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RADIATION DIFFUSION IN A MEDIUM WITH A STRONGLY
ELONGATED SCATTERING INDICATRIX
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Doklady A.N. SSSR, by V. V. Sobolev
Astronomiya Member-Correspondent
Tom 177, No.4, 812-815, of the USSR Ac. of Sc.
Izdatel'stvo ''NAUKA", 1967. '
SUMMARY

It is usually postulated in the theory of diffusion that the scatter-
ing indicatrix is spherical, or little differing from it. With such a pos-
tulate the working out of theory achieved to date a considerable success.
llowever, the problem of radiation diffusion in a medium with a strongly
elongated scattering indicatrix has been studied to a considerably lesser
degree. Meantime such media are quite often encountered in practice. Related
to them in particular are galactic dust nebulae, planetary atmospheres and
water basins.

An approximate method is proposed in the present note for the solution
of the indicated problem, which consists in the reduction of the integral-
differential equation for radiation transfer to a differential equation of
second order in partial derivatives. The results obtained are applied to
the case of llenyey-Greenstein's scattering indicatrix, and it is anticipated
that similar results will be obtained in the case of other problems.

*
* *

Let us consider for the sake of simplicity that radiation diffusion
takes place in a medium consisting of plane-parallel layers. We shall denote
by I(z, ¢, ¢) the intensity of radiation proceeding at the optical depth t
at the angle ¥ to the normal for the azimuth ¢. As is well known (see, for
example [1], the radiation transfer equation has the form
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where x(y) is the scattering indicatrix (y being the angle between the direc-
tions of the scattered and incident rays), A is the probability of photon
survival in the course of an elementary scattering event.

(*) DIFFUZIYA IZLUCHENIYA PRI SIL'NO VYTYANUTOY INDIKATRISE RASSEYANIYA



We consider that the scattering indicatrix is strongly stretched for-
ward, 1.

e. function (x(y) has a sharp maximum in the direction character-
ized by the angles ¥ and ¢.

This is why the quantity /(t. ®.q") may be substi-
tuted approximately by its expansion in Taylor series by powers t -- ¢ and

4" — 7. Limiting ourselves to quadratic terms of this equation, we find in-
stead of Eq. (1)
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Eq.(2) may be also obtained in a somewhat different fashion. Let us
substitute the assigned scattering indicatrix approximately by the indicatrix
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where the quantities yg and c are interrelated by the normalization condi-
tion

c(1 — cos yo) = 2.

N &)
Substituting (4) into (1), expanding /(r, ¥/, ¢’) in Taylor series by
and taking advantage of the smallness of y,, we again arrive at Eq.(2) in
place of Eq.(1), in which

=1/2c (6)
The more elongated the scattering indicatrix is, the smaller the angle
Yo and the greater the value of c. Usually the indicatrix's prolation is
c%aracterlzed by the parameter Xj, constituting the first term of its expan-
sion by Legendre polynomials, i. e.

xl—i- r (V) cosysinydy.

(7)
Flndlng the value of x for the indicatrix (4) and equating it to the
value of X for the real indicatrix, we obtain

=3/ (3 -x) (8)
Substituting (8) into (6), we have

u=(3-x))/6 (9)
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The determination of parameter u by formula (9) may be found to be more
fortunate than its determination by formula (3).

Thus, for an approximate finding of radiation intensity I{t, 9. ¢) we ob-
tained Eq.(2), in which the value of u is determined by either formula (3) or
(9) (or by any other convenient formula). Obviously, the results of utiliza-
tion of Eq.(2) will be so much the more precise as the photon undergoes more
scatterings in the given medium (that is, the greater is 'the optical thickness
of the medium and the closer to unity is the quantity A). This is explained
by the fact that after numerous scatterings, even in the case of indicatrix (4),
the photon may sharply change its direction, as a consequence of which there
appear backscattered photons¥*.

For the solution of any concrete problem boundary conditions must be ad-
ded to Eq.(2). If the radiation sources are located outside the medium, these
conditions must determine the intensity of the radiation incident upon the
boundaries from without. If they are inside the medium, the boundary condi-
tions must be expressing the absence of outer radiation. In the latter case
a term should be introduced in [Lq,(2), characterizing the radiating capacity
or the emissivity of the medium.

As an example, let us resolve with the aid of Eq.(2) the problem of
light regime in deep layers of a semi-infinite medium in case of outer emission
sources. This problem may also be resolved with precision (see [1]), and the
results of approximate and precise solutions can be mutually compared.

In the given case the radiation intensity is independent of the azimuth
and may be represented in the form

I(z,0) = y(0)e*, (10)
where Kk is a constant depending only on the scattering indicatrix and the quan-
tity

Substituting (10) into (2), we obtain the following equation for the deter-
mination of function y(9):

(11)

dy

1 9 (.
mm‘(Slﬂﬂm) = (a-—bcosﬂ')y,
where

a=(1—A) /A, b=Ek/5u. (12)

* An equation similar to (2) was utilized in the theory of particle
diffusion (with substitution of sin ¥ by ¥ and without derivative with respect
to ¢ ), for the study of small particle deflections from the initial direction.



We shall seek the solution of ILg.(11) in the form of

IR P A &

Legendre polynomials, 1. e. we shall postulate

oo

7(0) = N P, (0). (13)
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The substitution of (13) into (11) leads to the following recurrent
formula for the determination of the factors y,:

]

Foon n41
[a+n(nt+ Dy =b (\—’t‘f A ?/n+1) . (14)

From the condition of resolvability of the system of homogenous equa-
tions (14) consisting in that its determinant be zero, it is possible to
find the dependence between the quantities a and b. Hence, with the aid of
formulas (12) a dependence is obtained between the quantities k, a, u.

TABLE 1
uw=0,0° 1=z 0,40 % =015
[
b a
A I A ! A A
|
! n 0 1 Lo 1 0 1 0
1 0,16 0,992 ! 0,050 | 0,994 | 0,008 0,977 0,146
2 0,55 0.973 | 0.007 0.747 | 0,480 0,923 0,277
3 1,09 0.048 | 0142 1 0,002 | 0,271 0,459 0.597
4 1.70 0,022 | 04354 | 0,834 | 0.342 0,796 0.478
5 2,37 0804 | 0.224 0.800 | 0,404 0,738 0.55%
6 3,06 0,867 0,260 0,766 0,460 0,685 0,647 |
7 3,73 0.%41 0,2% 0,726 | 0.508 0,638 0.670
8 4,52 0,86 | 0,526 1 0,680 1 0,55 0,500 0,715
9 5,28 0,791 0,25 (ML65A | 0,500 (1,558 0.755
10 6,05 0,768 | 0.3% 0,623 | 0,623 0,524 0,787

The determinant of system (14) i

a —Yrb 0O 0 P l
~—b a+4-2 <=0 0O .
0O —2bat 6 =30, ., . |

(15)

Taking advantage of the well known approach (see, for example, [2]),
{rom the condition A = 0 we may ecxpress a as a function of b in the form
of continued fraction. Let us denote by A, the determinant obtainable from
(15) by striking out the n first lines and columns. Then we have

A= aly- - YsDPAy, . (16)
Ay = (¢ + 2) Do —4cD?A g (17)
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orth. Since 2= 0, it follows {rom {(16) that
= i/:‘.’):L\g/ A:. (18)

Substituing into (18) the expression (17) and the subsequent expres-
sions for b, Byseses WO obtain

1 1
a = hrred ——
3 4 b

@+ 275 TR

PR fa— (19)
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For small b formula (19) gives a = 1/6b2. Hence, on the basis of (12)
and (9) we find

A=1—12](3—ax). X) (20)

Utilizing (20), from (13) and (14) we obtain

oo

y(0) = !/n(i + 3 - - cosx’)) . (21)

The rigorous theory for small k also leads to formulas (20) and (21).
The determination of palameter u by formula (9) is also so some extent jus-
tified by it.

Compiled in Table 1 are the values of a for the values of b from 0 to 10
computed by formula (19). Given there also is the dependence in the numerical
form between the quantities A and k for three values of parameter u.

Upon finding the dependence between a and b, the radiation intensity may
be determined by formulas (13) and (14) with a prec191on to the constant mul-
tiplier yyg). w%-~\

| .

Let us now apply the results obtained

to the case of Heyney-(Greenstein scatter- ?ﬂ

ing indicatrix [3]: -é‘

g6v

2(¥) = (t— @)/ ({+g —2cos0)™  (22)

|
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often used by astrophysicists.  Since for %

it x = 3g, we have on the basis of for- |
mulas (5) and (7) a6, 27

L=t (1 - ). (23)

This means that the approximate dependence between the quantities » and k
brought out in Table 1, corresponds to indicatrix (22) at g = 0.7, 0.8, 0.9.



Two curves are given in Fig.l for the indicatrix (22), of which one
conveys the precise dependence between A and k (at g = 0.8), and the other
represents the approximate dependence (at g = 0.1). We may sec that for
values close to the unity both curves arc near one another. Consequently,
the utilization of L. (2) leads in the given case to satisfactory results.

It may be expected that similar results will be obtained also in the
case of solutions of other problems with the aid of ILg.(2).
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