n  the same way as the previous one, and is 

used to define sca l a r s .  The general  format  of a list entry is: 

{SI ,@ 
Note again the te rmina l  comma.  MM t r e a t s  s c a l a r s  as 1 by 1 ma t r i ces ,  

and the u s e r  himself can t r e a t  them so by alternatively defining them as 

such in  the l ist  of ma t r i ces .  

Example : 

< SCALARS@ 
DF. @ 
- 

If duplication of 

effect ive for executable commands. 

On first entry into M M ,  a f t e r  typing the heading the two above 

commands a r e  issued successively by M M ,  s o  avoiding any forge t -  

fulness  on the pa r t  of the u s e r .  Thereaf ter  a t  any s tage in  execution 

the u s e r  may add to  his l is t  of variables.  When these two commands 

have been completed at f i r s t  entry,  MM i s sues  the invitation 

START ! ! ! !@ 
< 

(iii) - < LIStQ 

If the user wishes to  check the l is ts  of var iables  he has  defined, u se  
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of this command will resul t  in  MM printing out the complete l is ts  of 

a l l  mat r ices  and sca l a r s .  

The las t  command of this type has  a slightly different format .  

(iv) - < { s}, OMIt @ 

This command is used to delete the variable name {s} from the l i s t  i n  

which i t  appears .  If the command i s  used to delete a duplicate of a 

name f r o m  a l is t ,  then i t  resu l t s  in  the f i r s t  occurrence of that name 

being deleted f rom the l is t .  The ma t r ix  I f . .  I t  cannot be deleted. 

3 .  2.  Executable Commands. 

The general  format  of the executable commands (except f o r  the 

STOP command) is a s  follows: 

_. < { s }  , {command} 8 
- < { s }  , { t} , {command} @ 

o r  

where { s} , { t} a r e  valid 
var iable  names .  

The STOP command signals that no m o r e  operations a r e  to be c a r r i e d  

out. The format is  : 

The words 

a r e  printed out and control is relinquished to FOS. 

The remainder  of the commands can  be divided into two groups; 

those which use  I ! .  . 'I as the standard output variable;  and other commands. 

The s i zes  of . take on the required values dictated by the par t icu lar  

ma t r ix  operation. 

3. 2. 1. Miscellaneous Commands. 

(vi)  - < {s} ,REAd@ 

This command is  used to read i n  the values of a m a t r i x  f rom the typewriter 
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console. MM waits for the values to be typed i n  af ter  giving a double 

bell.  Input format  is standard and is  descr ibed in  the following section. 

Example : 

< AA,READ @ ( AA is a 2 by 2 ma t r ix )  - 
2.1 ,3 .  5, e, 
7. 5, 0. 3, @I 
< 

(vii) - < {s},PRInt @ 

On receipt  of this command MM prints out the values of the specified 

matrix i n  the standard format .  

(viii) 

This command is used to  s tore  the values of ma t r ix  { S }  on disk 

- < { s}, STOre@ 

file. The exact sequence i s :  

< { s}, STOrG@ where {s} is a var iable  name 
FILE NO = n ,@ 
- < 1 and 6 ,  See Section 6. 

- 
and n is a file number between 

Only one ma t r ix  can  be s tored on each file. 

(ix) - C {s},LOAd @ 

This command i s  used to read in the values for  ma t r ix  { s} f rom a 

specified file. The exact sequence i s :  

- < {s},LOAd @ 
FILE NO = n ,@ See Section 6.  
< - 

(4 - < { s}, {t}, EQUate @ 

This command is used to copy the values of { s} into {t} . Except where 

the second m a t r i x  is I t .  . ' 1  the two mat r ices  must  be of the same   size. 

(xi) - < { s } , N u L ~ @  

This command computes { s} equal to zero .  

(xii) 

This command resu l t s  in  the computation of eigenvalues and eigenvectors 

fo r  m a t r i x  { s } .  

- < { s}, EIGenvalue @ 

Their  numerical  values a r e  printed out as calculated,  
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but a r e  not stored. 

of the calculation. 

However 'I. . I! i s  used and contains junk a t  the end 

If MM cannot find a n  eigenvalue the message  

COMPUTATION FAILURE @ 
< - 

i s  printed out and the command terminated. 

3 .  2. 2. Commands having ! I .  . 'I as Output Matrix.  

< {s},{t},ADD @ (xiii) - 
{ s } ,  { t}, SUBtract @ (xiv) - 

(xv) - < { s}, TRAnspose @ : computes . . = {s} 

(xvi) - < { s}, NEGate @ : computes . . = - { s }  

(xvii) - < {s},{t},MULtiply@ : computes . . = {s} * {t} 

: computes 

: colllputes 

. . = { s }  t {t} 

L { s} - {t} < . . 
T 

- 1  . . = { s }  

. . = { s} * {t} 

< { s}, INVert @ (xvi ii ) - 

- < { s}, {t}, SCAlar multiply 8 

: computes 

(xix) : computes 
where {t} i s  x sca l a r .  

(xx) 

(xxi ) - < { s},DETerminant @ : computes . . = Det {s} 

- < { s}, DIAgonal sum @ : computes . . = T r a c e  { S} 

Two points a r e  especially to be noted. 
)I It 

(a)  If the user  attempts to  invert  a singular mat r ix ,  . . will be set  to 

zero,  and the following message  will appear:  

MATRIX SINGULAR, RANK = # @  
< - 

#I I# 

(b) If the user  attempts to find the determinant of a singular mat r ix ,  . . 
is  set  to zero,  and the following message  will appear :  

DETERMINANT ZERO @ 
< - 

A complete directory of commands is given i n  Section 7. 

4. FORMATS, 

MM reads  and wri tes  all m a t r i c e s  and s c a l a r s  i n  a fixed standard 

format,  Loth on the typewriter console and on file. Whilc typing in  



values under the READ command, the u s e r  should type i n  the ma t r ix  

row by row. Due to  some unfortunate F o r t r a n  restr ic t ions,  no more  

than 4 en t r ies  a r e  permitted on any line. Hence when l a rge r  mat r ices  

than 4 by 4 a r e  used, each row of the ma t r ix  is  typed in order ,  4 

entr ies  p e r  line up to  three  l ines where necessary.  Each row must  

s t a r t  on a new line; as an  aid, a double bell  r ings when each row of 

- 

the m a t r i x  i s  completed. Each individual entry must  take up fifteen 

spaces o r  l e s s  and terminate  in  a comma. 

An example showing the input of values to  a 2 by 7 matrix is 

given immediately below : 

Example : 

C AA,READ@ AA i s  a 2 by 7 matr ix .  

5. 0, 6. 0 ,  7. O,@ 
7 . 0 , 6 . 0 , 5 . 0 , 4 . 0 , @  
3. 0,2. 0 , l .  0,Q 
C 

- 
1 . 0 , 2 . 0 , 3 . 0 , 4 . 0 , @  

End of row 1 

End of row 2 

Although i t  i s  unnecessary to know the specific output formats ,  a com- 

plete l ist ing is provided for interested u s e r s  i n  Appendix I. Standard 

F o r t r a n  notation is empioyed, both i n  typing in  the numbers,  and in  the 

Appendix. 

5. ERROR MESSAGES. 

If the u s e r  commits  an e r r o r  MM will ei ther drop out entirely 

due to  a corresponding F o r t r a n  run-time e r r o r  in  the MM executor; 

m o r e  hopefully a n  e r r o r  message will be put out by MM. 

(i) WHAT ? @ 
C - 

This message  is given if MM cannot recognize the command being 

input. The command should be repeated cor rec t ly .  If the e r r o r  m e s -  

sage is given during input of a variable l is t ,  the cur ren t  entry only is 

ignored, not the whole l is t .  
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(ii) TOO BIG@ 
< - 

This message i s  given i f  the ma t r ix  just  defined i n  the l i s t  is overs ize .  

(iii) TOO MANY@ 
< 

This message i s  given either when more  than 60 var iables  have been 

defined, or  when the total  s torage required by the defined var iables  

exceeds that available ( 1  500 locations), 

( iv) VARIABLE {s} NOT SET @ 
< - 

This message i s  given when MM cannot find the variable { s} just  used 

i n  a n  executable command in  i t s  l i s t  of defined var iables .  

(VI  MATRICES INCOMPATIBLE @ 
< - 

The compatibility of the ma t r i ces  used i n  the executable commands i s  

checked out before the command i s  executed. If they a r e  found to be 

incompatible, execution of the command is  stopped and the above m e s -  

sage is  given. 

6. FILE HANDLING. 

The commands LOAD and STORE require  the creat ion of f i les  

before  they can be used. Only f i les  actually used in  MM operation need 

be defined. If LOAD and STORE a r e  never used this section may be 

ignored. The files required must  be c rea ted  separately for each u s e r ;  

they remain separa te  for each  u s e r ,  even though the u s e r s  may  take 

turns  using MM under their  own u s e r  numbers .  The f i les  need only 

be c rea ted  once (unless of course  by some mischance they a r e  e ra sed ) .  

The file names :.4UST take the following form:  

,/FILEn/ 

where the integer n cor responds  to the integer  file number i n  the LOAD 

o r  STORE command. 
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The eas ies t  way to c rea t e  the files is to type the following 

before entering FOS: 

@COPY TEL.  TO /FILEn/ NEW FILE.@ - - - 
0 

If uncreated files a r e  requested,  MM w i l l  drop out. 

7. DIRECTORY O F  COMMANDS 

Defining commands: 

MATRICES 

~ SCALARS 

i LIST 

OMIT 

Executable commands : 

STOP 

(i) Mi s c ellane ous 

READ 

PRINT 

LOAD 

EQUATE 

I NULL 

EIGENVALUE 

(ii) Commands with . . as Output 

SUBTRACT 

TRANSPOSE 

The Q not underlined implies  that  the u s e r  should hit the escape 
key once, not that he should hit the symbol ''@I1. 
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(ii) Commands with . , as Output (con ' t .  ) 

NEGATE 

MULTIPLY 

INVERT 

SCALAR MULTIPLY 

DIAGONAL SUM 

DETERMINANT 



APPENDIX I 

FORMATS 

The program reads and wri tes  a l l  the ma t r i ces  in  fixed standard 

format.  This format  depends on the number of columns the ma t r ix  has .  

The following formats  a r e  used. 

No. of Columns Format  

1 ( E l  6 .8/)  

2 (2E16.8/) 

3 (3E16,8/)  

4 (4E16.8/) 

5 (4E16.8/E20.8/) 

6 (4E16.8/E20.8, E16.8/)  

7 (4E16.8/E20.8,2E16.8/) 

8 (4E16.8/E20.8, 3E16.8/) 

9 (4E16.8/E20.8, 3E16.8/E24.8/) 

10 (4E16.8/E20.8, 3E16.8/E24.8, El b e g / )  

Standard F o r t r a n  notation is used in  the above l is t .  

For example the format E16.8 means that the number at input 

and output appears  with a n  explicit exponent, and 8 digits to  the right of 

the dec imal  point, while the complete number is  right-justif ied in a 

field of 16 spaces .  
I 

4 s  is obvious from previous examples on input s eve ra l  relaxations 
I 
, 
I a r e  usually employed: 

(i) Ear ly  termination of a field by a comma.  

(ii) Omission of the exponent. 

(iii) Shift of the decimal point. 
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APPENDIX XI 

BXAHPLES OF USAGE. 

@ F O S .  

FROM F I L E  MAT. ( L I B R A R Y )  
L 0 P . D  M A I N  PROGRAM 

L O A D  SUDPHOGRAMS 

L O A D 1  N G COMPL ETE 
470 kORDS O F  S T O R A G E  UNUSED 
#; G 
M A T R I X  M A V I P U L A T O I ?  ( 1 le- 1 )  

FROM F I L E  FTL. ( L I B R A R Y )  

.............. 
M A T R I C F S  

AA= 2 r  2, 
A B = 2 r  2, 
AC= 4 D  4 
TOO U I F  

A L L  
< S C A L P R S  

D >  
E >  

A L L  
S T A R T  ! ! ! ! 
< A A r  REPD 

AC= 49 4 r  

1 . J 2 . 9  
3. D 4. > 

< A A r  ABJ FOLIATE 
< A G r  P R I N T  

1 0 8 Q B B B O E  I * 2 8 0 @ B B @ B E  1 
.3@CD@OPBE 1 .4BQBBP10FlE 1 

< 
< . . r P R I N T  

AAJ AB, M UL T I  P L Y  

.7UBBBCIiBfiE 1 l B i 3 O B O B B E  2 
ISBRO'/,@CIF 2 -22L3flDQE10E 2 

L I S T  
N AM E S I Z E  .. 2 BY 2 

A A  2 RY 2 
AI3 2 BY 2 
AC 4 BY 4 

D 1 BY 1 
E 1 UY 1 

< CBD T R A N S F U S E  
V A H I A R L F  RE N O T  S E T  

i:B= 1s 4, 

........ 
M A T R I C E S  

A L L  

'rJI4 AT? 

WH A T ?  

R E A D  

EBr  REF0 

B f i r H E A D  

Loading of HH under POS 

Terminal coama omitted 

BB not yet defined in a variable 
list. 

.................. Unintelligible command. 

.................. READ misspelled. 



1 D 2. D 3 . D  4 . r  
<B13r TRANSPOSE 
< . . > P R I N T  

.10000G;oBF: 1 

. 2 0 0 0 8 @ @ 0 E  1 

. 3 8 8 0 B 0 O 0 F  1 

. 4 0 0 0 0 0 1 3 0 E  1 
< ACDOMIT 
c L I S T  
NAME S I Z E  .. 4 EY 1 

AA 2 L Y  2 
AB 2 EY 2 

D 1 t3Y 1 
E 1 EY 1 

€!R 1 BY 4 
< AA,INVERT 
< . . S P R I N T  

- . 2 0 0 0 8 0 0 0 E  1 l G 0 @ 6 3 0 ~ f l E  1 
1 5 0 0 0 B B B E  1 - * 5 0 @ 0 0 € 3 0 8 E  0 

AADDETERMINANT 

-. 2 0 0 0 B 0 G B E  1 
< . . r P R I N T  

e AAD E1 GENVALUE 
EIGENVALUE I 0 5 3 7 2 2 5 1 3 E  1 

e 4 5 7 4 2 7 l l E  0 

AC has been deleted from the 
list of matrices. 

1 0 0 0 0 5 0 0 E  1 
E1 GENVALUE 2 - *  37228 1 3 8 E  0 

. 7 6 1 1 1 6 5 5 E  0 

-. 5 2 2 2 3 3 0 0 E  0 
< ABDNULL 
< AB, P R I N T  

- 0 0 0 0 0 0 0 0 E  0 
. @ 0 @ Q Q ~ 0 0 0 E  0 

< AAISTOHE 
F I L E  NO = 2 r  
< AAINULL 
< ABr LOAD 
F I L E  NO =2, 
< AAD P K I N T  

.BL31?80EO5E 0 
e 0 O B B B B 0 0 E  0 

c ABS PRINT 
1 0 l i l 0 0 0 0 0 E  1 

-30000000E 1 
< AB,INVERT 
< . . D A B D M L L T I K Y  

o o r P R I N T  
1 0 0 0 0 0 B 0 E  1 

. 0 0 0 B 0 0 0 0 E  0 
< ABDBBDADD 

. 0 @ 0 0 0 0 0 0 E  B 

. 0 0 0 0 0 ( 3 0 B E  p1 

Value of M has been stored on 
file and retrieved again. 

.0!30000BQE 0 

. 0 0 0 0 0 0 @ 0 E  0 

. 2 0 0 8 0 0 8 0 E  1 

. 4 0 0 0 6 0 0 0 E  1 

. 0 0 0 0 0 0 0 0 E  0 
l 0 0 0 0 0 0 0 E  1 

MATRICES IMCOMPATI RLE ........... Operation attempted on 
< S T O P  incompatible matrices. 

* STOP* 

+ 



P A R T  I1 

CONVERSATIONAL LINEAR OPTIMAL SYSTEM E XPERIMENTER 

A C O N T R O L  SYSTEM SIMULATOR 



1. INTRODUCTION. 

CLOSE is a For t r an  I1 program writ ten for SDS 940 time shar ing 

system to operate  under FOS. At present i t  deals with l inear  t ime 

invariant sys tems and can handle the follswing problems : 

1. Discretization - Given a continuous l inear sys tem and a 

s tep  s ize  i t  can compute the coefficient ma t r i ces  for the equivqlent 

d i sc re t e  system. 

2 .  Riccati  Equation Solution - F o r  the d iscre te  l inear  system 

and a quadratic cost  function, i t  can compute the solutian of the disc  

c r e t e  vers ion  of the corresponding Riccati equation. 

3.  Simulation - A l inegr discrete  feedback sys tem can be s imut  

lated with o r  without Gaussian white naise. 

4. Fil ter ing Problem - The optimal gains for a l inear  sys tem 

with Gauss Markov noise sequence can be computed. 

The program operates  in  a conversational mode, i. e.  the execu- 

NQ knovledge tion of the  program proceeds in  a question-answer fo rm.  

of F o r t r a n  is necessary  on the pa r t  of the use r  to  run this  program to  

solve his problem even though the program oper+tes  upder FOS. P r e y  

sently the program can handle problems with a t  mos t  10 s ta te ,  control  

and noise  var iables .  

In this  manual the standard convention i s  used that the underlined 

part9 of question-answer sequences a r e  those typed by CLOSI3, the r e s t  

by the u s e r .  @ i s  used to  indicate the ca r r i age  r e tu rn  that the u s e r  

must  give. 

2. CQMFUTATIONS. 

The problems accepted by CLOSE perform the camputatiqns 

descr ibed  in  this section. 
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A .  Discretization: 

Consider a l inear  system descr ibed by the Eq. 1 .  F o r  a specified 

t ime s tep Aan equivalent discretealinear sys tem i s  given by Eq. 2. 

k = Fx t Gu (1 1 

(2)  r{(k t 1)A} = @x(kA) t Du(kA) 

When F and G a r e  constant coefficient ma t r i ces ,  @ and D a r e  a l so  

constant and have the analytic form given by Eq. 3 and 4. 

FA @ = e  

A 

D = r eFtd t .  G 
JO 

This par t  of the program computes @ and D given F, G and A. 

The s e r i e s  expansion for the right-hand side of Eq. 3 and 4 is  used, 

summing the first 35 t e r m s  of the s e r i e s .  

- 5  cient mat r ices  changes by l e s s  than 1 0  

ea r l i e r .  

If the t r ace  of the coeffi- 

, the s e r i e s  i s  terminated 

The method used for this pa r t  i s  ve ry  s imi l a r  to the method 

used i n  ASP [ 51, for exponential routines.  

B.  Riccati Equation Solution: 

Consider a l inear  sys tem descr ibed by the difference Eq. 5. 

If we want to minimize a cost  function J given by  Eq. 6 

::(i t 1 )  = @ x ( i )  t D u ( i )  

N-  1 
T C T  T J = x (N)S(N)x(N) t x (i)Ax(i)  t u ( i )Bu(i)  

i= 0 

I .  
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the optimal control is given by 

-1 T u (i) = -{DTS(i t l ) R  t B} D S(i t l)@x(i)  
opt 

= K(i)x(i)  

where S(i)  i s  the sQlution of the equivalent RiFcati equation for this 

problem defined by the Eqs.  8, 9 and 10. 

R ( i  t 1)  = S(i t l )D{DTS(i  t l ) D  t B } - l  

T T  
p(i t 1) = {I  - R(i t l)DT}S(i t l){l - R ( i  t l ) D  1 

t R ( i  t l )BRT( i  t 1 )  

T 
S(i)  = @ P(i t 1 ) Q  t A 

This pa r t  of the program computes the values of S(i) ,  s tar t ing 

backwards f rom S(N), and the feedback gain ma t r ix  K( i ) .  

The feedback gains computed this way a r e  the same for  the 

diqcrete  system and the equivalent continuous system but the vajues 

of S a r e  out by the factor of the step size.  

C. Sirnulatian: 

F q r  a l inear  d i scre te  system with Gaussian, white noise the 

system equation ?lay be writ ten a s  

x ( i  t 1)  = @x(i )  t Du(i )  t r w ( i )  (11) 

This pa r t  of the program simulates this  equation in  a feedback 

environment, i. e. 

u ( i )  = K x ( i )  (1 2) 

where K may be the asymptotic value of K( i ) ,  o r  any other constant feed- 

back gain matr ix .  

w is a Gaussian white noise sequence with mean a and a diagonal 

covariance ma t r ix  which i s  t rea ted  as a vector p by thie program.  



l 'hc  names used by CLOSE lor  the ma t r i ces  defined in this 

section a r e  given in Table 1 .  

The only computations performed by CLOSE a r e  those descr ibed 

in this section so f a r .  The u s e r  may, however, use these computations 

for some other problems by discovering the correspondences.  

example i s  the Fil tering Problem.  

D .  Filtering P rob lem:  

One such 

Consider the system descr ibed by Eq. 13 and 11, where w(k) is a 

white noise sequence N(w,Q) ,  z is a measurement  vector,  and v i s  a 

second white noise sequence N ( 0 ,  R ) :  

x(i t 1 )  = a x ( i )  t r w ( i )  

z( i )  = Hx(i) t v(i)  

For the best  es t imate  of x we have 

T %(i) = Z(i )  t P( i )H  R(i)-'{z(i) - HJT(i)} 

x(i  t 1)  = a&(i) t I%(i) - 

P ( i )  = M(i) - M(i)HT{HM(i)HT t R}-lHM(i) 

A correspondence exis ts  between equations 1 7 ,  18 and equations 

8, 9, 10 .  Realizing this the u s e r  may use  the computations done in 

P a r t  B for computing the variance equation resu l t s  for this problem. 

3 .  PROGRAM DETAILS. 

This program i s  to be loaded under FOS f rom file /CLOSE/. 

The details  of the loading procedure a r e  descr ibed in Appendix I. The 

p rogram operates under FOS monitor and i t s  execution for any problem 

m a y  be divided into 4 phases .  F igure  1 shows a very basic  block diagram 

for  the program with the phases  of i t s  execution. 



Matrix Name 

Q 

z) 

F 

G 

X 

Y 
r 
a 

P 
S 

A 

B 

Name Used by CLOSE 

PHI 

D 

F 

G 

x 
K 

GAM 

A V  

VAR 

S 

A 

B 

Table 1. List  of Matrix and Fi le  Names Used by CLOSE 
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S T A R T  0 

F I G .  1 FLOW D I A G R A M  FOR CLOSE 



3.  1 .  PHASE I. Problem Selection Phase.  

This i s  the f i r s t  phase of the program, which i s  automatically 

The information that CLOSE wants entered a t  the beginning of a run. 

in  this phase i s  the name of the problem the u s e r  intends to  solve.  

u s e r  identifies the problem by typing the name of the problem, i. e .  

DISCRETIZATION, RICCATI EQUATION o r  SIMULATION as the 

answer to  the question WHAT PROBLEM ? which CLOSE asks f i r s t .  

An example follows: 

The 

WHAT PROBLEM ? 
RICCATI,@ 

The sequence above is a typical example of the question-answer s t ruc -  

tu re  of the program.  

answer given by the u s e r  i t  gives a n  e r r o r  message  and repeats  the 

question (for details  of e r r o r  messages see  Section 4). 

CLOSE u s e s  only the f i r s t  3 charac te rs  of the name to identify the 

problem. Therefore the u s e r  need not type any m o r e  charac te rs .  

However, THE USER MUST TERMINATE HIS ANSWERS BY A 

COMMA and this applies to all the answers  he gives.  

Generally, i f  CLOSE does not recognize a n  

Note that 

After receiving and identifying the name of the problem as 

acceptable,  CLOSE selects  the appropriate branch to  take for  the 

subsequent phases and proceeds to the next phase.  

3. 2 .  PHASE 11. Data Acceptance Phase.  

Having identified the problem, in  this  phase CLOSE demands 

all the relevant input data. 

dimensions of the system vectors .  

sequence : 

The f i r s t  information asked for  is the 

CLOSE init iates the followiqg 
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DIMENSIONS: 
S T A T E  =2p 

NOISE = n,@ 
CONTROL = 2&? 

On wanting the nlimerical values of dimension the computer 

waits a f te r  giving a double bell OR the console, whereupon the u s e r  types 

the number in, not forgetting to follow i t  by a comma and a ca r r i age  

re turn .  Note that only the required vectors  for the par t icular  problem 

appear in  the sequence. 

Next CLOSE asks  for the values for the relevant ma t r i ces  for  

the problem. For  each ma t r ix  in  turn  CLOSE init iates the following 

s e que nc e ,  

READ {a} MATRIX ? 
Y ES-@ 
TYP'E ? 
YES,@ 
GO ON ! 

2. 134,4. 606,@ 
DONE ! 

1 0,2. o,@ 

Here CLOSE f i r s t  a sks  i f  the u s e r  wishes to input values for 

the ma t r ix  {a}, where (a} i s  one of the ma t r ix  names given in Section 

2 .  A 'INOW answer i s  only valid i f  CLOSE already has  values in  i t s  

working storage. Otherwise the use r  must ,  a t  this point, decide 

whether he wants to type the values in  f rom the console o r  read  them 

from a reserved file. If he answers  7rYES1' to IYTYPE ? I 1 ,  CLOSE 

re turns  "GO O N "  and expects the vaiues to be typed in; otherwise 

values a r e  taken off the Lie. In either case ,  on completion of reading 

CLOSE types "DONE" and a new sequence follows. 

Comment 1. Whenever the use r  types the values of the elements of 

any ma t r ix  f rom the conscle,  they a r e  a l so  s tored in on the reserved  

file so  that the user  does not have to type the same numbers  again.  



Comment 2. 

or K and X in SIMULATION from the fi le he may be interested in  

using other than the f i r s t  stored value. 

When the use r  wants to  read the values for  S in  RICCATI, 

CLOSE provides this option 

by asking the following question, 

USE N-TH STORED VALUE O F  K FROM FILE 
WHEREN= 5,@ 

Comment 3. When CLOSE asks  for the values for S in  RICCATI i t  is 

asking for the value a t  the final t ime, i .  e .  S (N)  because it solves the 

equation backwards. The value of X asked in  SIMULATION is the 

s tar t ing value. 

F o r  the detai ls  on typing format for the ma t r ix  values see 

Section 5. 

3.  3 .  PHASE 111. Execution Phase .  

In this phase CLOSE c a r r i e s  out the main body of the computa- 

tion associated with the u s e r ' s  problem. 

result ing from the solution i s  output. 

In this phase too, the data 

Each of the problems has i t s  

own pecul iar i t ies  s o  that the question-answer sequences do ngt follow 

each other in the saixie ( j r ~ . J , , .  

F o r  the RICCATI and SIMULATION problems only, CLOSE; r e -  

qu i res  information on t ime indexing. F o r  these two problems only, 

then, the following sequence i s  initiated, 

SET INDEXING ? 
Y E S . @  
STARTING INDEX =io ,@ 
NUMBER O F  STEPS =lop 
NUMBER O F  STEPS BETWEEN OUTPUTS =5,@ 

STARTING INDEX =io ,@ 
NUMBER O F  STEPS =lop 
NUMBER O F  STEPS BETWEEN OUTPUTS =5,@ 

In control  problems i t  i s  usual to solve the Riccati Equation 

backwards in  t ime,  s o  in  this case  the number of s teps  has a negative 

sign. . 
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The next sequence initiated by CLOSE is the same for  each 

problem, 

STORE VALUES ? 
YES,@ 
EXECUTE ? 
YES,@ 

A "YESI1 answer to the f i r s t  question of the sequence resu l t s  i n  

the s torage on their  appropriate file, of the values that are printed out 

a s  output during the execution. Note that the fi les for S, K and X will 

have many mat r ices  s tored on them. Otherwise no values a r e  stored; 

they a r e  only printed out on the console. 

question t ransfers  CLOSE to a "REREAD" point in  Phase  I V  descr ibed 

A rtNOtt answer to  the next 

i n  3 . 4 ;  otherwise the actual computations follow. F o r  the formats  of 

the output see the example in Appendix 11. 

Additional informatiok about the s tep s ize  A is 'requirled fo r  

DISCRETIZATION. CLOSE a s k s  for this before s tar t ing the computations 

in  this case and then proceeds with the computations. 

3. 4. PHASE IV. Repeat Options. 

Remaining within the control  of CLOSE this phase allows the 

u s e r  t o  go back i n  any other phase a t  different levels.  

sequence is initiated by CLOSE i n  this phase fo r  RICCATI and 

The following 

SIMULATION, being relevant only to  these problems,  

RE-EXECUTE ? 

RE-INDEX ? 
NO,@ 

NO,@ 

A "YESI' answer to  the f i r s t  question takes CLOSE back to Phase  

Note 111 af te r  EXECUTION ? and a new s e t  of computations takes place.  

that this re-execution s t a r t s  with the l a s t  computed value of S or  X 
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(depending on RICCATI o r  SIMULATION being the problem) as the new 

star t ing value, indexing being the same (see example i n  Appendix 11). 

When the u s e r  answers  IIYESII for "RE-INDEX", CLOSE goes back to 

the beginning of P h a s e  111. 

used as the new star t ing value. 

the next sequence. 

Note that st i l l  the l a s t  value of S o r  X is 

A llNO1l answer makes CLOSE initiate 

The sequence descr ibed next follows Phase  111 for  the 

DISCRETIZATION problem. It a l so  follows a IINO" answer to  "EXECUTE ?I1 

i n  P h a s e  111. 

RE-READ ANY MATRICES ? 
NO,@ 
START AGAIN ? 
NO, 49 

A ltYESrr answer  to  the f i r s t  question takes  CLOSE back to th 

reading m a t r i c e s  level  of Phase  11. A flYES1f answer to the next 

question takes  CLOSE back to  the beginning of Phase  I1 and CLOSE 

a s k s  f o r  DIMENSIONS again; otherwise the next sequence follows, 

ANY OTHER P R O B L E M ?  
NO .@ 

A "YES" answer  to the question above takes CLOSE back to the 

beginning of Phase  I and now the u s e r  has the option of selecting a dif-  

ferent  problem. 

control  is t r ans fe r r ed  back to  FOS. 

A IINO" answer completes the run of CLOSE, the 

The u s e r  m a y  find the flow diagrams in Figs .  2 and 3 of use  in  

descr ibing the flow through the program for  the individual problems.  



n 
- 
r W H A T  P R O B L E M  ? 

c 
S T O R E  V A L U E S  ? a 

R E - I N D E X  1 U 
I 

A 

Y E S  R E  - R E A D  I 
NO 

I 
W 

e 
0 U 

N 

L3 
U 



__f__ WHAT PROBLEM ? 

- - J 

- 

1i 

/ i  

I N D E X I N G  

STORE VALUES ? 

b EXECUTE ? 

EXECUTION 

RE-EXECUTE 7 

R E - I N D E X  ? --+J- 
J NO - YES - - - PROBLEM 
J NO - YES - - - PROBLEM 



4. ERROR PROCEDURES. 

The e r r o r s  encountered in  a run  of CLOSE may  be divided into 

A s  CLOSE operates  under FOS a For t r an  e r r o r  may two groups. 

occur;  in addition, there  a r e  some types of e r r o r s  for which CLOSE 

checks by i tself .  

Fortran e r r o r s  a r e  most  likely to occur during input-output. 

The u s e r  can recognize this type of an e r r o r  by the t sign typed by 

FOS af te r  the e r r o r  message  (indicating the re turn  of control to FOS). 

When the user  detects a n  e r r o r  of this type, a new entry into FOS i s  

recommended, af ter  going back to  the executive level by hitting the 

escape key twice. 

The type of e r r o r s  that  the u s e r  may encounter m o r e  often 

When, answering a question the u s e r  fall i n  the second category. 

commits  a typographical e r r o r ,  making the answer unintelligible 

for CLOSE, the message  WHAT ? i s  typed by CLOSE followed by the 

repetition of the question. 

If the u s e r  types in  the dimensions of the sys tem vectors  as 

m o r e  than 10, a message  TOO BIG i s  generated by CLOSE followed 

by the repetition of the questions about the dimensions.  Note that 

this  may  happen when the u s e r  forgets to terminate  the numerical  

value of dimension by a comma.  

5. TYPING THE MATRICES FROM THE CONSOLE. 

When the u s e r  i s  typing the values for the ma t r ix  elements fo r  

any matrix in  Phase I1 of the program,  he has  to type the numbers  

row by row af ter  CLOSE has indicated i t s  readiness  to accept the 

new row of values by sounding a double bel l  on the console. Each 

entry of the row i s  terminated by a comma.  The vec tors  a r e  a l so  typed 

i n  a s  a row. 
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READ {a} MATRIX ? 
YES,@ 
TYPE ? 
YES.& 
GO ON ! 
1. 3 , l .  41,2.  567, 3.45, @ 
2. 67, 8 
0 . 0 , l .  39 ,2 .67 ,1 .4 ,@ 
0. 98.@ 
DONE ! 

Here  {a} i s  a 2 by 5 mat r ix .  CLOSE gave a double bel l  before  

the u s e r  typed 1.  3 and 0 .  0 the f i r s t  elements of the rows.  

CLOSE does not accept m o r e  than 4 numbers  to a line. There-  

fore  when ma t r i ces  with m o r e  than 4 columns occur,  each row is typed 

in o rde r ,  4 en t r ies  pe r  line using up to 3 l ines where necessary .  Each 

new row must ,  however, s t a r t  on a new line and af te r  the double bell ,  

Although it i s  not necessary  for the u s e r  to  know the exact 

formats  used i n  the program for the input and output, a complete 

listing i s  provided fo r  the interested users  i n  Appendix 111. 

6. FILING SYSTEM. 

CLOSE requi res  a se t  of 12 files defined as 'PRIVATE', on 

which m a t r i c e s  a r e  s tored as they a r e  typed on o r  generated as the 

output in  the computations, s o  that if the occasion a r i s e s  to read  a 

m a t r i x  again during a run i t  need not be typed again, but may  be 

read  f r o m  file. 

when the u s e r  logs-out, which he may  use next t ime he intends to  

execute some problem. Each m a t r i x  i s  ass igned a r e se rved  file 

name and Table 1 contains a complete l ist  of the file names used. 

The  u s e r  must  define the 12 files as ' P R I '  before running 

Also, these fi les will have the values s tored  on them 

CLOSE, otherwise a F o r t r a n  e r r o r  will occur .  Files a r e  auto- 

mat ical ly  c rea ted  as !PRIVATE'. 
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APPENDIX I 

LOADING F'ROCEDURE 

This section is  for the benefit of those u s e r s  who a r e  unfamiliar 

with the SDS 940 sys tem completely, and descr ibes  how to enter  and 

load the program in FOS. 
.I_ -8- 

After getting connected (by dialing 2 f rom a n  internal  l ine),  

the system wants some information about the account number,  pass  -word, 

and name.  If these a r e  acceptable, the sys tem types @ which i s  the 

t rade mark  of the executive mode. The sequence i s  shown below. Now 

the u s e r  has t o  type 'FOS. ' and load the main  p rogram f rom /CLOSE/ 

HARVARD TIME SHARING SYSTEM (DJ?$-H16):. l a -6-67  
NOV 1 ,  1967 l l : $ 3 A  - .-- M. 

ACCOUNT: 11f~ 

NAME: AGRAWALA. 
PASS WXD : 

OFOS. - 
LOAD MAIN PROGRAM 
FROM FILE /CLOSE/ 

CLOSE also requi res  l ib rary  subprograms t o  be  loaded from FTL.  When 

the system types back the t sign it i s  ready for a run and a ';GI will 

pas s  the control on to CLOSE and a run of CLOSE will follow. 

.II ,,- 
This applies only to the Opera t ing  System at Harvard University.  
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+ = P  

q = r  
where ( s e e  Fig.  4. ) 

8 = sideslip angle 

r = yaw angular velocity 

p = ro l l  angular velocity 

0 = ro l l  angle 

q = yaw angle 

da = ai ieron defieciivri 

6 = rudder deflection r 

APPENDIX I1 

EXAMPLE - LATERAL AUTOPILOT PROBLEM 

5 Let  us  consider a 10 lbs .  aeroplane flying a t  30, 000 ft. with a 

veloqity of 500 m. p. h. 

plane m a y  be writ ten as follows. 

The equations of lateral motion for  the a e r o -  

8 = -0.02978 - r t 0.04386 (11-1) 

i. = 0. 3318 - 0. 0042r - 0 . 0 4 6 1 ~  - 0. 06686 

p = - 1 .  1358 t 0.1286r - 0. 795p - 1.  5876 a 

- 0. 3796 a r 

- 0. 04046- 

(11-2) 

(11-3) 
L 

(11-4) 

(11-5) . 

~. .e  sys tem equations may  be wr,tten in ma t r ix  form as 

j ,  = Fx t Gu 

where 

-0. 0297 -1. 0. 0. Q438 

0. 331 -0. 0042 -0.  0461 0. 

0.1286 -0.  795 0.  

0.  0. 1. 0. 

0. 1 .  0.  0 .  

(11-6) 

i ]  0 .  

0 .  

and 

11-1 7 



4 
2 
w 
J 

3 a 
J 

U 
W 
I- 

J 

a 

a 



G =  

- 
0. 0. 

-0.0668 -0. 379 
-1. 587 -0.  0404 

0. 0. 

t reat ing p, r, p, I$ and @ a s  state variables and 6a, br as control vqriables. 

We want to find the steady s ta te  feedback gain mat r ix  K which mivimizes 

the performancc indc? : :  

Note that we a r e  t reat ing this as a regulator problem. 

The following pages show the resul ts  of an actual  run of CLQSE 

to  solve this .  The system equations a r e  f i r s t  discret ized with a t ime 

s tep  of 0. 03 and the Riccati equation i s  solved to  compute the gain 

mat r ix .  This  gain ma t r ix  i s  then used for a simulation with no noise 

t e r m s .  
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PROGIUM LISTING 

+; G 
WHAT PROBLFM? 
DI SCRETIZATIOV, 
D I M EjV SI ON S : 

STATE = 5 s  
C O N T R O L  = 2, 

H E A D  F MATRIX ? 
YES, 
TYPE? 
YES, 
GO O N !  
- 0 .0297>-1 .~0 .>  €3.0438, 
0. > 

PI 33 1 , - 0. WO42> - PJ. 04 6 1 > 0. # 

0.  > - 1. 1359 0. 12862 - 8.79 5#0. # 

P). , 
0.r0.r 1 .>0.> 
0. t 
O.> 1..0.>0.. 
0., 
DONE!  
R E A D  G MATRIX ? 
YES, 
TYPE? 
YES, 
GO O N !  
0.0 0. > 

e @ -  0668,-0- 3792 
- 1 587r - 0 . 0 4 0 4 ~  
0. , El. 
0., a . ,  
DON E ! 
STORE VALUES? 
YES, 
EXECUTE? 
YES, 
**START** 
STEP SIZE=0. U 3 r  

PH I 
e99895996E 0 -. 29983208E:- 1 4012O480E- 4 13133492E- 2 

.00000000E 0 
e99477994E- 2 -9997221 1 E  0 -. 13664173E- 2 65321088E- S 

.0@000000E 0 
-.33611431E- 1 -43184378E- 2 -97642895E 0 -.22177977E- 4 

.000000@0E PI -. 50634638E- 3 62514940E- 4 -29645060E- 1 -99999978E 0 

.000a0B(30F 0 
149 13486E- 3 29996536E- 1 -.20579203E- 4 65240@50E- 7 

D 
-294110l lE-  4 *17@47160E- 3 -. 1971 1134E- 2 11367S7hE- 1 

--47050854E- 1 - -  12213413E- 2 
-.70854678E- 3 -. 18268848F- 4 
-.29730720E- 4 -. 17053011E- 3 

10000000E 1 

DON E ! 
REkEAD ANY MATRICES? 
NO > 
START AGAIN? 
N O D  
A N Y  OTHER PROBLEM? 
YES, 



WHAT PHOBLFM? 
HI C C A T I  
D I M EN SI ON S : 

S T A T E  = S D  
CONTROL = 2~ 

R E A D  A M A T R I X  ? 
Y E S D  
T Y P E ?  

GO ON! 

144. D 

Y E S D  

144. D 0. D 0. D 0 . D  

@ . D  0 . 0 D  8. D 0. D 

0. D 

0. D 0. D 0. D 0. 
0. D 

0 . D 0 - D B . D  1 4 4 . ~  
0. D 

144.~ 
D O N E !  
R E A D  B M A T R I X  ? 
Y E S ,  
T Y P E ?  
Y E S D  
GO O N !  

144. D 0. D 0 . D  0 . D  

I . D @ * D  

0 . D  1 . D  

DON E ! 
R E A D  S M A T R I X  ? 
Y ESD 
T Y P E ?  
Y E S ,  
GO O N !  
0. D 0. D 0 . D  0. D 0 . D  
0. D 

@ . D @ . D @ . D @ . D @ * D  

0. D 

0. D 0 . D  0 . D  0. J 

8. D 

8 . ~  0. D O . D  0. D 

0. D 

0. D 0 . D  0 . D  0 . D  

0. D 

DON E ! 
R E A D  PHI M A T R I X  
Y E S D  
T Y P E ?  

DON E ! 
R E A D  D M A T R I X  ? 
Y E S D  
T Y P E ?  

DON E ! 
S E T  I N D E X I N G  ? 
Y ESD 
S T A R T I N G  I N D E X  = 5 8 0 ~  
N U M E E R  OF STEPS = - 5 0 0 ~  

S T O R E  V A L U E S ?  
Y E S D  
E X E C  U T E ?  
Y E S D  

N O D  

N O D  

N U M B E R  O F  STEPS BETWEEN OUTPUTS = 25mD 

. 



* * START* * 
S( 500) 

e00000000E 0 
O O O O O O O O E  

-00000000E 0 
00000000E 

a00000000E 0 
00000000E 

-00000000E 0 
0 00000000E 

e00000000E 0 
0 00000000E 

.0PI00000bE 0 .00000000E 0 000000000E 0 
0 
e00000000E 0 -00000000E 0 000000000E 0 
0 
.00000000E 0 .00000000E 0 -00000000E 0 
0 
.00@00000E 0 .00000000E 0 -00000000E 0 
0 
.000PI000BE 0 -00000000E 0 000000000E 0 
0 

K ( 500) 
a00000000E 0 .000@0000E 0 -00000000E 0 -00000000E 0 

-00000000E 0 
-00000000E 0 -00000000E 0 -00000000E 0 000000000E 0 

000000000E 0 

S( 250) 
e19765817E 5 

e93227613E 3 
0 20345639E 

-98  3546 42E 
-.16509862E 2 - 

-.24110830E 
-25768711E 3 

27872463E 
e20345611E 5 

20986893E 

-93222289E 3 -.16507317E 2 025768488E 3 
5 
-15082037E 3 -.25117821E 1 056679358E 1 
3 

1 
a56672545E 1 -25219959E 3 16468659E 4 
3 
e983493608 3 -.24085421E 1 027872190E 3 
5 

*.25119123E 1 -72034082E 2 025219949E 3 

K ( 250) 
-90707681E 0 18090235E 0 -32834168E 1 11079835E 2 

16739632E 1 
-10477964E 2 e17031543E 1 -51364068E- 1 033789315E 0 

11067146E 2 

S( 0)  
-21399978E 5 

22056647E 
a98396181E 3 

1039300lE 
- *  1512228lE 2 - 1039 578 3 E  

027904626E 3 

a22056668E 5 
3009 55S3E 

2278 1539E 

e98392360E 3 -. 15120493E 2 027904573E 3 
5 
e15811561E 3 -027388108E 1 -63898331E 1 
4 

1 
-63894415E 1 -25221533E 3 016471519E 4 
3 
e10392597E 4 - *  10376360E 1 030095549E 3 
5 

-.27388854E 1 e72048183E 2 025221522E 3 

K C 0 )  
.10620361E 1 e l8419973E 0 -32836240E 1 11081842E 2 

-11054133E 2 a17851298E 1 -48802693E- 1 034597157E 0 
018356291E 1 

0 11688354E 2 
DONE! 

RE-EXECUTE? 
N O #  
RE-INDEX? 
YES* 
SET INDEXING ? 
YESD 



STARTING INDEX = 01 
NUMBER OF STEPS Z - 1 0 ~  
NUMBER O F  STEPS BETGJEEN OUTPUTS = 10, 
STORE VALUES? 
Y ESD 
EX EC UT E? 
Y ESD 
**START** 

S( 0) 
-21399978E 5 

22056647E 

10393001E 
098396181E 3 

- -  1512228 1E 2 - 1039 578 3E 

3009 55536 

a.2278 1539E 

-27904626E 3 

-22056668E 5 

K ( 0) 
010620361E 1 

011054133E 2 
1835629 1E  

11688354E 

S( -10) 
021402198E 5 

098421698E 3 
2205899 5E 

10395630E 

- 0  10466839E 

30099 129 E 

22783972E 

1512898 1 E  2 

027908025E 3 

-22059012E 5 

K ( -10 )  
= !A622E2nE 1 

11057023E 2 
18357953E 

11691341E 
DONE! 

RE-EXECUTE? 
N O D  
RE- INDEX? 
N O D  

-98392360E 3 -.15120493E 2 
5 
015811561E 3 -027388108E 1 
4 

1 
-63894415E 1 -25221533E 3 
3 
-10392597E 4 -010376360E 1 
5 

-.27388854E 1 m72048183E 2 

018419973E 0 032836240E 1 
1 
-17851298E 1 -48802693E- 1 
2 

-98418041E 3 -*1512730lE 2 
5 
el5815377E 3 -*27400750E 1 
4 

-.27401698E 1 -72048269E 2 
1 
-63933246E 1 e25221565E 3 
3 

10395242E 4 -. 1844799% 1 
5 

-!RA21360E 0 r32836254E 1 
1 
-17855608E 1 e48788291E- 1 
2 

REREAD ANY MATRICES? 
N O D  
START AGAIN? 
N O D  
ANY OTHER PROBLEM? 
Y ESD 
WHAT PROBLEM? 
SIMULATION 
DIMENSIONS: 

STATE = 5r 
CONTROL = 2, 
NO1 SE = I D  

027904573E 3 

063898331E 1 

-25221522E 3 

e16471519E 4 

a30095549E 3 

e11081842E 2 

e34597157E 0 

e27908013E 3 

63938886E 1 

e25221559E 3 

16471559E 4 

m30099147E 3 

11081859E 2 

-34601569E 0 



READ PHI MATkIX ? 
YES, 
TYPE? 
NO D 

D O N E !  
HEAD D MATRIX ? 
YESJ 
TYPE? 
N O S  
DON E ! 
READ GAM MATRIX ? 

HEAD X MATRIX ? 
Y ESD 
TYPE? 

GO ON! 

I . .  
DON E ! 
READ K MATRIX ? 
Y E S D  
TYPE? 
NOS 
USE N-TH STORED VALUE O F  K FROM F I L E  
WHERE N= 2 r  
DON E ! 
HEAD A V  MATRIX ? 

READ VAR MATRIX ? 

NOD 

YESJ 

0. J 0 . S  0. D 0.S 

NOD 

S E T  INDEXING ? 
YES* 
STARTING INDEX = 09 
N U M B E R  O F  S T E P S  =200r  
NUMBER O F  S T E P S  BETWEEN QUTPUTS = 10. 
STORE VALUES? 
Y ESS  
EXECUTE? 

**START** 

X (  0) 
. 0 0 P ) 0 0 0 0 0 E  0 - 0 0 0 0 0 0 0 0 E  0 - 0 0 0 0 0 0 0 0 E  0 * 0 0 0 0 0 0 8 0 E  0 

1 0 0 ( 3 8 0 0 0 E  1 

x <  10) 
1 8 8 3 5 7 9 8 E  0 -. 1 2 0 5 8  l 0 3 E  1 3 5 3 0 9 2 5 1 E  0 - * 8 2 9 6 0 6 4 7 E -  I 

a 8 1 0 6 2 9 0 8 E  0 

X (  2 0 )  
e 6 8 5 8 7 1 4 1 E  0 - . 2 0 9 8 9 1 2 4 E  1 - . 1 3 2 1 4 3 5 7 E  0 - . 1 5 7 9 4 8 3 1 E  0 

- 3 0 7 7 5 4 5 6 E  0 

X (  30) 
- 1 4 0 3 1 1 2 4 E  1 - . 2 7 1 4 1 0 8 1 E  1 e 2 5 7 0 5 4 5 8 E -  1 - * I 7 0 2 8 4 7 0 8  0 

- e  4 2 0 5 7 3 6 4 E  0 

X (  4 0 )  
a 2 2 5 8 3 1 2 8 E  1 - . 3 0 6 7 9 8 3 8 E  1 e 6 4 6 2 7 4 4 7 E -  1 - 0  l 5 4 6 0 5 7 0 F  0 -. 1 2 9 4 4 6 6 7 E  1 



I 

X <  

X <  

X <  

X <  

X <  

X (  

X(: 

X <  

5 0 )  
e317518398 1 -.3180742SE 

22374426E 1 

60) 
408 53047E 1 - 308 15799E 

- 0  318 16352E 1 

70) 
493B6388E 1 -.28063523E 

-e  406872986 1 

8 0) 
56649415E 1 -023941589E 
-048517149E 1 

9 0) 
62542322E 1 - 0  18847437E 

549 54835E 1 

100) 
66765530E 1 -. 13166057E -. 59766889E 1 

110) 
692127516 1 -. 72553260E 

- 0  6283 1637E 1 

120) 
69879852E 1 - 0  14341823E 
-a6412921 1E 

X <  130) 
e68851073E 1 - 0 63728 508E 

X <  140) 
066283111E 1 -. 61 77 1765E 

X <  150) 
0623881308 1 -. 58458402E 

X <  160) 
e57416531E 1 -. 54028294E 

X <  170) 
051640527E 1 

48745258E 

X <  180) 
045338717E 1 - 428820236 

X <  190)  
038782542E 1 -. 36706557E 

x <  209, 
0322247996 1 -. 30470588E 

DON E ! 

1 

o40261382E 0 
1 

a89075600E 0 
1 

330476298 1 
1 

16339428E 1 
1 

18728939E 1 
1 

r20210219E 1 
1 

020819461E 1 
1 

0206277888 1 
1 

56345921E- 

43798033E- 

36480707E- 

32362656F- 

029053514E- 

025769257E- 

a 22539 3546- 

c 19530063E- 

16838075E- 

14488594E- 

12479472E- 

10806043E- 

e94518406E- 

8 38 763 19 E- 

o 75840040E- 

70057245E- 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

2 

2 

2 

2 

- e  13594767E @ 

- e  12095898E 0 

C. 16896748E 6 

7 98 6245 15E- 1 

-089371 196E- 1 

-.81116473E- 1 

-. 73858 1706- 1 

O b  67554075E- 1 

- 0  62120458E- 1 

- 0  57455492E- I 

- 0  53454609Eq 1 

50014259E- 1 

0.470332’168- 1 

-.44418194E- 1 

- e  42083659E- 1 

- 0  399 5488 5E- 1 



HE- EXECIJTE? 

R E - I N D E X ?  

S E T  I N D E X I N G  ? 

N O D  

Y E S ,  

STARTING I N D E X  = 2081 
NUMBEh O F  STEPS = 3 0 U r  
NUMBER O F  S T E P S  BETWEEN O U T P U T S  = 50, 
S T O R E  V A L U E S ?  

EX E C UT E?  

**STAHT** 

NOD 

Y E S ,  

X (  300) 
- . ! 2 4 8 4 9 6 0 7 E  c1 - 2 7 5 0 5 0 5 5 E -  1 5 9 6 7 2 Y t 3 3 E -  2 - * 2 1 4 1 0 8 6 2 E -  1 

e 3 3 0 7 9 6 8 2 E  0 

X (  350) 
1 5 4 7 6 6 6 4 E  0 - . 4 1 4 3 7 5 2 1 E  0 - 4 6 1 3 9 4 6 6 E -  2 - *  1 3 2 9 1 6 3 2 E -  I -. 6 1 3 0 3 6 3 7 E -  1 

X (  488) 
e 6 5 8 7 5 8 6 4 E  0 - . 2 1 7 4 0 7 3 3 E  8 - 2 6 6 7 4 9 1 4 E -  2 - . 7 7 8 4 9 2 8 3 E -  2 -. 5 8 5 3 3 6 2 5 E  0 

X (  500) 
- 3 7 0 2 1 P i 6 2 F  0 - 2 3 6 1 0 3 3 2 E  0 - 5 8 4 2 4 4 5 1 E -  3 - 0 3 8 0 0 7 4 5 4 E -  2 -. 3537 1 1  3 6 E  (1 

DON E ! 

RE-  E X E C U T E ?  
N O D  
HE- I N D E X ?  

REREAD ANY M A T R I C E S ?  
Y E S D  
READ P H I  M A T R I X  ? 

R E A D  D M A T R I X  ? 
N O D  

HEAD GAM M A T R I X  ? 

HEAD X M A T R I X  ? 
Y E S D  
T Y P E ?  
Y ESD 
GO O N !  
0 . > 0 . D ( d . D  1 . D  

0. D 
DON E ! 



READ I< M A T R I X  ? 

READ AV M A T R I X  ? 
N O D  

READ VAR M A T R I X  ? 

S E T  I N D E X I N G  ? 
Y E S r  
S T A R T I N G  I N D E X  = C ~ D  
NlJMBEK OF S T E P S  = l B @ r  
N U M B E R  OF S T E P S  BETWEEN O U T P U T S  = 
STORE V A L U E S ?  
NO. 
E X E C U T E ?  

* * S T A R T * *  
YES. 

X (  10)  
a 3 2 1 6 4 9 3 2 E -  1 - . 9 2 7 6 1 3 b 0 E -  1 

- e  2 I 4 7 2 6 8  5 E -  1 

X (  2@) 
5 6 5 7 7 6 5 3 E -  1 - e  4 2 3 6 2 3 5 6 E -  1 

4 2 2 7 2 0 8 9 E -  1 

X <  30) 
e 6 2 9 7 7 3 6 9 E -  1 - . 8 2 3 7 8 5 7 1 E -  2 

- . 4 8 9 8 2 1 8 1 E -  1 

x <  4I3) 
6 3 0 5 1  1 3 l E -  1 -.26790383E.- 2 -. 5 0 1 4 8 7 2 2 E -  1 

XC 6U)  
6 5 6 4 1 5 7 8 E -  1 1 0 6 3 1  1 3 1 E -  1 

S 4 2 6 4 9 9 2 E -  1 

X (  70) 
6 8 4 1 3 5 2 8 7 E -  1 - *  1 1 3 9 3 1  1 2 E -  1 

5 7 6 3 2 0 9 7 E -  1 

X (  901 
7 3 1 0 7 2 2 0 E -  1 78  1 7 0 1 7 6 E -  2 

636 1 6 4 2 0 E -  1 

X (  100) 
7 4 3 4 S D 6 8 E -  1 4 8 5 8 2 6 3 3 E -  2 -. 6 5 5 2 9 2 9 9 E -  I 

1 Or 

.OCIOPIB0@PIE G) 

- e  1 9 5 8 8 3 4 7 E :  1 

- . 9 3 1 5 2 5 6 8 E  0 

- e  1 4 3 4 7  1 BhE PI 

7 5 6 5 1  19 1 E -  1 

58 666289 E- 1 

1 6 7 0 0 1 P I 0 E -  1 

- 0 7 5 6 1  l 2 1 3 E -  3 

-. 2 6 4 6 1 7 7 0 E -  2 

- a 8 8  l 7 3 9 7 6 E -  3 

227338 0 2 E -  3 

] 0 8 0 B @ 0 0 E  1 

- 5 5 6 2 9 0 6 7 E  0 

- 1 0 9 6 9 5 0 0 E  p1 

-. 3498 l P 1 7 8 E -  1 

- 0 3 5 0 5 1 3 3 7 E -  1 

1 2 6 3 6 W 3 M E v  I 

-. 1 8 0 6 6 2 6 0 E -  2 

78 22067861 5 

-. 7 P l 4 7 3 7 7 B E -  3 

1 2 4 1 3 8 8  1 E -  2 

-. 1 3  1 1 9 9  5 7 E -  2 



DON E ! 

RE-EKECUTF? 
i d 0  J 

Mi- I N I1 EX ? 
NO J 

tiEI?FAC ANY ;4f:l6'1 CES? 
NO # 

START A G A I N ?  
N3 # 

ANY O T H F K  PHODLEM? 
NO s 

* STOP?: 
+ 



APPENDIX I11 

FORMATS 

The program CLOSE reads  and wri tes  a l l  the ma t r i ces  in  fixed 

standard formats  depending on the number of columns of the mat r ix .  

The following formats  a r e  used: 

No. of Columns Format  

1 (E l  6 .8 / )  

2 (2E16. 8/)  

3 (3E16. 8/)  

4 (4E16. 8/)  

5 (4E16. 8/E20. 8/)  

6 

7 (4E16.8/E20.8,2E16.8/)  

8 (4E16. 8/E2O. 8 ,  3E16.8/)  

9 (4E16.8/E20. 8,  3E16.8/E24.8/) 

(4E16. 8/E20. 8, E l  6 .8/)  

10 (4E16.8/E20.8,  3E16.8/E24.8, E16.8/)  

Standard For t r an  notation i s  used i n  the above l i s t .  

F o r  example the format E l  6 .8  means  that the number a t  input 

and output appears  with an  explicit exponent, and 8 digits to  the right 

of the decimal  point, while the complete number i s  right-justified in  

a field of 16 spaces .  

As i s  obvious from previous examples on input severa l  re laxa-  

tions a r e  usually employed: 

(i) Ear ly  termination of a field b y  a comma.  

(ii) Omission of the exponent. 

Shift of the decimal  point. ( i i i )  
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Unc lass ified 
Scctiritv Clciss i t icat ion 

DOCUMENT CONTROL D A T A  - R & D 

O H  I G I N  A T l N G  A C 1 I V I T Y (Corpora te  atrfhor) 

D i v i s i o n  of E n g i n e e r i n g  a n d  App l i ed  P h y s i c s  
H a r v a r d  U n  i ve  r s i ty  

20.  R E P O R T  S E C U H I  T Y  C L 4 S S I F I ' :  4 T l O N  

U n c l a s s i f i e d  
2 6 .  G R O U P  

C a m b r i d g e ,  M a s s a c h u g e t t s  02 138 I 
R t P o u T  T I T L E  

T W O  CONVERSATIONAL LANGUAGES FOR C O N T R O L - T H E O R Y  
C O M P U T A T I O N S  IN THE TIME-SHARING MODE 

--. 
D E S C R I P T I V E  N O T E S  ( T y p e  of report and . inc lus ive  d a t e s )  

,Anter im t e c h n i c a l  r e p o r t  

P. M .  Newbold  a n d  A .  K. A g r a w a l a  
A U  T H O R t S )  ( f i r s t  k a m e .  midd le  i n i t i a l ,  l a s t  n a m e )  

R E P O R T  D A T E  7a.  T O T A L  NO O F  P A G E S  7b. N O  O F  R E F S  

N o v e m b e r  1967 50 5 
a .  C O N T R A C T  O R  G R A N T  N O  9e. O R I G I N A T O R ' S  R E P O R T  N U M B E R ( S )  

NO0014-67-A -0298-0006 a n d  
b. P R O J E C T  No NGR-22-007-068 T e c h n i c a l  R e p o r t  No. 546 

C. 96. O T H E R  R E P O R T  N O ( S J  (Any other numbers that may be ass igned  
fhi6 report) 

d. 

0 D I S T R I B U T I O N  S T A T E M E N T  

R e p r o d u c t i o n  i n  who le  or  i n  par t  is p e r m i t t e d  for a n y  p u r p o s e  
of t h e  United States G o v e r n m e n t .  
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Office of N a v a l  R e s e a r c h  
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T h e  paper p r e s e n t s  i n  t h e  f o r m  of u s e r s '  m a n u a l s .  a d e s c r i p t i o n  
of t w o  c o n v e r s a t i o n a l  l a n g u a g e s  f o r  u s e  on a d i r e c t - a c c e s s  t i m e - s h a r i n g  
c o m p u t e r .  
T h e  first l anguage  is a matrix m a n i p u l a t i o n  language.  
to s i m u l a t e  l i n e a r  d y n a m i c  s y s t e m s  a n d  t o  so lve  t h e  
e q u a t i o n s .  F u r t h e r  a p p l i c a t i o n s  a re  a l s o  p o s s i b l e .  Each m a n u a l  i n c l u d e s  
d e t a i l e d  examples of t h e  u s a g e  of t h e  languages.  

T h e  l a n g u a g e s  a r e  d e s i g n e d  f o r  c o n t r o l - t h e o r e t i c  app l i ca t ions .  
T h e  s e c o n d  is d e s i g n e d  

a s s o c i a t e d  R i c c a t i  
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K E Y  W O R D S  

t i m e - s h a r i n g  c o m p u t e r  p r o g r a m s  
matrix a l g e b r a  
d y n a m i c  s y s t e m  s i m u l a t i o n  
s o l u t i o n  of matrix e q u a t i o n s  
c o m p u t e r  l a n g u a g e s  for c o n t r o l  t h e o r y  

. 

L I N K  A 

R O L E  

L I N K  B 

R O L E  

- 

W T  

- 

L I N K  C 

H O L E  W T  
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