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A DYNAMICAL MOMENT TECHNIQUE

FOR THE
IDENTIFICATION OF SYSTEMS

I. Introduction

The purpose of this report is to desc¢ribe a new identi-
fication technique that appears to be of superior practical sig-
nificance due to its simplicity both in comprehending and applying
the technique.

The technique 1s based upon relatively straightforward prin-
ciples of random function analysis, merely involving the estimation
of various order moments of the input and output processes.

In a preliminary investigation of the technique for identi-
fication of digitally simulated linear systems, the technique
produced quite useful approximations to the actual system parameters,
with a relatively small number of calculations. Hence, we feel
that it warrants further investigation on this basis alone. Even
more interesting is that the technique does not appear to be
limited to linear systems alone. Since, theoretically, the tech-
nique is the same for linear or non-linear systems, that can be
described by differential equations with polynomial non-linearlties.
Of course, it remains to be seen how applicable the technique will

be for non-linear systems.



Before describing the technique, we wish to make two points
clear relative to this technique and to the general subject of
identification of real systems.

First, there exist techniques available for the study of
linear systems. The newer techniques may employ cross-correlations
or cross-spectral densities for the estimation of the impulse
response function or for the frequency response function. These
techniques require a random noise source and require the estima-
tion of the functions involved at various time lags or at various
frequencies. The techniques that have been used classically
employ a simple sinusoidal driver at various frequencies to deter-
mine the frequency response of the system. Techniques, such as
ours, that require only a parameter estimation are just now
emerging. These techniques offer the promise of economy in
calculations and time. The establishment of such techniques as
practical tools will be of fundamental importance in future com-
plex systems design and development.

References and explanations of the many approaches to
this subject may be found in "Identification of Linear and Non-
Linear Systems Cross-Correlations Techniques", by Dr. W. Gersch
conducted by MASC for NASA-Goddard under NAS5-9741, October 1965.

The second point that must be made concerning the identi-
fication of systems is that the methods that have been developed,

as well as the method we describe in this report, are methods



that will identify the analytical model or simulated model of

the actual physical system. Hence, if the analytical or simu-
lated model is not a satisfactory equivalent or approximation
to the system, then clearly one is not identifying the real system.
Thus, any identification scheme is only as good as the
analytical model that will be used to describe the physical system.
Of course, identification schemes can be used to help pro-
vide a better model to the system, if it is found that the original
assumption 1is poor.
With this understanding of the proper role of identifica-

tion techniques, we can now proceed to describe our approach.



II. A General Description of an Identification Technique for

Linear Systems.

The basic principle of the technique that we propose is
that the system undergoing study is time invariant and is being
driven by a statistically stationary, non-white noise random
process. This rules out flat wide band noise as inputs. We
shall discuss the reason for this requirement below.

We shall assume, furthermore, that for all practical purposes
The system is in steady state operation. Thus, the output
process is a statistically stationary random process. This
implies that all of its moments are constant in time.

Now if we write the general time invariant linear system

subjected to random input as

Vt) = A F(t) + x(t) , (2.1)
where
y,(8) %, (t)
;(t) = : -)E(t) =
y (), Lx, (1)
(2.2)
all e o o aln
L . :
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then the y-process is statistically stationary and, assuming
that all moments of the x-process exist, it follows that the

moments

r r r S S
E (y 2 (6). 3,26+ oy M(e)  x M(8)- e ox P(8)) (2.3)

n
exist and are constant in time.

Upon multiplying equation (2.1) by §T (the transpose of
the state vector), we obtain

. _T . _ T . _T
y(t) y(t) = A y(t) y(t) + x(t) y(t). (2.4)

Taking expectations of the equation (2.4) yields

) P T T
E {y(t) y(t)} = A E{y(t) y(£)} + E{x(t)y(t)} (2.5)
or
. T T I e
(E{y(t)y(t)} - E{x(t)y(t)}] El{y(t)y(t)} = A (2.6)
-1

T
assuming E{y(t)y(t)} exists.

The relation (2.6) presents a general form of the solution of

the general problem for the linear system.
T
It is easily seen that E{y(t)y(t)} is symetric and, further-

more, since for any (al,“‘, an)’

T
E{] £ a,y,(t)|°} >0, it follows that E(y(t)¥(t)}

i

i~

1

is non-negative definite.



If the system equations are linearily independent, we shall
expect that E{§(t)§(z)} is positive definite and that its
inverse exists. Thus, the matrix A is identified by estima-
tion of the correlation matrices in Equation (2.6).

For our applications, we wish to be less general and some-
what more specific. We are assuming that the y-process is a
stationary, mean square differentiable process. Such a process
is generated, for example, by passing a stationary mean square
continuous process (i.e. a process whose covariance is continuous
at the origin) through the time invariant linear system. This
is the reason that we are ruling out wide band white noise pro-
cesses. For, by passing a wide band, essentially white-noise,
through the system the mean square differentiable property will

cease to hold which, as can be shown, yields a bias to our esti-

mations.

By our stationarity assumptions, it follows that the follow-

ing moments, for the components of the vector §—process,

E (yj(t)) and E {y?(t)y?(t)}

exist and are constant in time.

Hence, it follows that

4 n -
L my(e) yTE)Y = 0
dat Yy Y3 '

(2.7)

(2.8)



Due to our assumption of mean square differentiability, the
derivatives in Equation (2.8) can be taken inside the expec-
tations to give

n-1

a) E {yl

t) yy(£)r = 0
(2.9)

b) 0 EGyRTHE) vy (8) yE)) + m BGTE) ¥THE) yy(e)) = 0

In particular it follows that, for n=m=1 in 2.9b), n=2 in 2.9a)

a) E {y;(t) y;(£)} = ‘o
(2.10)

) E {y,;(t) y,(&)} + E {y;(t) y;(£)} = oO.

The first equality in Equation (2.10) states the well-known
fact that a stationary process and its derivative are uncor-
related at any given time.

With these last few statements, we can now show how to

identify a few specific linear systems.



IIT. Examples
In the following examples the x-process is a stationary
mean square continuous, non-white, random process and the y-process

1s the stationary solution.

Example 1. A First-Order System

Consider the system

y(t) = -a y(t) + x(t) (3.1)

Upon multiplying Equation (3.1) by y(t) and taking the

expectations we have

E{y(t) y(t)} = -a E{y°(t)} + E{y(t) x(t)}. (3.2)
But, by (2.10) it follows that

E{y(t) x(t)}
5 ) (3.3)
E{y“(t)}

Example 2. An Oscillator

Consider the second order system

a)  y (8) = y,(¢)
(3.4)

b)  a y,y(t) + by,(t) + cy(t) = x(t)



Upon multiplying 3.4b) by yl(t), y2(t), yg(t) respectively

and taking the expectations, we obtain

a Ely,(t) y,(£)) + b Ely;(£) y(£)} + ¢ Ely;(6)}= Ely;(£) x(t))

a Ely,(t) 7,(6)) + b E(y5(6)} + ¢ Bly (t) y,(8)} = Ely,(¥) x(£)} (3.5

a E{y5(t) y,(t)) + b E(y3(t)} + c E{y5(t) y ()} E{y5(t) x(t))

But, by equations (2.10) and (3.4a), we have

E{y,(t) 7,(t)} = Ely3(t) yo(t)} = 0
Edy (t) y,(t)) = Ely (t) y ()} = 0 (3.6)
Bly (8) §,(6)) = -E(y;(t) y,(8)} = -E(y3(0)).

The equations 3.5) may now be written as

—a Ely2(t)) + ¢ Ely5(t))

E{yl(t) x(t)}

b E{y5(t))

E{y,(t) x(6)}  (3.7)

b B(y3(6)) + ¢ ByS(H) yy(8)} = E(y3() x(6))

from which a, b, ¢ can be solved.

2 aeEE

P
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Example 3. A Coupled Oscillator

We now consider the system
y,(8) = y,(¢)

yo(t) = —a y,(t) -b yi(t) + cly,(t)-y,(£)] + dly;(t)-y ()]

. (3.8)

¥y (8) = e[y, (£)-y,(£)] -aly5(£)-y ()] + x(t).
The second equation of (3.8) is multiplied by ¥y:95 and
the resulting equations are averaged. The fourth equation of
(3.8) is multiplied by ¥3:¥y and the resulting equations
are averaged.

On the basis of (2.10) and (3.8), the following four

equations will resuit.

i

“E(y2} = -b E{y2} + ¢ E{y,y,} + d[E{y;y3} - Bly}}]

0 = -a E{y3} + clE(y,y,) -E{y5}] + d Bly,y;}
(3.9)

"

E{yﬁ} + Efxy,) -c E{yyyg} + d[E{yg} -E{y,y5t]

N

E{xy,} = +clE(yj} -Ely,y,}] -d Ely;y,)
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The set of four linear algebraic equations in four unknowns

given by (3.9) are easily solved to determine the parameters

(a,b,c,d).
Thus, it is easlly established that
B 2 2
{y“} + E{Xy3} E{Y3} - E{YIY3}
E{qu} ’E{ylyu}
c = ,
B
“E{y¥,} E{y2} + E{xyq)
372 4 3
2
E{yy} - E{yyy,} E{xy,}
d =
B
where
_E{y3y2} E{y3} - E{le3}
B =
E{yﬁ} - E{yyy,} ~Ely,yy!

Similar expressions yield a,b, as well.
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IV. Numerical Examples

In this section we present the results of parameter iden-
tification obtained by digitally simulating each of the examples
above.

The systems digitally simulated are

a)  y(t) = -y(t) + x(t)
r-
yi(t) = y,(t)
b) < .
yo(t) = -ly,(t) - 16y () + x(¢)
(4.1)
.
yi(t) = y,(t)
c) .
qi\yz(t) = -5y,(t) - 100y,(t) + x(t)
(.
yo(t) = y,(t)
yo(t) = -3y,(t) - 9y, (t) + ULy, (t) - y,(t)] + 160y5(t) - y ()]
a) <
Y3(t) = y“(t)
\\&u(t) = -4y, (t) - y,o(8)] - 160y5(8) = y ()] + x(t)

The digital simulation of the input process, the x(t)-process, is
a statlonary gaussian process generated by taking a moving average

of the form

¢y Vyoi (4.2)
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where the v's are independent identically distributed gaussian
random variables generated by the usual computer routines, and
the c¢'s are weights chosen to obtain a specific covariance func-
tion.

For our example we chose K

1]
=
o

-

c, = 0.1 for 1i=0,1, 2 «-- 9,

The moments calculated were simple arithmetic averages taken

over the first 1300 output values, the second 1300 output values,

and so on. The complete details of the digital simulation are
given in Appendix A.
For the system,(4.la), the first three groups of 1300 data

points yield the estimates.

E{y°} E{xy) a
5.6892 6.0682 1.0667
4,4014 k,8197 1.0950
3.3332 4.7634 1.0992

FIGURE 1.

For the system's (4.1 b,c),the first three groups of 1300 data

points yielded (see following page),
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For system (4.1d), the correlation matrices and parameter

estimates on the first two runs are

Run I v, Y, V3 Yy
¥y .2253
Yo .0000 .8223
¥s .3216 .0839 4700
¥y -.0837 1.1044 .0004 1.6038
X L1418 1.8412 .5172 3.5491
g:giﬁgg:g a=3.1790 b=9.194 c=l, 3044 d=16.7258
Run II
vy 2165
¥, -.0004 .9255
y3 .3505 .0924 .5105
v -.0929 1.2505 .0004 1.8117
x .1000 2.1328 4837 3.9482
parameter  ,-3.1708 b=9.2560 c=4.2525 d=16.8094

FIGURE 3
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V. Comments and Conclusions

It is immediately obvious that the estimates obtained in
the examples above are quite practical being less than 10%, and

in most cases less than 5%, in error. The most significant feature

of the estimates above is that their bias is almost always positive.

That is, they do not fluctuate about the true value, but in fact
they are almost all greater than the true value. We believe that
this bias 1s a function of the nature of the noise input into

the system. It can be demonstrated that if the noise input to the
system approximates white noise into the system then the bias

will increase. Hence, the noise source to the system should be
smoothly filtered.

Exactly how the noise source effects the parameter estimates,
remains to be studied and understood. It is our belief at this
time, however, that a real system should be subjected to noise
obtained from various filters to determine the robustness of the
resulting system parameter estimates.

The stationarity assumption used, Equation (2.8), appears to
be quite realistic in the simulated systems. Upon checking
Figures 1, 2, 3, we see that the random functions and their deriva-
tives possess correlation values that are orders of magnitude less
than the other cross-correlations.

At this time we can only reiterate our sincere belief that
this technique can be developed into one of sighificant engineer-

ing value both for linear and non-linear systems.
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APPENDIX A

This section describes briefly the computer program used
to simulate a system of five (or less) first order differential

equations and to compute the second order moments to be used for

calculating the parameters of the system as described in Section III.

The method of Runge-Kutta integration is used in Subroutine
RK3 to simulate a system of first order differential equations
which are supplied by Function Subroutines FN1, FN2, FN3, FN4,
and FN5. The external excitation to the system is a filtered
white Gaussian noise which is generated by Subroutines GENR,
GAUSS, and RANDU. The filtering process used in the Subroutine
GENR is a weighted sum of NF number of independent noise samples
generated by Subroutines GAUSS and RANDU. The second order moments
are estimated in Subroutine MOMENT, the method used there is
to calculate the sample moments of N samples, that is, sample

N

moment m = b

1 X

i=1

Autocorrelation of the variables up to 9 lags are calculated
in Subroutine AUTCOR in order to check the smoothness of the
noise input as compared to system. As mentioned in Section II,
the noise must have smooth correlation function in order for the

method to be valid.
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Different systems can be simulated by using different Func-

tion Subroutines FN1, FN2, FN3, FN4 and FN5.

Different choices

of the number of samples, the input noise level, the filter

constants and the sampling interval are controlled by 7 input

cards.

as follows.

The description and the formats of the 7 input cards are

Col. No. Format Description
1st Card 1 11 0 if the simulated sample points are
not to be printed.
1 if the simulated sample points are
to be printed.
2 - 3 Ie2 Number of runs desired.
Yy I1 0 1if each run starts from zero initial
point.
1 if success runs are desired.
2nd Card 1 -~ 10 110 Any odd integer up to 9 digits for the
first entry to Subroutine GAUSS.
11 - 20 F10.1 Standard deviation of the noise.
21 - 30 Fi0.1 Mean value of the ncise.
3rd Card 1 -2 I2 Number of filter coefficients.
bth Card 1 - 80 16I5.1{ Filter coefficients, as many cards as
needed should be used.
5th Card 1 - 10 F10.1 | Sample interval for integration.
6th Card 1 -2 I2 Number of intervals between values of
samples stored for calculation. 1 is
used for the results in Section 1IV.
7th Card 1 -4 I4 Number of sample points, N, desired for

each run, N < 1300. If larger number is
desired, the dimension of y in the
Main Program has to be changed accord-
ingly. Note that the average of the
moments estimated from successive K runs
is equivalent to the moments estimated
from KxN number of samples.
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The output consists of:

A) The mean value of each variable.

B) The second order moment matrix.

C) The autocorrelation up to 9 lags for each variable.

D) Sample points simulated if desired.

The prime reason for the simplicity of the program included
in this appendix is that it was used mainly to check the moment
estimates and establish the overall credibility and practicality
of the technique for identifying simple simulated systems.

This program, therefore, must be considered as preliminary
in that we have not allowed for an arbitrary number of degrees
of freedom and we have not included the final arithmetic calcu-
lations of the estimated system parameters.

The studies included within this report are the initial
investigations of the identification technique. Future inves-
tigations of this technique will include the composition of a
comprehensive program that will accommodate linear systems of
n-degrees of freedom and will carry the calculations to the final
arithmetic stages providing a print out of the parameter esti-

mates for prescribed classes of systems.
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