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INTRODUCTION 

The purpose of this report is to give a coherent 

explanation of the method of determining the standard 

error present in the calculated values of temperature 

and winds in the layer between grenade pairs. For the 

sake of completeness, a basic review of the ray-tracing 

technique used in the NASA Rocket-Grenade Experiment is 

presented. To provide an introduction to the discus- 

sion on errors and their propagation, a brief explanation 

of the meaning of the term "standard error" is presented. 

The sources of error in the Rocket-Grenade Experiment 

are then carefully enumerated and classified as either 

uncertainties in experimental measurement or approxima- 

tions in theoretical development. In this report, it 

is assumed that the temperature and winds in a given 

layer between grenade burst positions are in error due 

to (1) the uncertainty in reading the break times of the 

wave as it crosses each microphone in the array; and ( 2 )  

the deviation of the layered model atmosphere from the 

true atmosphere. The effect of the other errors on the 

final standard error in temperature and winds will be 

considered in a later report. 
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The approximate method used to determine the standard 

e r r o r  in temperature and winds is then discussed in de- 

tail. 

details of the mathematical development of the error analysis. 

The report concludes with a presentation of the 

. 
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REVIEW OF RAY-TRACING TECHNIQUE I N  
THE ROCKET-GRENADE EXPERIMENT 

Before  beg inn ing  d e t a i l e d  d i s c u s s i o n  on t h e  propaga-  

t i o n  o f  e r r o r s  i n  r a y - t r a c i n g ,  l e t  u s  b r i e f l y  r ev iew t h e  

r a y - t r a c i n g  t e c h n i q u e  i t s e l f  as it i s  a p p l i e d  t o  t h e  Rocket- 

Grenade Experiment .  F i g u r e  1 shows a n  edge-on view o f  t h e  

e l e m e n t s  i n v o l v e d  i n  t h e  r a y - t r a c i n g  problem. The a s t e r i s k s  

on t h e  ground l i n e  r e p r e s e n t  t h e  microphone l o c a t i o n s  ( x i ¶  

y i ¶  z i ) ;  t h e  f a c t  t h a t  t h e y  have been drawn on a s i n g l e  l i n e  

d o e s  n o t  mean t h a t  t h e i r  z - c o o r d i n a t e s  are a l l  t h e  same. 

3 r d  l a y e r  

2nd l a y e r  

1st l a y e r  

7/ ‘t; ‘2 4 

4 t h  g renade  

3 r d  g r e n a d e  

2nd grenade  

I s t  g renade  

1 

J ground 

Figi l re  1. Ray-Tracing Problem. H o r i z o n t a l  l i n e s  are l i n e s  
of c o n s t a n t  h e i g h t .  Numbers below t h e  ground l i n e  are  
microphone numbers. 
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The known meteorological data (hereafter referred to 

simply as "met") consist of temperature, wind speed, 

wind direction, pressure, and relative humidity; and 

is obtained from balloon or rocketsonde. The 100 layers 

of known met data are constructed in the following man- 

ner. The layer thickness is simply 1/100 of the alti- 

tude of the first grenade burst. Using a linear weight- 

ing method, we determine f r o m  the raw data a constant 

temperature, wind speed, etc. for each layer. It is 

tacitly assumed in constructing these layers that there 

are no horizontal gradients in either wind or temperature, 

and a l s o  that there are no vertical winds. The aster- 

isks on the horizontal lines identifying the grenades de- 

note the position (x,y,z> of the respective grenade bursts. 

In analysis of the Rocket-Grenade Experiment, the 

layers between grenades are considered to have the same 

general properties as those of the known met, :.e., they 

are of constant temperature and winds, have no horizontal 

gradients, and deny the existence of vertical winds. The 

time and position of each grenade explosion along with the 

time at which the resulting acoustic wave strikes each 

microphone in the array are the fundamental measurements 

of the Rocket-Grenade Experiment. By computing the dif- 

ferences in travel time of the wave to each microphone in 

4 



the array, one can employ the sound-ranging methods de- 

veloped by E. A. Dean to determine the direction cosines 

of the associated ray as the wave sweeps the array. 

For large arrays (such as the thirteen-microphone 

array at Wallops Island) Dean's method has been modified 

(1) to include a local speed of sound for each microphone, 

and ( 2 )  to solve for the radius of curvature of the wave 

as a ieast squares variable. With a known curvature, a 

unique sound-ranging solution for the direction cosines 

of the ray as the wave crosses the reference microphone 

in the array requires reading the break times on only 

three microphones. The modified solution treating the 

curvature as a variable requires four microphone readings 

for a unique solution. 'Since the break times can general- 

ly be read on more than three microphones, an overdeter- 

mined solution exists, enabling one to compute not only 

the direction cosines and travel time of the ray, but also 

the standard errors of these quantities. 

The basic ideas involved in the ray-tracing process 

are the following: 

(1) Given the azimuth and elevation of the ray at 

the ground, we can trace the ray-path back through the 

layers of known met by using equations developed from 

Snell ' s laws. 

5 



( 2 )  Upon r e a c h i n g  the upper  boundary of t h e  f i n a l  

l a y e r  of known m e t ,  w e  can  de te rmine  t h e  winds and temper-  

a t u r e  i n  t h e  l a y e r  between t h a t  boundary and t h e  a l t i t u d e  

of t h e  n e x t  g renade  b u r s t  by r e q u i r i n g  t h e  r ay -pa th  t o  

t e r m i n a t e  a t  t h e  g renade  bu r s t  p o s i t i o n .  

Now l e t  u s  examine more c l o s e l y  t h e  c a l c u l a t i o n s  

which are i n v o l v e d .  I t  i s  found t h a t  t h e r e  a r e  two "con- 

s t a n t s  of t h e  mot ion , "  s o  t o  s p e a k ,  which are c o n s t a n t  

for each  l a y e r .  They a re  E and p, d e f i n e d  as 

where 

E = BJcri 1 

u .  - € V i  
'i 

v = r -  1 
1 

Bi = y - d i r e c t i o n  c o s i n e  

= x - d i r e c t i o n  c o s i n e  "i 
c .  = sound speed.  

= x-wind speed ui 
v .  = y-wind speed 

1 

1 

I t  i s  a l s o  t r u e  t h a t  

h: 

6 



I 
I 
I 
I 
I 
I 
I 
I 
I 
1 
I 
I 
I 
I 
I 
I 
I 

where ti = travel time 

h. = layer thickness 

Yi 

1 

= z-direction cosine 

In all cases the subscript (i) refers to the ith layer. 

The constants E and p can be determined from the surface 

values. 

E =  BO/Cc,  C 
u =  O / " o  (no wind value) 

(The subscript zero indicates a surface value.) Since 

the sound speed (computed from the temperature) and wind 

and Bi can "i components are known for each met layer, 

be computed from equations (1) and ( 2 ) .  If we have N 

layers of known met, and begin o u r  ray-tracing at the 

origin, then the x and y displacement and travel time t 

in traversing those N layers is given by 

N 

t =  N c hk 
k=l YkCk . 

( 4 )  

( 5 )  

At this point, one must come to blows with a very real 
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problem involved in the ray-tracing. If one takes the 

surface direction cosines of the ray from the first 

grenade and traces through the 100 layers of known met 

I 
I 

to the altitude of the first grenade, he will find in- 

variably that the x, y, and t calculated from equations 

( 4 1 ,  ( 5 1 ,  and ( 6 )  do not agree with the experimentally 

determined values f o r  x, y, and t. The difference is 

in part a measure of the deviation of our 100-isolayer 

I 
I 

model atmosphere from the true continuous atmosphere the 

ray encounters in its actual path to the ground. In 

order to effectively remove this deviation, let us assume 

that the rays from all grenades take nearly the same path 

through these 100 layers. Then all ray-traced values 

will (at the top of the 100th layer) be in error by ap- 

proximately Ax, Ay, and At, where 

I 
I 
I 
I 

Ax = x (ray-traced) - x (observed) ( 7 )  

Ay y (ray-traced) - y (observed) ( 8 )  

At = t (ray-traced) - t (observed) ( 9 )  

I 

I 
I 

I where equations ( 7 1 ,  ( 8 ) ,  and ( 9 )  are evaluated for the 

first grenade. Thus, by shifting the grenade coordinates 

by Ax, Ay, and At, errors due to the model atmosphere are 

removed (to the approximation made above). As a footnote, 

note that the observed travel time includes the finite 

amplitude propagation (FAP) correction. 

8 
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Finally, consider now the determination of the tem- 

perature and winds in a layer between the Nth and (N+l)th 

grenades, as shown in Figure 2 .  (After the met parameters 

between two successive grenades have been determined, that 

layer is regarded as a layer of known met.) By using the 

(X.Y .T) 

Layer of 
Q- / Unknown met - Final layer of known met 

(N+ 1) th grenade 

Nth grenade 

Figure 2. Ray path used for determination 
of unknown met. 

ray-tracing techniques discussed previously, we can deter- 

mine the position (x,y> and travel time (from the ground) 

for the ray from the (N+l)th grenade at the altitude of the 

Nth grenade. Since the ray must have emanated from the 

(N+l)th grenade, we determine the met parameters by forcing 

it to the position of the (N+l)th grenade. Mathematically, 

this can be accomplished by determining a, B ,  y, c, u, and 

v f o r  the layer between the Nth and (N+l)th grenades. If 

we denote X, Y, and T as the appropriate variables for the 

9 
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( N + l ) t h  g renade  and l e t  t he  l a y e r  t h i c k n e s s  be h ,  t h e  

f o l l o w i n g  six e q u a t i o n s  result: 

c - au - Bv - all 0 

x - x = qJ = (ac  - u) ‘c 

Y - y r) = (Bc - v )  ‘I 

h = y c ~  

where ‘ c = T - t  

These s i x  e q u a t i o n s  can b e  s o l v e d  e x a c t l y ,  y i e l d i n g ,  

i n  o r d e r ,  

(10) 

(11) 

(17) 

10 
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y = J1 - a' - Bt (19) 

(20) 

(21) 

where u and v are the x and y wind components respectively; 

the Kelvin temperature (T) is computed from the sound speed 

(c) in meters/second by 

T = 0.002488 c2 ( 2 3 )  

The proper r o o t  choice in (17) is that value of a which sat- 

isfies (12). Hence, this layer now becomes a layer of 

known met, and we advance to consider the ray from the next 

grenade. In this manner, the temperature and winds f o r  the 

layer between each grenade pair can be determined. 

11 
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SOURCES OF ERROR 

After reviewing the basis of ray-tracing, we are 

now in a position to examine the sources of error present 

in the Rocket-Grenade Experiment and to discuss our rnethod 

for computing a standard error f o r  the temperature and 

winds in the layer between grenade pairs. To clarify 

future statements 2nd to pu: GET p r e s e r t t  discussion on a 

firm footing, let us define what is meant by standard 

error ( 0 )  in reference to the Rocket-Grenade Experiment. 

When one uses the term standard error (standard deviation, 

normal error) in reference to a quantity, he immediately 

inplies that repeated measurements of the given quantity 

fcrm (nearly) a Gaussian (normal) distribution about some 

mean value. if one states, f o r  example, that the travel 

time to the 5th microphone in the array is 17.32 seconds 

with a standard error of 20.02 seconds, he means that if 

one could make a large number of determinations of the 

tyavel time (under identical experimental conditions), 

a??roxinately 68% of these values would lie within 0.02 

seconds of 17.32 seconds; further, 95% of the measurements 

would lie within two standard deviations of the mean, and 

99.7% of the measurements would lie within three standa-ld 

deviations of the mean. The quantity 3 0 is often referred 

12 
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to as the confidence interval because the likelihood 

of any single measurement occurring outside this inter- 

val is less Than 0.3%. For this reason, many experi- 

menters use the confidence interval as the error limit 

of a measurement. 

In the Rocket-Grenade Experiment, one could as a 

gedanken exercise achieve repeated measurements of travel 

i ijile by ia-urlc~,irlg a g r e a t  r l .~r ,bep of ideriticsl -- L ' U C h t :  - - 7 -  - L b - 

and recording the break times of the waves from the explo- 

sion of the identical grenades (at identical times and 

positions) by a three-microphone array on the ground. 

Since many sets of the three break times necessary for 

a unique sound-ranging solution could be determined, one 

could compute the mean break times and their associated 

standard errors. To obtain the equivalent repeated 

measurements in a practical manner, the number of micro- 

pnones in the array is increased beyond the three neces- 

sary for a unique sound-ranging solution. A least squares 

analysis is then applied to this overdetermined solution 

to yield a mean break time (relative to a reference micro- 

phone) and its associated standard error. 

The various errors which may contribute to the final 

standard error in temperature and winds can be classified 

13 
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according to source as (1) errors inherent in the experi- 

nental measurements, and (2) errors resulting from ap- 

proximations made in the course of the analysis. Those 

which result from uncertainties in experimental measure- 

ments are as follows: 

Surveying errors in determining the coordinates 

of each microphone in the array. 

E r r o r  in the determination of the burst time of 

the grenade and its position (x,y,z) at this 

time . 
The uncertainty in reading the break times of 

the wave as it crosses each microphone in the 

array. Providing more than three break times 

can be determined, one can perform a least 

squares analysis with the over-determined solu- 

tion yielding standard errors in the break time 

of the wave and the direction cosines of its 

associated ray relative to the reference micro- 

phone in the array. It should be born in mind 

that these standard errors result directly from 

the uncertainty in the measurement of the break 

times. 

Those errors which result from approximations in the course 

of the analysis are as f o l l o w s :  

14 
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(1) The error involved in forming the least squares 

operational equations. In the derivation of 

these equations, we assume a spherical wave eman- 

ates from a point source (the grenade or apparent 

grenade if the variable curvature is used) and 

. travels through a homogeneous atmosphere before 

crossing the array. The assumption of a homo- 

geneous atmospnere is partially compensated for 

in the large arrays by assigning a local speed 

of sound to each microphone. An additional ap- 

proximation resulted when, to effect the least 

squares solution (complete with the required cor- 

relation coefficients), it was necessary to lin- 

earize the operational equations. 

( 2 )  The error resulting from the deviation of the 

100-isolayer model atmosphere from the true at- 

mosphere. This error is regarded as a system- 

atic error which can be effectively removed 

from each grenade by a suitable shift of co- 

ordinates during the ray-tracing computation 

(See Sections I1 and IV). 

( 3 )  The error in computing the finite amplitude propa- 

gation (FAP) correction to the observed travel 

time. It should be realized first that the 

I 
I 
I 
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expressions used to compute the FAP time correc- 

tion are not exact, being based on Brode's 

numerical analysis of spherical blast waves in 

. an isobaric, isothermal atmosphere. In addition, 

Otterman has introduced several necessary assump- 

tions in adapting Brode's work to the Rocket- 

Grenade Experiment. The use of Otterman's ex- 

pressions to compute the L A Y  time correction -.-  

requires the knowledge of pressure and temper- 

ature at the point of explosion. Knowing the 

altitude of the explosion allows us to determine 

the temperature using the U. S. Standard Atmos- 

phere, 1962. The pressure at the point of ex- 

plosion is determined from the last known 

temperature-pressure pair (RAOB data) by use 

of equation 1.2.10 - ( 4 )  of the U. S. Standard 

Atmosphere, 1962. The use of this equation 

involves assuming the validity of the hydro- 

static equation, the perfect gas law, and as- 

suming that within the altitude layer between 

the known and unknown pressures the gradient 

of the molecular-scale temperature with geo- 

potential altitude is zero. Thus, the numerical 

value computed f o r  the FAP time is in e r r o r  not 

16 



I 
only due to the approximate nature of the theory 

but also due to the approximate values of pres- 

sure and temperature used to evaluate these 

theoretical expressions. 

At the present time, exact information is not avail- 

able regarding surveying errors or errors in the determin- 

ation of the burst time and position of the grenade. The 

error in computing the FAP time correction to the observed 
* 

travel time is thought to be a second order effect, since 

it is in effect a correction to a correction. Plans are 

now underway to investigate the effect of this error on 

the temperature and winds between grenade pairs. The re- 

mainder of this report will be concerned with a detailed 

discussion of the method by which the experimental un- 

certainties in reading the break times are propagated to 

yield standard errors in the temperature and winds between 

grenade pairs. 

17 



IV 

METHOD OF ERROR PROPAGATION 

Measurement of the break time of the wave from a 

grenade explosion on more than three microphones in the 

array produces an overdetermined sound-ranging solution. 

A least squares analysis using this overdetermined solu- 

tion yields the direction cosines and break time of the 

ray (relative to a reference microphone) along with the 

standard errors of the quantities. The tenperature and 

winds in a layer between grenade pairs depend through the 

ray-tracing analysis on the surface values of the direc- 

tion cosines and travel times of the rays from each grenade; 

hence, standard errors in these surface values can be 

propagated through the ray-tracing analysis to yield stan- 

dard errors in the computed values of temperature and 

winds in the layer. In this section, an explanation of 

the approximate method of error propagation is presented, 

along with a discussion of the coordinate shift technique 

f o r  compensating f o r  the deviation of the model atmosphere 

from the true atmosphere. 

Consider the first layer of unknown met, the layer 

between the first and second grenades. F o r  the first 

grenade, the ray tracing is performed (with the known 

18 
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v a l u e s  o f  d i r e c t i o n  c o s i n e s  s u p p l i e d  by t h e  sound-ranging  

da t a )  t h r o u g h  t h e  1 0 0  l a y e r s  o f  known m e t  d a t a  t o  t h e  

a l t i t u d e  o f  t h e  f i r s t  grenade .  The r a y - t r a c e d  c o o r d i n a t e s  

( x , y >  and t r a v e l  t i m e  are computed and t h e  d i f f e r e n c e  

between t h e s e  r a y - t r a c e d  v a l u e s  and t h e i r  c o r r e s p o n d i n g  

measured v a l u e s  c a l c u l a t e d .  S i n c e  t h e  r a y  from t h e  second 

g renade  w i l l  make approx ima te ly  t h e  same e r r o r  i n  t r a v e r s -  

i n g  t h e  1 0 0  m e t  l a y e r s  as t h e  one from t h e  f i r s t ,  t h e  

measured x ,  y ,  and t r a v e l  t i m e  of t h e  second g renade  a re  

s h i f t e d  by t h e  d i f f e r e n c e s  c a l c u l a t e d  f o r  t h e  f i r s t  g renade  

The t e m p e r a t u r e  and winds are t h e n  de te rmined  f o r  t h e  f i r s t  

l a y e r  as d e s c r i b e d  i n  S e c t i o n  11. T h i s  s h i f t i n g  o f  co- 

o r d i n a t e s  o f  g renade  t w o  i s  o u r  method o f  a c c o u n t i n g  f o r  

t h e  d e v i a t i o n  of t h e  model a tmosphere from t h e  t r u e  atmos- 

p h e r e .  \ 

Now suppose  one r ega rded  t h e  second g renade  as t h e  

e f f e c t i v e  f i r s t  one and r a y - t r a c e d  t h r o u g h  now 1 0 1  l a y e r s  

of  known m e t  d a t a .  I f  one r a y - t r a c e s  t h r o u g h  t h e s e  l a y e r s  

w i t h  g renade  two, he would m i s s  i t s  measured p o s i t i o n  

( x , y )  and t r a v e l  t i m e  by some amount. The amount o f  t h a t  

m i s s  w i l l  b e ,  however,  e x a c t l y  e q u a l  t o  t h e  amount t h a t  

t h e  o r i g i n a l  c o o r d i n a t e s  and t r a v e l  t i m e  o f  g renade  two 

were s h i f t e d  due t o  t h e  i n i t i a l  e r r o r  i n  t h e  f i r s t  g r e n a d e ,  

i . e . ,  Ax, Ay, A t .  Hence, t h e  c o o r d i n a t e s  and t r a v e l  t i m e  

19 
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of the third grenade will be shifted by this same amount 

and its ray ray-traced to the altitude of the second 

grenade. The ray is then forced to its corrected position 

and the temperature and winds in the second layer deter- 

mined. Then effectively the ray from the fourth grenade 

sees 102, layers of known met. Each grenade pair is then 

treated, as far as the analysis is concerned, in the same 

manner as the first pair. In this approximate method of 

analysis then, the standard error in determining the tem- 

perature and winds in each layer depends only on the 

standard error in the surface direction cosines and the 

travel time for the two grenades bounding this layer. 

The analysis thus proceeds by grenade pairs, with the 

grenade at the lower boundary of the layer being regarded 

as the effective first grenade and all lower grenade layers 

regarded as layers of known met. 

Thus the salient features of the approximate error 

propagation method are the following: 

(1) To account for the deviation of our model atmos- 

phere from the t r u e  atmosphere, all grenade co- 

ordinates (x,y,t> are shifted by an amount equal 

to the deviation of the first grenade's ray- 

traced coordinates from its measured coordinates. 

( 2 )  All grenade pa i r s  act the same as the first pair, 
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t h e  o n l y  d i f f e r e n c e  b e i n g  t h e  number of  m e t  l a y e r s  

below a g i v e n  p a i r .  

( 3 )  T o  t h i s  approx ima t ion ,  t h e  s t a n d a r d  e r r o r  i n  t h e  

t e m p e r a t u r e  and winds i n  a g i v e n  l a y e r  depends 

o n l y  on t h e  s t a n d a r d  e r r o r  i n  t h e  s u r f a c e  d i r e c -  

t i o n  c o s i n e s  and t r a v e l  t imes  f o r  t h e  p a i r  of 

g renades  bounding t h e  l a y e r .  The t h e o r y  o f  e r r o r  

p r o p a g a t i o n  t h e n  e n a b l e s  one t o  c a l c u l a t e  t e m -  

p e r a t u r e  and wind d e v i a t i o n s  i n  each  s u c c e s s i v e  

l a y e r ,  t h e  a n a l y s i s  p r o c e e d i n g  by g renade  p a i r s  

w i t h  each  grenade  i n  t u r n  becoming t h e  e f f e c t i v e  

f i r s t  g renade .  The n e x t  s e c t i o n  d e s c r i b e s  t h e  

e x p l i c i t  mathemat ica l  s t e p s  r e q u i r e d  t o  imple-  

ment t h i s  t h e o r y .  
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V 

MATHEMATICAL DEVELOPMENT OF THE ERROR PROPAGATION 

The computa t ions  d e t a i l e d  i n  t h i s  s e c t i o n  a r e  based  

on t h e  d i s c u s s i o n  o f  t h e  p ropaga t ion  o f  s t a n d a r d  e r r o r s  

p r e s e n t e d  i n  S e c t i o n  6 ,  Chapter  1 0 ,  P a r t  7 o f  t h e  Hand- 

book o f  P h y s i c s .  I t  i s  p o i n t e d  o u t  t h e r e  t h a t  t h e  c o r r e c t  

l e a s t  s q u a r e s  a n a l y s i s  must p r o v i d e  n o t  o n l y  t h e  s t a n d a r d  

e r r o r  f o r  each  v a r i a b l e ,  b u t  a l s o  t h e  c o r r e l a t i o n  c o e f -  

f i c i e n t  between e a c h  p a i r  of v a r i a b l e s ;  t h e  c o r r e c t  compu- 

t a t i o n  of s t a n d a r d  e r r o r s  i n  d e r i v e d  q u a n t i t i e s  which de-  

pend on t h e s e  l ea s t  s q u a r e s  a d j u s t e d  v a r i a b l e s  demands t h e  

knowledge of b o t h  t h e i . r  s t a n d a r d  e r r o r s  and a s s o c i a t e d  

c o r r e l a t i o n  c o e f f i c i e n t s .  We r e f e r  t h o s e  n o t  fami l ia r  

w i t h  c o r r e l a t i o n  c o e f f i c i e n t s  t o  t h e  . r e f e r e n c e  c i t e d .  

S i n c e  t h e  e r r o r  p r o p a g a t i o n  c a l c u l a t i o n  p r o c e e d s  p a i r -  

w i s e  w i t h  r e s p e c t  t o  g renades ,  l e t  u s  c o n s i d e r  t h e  c a l c u -  

l a t i o n  o f  t h e  s t a n d a r d  d e v i a t i o n s  i n  t e m p e r a t u r e  and winds 

i n  a g e n e r a l  l a y e r  bounded below by a g renade  whose v a r i -  

a b l e s  s h a l l  be primed and above by a g renade  whose v a r i -  

a b l e s  are  unprimed ( F i g .  3 ) .  A l l  s u r f a c e  v a l u e s  are de- 

n o t e d  by t h e  s u b s c r i p t  z e r o .  L e t  u s  d e n o t e  by 

CT = s t a n d a r d  d e v i a t i o n  i n  a a 

c o r r e l a t i o n  c o e f f i c i e n t  between a and B 
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There is no correlation between variables of different gre- 

1 
1 
1 
1 
1 
I 
1 

1 -  nades, i.e., r ' - - 0, r c l B  - 0, etc. 
clcl 

unprimed grenade 

primed grenade 

N layers of known met 
ground 

. Figure 3. Ccnsideration of a general 
layer of unknown met. 

F o r  the sound wave from each bounding grenade (primed and 

unprimed), there are three independent surface variab-les on 

which the temperature and winds in the layer depend. They 

are (1) the x-direction cosine, a (2) the y-direction cosine, 
0' 

( 3 )  the time at which the sound wave crosses the origin of 8 0 ,  
the coordinate system, to. 

adjusted values, we know their standard errors and pairwise 

correlation coefficients. Thus, in the layer between the 

primed and unprimed grenades, a function f can be written as 

Since all of these are least squares 

(24) 

where f stands for the sound speed, x-wind, or y-wind. Using 

equation (10.30) from 7-157 of the Handbook of Physics, we can 

write the generalized law of the propagation of errors as 

(25) 6f 6f N 6f 
6Xi i OX a: = izl (-- Y 0; + C. r (- (-- ) ox 

j i j  i,] ij 6xi 6 X  

where f = f(x ,x ,X3,...,XN) 1 2  ( 2 6 )  

2 3  
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To adapt this equation to our case, we put N=6, and recall 

that xi"(a0 , Bo ,to , a;, B;, to ' }  . For purposes of clarity, 

the equation can be written as 

6f 6f - 
Oa rcloto 6to 68, 0 u B o  rtoBo 

+ -  6f 6f + - -  
6 a o  &to 0 0 

o r  6f 6f 
cT 6a1, st; a; t; a;t; 

t -  _. + -  - o r  6f 6f 
6a; 6BI, %1, B; a; 81, 

6f 6f + -  - 
st; 661, %; OB; 't1,S; ] ( 2 7 )  

In this expression for a; , all the standard deviations and 
,correlation coefficients are known from the sound ranging data. 

Thus f o r  each f we need to calculate six partial derivatives. 

Since f can be the sound speed, x-wind, or y-wind, we need to 
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calculate 18 partial derivatives in all. The subject of 

the following is to show how these partial derivatives 

can be calculated. 

The computations can be separated conveniently into 

two distinct groups: (1) The calculation of those quanti- 

ties which are determined for the N layers of known met; 

( 2 )  The calculation of those quantities which are computed 

solely f o r  t h e  f i n d l  layer between the primed and unprimed 

grenades. We shall consider first those which are computed 

f o r  the N layers of known met. All sums will be taken to 

be over all N layers of known met data. 

In ray-tracing through the N layers of known met data 

the constants of the motion are 

C p = o / a o  

E = B o h o  

The numerical values of these constants are determined by 

the observed surface values a 

propagate the surface deviations in a 

, and co. In order to ’ 0 

, and to, we ’ Bo 0 

(28) 

(29) 

2 5  



need t o  c a l c u l a t e  t h e  f o l l o w i n g  p a r t i a l  d e r i v a t i v e s .  

6", 
6 a 0  

here tn  

l a y e r .  

i s  

These  

xn - 
X D  
UtJ 0 

6B, 
6a0  

6yn 
6a 

0 

t h e  t r a v e l  t i m e  of t h e  r a y  t h r o u g h  t h e  

3 

n t h  

d i f f e r e n t i a l s  a r e  w r i t t e n  o u t  i n  d e t a i l  below. 

an =ao C n /  ( c o  + Bovn + a0un ) 

--9[1- 6an - Unan 3 
6a0  0 C 

a 
n 

v a2 - n n  

o n  
- - -  a c  

a - 6 0  B n  - - 
aO 

n 

( 3 0 a )  

(30b)  

( 3 0 ~ )  

(31a) 

2 6  



I 
I \  
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

an 

a 0 'Bo 
+ E  - "n - 'n , - - -  

n h 

"n n 
- 

C tn  - 

x n (ancn - u n ) tn 
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(31b) 

( 3 2 a )  

( 3 2 b )  

( 3 2 ~ )  

(33a) 

( 3 3 b )  

( 3 3 c )  
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- -  x n 6 t n  6", 
6 a 0  tn 6cro ' tnCn & " O  

- -  6xn - 

- - m,c, - V n )  tn Yn 

( 3 4 b )  

If w e  d e n o t e  

t = t o t a l  c a l c u l a t e d  t r a v e l  t i m e  t h r o u g h  t h e  N l a y e r s  
of known m e t  

x = t o t a l  c a l c u l a t e d  x-d isp lacement  

y = t o t a l  c a l c u l a t e d  y-d isp lacement  

Then 

( 3 4 c )  

( 3 5 a )  

( 3 5 b )  

( 3 5 c )  
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Y = ZYn 

6t c 

In the previous enumeration of quantities which must 

be calculated f o r  the l a y e r s  of known met, no primes were 
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(36D) 

( 3 6 ~ )  

(37a) 

(37b) 

(37c) 

(37d) 

(37e) 

(37f) 



used since these are calculated f o r  all grenades. Observe 

also that the order of calculation is the order In wl-,ic;r. 

it must be carried out on the computer. 

I Suppose we have now ray-traced through the layers of 

known met and desire to determine tne temperature, winds 

and their associated deviations in the layer bounded by 

the primed and unprimed grenades. The following notation 

.;,.ill he =sed. The generd r e m a r k s  ir! the hTzces zpplj7 to 

both primed and unprimed variables. 

I 
I 

I 
I 
I 
I 

I 
I 

Arrival time of the sound wave at the co- 
ordinate origin. This is a least squares 
adjusted value, and hence has an associated 
standard deviation. 

to, t; 
{ 

T, T' Actual time of the grenade explosion. There 
{ is no standard deviation associated with ' this time. 

t = Etn 

t'= ct; 

IXn x =  

x'= IX; 

( X , Y , Z )  Measured coordinates 

( X i Y i Z ' )  are regarded (as were 
{ of the grenades. These 
T and T') as exact. 

{ Finite amplitude corrections f o r  the grenades. F' 

In the computer program, the sound wave from the first 

I grenade is ray-traced through the 100 layers of known met 

to the altitude of the f i r s t  grenade. Ray-traced values of I 

30 



x, y, azd transit time are coxputed. The differences be-iween 

t:-&cse values and the neasured values are computed as cor-ec- I 
tions which are then applied with equal weight to all other 

grenades. The corrections are the following: 

AX = X' - x' ( 3 8 )  

The actual travel time (t; - T' + F') is regarded as being 

in error only due to the error in determining t'. 
0 

In order to find the temperature and winds in the layer 

between the primed and unprimed grenades, we ray-trace the 

unprimed grenade's sound wave from the ground to the altitude 

of the primed grenade. Then we force the ray to go to the 

corrected value of the unprimed grenade's coordinates. Let 

X:;, Yf;, and T" be the corrected values of the unprimed 

grenade's coordinates. 

x"' = X + A X = X + X '  - X I  

31 
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y:: = y + Ay = Y t y' - y '  

The t r a v e l  t i m e  from t h e  ground t o  t h e  unprimed grenade i s  

- T t F ) .  I n  a d d i t i o n  t o  t h a t  amount w e  must add AT. 

The t r a v e l  t i m e  i n  t h e  layer i s  t h e n  

r = to - T + F + A T - t  

T = (to - t;) + ( t '  - t )  

t ( T '  - T) + (F  - F') ( 4 3 b )  

Note t h a t  t h e  q u a n t i t i e s  i n  t h e  l a s t  two p a r e n t h e s e s  of 

( 4 3 b )  a re  r e g a r d e d  as b e i n g  e x a c t .  

d i r e c t l y  t h a t  

From t h e  above it f o l l o w s  

NOW t h e  t a s k  i s  t o  f i n d  o u t  how r, I) , and q v a r y  w i t h  

3 2  

( 4 4 )  

(45) 



ao> s o ,  to> a’ o ’  i3;, tb . 
h o ~  a varies with these surface variajles and ultimately 

With these we can calculate 

hcw c, u, and v vary with them. This is the ultimate goal. I 

6-r - 6tl - - -  so; so; (46~) 

(46e) 

(46g) 

3 3  
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NGW l 5 t  us return to the eqression f o r  a 

( 2 8 ) a n d  (29) into (17) yields tha-i  I 
I 

Insertion of 

where 

c - .  

Denoting P E  ao,BO,to,a;,@;,t , we see that 

. Straightforward differentiation 6B We need to know all the - 6 P  
shows that 
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C 6 B  - 0 ( T C 0  -+a - T I B o )  - - -  6T0 i3 0 

6a a 63 ( 5 2 b )  
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bu - u 6B 
-' - - B  0 
ou 

We need to compute now the derivatives with respect to 

pe~o,Bo,to,a~,B~,t'} 0 for 9, y, c, u, and v. The calcula- 

t i o n s  are straightforward and will be presented without 

discussion. 

a = ( B o h o )  a 

U 
a - E  - 6U = &  - 6B - 

6 a 0  0 

A B  - - -  
a 

6B0 0 

A B  

I 
I 

68 6U - 
say, a"o = E  - 

(54a) 

(54b) 

(54c) 

(54d) 
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c = -  

1 
b y  - T sa; 

6c - 
- sa; - - c[y Gcr; 

$ u = a c  - -  
T 
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v = gc - n/ 
T 

(56e) 
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S i n c e  c2 = KT 

6T - 2T 
6C C 
- - -  

2T G GT - - - 
c c  

Thus  t o  de t e rmine  t h e  s t a n d a r d  d e v i a t i o n  i n  t h e  souEd 

s p e e d ,  x-wind, and  y-wind i n  t h e  l a y e r  between t h e  2 r i n e d  

and unFrirned g r e n a d e s ,  a l l  one nust do i s  t o  i n s e r t  ( 5 5 b - f ) ,  

( 5 6 b - g ) ,  and  ( 5 7 b - g ) ,  r e s p e c t i v e l y ,  i n t o  ( 2 7 ) .  T o  o b t a i n  
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- r 3  L:.L s ~ z n d a r d  d e v i a t i o n  i n  The r em?era tu re  s im2ly  i r i s e ~ t  t h e  

;I' L, . , z r t ca l  . - v a l u e  of 0 i n t o  (58). 
C 

I f  i n  a d d i t i o n  t o  t h e s e  d e v i a x i o n s ,  it i s  d e s i r e d  t o  

coxpu te  t h o s e  o f  t h e  wind speed and  wind d i r e c t l o n ,  one  pro- 

c e e d s  d i r e c t l y  as f o l l o w s .  Denot ing t h e  wind speed  by W, 

A), t h e n  p c  a O y t o , B o , a A , B ~ , t  If as b e f o r e  w e  d e n o t e  

By a l l o w i n g  p t o  assume i t s  s i x  p o s s i b l e  v a l u e s ,  one o b t a i n s  

t h e  n e c e s s a r y  p a r t i a l  d e r i v a t i v e s  t o  i n s e r t  i n t o  ( 2 7 )  t o  ca l -  

c u l a t e  t h e  s t a n d a r d  d e v i a t i o n  i n  t h e  wind s p e e d .  

If w e  c a l l  0 = t a n  -' . - , t h e n  t h e  wind d i r e c t i o n  i s  some 

c o n s t a n t . p l u s  o r  minus 0 . Thus w e  c a n  compute t h e  s t a n d a r d  

U 

d e v i a t i o n  i n  t h e  wind d i r e c T i o n  by computing t h e  needed p a r t i a l  

(61) 
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n Li-Lr,e standard deviation in wind direction can be calculated 

by inserting the derivatives from (61) into ( 2 7 ) .  
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Af-cer reviewing the ray-trzcing procedure csel in -i-:--.e 

Rocket-Grenade Experiment, we enumerated the fac-cors which 

contribute to the error ir, temperature and winds in the 

h y e r  between grenade pairs. Of these factors, we considered 

the computed temperature and winds to be in error due to 

as it crosses each microphone in the array; and (2) the dev- 

iation of the layered model atmosphere from the true atmos- 

phere. The lz?lTer was regarded as a systematic error which 

can be approximately removed by a suitable shift in grenade 

coordinates. If a least squares sound-ranging solution can 

be performed, the uncertainties in break times will result 

in standard errors in the sLrface values of direction cosines 

and travel t h e  of the ray from each grenade. An approximate 

method for propagating these surface standard errors to yield 

standard errors in the computed temperature and winds was 

the2 discussed. Finally, standard techniques of error propaga- 

tion Theory were employed to derive a lengthy set of mathe- 

matical expressions which facilitate the calculation of The 

required standard errors in temperature and winds. The expres- 

slons have been incorporated into the existing computer pro- 

gym-,;  evaluztion of the results indicates that this method of 

error analysis is valid. 
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Y “1 r -  

z i 
B -  

a -  

-.’ - Y 

c -  

t -  

u -  

v -  

h -  

E -  

1 - I -  

Y J -  

T : -  

T -  

0 -  a 

ab- r 

8 -  

DEFINITION OF NOTATIONS 

Cartesian coordinates wi1h origin at center 

of nLcrophone array 

y direction cosine 

x direction cosine 

z direction cosine 

sound speed 

travel time of sour,d , 

x wind speed 

y wind speed 

layer thickness 

constant of the motion ( E  = B/a  1 

cons?sant of the motion 

x displacement in layer 

y displacement in layer 

somd travel time in layer 

standard deviation of a 

correlation coefficient between a and b 

Kronecker delta 

(1-1 = [./a] - u - EV) 
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