View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by NASA Technical Reports Server

¢

ZRROR PROPAGATION
in the

ROCKZT-GRENADZ EXPERIMENT

January 15, 1968

Prepared by

Dan J. Ramsdale
Research Physicist

for

GODDARD SPACE FLIGHT CENTER
Greenbelt, Maryland

in partial fulfillment of

Contract NAS 5-9583

Advanced Projects Division

GLOBE EXPLORATION COMPANY, INC.
201 W. Baltimore
El Paso, Texas


https://core.ac.uk/display/85245712?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

e

IT.

ITI.

Iv.

VI.

TABLE OF CONTENTS

INTRODUCTION.

REVIEW OF RAY-TRACING TECHNIQUE
IN THE ROCKET-GRENADE EXPERIMENT.

SOURCES OF ERROR. . . .« . « .+ .+ +
METHOD OF ERROR PROPAGATION . .

MATHEMATICAL DEVELOPMENT OF THE
ERROR PROPAGATION . . . . . .

CONCLUSION. « ¢ ¢ « v v v o & o o«
DETINITION OF NOTATIONS . . . . . .

REFERENCES. . « + ¢ v « « « « + &

.12

.18

.22

42
43

o



I

’
INTRODUCTION

The purpose of this report is to give a coherent
explanation of the method of determining the standard
error present in the calculated values of temperature
and winds in the layer between grenade pairs. For the
sake of completeness, a basic review of the ray-tracing
technique used in the NASA Rocket-Grenade Experiment is
presented. To pfovide an introduction to the discus-
sion on errors and their propagation, a brief explanation
of the meaning of the term "standard error" is presented.
The sources of error in the Rocket-Grenade Experiment
are then carefully enumerated and classified as either
uncertainties in experimental measurement or approxima-
tions in theoretical development. In this report, it
is assumed that the temperature and winds in a given
layer between grenade burst positions are in error due
to (1) the uncertainty in reading the break times of the
wave as it crosses each microphone in the array; and (2)
the deviation of the layered model atmosphere from the
true atmosphere. The effect of the other errors on the
final standard error in temperature and winds will be

considered in a later report.
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The approximate method used to determine the standard
error in temperature and winds is then discussed in de-
tail. The report concludes with a presentation of the

details of the mathematical development of the error analysis.
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REVIEW OF RAY-TRACING TECHNIQUE IN
THE ROCKET-GRENADE EXPERIMENT
Before beginning detailed discussion on the propaga-

tion of errors in ray-tracing, let us briefly review the
ray-tracing technique itself as it is applied to the Rocket-
Grenade Experiment. Figure 1 shows an edge-on view of the
elements involved in the ray—tracing problem. The asterisks
on the ground line represent the microphone locations (xi,
Vi zi); the fact that they have been drawn on a single line

does not mean that their z-coordinates are all the same.

bYth grenade

3rd layer
; 3rd grenade
2nd layer
% 2nd grenade
1st layer
o %st grenade
100 layers
of known met
* * % A e J ground
4 5 5 5 1 & g
Figure 1. Ray-Tracing Problem. Horizontal lines are lines

of constant height. Numbers below the ground line are
microphone numbers.
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The known meteorological data (hereafter referred to
simply as "met") consist of temperature, wind speed,
wind direction, pressure, and relative humidity; and
is obtained from balloon or rocketsonde. The 100 layers
of known mét data.are constructed in the following man-
ner. The layer thickness is simply 1/100 of the alti-
tude of the first grenade burst. Using a linear weight-
ing method, we determine from the raw data a constant
temperature, wind speed, etc. for each layer. It is
tacitly assumed in constructing these layers that there
are no horizontal gradients in either wind or temperature,
and also that there are no vertical winds. The aster-
isks on the horizontal lines identifying the grenades de-
note the position (x,y,2) of the respective grenade bursts.
In analysis of the Rocket-Grenade Experiment, the
layers between grenades are considered to have the same
general properties as those of the known met, i.e., they
are of constant temperature and winds, have no horizontal

gradients, and deny the existence of vertical winds. The

time and position of each grenade explosion along with the

time at which the resulting acoustic wave strikes each
microphone in the array are the fundamental measurements
of the Rocket-Grenade Experiment. By computing the dif-

ferences in travel time of the wave to each microphone in
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the array, one can employ the sound-ranging methods de-
veloped by E. A. Dean to determine the direction cosines
of the associated ray as the wave sweeps the array.

For large arrays (such as the thirteen-microphone
array at Wallops Island) Dean's method has been modified
(1) to include a local speed of sound for each microphone,
and (2) to solve for the radius of curvature of the wave
as a least squares variable. With a known curvature, a
unique sound-ranging solution for the direction cosines
of the ray as the wave crosses the reference microphone
in the array requires reading the break times on only
three microphones. The modified solution treating the
curvature as a variable requires four microphone readings
for a unique solution. Since the break times can general-
ly be read on more than three microphones, an overdeter-
mined solution exists, enabling one to compute not only
the direction cosines and travel time of the ray, but also
the standard errors of these quantities.

The basic ideas involved in the ray-tracing process

are the following:

(1) Given the azimuth and elevation of the ray at
the ground, we can trace the ray-path back through the
layers of known met by using equations developed from

Snell's laws.
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(2) Upon reaching the upper boundary of the final
layer of known met, we can determine the winds and temper-
ature in the layer between that boundary and the altitude
of the next grenade burst by requiring the ray-path to
terminate at the grenade burst position.

Now let us examine more closely the calculations
which are involved. It is found that there are two "con-
stants of the motion," so to speak, which are constant

for each layer. They are ¢ and u, defined as

g = Bi/ai
C.
U = = - u, - ev,
o i i
where B; = y-direction cosine
a; = x-direction cosine
c; = sound speed-’
u; = x-wind speed
v. = y-wind speed
It is also true that
ny
t. =
i Y;¢4
6

(1)

(2)

(3)



where ti = travel time
hi = layer thickness
Y; *® z-direction cosine

In all cases the subscript (i) refers to the ith layer.

The constants ¢ and p can be determined from the surface

values.

o/a o/ .
= o u = o (no wind value)

(The subscript zero indicates a surface value.) Since
the sound speed (computed from the temperature) and wind
components are known for each met layer, oy and Bi can
be computed from equations (1) and (2). If we have N
layers of known met, and begin our ray-tracing at the
origin, then the x and y displacement and travel time t

in tréversing those N layers is given by

N
X = z (a,c, - u, ) t
k=1 "%k x’ k
N
I ;
Y = k=1 “BrCx — Vi Tk
N h
k=1 Yx%k

(u)

(5)

(6)

At this point, one must come to blows with a very real



roblem involved in the ray-tracing. If one takes the
surface direction cosines of the ray from the first
grenade and traces through the 100 layers of known met
to the altitude of the first grenade, he will find in-
variably that thé X, ¥, and t calculated from equations
(4), (5), and (6) do not agree with the experimentally
determined values for x, y, and t. Tﬁe difference 1is

in part a measure of the deviation of our 100-isolayer
model atmosphere from the true continuous atmosphere the
ray encounters in its actual path to the ground. In
order to effectively remove this deviation, let us assume
that the rays from all grenades take nearly the same path
through these 100 layers. Then all ray-traced values
will (at the top of the 100th layer) be in error by ap-

proximately Ax, Ay, and At, where

Ax = x (ray-traced) - x (observed) (7
Ay By (ray-traced) - y (observed) (8)
At = t (ray-traced) - t (observed) (9)

where equations (7), (8), and (9) are evaluated for the
first grenade. Thus, by shifting the grenade coordinates
by Ax, Ay, and At, errérs due to the model atmosphere are
removed (to the approximation made above). As a footnote,
note that the observed travel time includes the finite

amplitude propagation (FAP) correction.
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Finally, consider now the determination of the tem—'
perature and winds in a layer between the Nth and (N+1l)th
grenades, as shown in Figure 2. (After the met parameters
Eetween two successive grenades have been determined, that

layer is regarded as a layer of known met) By using the

(X,Y,T) (N+1)th grenade
&
b Layer of
¢§ Unknown met
X.y.t ‘ Nth grenade

Final layer of known met

Figure 2. Ray path used for determination
of unknown met.

ray-tracing techniques discussed previously, we can deter-
mine the position (x,y) and travel time (from the ground)
for the ray from the (N+1l)th grenade at the altitude of the

Nth grenade. Since the ray must have emanated from the

(N+1)th grenade, we determine the met parameters by forcing

it to the position of the (N+1)th grenade. Mathematically,
this can be accomplished by determining a, B, Y, ¢, u, and
v for the layer between the Nth and (N+1)th grenades. If

we denote X; Y, and T as the appropriate variables for the
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(N+1)th grenade and let the layer thickness be h, the

following six equations result:

0 * @yt o= 1 (10)
B = ea | (11
¢ - ou - fBv - auy B O (12)
X=-x=9 = (ac -u) v ° (13)
Y -yBan=(Bc -v)rT (14)
h = yet (15)
where T=T-1t (16)
These six equations can be solved exactly, yielding,
in order,
o = th [hz(l +e?) + (tu -y - en)z] % (17)
B = ea (18)

10



y = V1 - a® - B* ' (19)
¢ = h/yrt ' (20)
u = -P/1 + oac (21)
v = -n/1T + Bc (22)

where u and v are the x and y wind components respectively;
the Kelvin temperature (T) is computed from the sound speed

(¢) in meters/second by
T = 0.002488 c? (23)

The proper root choice in (17) is that value of a which sat-
isfies (12). Hence, this layer now becomes a layer of

known met, and we advance to consider the ray from the next
grenade. In this manner, the temperature and winds for the

layer between each grenade pair can be determined.

11
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SOURCES OF ERROR

After reviewing the basis of ray-tracing, we are
now in a position to examine the sources of error present
in the Rocket-Grenade Experiment and to discuss our method
for compgting a standard error for the temperature and

winds in the layer between grenade pairs. To clarify

future statements and to

11+
-

p"‘ 11 L h e P el

our present discusslion on a
firm footing, let us define what is meant by standard
error (0) in reference to the Rocket-Grenade Experiment.
When one uses the term standard error (standard deviation,
normal error) in reference to a quantity, he immediately
implies that repeated measurements of the given quantity
form (nearly) a Gaussian (normal) distribution about some
mean value. If one states, for example, that the travel
time to the 5th microphone in the array is 17.32 seconds
with a standard error of +0.02 seconds, he means that if
one could make a large number of determinations of the
travel time (under identical experimental conditions),
approximately 68% of these values would lie within 0.02
seconds of 17.32 seconds§ further, 95% of the measurements
would lie within two standard deviations of the mean, and

88.7% of the measurements would lie within three standard

deviations of the mean. The quantity 3 ¢ is often referred

12



to as the confidence interval because the likelihood
of any single measurement occurring outside this inter-
val is less than 0.3%. For this reason, many experi-
menters use the confidence interval as the error limit
of a measurement.

In the Rocket-Grenade Experiment, one could as a
gedanken exercise achieve repeated measurements of travel

time by launching a great number ©

f identical rockets

and recording the break times of the waves from the explo-
sion of the identical grenades (at identical times and
positions) by a three-microphone array on the ground.
Since many sets of the three break times necessary for

a unique sound-ranging solution could be determined, one
could compute the mean break times and their associated
standard errors. To obtain the equivalent repeated
measurements in a practical manner, the number of micro-
phones in the array is increased beyond the three neces-
sary for a unique sound-ranging solution. A least squares
analysis is then applied to this overdetermined solution
to yield a mean break time (relative to a reference micro-
phone) and its associated standard error.

The various errors which may contribute to the final

standard error in temperature and winds can be classified

13
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according to source as (1) errors inherent in the experi-

mental measurements, and (2) errors resulting from ap-

proximations made in the course of the analysis. Those

which result from uncertainties in experimental measure-

ments are as follows:

(1)

~~
N
~s

(3)

Those errors which result from approximations in the course

Surveying errors in determining the coordinates
of each microphone in the array.

Error in the determination of the burst time of
the grenade and its position (x,y,z) at this
time.

The uncertainty in reading the break times of
the wave as it crosses each microphone in the
array. Providing more than three break times
can be determined, one can perform a least
squares analysis with the over-determined solu-
tion yielding standard errors in the break time
of the wave and the direction cosines of its
associated ray relative to the reference micro-
phone in the array. It should be born in mind
that these standard errors result directly from
the uncertainty in the measurement of the break

times.

of the analysis are as follows:

14



(1)

(2)

(3)

The error involved in forming the least squares
operational equations. In the derivation of
these equations, we assume a spherical wave eman-
ates from a point source (the grenade or apparent
grenade if the variable curvature is used) and
travels through a homogeneous atmosphere before
crossing the array. The assumption of a homo-
geneous atmosphere is partially compensated for
in the large arrays by assigning a local speed

of sound to each microphone. An additional ap-
proximation resulted when, to effect the least
squares solution (complete with the required cor-
relation coefficients), it was necessary to lin-
earize the operational equations.

The error resulting from the deviation of the
100-isolayer model atmosphere from the true at-
mosphere. This error is regarded as a system-
atic error which can be effectively removed

from each grenade by a suitable shift of co-
ordinates during the ray-tracing computation

(See Sections II and IV).

The error in computing the finite amplitude propa-
gation (FAP) correction to the observed travel

time. It should be realized first that the

15



expressions used to compute the FAP time correc-
tion are not exact, being based on Brode's
numerical analysis of spherical blast waves in

an isobaric, isothermal atmosphere. In addition,
Otterman has introduced several necessary assump-
tions in adapting Brode's work to the Rocket-
Grenade Expériment. The use of Otterman's ex-
pressions to compute the FAP time correction
requires the knowledge of ﬁressure and temper-
ature at the point of explosion. KXnowing the
altitude of the explosion allows us to determine

the temperature using the U. S. Standard Atmos-

phere, 1962. The pressure at the point of ex-

plosion is determined from the last known
temperature-pressure pair (RAOB data) by use

of equation I.2.10 - (4) of the U. S. Standard

Atmosphere, 1962. The use of this equation

involves assuming the validity of the hydro-
static equation, the perfect gas law, and as-
suming that withiﬁ the altitude layer between
the known and unknown pressures the gradient

of the molecular-scale temperature with geo-
potential altitude is zero. Thus, the numerical

value computed for the FAP time is in error not

16
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only due to the approximate nature of the theory
but also due to the approximate values of pres-
sure and temperature used to evaluate these
theorefical expressions.

At the present time, exact information is not avail-
able regarding surveying errors or errors in the determin-
ation of the burst time and position of the grenade. The
erro; in computing the FAP time correction to the observed
travel time i1s thought to be a second order effect, since
it is in effect a correction to a correction. Plans are
now underway to investigate the effect of this error on
the temperature and winds between grenade pairs. The re-
mainder of this report will be concerned with a detailed
discussion of the method by which the experimental un-
certainties in reading the break times are propagated to

yield standard errors in the temperature and winds between

grenade pairs.

17
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METHOD OF ERROR PROPAGATION

Measurement of the break time of the wave from a
grenade explosion on more than three microphones in the
array produces an overdetermined sound-ranging solution.
A least squares analysis using this overdetermined solu-
tion yields the direction cosines and break time of the
ray (relative to a reference microphone) along with the
standard errors of the quantities. The temperature and
winds in a layer between grenade pairs depend through the

ray-~tracing analysis on the surface values of the direc-

tion cosines and travel times of the rays from each grenade;

hence, standard errors in these surface values can be
propagated through the ray-tracing analysis to yield stan-
dard errors in the computed values of temperature and
winds in the layer. In this section, an explanation of
the approximate method of error propagation is presented,
along with a discussion of the coordinate shift technique
for compensating for the deviation of the model atmosphere
from the true atmosphere.

Consider the first layer of unknown met, the layer
between the first and second grenades. For the first

grenade, the ray-tracing is performed (with the known

18



values of direction cosines supplied by the sound-ranging
data) through the 100 layers of known met data to the
altitude of the first grenade. The ray-traced coordinates
(x,y) and travel time are computed and the difference
between these ray-traced values and their corresponding
measured values calculated. Since the ray from the second
grenade will make approximately the same error in travers-
ing the 100 met layers as the one from the first, the
measured x, y, and travel time of the second grenade are
shifted by the differences calculated for the first grenade.
The temperature and winds are then determined for the first
layer as described in Section II. This shifting of co-
ordinates of grenade two is our method of accounting for
the deviation of the model atmosphere from the true atmos-
Phere. \

Now suppose one regarded the second grenade as the
effective first one and ray-traced through now 101 layers
of known met data. If one ray-traces through these layers
with grenade two, he would miss its measured position
(x,y) and travel time by some amount. The amount of that

miss will be, however, exactly equal to the amount that

the original coordinates and travel time of grenade two

were shifted due to the initial error in the first grenade,

i.e., Ax, Ay, At. Hence, the coordinates and travel time

19
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of the third grenade will be shifted by this same amount
and its ray ray-traced to the altitude of the second
grenade. The ray is then forced to its corrected position
and the temperature and winds in the second layer deter-
mined. Then effectively the ray from the fourth grenade
sees 102 layers of known met. Each grenade pair is then
treated, as far as the analysis is concerned, in the same
manner as the first pair. In this approximate method of
analysis then, the standard error in determining the tem-
perature and winds in each layer depends only on the
standard error in the surface direction cosines and the
travel time for the two grenades bounding this layer.
The analysis thus proceeds by grenade pairs, with'the
grenade at the lower boundary of the layer being regarded
as the effective first grenade and all lower grenade layers
regarded as layers of known met.

.Thus the salient features of the approximate error
propagation methbd are the following:

(1) To account for the deviation of our model atmos-
phere from the true atmosphere, all grenade co-
ordinates (x,y,t) are shifted by an amount equal
to the deviation of the first grenade's ray-
traced coordinates from its measured coordinates.

(2) All grenade pairs act the same as the first pair,

20



(3)

the only difference being the number of met layers
below a given pair.

To this approximation, the standard error in the
temperature and winds in a given layer depends
only on the standard error in the surface direc-
tion cosines and travel times for the pair of
grenades bounding the layer. The theory of error
propagation then enables one to calculate tem-
perature and wind deviations in each successive
layer, the analysis proceeding by grenade pairs
with each grenade in turn becoming the effective
first grenade. The next section describes the
explicit mathematical steps required to imple-

ment this theory.

21
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MATHEMATICAL DEVELOPMENT OF THE ERROR PROPAGATION

The computations detailed in this section are based
on the discussion of the propagation of standard errors
presented in Section 6, Chapter 10, Part 7 of the Hand-

book of Physics. It is pointed out there that the correct

least squares analysis must provide not only the standard
error for each variable, but also the correlation coef-
ficient between each pair of variables; the correct compu-
tation of standard errors in derived quantities which de-
pend on these least squares.adjusted variables demands the
knowledge of both their standard errors and associated
correlation coefficients. We refer those not familiar
with correlation coefficients to the reference cited.
Since the error propagation calculation proceeds pair-
wise with respect to grenades, let us considér the calcu-
lation of the standard deviations in temperature and winds
in a general layer bounded below by a grenade whose vari-
ables shall be primed and above by a grenade whose vari-
ables are unprimed (Fig. 3). All surface values are de-

noted by the subscript zero. Let us denote by

standard deviation in o

Q
]

correlation coefficient between o and B

POLB

22



There is no correlation between variables of different gre-

3 1 - -
nades, 1.e., Toa - 0, raB' = 0, etc.

unprimed grenade

primed grenade

N layers of known met
ground

Figure 3. Consideration of a general
layer of unknown met.

For the sound wave from each bounding grenade (primed and
unprimed), there are three independent surface variables on
which the temperature and winds in the layer depend. They
are (1) the x—difection cosine, G (2) the y-direction cosine,
Bo, (3) the time at which the sound wave crosses the origin of
the coordinate system, t_ . Since all of these are least gquares
adjusted values, we know their standard errors and pairwise
correlation coefficients. Thus, in the layer between the

primed and unprimed grenades, a function f can be written as
- 1 1 1
f=flag,B >t ,al,8L,tl) (24)

where f stands for the sound speed, x-wind, or y-wind. Using

equation (10.30) from 7-157 of the Handbook of Physics, we can

write the generalized law of the propagation of errors as

N N
§f §f §f
g2 = .3, (== % 062 + .i. r.. (=) (=) o o} (25)
f i=1 Gxi X 15] 1] 6xi ij X xj
where f = f(xl,x2,x3,...,xN) (286)
23



To adapt this equation to our case, we put N=6, and recall

that Xie{ao,so,to,aé,eé,té} For purposes of clarity,

the equation can be written as

ol = (mgz o (%-go)z o+ Gt ot & )2 o8
+ (%%5)2 céé + (%%éf of, + 2 [ %g %%o an OBO rao
¥ % %%O %0, %t Tat, T g_-ﬁo g_lg_o %t %8, Tt,8,
¥ ’g'?ff' %%5 %! %8! Tal gl "t %g' g_ﬁé %ot %tr Tart!
+ %é %fe-é O't(l) UB, I"_t'B' }

In this expression for o% , all the standard deviations and

(27)

.correlation coefficients are known from the sound ranging data.

Thus for each f we need to calculate six partial derivatives.

Since f can be the sound speed, x-wind, or y-wind, we need to

24
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calculate 18 partial derivatives in all. The subject of
the following is to show how these partial derivatives
can be calculated.

The computations can be separated conveniently into
two distinct groups: (1) The calculation of those quanti-
ties which are determined for the N layers of known met;
(2) The éalculation of those quantities which are computed
solely for the final layer between the primed and unprimed
grenades. We shall consider first those which are computed
for the N layers of known met. All sums will be taken to
be over all N layers of known met data.

In ray-tracing through the N layers of known met data

the constants of the motion are

u = o/ (28)

€ = Bo/a (237

The numerical values of these constants are determined by
the observed surface values ao 5 Bo , and co. In order to
propagate the surface deviations in a, s Bo , and Ty we

25
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need to calculate the following partial derivatives.

6an : 6an GBH B Gyn dYn th th
2 2> b b
Gao ? 680 > 6ao > §8_ ? Sa 680 Gao 680

§x §x § §
n n Yn Yn
Sa_ * 88 ° Tu, * TB,

T here is the travel time of the ray through the nth
layer.

These differentials are written out in detail below.

a Fa cn/ (cO + Bovn *oau ) (30a)
San %n u_o (30b)
— = ——[ 1 - nn ] :
6ao a, —
n
2

6an . v, ol , (30e)
680 o

B
B = —9- o (318.)

n o n
o)
26



88 Sa o
MRS _n __n
So [ Sa o
o 0
88 o_ . Sa
. a *° T8
0 %
vy, = (1 - a2 - B3
.%. = -._l__{ OLGOL
6a0 Yo ndo
.6__111 :__}__[a 60{'
680 Yn n 68
_''n
tn - c
n n
R S
dao ' 6ao
§t _ EE Gyn
680 Yn 680

217

(31b)

(31e)

(32a)

(32b)

(32¢)

(33a)

(33Db)

(33c)

(34a)
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n n n n
= = — =— Tt t_c —
dao tn dao n 6ao
§x X §t 8o
GBn - %g 6Bn + ot e . n
o n o) n Bo
V., ° (Bncn - vn) t,
n Va0 OBy
éao tn Gao n Sao
éyn _ ZE étn .t o 6Bn
GBO tn 680 nn GBO

If we denote

Then

t

fn

total calculated travel time through the N layers
of known met

total calculated x-displacement

total calculated y-displacement \

28

(3ub)

(34c)

(35a)

(35b)

(35¢)

(36a)
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y = Ly,
t = _t
n

§E = ¥y éxn
Sa

o} Gan
6_}5_ = 3 sxn
680 GBO
§_y._ = X ..G_yg
Sao 6ao
§l = X _%.
GBO GBO
st - Stn
660 680
_(S_t = I -—-—-(Stn
6ao éao

In the previous enumeration of quantities which must

be calculated for the layers of known met, no primes were

29

(36b)

(36c)

(37a)

(37b)

(37¢)

(374d)

(37e)

(37£)
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used since these are calculated for all grenades. Observe

also that the order of calculation is the order in which
it must be carried out on the computer.

Suppose we have now ray-traced through the layers of

known met and desire to determine the temperature, winds

and their associated deviations in the layer bounded by

the primed and unprimed grenades. The following notation
will be used. The general remarks in the braces apply to

both primed and unprimed variables.

Arrival time of the sound wave at the co-
o’ "o : ordinate origin. This is a least squares

{ adjusted value, and hence has an associated
standard deviation.

T, T Actual time of the grenade explosion. There
{ is no standard deviation associated with
this time. :

y = Iy,

- 1 - 1
t'= Ztn v Zyn
X = an (X,Y,Z) Measured coordinates

{ of the grenades. These

- . (X1Y1Z"Y)L are regarded (as were

x'=  Ix
n T and T') as exact.

g, { Finite amplitude corrections for the grenades.

In the computer program, the sound wave from the first
grenade 1is ray-traced through the 100 layers of known met

to the altitude of the first grenade. Ray-traced values of

30
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X, y, and transit time are computed. The differences between
thoese values and the measured values are computed as correc-

tions which are then applied with equal weight to all other

grenades. The corrections are the following:
AX = x' - X! ‘ (38)
Ay = y' - Y! (39)
AT = t' - (£l - T' + F') (40)

The actual travel time (té - T'" + F') 1is regarded as being
in error only due to the error in determining té.

In order to find the temperature and winds in the layer
between the primed and unprimed grenades, we ray-trace the
unprimed grenade's sound wave from the ground to the altitude
of the primed grenade. Then we force the ray to go to the
corrected value of the unprimed grenade's coordinates. Let
X*, Y*, and T* be the corrected values of the unprimed

grenade's coordinates.

X# = X + Ax = X + x' - X! (41)



L 4

Y# = Y+ Ay = Y + y' - Y! (529

The travel time from the ground to the unprimed grenade is
(to - T + F). In addition to that amount we must add AT.

The travel time in the layer is then

T o=ty - T+F+AT-+t (43a)
T = (to - té) + {(t' - ©)
+ (T' = T) + (F - TF") (43b)

Note that the quantities in the last two parentheses of
(43b) are regarded as being exact. TIrom the above it follows

directly that

(X = X') + (x' - x) (hl)

<
"
o]
I
b
u

(Y = ¥Y") + (y' - y) (45)

o
]
s
|
<
n

Now the task is to find out how 1, ¢ , and n vary with
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a t t t : -

Gys By to, als BO, to . With these we can calculate
' how o varies with these surface variables and ultimately
l how ¢, u, and v vary with them. This is the ultimate goal.
' St _ 5T _

S—E = 1 (L}'Ba) '6__t‘, = -1
' o 0
l §t _ 6t st _ &t

So. TS (46n) Sar © S
ll o) o o) o)

8t St ST §t!
I = -= ooy T o s

680 SBO GBO 680
' SU 8% ( v _ ox!

— = - = 4ed) — = T

Sao dao 6uo 6ao

U §x Sy Sx'

= = - = (46e) e
l 660 680 68o 68o

dn _ _ 8y - Sn . 8y

e, © T o (465) Ta' T Ba
|| o 0
' n Sy ( 8n _ Sy!

IR T T %@& H'Bg) TR!' - TaQ!

580 GBO 660 680
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Now let us return to the expression for o. Insertion of

(238)and (29) into (17) yields that

aoh
a= —5— (48)
where
B =[h2(a2 + 82) + (1tc_ - Yo_ -nB )?| (49)
- o o’ o o) o J
Denoting pe {ao,so,to,aé,sé,té} , Wwe see that
Sa h
558 Sap -2 & ‘ (50
5o B. GoP B dp )
We need to know all the %%-. Straightforward differentiation

shows that

62 _ 1 2 : - - 8x 8y .8t _ 13 -
FEO" B [h ¢y ¥ (te, wao nBo)(ao 6u0+ Boéao coGao j (51a)
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P (. 2 ¥ §x Sy St A
2 _ 1 L;On +(TCO -va —nBO)(uO 57t Bogﬁ -n -c, ¥g ) (51D)
630 B 0 0 o
n c
%—%— = go_ (’L’CO —bo -nBO) (51c)
o)
8§38 1T _ _ §£1 _(_SE, _ él‘
o' C B [(TCO wao nBo)(co 55! "% 3o BO L )] (51d)
0 o} 0 o 4
68 .1 e - STt sx' . 8y
53 [uco by “By)(e, 55 9y 551 <Bo T >] (51e)
c ,
g%, = —Eg (TCO -bo —nBO) = - %% (51f)
o) )
Thus,
o _ h a 6B
m— = B— - -B- mo (52&)
Sa o 6B
SO0 o 2 22 (52b)
680 B GBO
Sa o 6B So :
- D e = - = - (52C)
— 1
5LO B Gto Gto .
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Sa _ o 8B (CﬁA)
-—y = 5 T vl
oo B dao
Sa o 6B
= T T % T (52e)
Q! t
630 B Bo
We need to compute now the derivatives with respect *o
pe{ao,Bo,to,aé,Bé,té} for B, vy, ¢, u, and v. The calcule-
tions are straightforward and will be presented without
~discussion.
8 = (Posa) a (53a)  y= (1 -a%-g2)7% (5ka)
8B Sa o Sy _ l[ So Js ]_
+— FE€ == =€ — (53b) — = - =l B [=- (54b)
éao Sao o dto Y to dto
SR Sa o Svy_ l[ Sa § B ]
= = € =% t — (53c) == - ={ag— + B+— (54e)
SBO 680 o o Y 6ao Sa
SR Sa S8 Sy _ 1T Sa 88
—, S€5—, = —4— (534) - = - —[OL——— + B=% (54d)
st/ 5t St 8 Y L'8B, 6B,
2 b
88 e S (53e) oL, = -Hai%,+ ei%,J (54e)
o) o) 0 ) 0
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;o Sc 1 dy n I
— = — - + — — - / 2 (37\’:)
500 030 680 T 680 T 580

v I
= c ¥ rp s - TV, (57¢)

0 0 0
v 88 se _ 1 ¢dy' L om ét!

ol ¢ %ol B 3o T da' /2 Fa (57£)

o 0 0 0 0
v §8 - Sc 1 &y n 8t
TRl C <7t B TRt - - Xr1 + / 2 TRt (57g)

Bo 58, 88, T Bo T 9B,

Since c? KT
o1 _ 21
¢ ¢
Op = 2% o, (58)

Thus to determine the standard deviation in the sound
speed, x-wind, and y-wind in the layer between the primed
and unprimed grenades, all one must do is to insert (55b-f),

(56b-g), and (57b-g), respectively, into (27). To obtain

o
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the standard deviation in the temperature simply iInsert the
nunmerical value of o into (58).

If in addition to these deviations, it is desired to
compute those of the wind speed and wind direction, one pro-

ceeds directly as follows. Denoting the wind speed by W,

1
W= (u? + v?)=2 (59)

N
L

1 1 3
If as before we denote pe{ao,to,Bo,ao,Bo,tof, then
SW _ 1 Su Sv7
zs‘a‘w[u'ss“va—pj (80)

By allowing p to assume its six possible values, one obtailns
the necessary ﬁartial deriQatives to insert into (27) to cal-
culate the standardﬂdeviation in the wind speed.

If we call 6=tan -1 % , then the wind direction is some

constant plus or minus 6 . Thus we can compute the standard

deviation in the wind direction by computing the needed partial

. . 1 H 1 o+
derivatives of 6 . If pe-{ao,to,ﬁo,uo,Bo,to}, then
86 _ I .y &4, 0V
‘a_p‘ - WZ {-"V 6p +u6p:] (61)
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The standard deviation in wind direction can be calculated

by inserting the derivatives from (61) into (27).
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CONCLUSION

After reviewing the ray-tracing procedure used in the
Rocket-Grenade Experiment, we enumerated the factors which
contribute to the error in temperature and winds in the
layer between grenade pairs. Of these factors, we considered

the computed temperature and winds to be in error due to

}J‘

(1) the uncertainty in reading the brcak times of the wave

as it crosses each microphone in the array; and (2) the dev-
iation of the layered mocel atmosphere from the true atmos-
phere. The latter was regarded as a systematic error which
can be approximately removed by a suitable shift in grenade
coordinates. If a least sguares sound-ranging solution can
be performed, the uncertainties in break times will result

in standard errors in the surface values of direction cosines
and travel time of the ray from each grenade. An approximate
method for propagating these surface standard errors to yield
standard errors in the computed temperature and winds was

then discussed. Finally, standard techniques of error propaga-

tion theory were employed to derive a lengthy set of mathe-

-matical expressions which facilitate the calculation of the

reguired standard errors in temperature and winds. The expres-
sions have been incorporated into the existing computer pro-

gram; evaluation of the results indicates that this method of

error analysis is valid.

42



‘o

DEFINITION OF NOTATIONS

cartesian coordinates with origin at center

of microphone array

y direction

x direction

z direction
sound speed

travel time

X wind speed

y wind speed

cosine
cosine

cosine

of sound

layer thickness

constant of

constant of

the motion (e = B/a )

the motion (u = [c/@ - u - €v)

x displacement in layer

y displacement in layer

sound travel time in layer

standard deviation of a

correlation coefficient between a and b

Kronecker delta

L3



o

oy

REFZRENCES

L. "Numerical Solution of Spherical Blast Waves',
Journal of Applied Physics, 26:766 (1955).

Dean, Z. A. "Ray-Tracing in a Layered Medium", pp. 104-110,
Rocket Grenade Experiment, Final Report, June 1965.
El Paso, Texas: Schellenger Research Laboratories.

DuMond, J. W. M. and E. Richard Cohen. '"Calculeation of
Standerc Errors and Correlaticon Coefficients," in
the Handbook of Physics, ed. by Condon and Odishaw,
New York: McGraw Hill Book Company, Inc., 1958.

Otterman, Joseph. '"Finite - Amplitude Propnagation Effect
’ - - . © .
on Shock-Wave Travel Times from Explosions at High
Altitudes", Journal of the Acoustical Society of

Arerica, 31: L70 (1959).

Ly



