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PREFACE 

This r epor t  covers work done on t h e  ca l cu la t ion  of t h e  

Bremsstrahlung cross  sec t ion  (both t h e o r e t i c a l  ana lys i s  and computer 

programming) under Contracts  NASw-906, NASw-1235, and NAS8-18007. The 

theory  given here  i s  t h a t  which was f i n a l l y  appl ied  t o  t h e  development 

of  t he  computer program. Additional t h e o r e t i c a l  r e s u l t s ,  represent ing  

a l t e r n a t i v e  approaches as we l l  as extensions of t h e  a n a l y s i s ,  w i l l  be 

found i n  a previous repor t  (UCC/DSSD-206). A de r iva t ion  i s  a l s o  given of 

t h e  angular d i s t r i b u t i o n  of t h e  sca t t e red  e l ec t rons ;  t h i s  i s  not included 

i n  t h e  computer program. The s t ruc tu re  and opera t ion  of t he  program are 

descr ibed.  A comparison i s  given of  t h e  ava i l ab le  computer r e s u l t s  with 

experiment . 
The Appendix cons i s t s  of t h e  l a t e s t  l i s t i n g  of t h e  program, 

ad jus t ed  f o r  t h e  Marshall  F l i g h t  Space Center opera t ing  system. 

program has been ex tens ive ly  checked o u t ,  bo th  a n a l y t i c a l l y  and numerically.  

A t  t h e  time of wr i t i ng  of t h i s  report ,  however, t h e  authors  f e e l  t h a t  t he re  

i s  s t i l l  reason f o r  f u r t h e r  checks (on t h e  basis of a comparison of t e s t  

runs ) .  

wi th  experiment, but  no higher  energy runs a r e  y e t  a v a i l a b l e .  

The 

Results obtained with the program a t  50 kev a r e  i n  fa i r  agreement 
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I. INTRODUCTION 

It i s  w e l l  known t h a t  the Bethe-Heitler expression f o r  the  e l ec t ron  

Bremsstrahlung cross  section‘’), which was der ived using the  Born approximation, 

y i e l d s  inaccura te  r e s u l t s  i n  comparison wi tn  experiment. (2) 

energies  below approximately 10 Mev t h e  photon energy spectrum i s  under- 

I n  genera l  a t  

estimated over i t s  complete range wi th  t h e  most s e r ious  discrepancy 

occuring a t  the  higher photon energies.  As  a resul t ,  it i s  est imated 

t h a t  a t  1 Mev inc ident  e l ec t ron  energy the  average energy r e l ease  i n  a 

r a d i a t i v e  c o l l i s i o n  wi th  Aluminum i s  underestimated by over 3% whi le  

f o r  Gold it i s  underestimated by as much as 55%. (2) 

The reason f o r  t h e  discrepancy can be a t t r i b u t e d  almost e n t i r e l y  

t o  t he  use of  plane waves f o r  the e l ec t ron  wavefunction i n  t h e  m a t r i x  

element as prescribed by t h e  Born approximation. The t h e o r e t i c a l  es t imate  

can be improved i n  accuracy by using Coulomb wavefunctions i n  t h e  matrix 

element. I n  t h i s  way the  influence of t he  nuclear e l e c t r o s t a t i c  f i e l d  can 

be taken i n t o  account i n  t h e  most accura te  way. Jaeger and Hulme 

were the  f irst  t o  use t h e  more accurate wavefunct ions  i n  the  c l o s e l y  

(3,4,5) 

a l l i e d  process of e lectron-posi t ron pa i r  production by photons. Their  

r e s u l t s  were i n  good agreement with experiment. (3’6) Hence, ve ry  accurate  

r e s u l t s  f o r  t h e  t h e o r e t i c a l  estimate of t h e  Bremsstrahlung cross  sec t ion  

can a l s o  be expected with t h e  corresponding approach. The d i f f i c u l t y  

wi th  the  improved method, and the reason it has not been used ex tens ive ly  

i n  t h e  pas t ,  i s  t h a t  it does not y i e l d  a simple ana ly t i c  formula, bu t  

requi res  extensive numerical procedures t o  obta in  results.  

I n  t h e  present s tudy,  tne Bremsstrahlung cross  s e c t i o n  problem 

i s  formulated with Dirac wavefunctions f o r  t h e  screened and unscreened 

nuc lear  e l e c t r o s t a t i c  f i e l d .  The screened p o t e n t i a l  i s  obtained from 

- 2 -  



se l f - cons i s t en t - f i e ld  calculat ions.  This  r equ i r e s  t h a t  t h e  wavefunctions 

be expanded i n  a series of angular momentum states. Hence, t h e  formulation 

is s u i t a b l e  f o r  ca l cu la t ion  only a t  r e l a t i v e l y  low inc ident  energies .  

The c ross  s e c t i o n  f o r  unpolarized inc ident  e l ec t rons  i s  obtained 

f o r  var ious polar iza t ion  states of t h e  photon, d i f f e r e n t i a l  i n  t h e  polar  

angle  and energy of t h e  photon. With a simple change i n  input  for t h e  

inc ident  p a r t i c l e ' s  charge and/or mass, t h e  program is  equal ly  appl icable  

t o  the  ca l cu la t ion  of Bremsstrahlung from posi t rons and pos i t i ve  and negat ive 

muons. 

The de r iva t ion  starts i n  Chapter11 wi th  t h e  presenta t ion  of t he  

eigenf'unctions of t h e  energy and angular momentum operator of t he  Dirac 

equation. The eigenfunctions are used i n  t h e  matr ix  element f o r  t he  

production of Bremsstrahlung as described i n  Chapter ID. The f i n a l  

de r iva t ion  of t h e  c ross  sec t ion  i s  given i n  Chapter IV.  I n  Chapter V, 

Racah algebra i s  used t o  perform the magnetic quantum number sums 

e x p l i c i t l y ,  leading t o  some computational as w e l l  as formal s impl i f i ca t ions .  

For t h e  computation of matrix elements, t he  procedure, as descr ibed 

i n  h p t e r  V I ,  i s  t o  terminate the numerical i n t eg ra t ion  a t  some moderate 

rad ius ,  and t o  continue the  in tegra t ion  out t o  i n f i n i t y  a n a l y t i c a l l y  by 

means of an asymptotic evaluation. This involves i n t e g r a t i n g  by p a r t s  a t  

t h e  cut-off  rad ius ,  t o  ob ta in  an expansion i n  inverse  powers of t h e  rad ius  

i n  terms of t he  values of the  wavefunctions and t h e i r  de r iva t ives  t h e r e .  

Chapter V I 1  c l e a r s  u p  an ambiguity i n  t h e  phase of t h e  Coulomb 

wavefunctions found i n  t h e  l i t e r a t u r e  ( t h i s  w a s  needed t o  e s t a b l i s h  t h e  

s i g n  of each p a r t i a l  wave i n  t h e  s t a r t i n g  condi t ions f o r  i n t eg ra t ion ) .  

I n  Chapter V I I I ,  t h e  ana ly t i c  l i m i t  of t h e  Coulomb wavefunctions as t h e  

k i n e t i c  energy goes t o  zero  is  derived. These are t h e  sca t t e red -e l ec t ron  

wavefunctions i n  t h e  end-point case ( e l e c t r o n  g iv ing  up i t s  e n t i r e  k i n e t i c  

energy t o  t h e  photon). 
- 3 -  



-- I n i t i a l  values and equations f o r  t he  r a d i a l  i n t e g r a l s  a r e  

covered i n  Chapter I X .  

cut-off radius  i s  described i n  Chapter X.  

Phase s h i f t  determination by wave-matching a t  the  

Chapter X I  explains  the  procedure used f o r  t h e  computation of 

normalization f ac to r s  by matching t o  t h e  W.K.B. approximation so lu t ion .  

Chapter X I 1  d iscusses  the s e l f - c o n s i s t e n t - f i e l d  ca l cu la t ions  

which a r e  u t i l i z e d  t o  supply t h e  program wi th  t h e  screened atomic p o t e n t i a l .  

A der iva t ion  of t he  angular d i s t r i b u t i o n  of the  s c a t t e r e d  e l ec t rons  

i s  given i n  Chapter X I I I .  

t he  computer program. 

This d i s t r i b u t i o n  has not  been incorporated i n t o  

The s t r u c t u r e  of the  computer program i s  ou t l i ned  i n  Chapter XIV.  

Operational ins t ruc t ions  f o r  running the  program a r e  given i n  

Chapter XV. 

Chapter X V I  descr ibes  r e su l t s  obtained with the  program and a 

comparison of them with experiment. 

The Appendix cons i s t s  of  t h e  l a t e s t  l i s t i n g  of  t he  computer 

program. 
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11. EIGENFUNCTIONS OF THE ENERGY AND ANGULAR 
MOMENTUM OPERATORS 

The continuum eigenfunctions of the positive energy operator of the 

Dirac equation for an electron in a central electrostatic field have the 

(7) form 

where @,& is a bispinor, 0 is a spinor and G and F are radial functions. 
,cL n,P U U 

The eigenfunctions @ 

and J which are the total, orbital and spin angular momentum operators and 

the z component of the total angular momentum operator, respectively. The 

are also eigenfunctions of the operators, ,J? k, S, 
U, P - 

2 

eigenvalues belonging to these operators are j, A ,  2, 1 and p, respectively. 

The non-zero parameter bt., which can take on all positive and negative integral 
0 

values, is related to j and R by (7) 

I H. = -(j++) = -(R+I>, for u < 0, 

w. = j+z = R ,  for u > 0. 1 

The parameter K is sufficient to designate both j and R simultaneously since 

j = 1x1 -2 and R = j+%/ llcl . 
eigenvalue j will be replaced with j 

1 1 To indicate the dependence of j and P, on k t ,  the 

and R will be replaced with RK. 
U * 

The eigenfunctions @I are normalized on the energy scale so that 
u ,  P 

* + * The notation nj 
indicates only the complex conjugate of 8 .  

indicates the complex conjugate transpose of qj while @ 
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v - '  

6 6 ( E - E ' ) .  J +  %, p ( E )  qp&' ( E  ) d x = 6 K,K' P,P' 

The angular  funct ions n t h a t  appear i n  ( 1 ) are given by 
K,P 

1 where h l  i s  t h e  sp in-2  spinor  w i t h  z -ax is  pro jec t ion  quantum number n, 
2,n 

($) i s  a sphe r i ca l  harmonic, and C ( 1  -$j ; p-n,n) i s  a Clebsch-Gordan 

coefficient!8) These angular functions are orthonormal on t h e  u n i t  sphere s o  

'1,p-n n u  

t h a t  

where do i s  a d i f f e r e n t i a l  element o f  s o l i d  angle.  

The e l ec t ron  func t ion  @ satisfies t h e  equation 
W J C I  

= ( -iz V-++BFV) qj 
E %,CI u,cI 

Consequently t h e  r a d i a l  funct ions s a t i s f y  

I 
F ' -  F + (E-V-1) G = 0 

G I +  G - (E-V+1) F = 0 

and have the  asymptotic forms 

s i n  (kr- - + 6 ) 6 1  
2 

a i 7  

G -  = 
JTTk 

6 
F - F l  - Cos (kr -  + 6 ) 

2 H 

2 l  where k = ( E  -1)' and 6 i s  t h e  phase s h i f t .  
U 2 

, t h e  r a d i a l  I n  t h e  case of a pure Coulomb f i e l d  wi th  V= - - Ze 
r 

func t ions  have t h e  form 

- 6 -  



I G = 6 1  (H + Hu*) 
Y U 

* 
F = i&1 (H - H ~ )  
U ?C 

where 

(9) 

with  

1 
Ir(y+iv)I em" e ih ( H) (y + iv)  A =  

K 1 
2(nk)' r(2yt-1) 

I n  t h e  above M ; iv,y ( 2 i k r )  i s  a Whittaker function, (9) - -- 
2 2  2 -1 -1 y = -Z e )'I , v = EZe /k, and exp [2 i  ? l ( u ) ]  = (-&t;lvE )(y+iw) . 

I n  t h e  subsequent development it i s  not advantageous t o  use t h e  

complex conjugate form of H shown i n  (10). Instead, t h e  following 

r e l a t i o n  for t he  Whittaker funct ion can be used: 
U 

(9)  0 

where 6=1 i f  Im(z)>O and s=-1 i f  Im(z)sO, t o  obtain t h e  a l t e r n a t i v e  and more 

u s e f u l  express ion: 

1 1 1 
( 2 i k r ) .  H * = A* (2kr ) -?  M+-iv,y 

U U 

I n  t h e  case of t h e  Coulomb f i e l d ,  t h e  asymptotic forms of ( 8 ) are replaced 

wi th  

JE+1 
Jrrk 2 

Jrrk ?I. 

G -  - s i n  (kr+v Rn (2k r ) -  - + 

F JE-1 C O S  (kr+v Rn (2k r ) -  + 6 ) 
I T T  

where 
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111. THE MATRIX ELEMENT 

The matrix element f o r  the production of Bremsstrahlung i s  bo) 

where g i s  t h e  Dirac matrix operator. 

angular or po la r i za t ion  d e t a i l s  about t h e  e l ec t ron  leaving t h e  in t e rac t ion ,  

t h e  f i n a l  state e l ec t ron  funct ion Y f ( E ' )  can be normalized on 

the  energy sca l e  according t o  the  form given i n  Cha2ter 11, Eq. 1: 

Since w e  w i l l  not be  in t e re s t ed  i n  

The i n i t i a l  state e l ec t ron  function \y (E)  i s  normalized on t h e  momentum sca le  

and has t h e  asymptotic form 
m 

( 3 )  Ym(E) u(m)ei-&*f + G r  -le ikr 
0 

where u(m) and G a r e  b isp inors .  The z component of t h e  spin assoc ia ted  wi th  

t h e  plane wave i n  ( 3 )  i s  designated by m. It can be shown t h a t  if  t h e  axis 

of quant izat ion i s  taken along the d i r e c t i o n  of propagation of t h e  incident  

e lec t ron ,  then  ( 7) Ym(E) i s  given by 

1 

Ym(E) = z 2 ~ ( 2 E k ) - ~  d 
n 7 m  

15 

wi th  

(4) 

and 6 as defined i n  (1) of Chapter 11. 
u 7 m  



The electromagnetic wave i n  (1) can be represented as a l i n e a r  

combination of waves which are c i r c u l a r l y  polar ized perpendicular t o  t h e  

d i r e c t i o n  of propagation. If the wave w a s  propagating along t h e  z axis it 

would have t h e  form 

with 

n 
where c and q are t h e  photon energy and momentum, respec t ive ly ,  5 are t h e  

sphe r i ca l  basie8! j (q r )  are t h e  spher ica l  Bessel funct ions,  and a are 

constants  ( t o  be discussed below). 

a n d A l  i s  r.h. c i r c u l a r l y  polarized. 

t h a t  t h e  photon i s  propagated i n  an a r b i t r a r y  d i r e c t i o n  wi th  respec t  t o  t h e  new 

system y ie lds  t h e  required expression 

P 

a P 
The wave L1 is  1.h. c i r c u l a r l y  polar ized 

Rotation of t h e  coordinate  system s o  

0 

where 'p and e a r e  the  azimuthal and polar  angle,  r e spec t ive ly ,  of t h e  
q 9 

propagation vector ,  DA i s  a ro t a t ion  matri i8)and sARml i s  given by (8) 
m'P 

The constants a i n  ( 6 )  can be shown t o  have t h e  forms : 
P 

f o r  a 1.h. c i r c u l a r l y  polar ized photon, a =6 
p p,+x 

for a r.h.  c i r c u l a r l y  polar ized photon, a =6 
P P,. -1 

f o r  a l i n e a r l y  polarized photon, a =2-+e-W\ 
P 



4 

I n  t h e  case of l i n e a r  po la r i za t ion  the angles  of i n t e r e s t  are indica ted  i n  F ig .  
I* a 

I n  the  subsequent development it i s  appropr ia te  t o  consider t he  m a t r i x  

element wi th  A replaced wi th  A . 
argument. Hence 

The new matrix element M(p) shows p as an 
"'9 In P 

M = E  a ~ ( p ) .  
P 

p= t1  

The matrix element M(p) i s  obtained with t h e  use of (1) through (11) 

1 
where F(lRx'p'mm')=( -i)' (21?+1)2 C ( l l X ; m ' - v , v ) ~  C 

U , m  
V U 

a = ; *a. 
v .cn and 

V 

The i n t e g r a l  over t h e  angles i n  (13) i s  r e a d i l y  found with t h e  
a 

result  t h a t  (13) becomes 

and, as a r e s u l t ,  (12)  becomes 

If w e  se t  p ' -m=s i n  (15) and eliminate p '  w e  have 

A(hRt . t 'p 'm)  = A(hAn'em) 

where 



X 

FIGURE 1 

2 INCIDENT 
ELECT RON 

ATlON 

c 
Y 

GEOMETRY OF BREMSSTRAHLUNG INTERACTION INDICATING 

THE CASE OF A LINEARLY POLARIZED PHOTON. 
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. r  

with 

The BIX functions in (17) can be determined from 

The K functions in (18) and (19) can be determined from 
A 

and 

0 
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IV. DERIVATION OF THE CROSS SECTION 

0 

The cross  sec t ion  for  production of Bremsstrahlung by unpolarized 

inc ident  e l ec t rons  and without regard for t he  d i r e c t i o n  o r  po la r i za t ion  of the 

sca t t e red  e l ec t ron  or  the  azimuthal angle of t h e  photon i s  given by (10) 
h 

where the  po la r i za t ion  states of the inc ident  e l ec t ron  (designated by m )  have been 

averaged over, v i s  the  inc ident  ve loc i ty  of t he  e l ec t ron  and p 

Using t h e  matrix elements defined by (11) and (13) of Chapter 111, 

= cos 8 . 
9 q 

where a i s  defined i n  (10) o f  Chapter I11 and 
P 

cp q=o 

Hence, it fol laws t h a t  

do = do for 1.h. c i r c u l a r l y  polar ized  photons 

f o r  r. h. c i r c u l a r l y  polar ized  photons do = do- 

11 

(4) 1-1 

do = 5 l (dopp + e-2im do ) f o r  l i n e a r l y  polar ized 
-P,P 

p=c1 * 
photons 

do = f o r  unpolarized photons. 
p d l  

The i n t e g r a l  over the photon azimuthal angle involves the i n t e g r a l  

Actual ly  the  integrand of  t h i s  i n t eg ra l  i s  independent of cg and i t  i s  

* See Fig.  l-. 

~ L 



rlc. 

e a s i l y  shown t h a t  

In  (6), Pj,, a r e  t h e  assoc ia ted  Legendre polynomials: 

where m i s  pos i t ive  d e f i n i t e .  The f a c t  t h a t  

( 8 )  ( - l ) p ' - p  = 1 

i n  all cases has been used. 

With the  use of (15) of' Chapter IS1 anci of (6), t he  c ross  sec t ion  

( 5 )  Secomes 

where, upon s e t t i n g  v = k/E and using k 2 2  = E -1, 

-1 with  y = q(E-1) . A l s o  

- 14 - 
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where 

The func t ion  V .  i n  (12)  i s  independent of p and p' and is given by 
J 

where, i n  t u rn ,  t h e  (p func t ion  i s  

The A funct ions i n  (14) are given i n  (17) of Chapter 111. 

Since B . (p 'p )  i s  symmetric with r e spec t  t o  t h e  p a i r s  ( k ? , A )  
J 

and ( i l , h l ) ,  both having been summed over i n  the  same way, only t h e  rea l  

p a r t  of (p cont r ibu tes .  

The computer program ca lcu la tes  

A j ( ')(all) = (-1)' 6(2R1+1)-' (2&+1)-1 A . ( 1  J 1 ala), ( 1 5 4  

and then  

- 15 - 
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V. ANGULARMOMENTUMSUMS 

The expressions given f o r  t h e  Bremsstrahlung cross  sec t ion  

con ta in  seve ra l  sums over angular momentum quantum numbers, t h e  

summands cons is t ing  of products of Clebsch-Gordan c o e f f i c i e n t s .  

These sums can be c a r r i e d  out formally, y i e ld ing  Racah and X c o e f f i c i e n t s .  

Going up the  hierarchy o f  magnetic quantum number sums, the re  

i s  f i r s t  

c (11). ;c-6+B, 6 -~)C(A-, 7 1 jK ;~-B,B)c ( A R - ~ A ~  , ; € - 6 + ~ , m - B )  - 
A f t e r  t w o  recouplings (y i e ld ing  two Racah c o e f f i c i e n t s )  and an or thogonal i ty  

r e l a t i o n ,  t h e  f3 sum reduces t o  

S imi la r ly ,  the  remaining 6 -sum yields  

I 
(-1) C(I , j  f;-t:-m+6,m)C(hf~;~,-s+G)C(~~,~ 1 1 j,,;c+m-6,6) 6+- 

n n  
6 



. +. 4 

112 1 
1 

A+f+ ju -2+c+m 
=( -1) [2(2f+l)!  W ( R u  l j K ~ A ; f j K , ) C ( j K A j u l ; m  €1. 

On s p l i t t i n g  o f f  t h e  magnetic quantum number dependence by 

B ( u l , - u c  m ) G  (w',-w)C(hj j ' ;e m), RA ah n u  

t he re  remains 

The f sum i s  an X-coeff ic ient  ( a f t e r  rearrangement),  s o  t h a t  

This  X-coeff ic ient  can be expressed i n  a more elementary form. 

Together wi th  t h e  matching par i ty  Clebsch-Gordan c o e f f i c i e n t ,  t he  r e s u l t  

where the  dependence on the  signs of K ar,d K '  i s  contained i n  

Equation 8 does not  hold f o r  X=O, bu t  t h i s  va lue  i s  e l imina ted  

by t h e  occurrence of a f a c t o r  C (  ! , lA;O,* l )  f u r t h e r  upstream. 

Separa t ing  t h e  magnetic quantum number dependence of A(A RN. ' E m ) ,  
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0 

where, i n  t u r n ,  

I n  t h e  next round of  summations now, 

A*(h14,". 'sm)A(ARM. 'Em)  cc c p ( A I A R I R € ) =  
n ' ni 

1 u 'un L L  m 

Recoupling t o  sepa ra t e  t h e  G and m dependence, 

C (  ju j K s ; m , - m ) C ( h l s h ; s O ) .  
1 

L 
S 

The next  s t e p  i s  

The 8 sum reduces t o  

l eav ing  
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I 

The m sum cons i s t s  of t h e  t w o  terms m = +  which d i f f e r  only i n  t h e  s ign  

of t he  magnetic quantum numbers of t h e  Clebsch-Gordan c o e f f i c i e n t s ,  hence by 

a phase f a c t o r  of (-1) t o  the  power 

P 

This y i e l d s  t h e  s e l e c t i o n  r u l e  t h a t  V . (AIARIR)  vanishes  unless  
J 

R + j ,  - j  = even in t ege r .  
I 

1 
2 Subject t o  t h i s  condition, t he  m sum is twice t h e  m=-- term. On s u b s t i t u t i n g  

t h e  e x p l i c i t  value 

1 n 'nn 

Equation (18) requ i r e s  the computation of genera l  Racah c o e f f i c i e n t s ,  

whose arguments a r e  then s m e d  over. It t u r n s  out  t o  be 'more e f f i c i e n t  

t o  r e v e r t t o  t h e  magnetic quantum number sums f o r  g and m. Returning t o  

(11) and w r i t i n g  out  e x p l i c i t l y  the terms for m = f 1/2 with t h e  he lp  of 
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. 

1 n 'nn 

On s p l i t t i n g  t h e  e sum in to  p o s i t i v e  and negat ive values ,  

Reversing the  s ign  of t h e  magnetic quantum numbers i n  the  C-coeff ic ients  of 

(19) int roduces f o r  each a f a c t o r  o f  (-1) t o  the  power 

Interchanging the  order  of t he  t w o  terms i n  (lg), it i s  then found t h a t  

A charge of s ign  of t h e  magnetic quantum numbers i n  t h e  C-coeff ic ient  

mult iplying (p i n  (20) r e s u l t s  i n  a f a c t o r  of (-1) t o  t h e  power A+A1-j.  

Thus, i n  view of (l5), t he  two terms i n  (20) a re  equal and 

On def in ing  

t h e r e  r e s u l t s  

where 
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. 

L 

making use of the fac t  t h a t  

whence i t o  t h i s  parer i s  real .  
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V I .  ASYMPTOTIC EVALUATION OF MATRIX ELEN3NT TAILS 

The r a d i a l  i n t e g r a l s  f o r  the matrix elements (Chapter 111, Eq. 2 1 )  

a r e  i n f i n i t e  i n t e g r a l s .  In  prac t ice ,  they  obviously have t o  be t runcated.  

Asymptotically, F and G a r e  s inuso ida lwh i l e  t he  sphe r i ca l  Bessel funct ion 

goes as l/r times a s inusodia l  (a l l  of  d i f f e r e n t  arguments). 

value of t he  t runcated i n t e g r a l  i s  p lo t t ed  aga ins t  t h e  cu tof f  rad ius ,  it 

I f  t he  

r i s e s  smoothly till around a t h i r d  of  a Bohr rad ius ,  then o s c i l l a t e s  with 

decreasing amplitude about t h e  desired terminal  value.  Unfortunately, 

t he  damping i s  too  slow fo r  the  in tegra t ion  t o  be continued till it s e t t l e s  

( a t  l e a s t  f i ve  Bohr r a d i i ,  maybe t e n ) .  Instead,  it i s  necessary t o  

t runca te  t h e  i n t e g r a l  e a r l i e r  and estimate t h e  cont r ibu t ion  of t he  t a i l .  

This i s  done most conveniently by performing integrat ion-by-parts  a t  the  

cu tof f  rad ius ,  thus obtaining an asymptotic expansion i n  inverse powers of 

r. Using (13) 
I 

and t h e  d i f f e r e n t i a l  equations f o r  t he  wavefunctions (Chapter 11, Eq. 7 ) ,  

t h e r e  r e s u l t s  
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- ( ? t t + n - L ) ~ r - ' G N , G  U A  j d r  -IR V(Gx,F N +FN,GN)jRdr.  

The in tegra t ion-by-par t s  can be continued t o  higher order .  

If only t h e  terms i n  lowest order  i n  l/r are r e t a ined ,  

Eqs. 2-5 reduce t o  

- E ( E ' + l ) E  ,FXja - E ' ( E - l ) G n t G N j , ~  
N 

FN ,GNjldr = - ( E ' - l ) ( E + l ) G  M. ,F M. j L + . l  + (EE'-l)FN ,Gn jl+l 

( 7 )  

The convergence of t h e  procedure of t runca t ing  t h e  i n t e g r a l  and 

adding t h e  asymptotic eva lua t ion  o f  t h e  t a i l  i s  t e s t e d  by comparing results 

obtained with d i f f e r e n t  cu tof f  r a d i i .  The accuracy i s  t e s t e d  by cons t ruc t ing  

a r t i f i c i a l  problems for which t h e  answer can be  obtained i n  c losed form. 
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It t u r n s  out  t h a t  a cu tof f  rad ius  of about one and one-half Bohr r a d i i  (or  

about 200 i n  l i m i t s  of  R/mc) i s  sa t i s f ac to ry ,  and t h a t  adding the  next 0 
order  of terms beyond Eqs .  6 and 7 has l i t t l e  e f f e c t ,  a t  l e a s t  i n  t h e  

energy range of prime i n t e r e s t .  

A t  lower photon energies (say 25 kev),  t he  form of the  matr ix  

element t a i l  cor rec t ion  i s  more c r i t i c a l ,  as it i s  e s s e n t i a l l y  an asymptotic 

expansion i n  inverse powers of qR, and inc lus ion  of t h e  next order  

terms i s  des i rab le .  Carrying t h e  integrat ion-by-parts  t o  the  next 

order and solving the  r e s u l t i n g  simultaneous equations (and using the  

d i f f e r e n t i a l  equations t o  s implify the expressions ), Eqs. 6 and 7 a re  

replaced by 

8 

[ (E'+l)F ,F' n n  2q f G !F j d r  = j [E'Gn,F'-EF GI,] + ja+l n U R  a n n n  
R 

- (E-l)G G' ,+(E-1) (E'+l)Fn ,Gn + (EE'-l)Gn IFn] n n  

( 8 )  
+ (qR)-'j,{[ q2+2k2kt2-R(EE'-l)]G ,F +(E-l)(E'+1)[4-2(EE1-1)]G F ,] n n  n u  

+ ( q R )  -1 ja+l[ (E'+l)(2E2E'-E-E')F 'F +(E-1) (2EEl2-E-E')G ,Gn] 
n n  n 

+ Vj [ (E'+l)FnlFn+(E-l)Gu,Gu] - Vja+l(E+E'jGn,F R N. 

and 

m 

2qJ 
R 

F ,G j dr  = j [E'Fn,G'-EG F',] + j [ (E+l)FnFL, n n R  a n n n  R + 1  

- (E'-l)G ,G' + (EE'-l)F 'Gn + (E+l)(E'-l)Gn,Fn] n n  n 

+ (qR)-'jR [ (E+l)(E'-l)[A-2(EE'-l)]Gn ,Fn+[ q2+2k2kt2-R(EE'-1)] G n u  F ,] 



(9) - (SR)-lj [ (E+1)(2EEt2-E-E')F ,F +(E'-1)(2E 2 E'-E-E')Gn,Gu] 
A + 1  n n  

- Vj [ (E+l)Fx,Fx+(E'-l)G ,Gx]-Vj (E+E')F ,Gx. a U k+l U 
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VII. PHASE OF COULOMB WAVEFUNCTIONS 

The continuum so lu t ion  of t he  Dirac equation f o r  a Coulomb f i e l d  

contains  an ambiguity of IT i n  t h e  phase s h i f t .  I n  computing matr ix  elements 

f o r  electromagnetic i n t e rac t ions ,  it i s  necessary t o  adhere t o  a cons i s t en t  

convention f o r  t h e  phase. Since there  i s  an es tab l i shed  s ign  convention f o r  

t he  free p a r t i c l e  so lu t ion ,  it provides a suitable ca l ib ra t ion .  

The relative phase of the two r a d i a l  funct ions i s  well-defined, so  

The Coulomb funct ion,  it i s  s u f f i c i e n t  t o  examine only the "large" component. 

normalized on t h e  energy sca le ,  is  

G =  Ir ( y+ i v  ) I e vn/2 (E+1) ( 2kr)y 
2 r  ( 2y+l) (nk) U 

2 ~ 1 ;  2 i b )  

wi th  exp (2 i7 )  = - (x-iv/E)/(y+iv) 

and v = (E/k) QZ , y = ( N ~ - O ? . Z ~ ) ~ / ~ .  

re -ib'i'lJ( y+iv) lFl( y+l+iv, 

The corresponding free p a r t i c l e  funct ion is  

t C . C . 1  

It i s  desired t o  f i x  the  choice of t h e  square roo t  of Eq. 2 t o  be used f o r  

exp ( i 7 )  by requi r ing  t h a t  Eq. 1 reduce t o  Eq. 4 i n  t he  l i m i t  as Z goes t o  

zero  (causing the  po ten t i a l  t o  vanish) .  

A s  Z -> 0, v -> 0, and y -> 1x1 . With these,  Eq. 2 reduces 

t o  - ~ / I t t (  . By Kummer's transformation, (9) 

lF1 (1.1 + 1 , 2 ( ~ ) + 1 ; - 2 i k r )  = exp( -2 ikr )  (1x1 , 21~1+1 ;2 ik r ) .  ( 5 )  

Factor ing exp (-i;) out of Eq. 1 and l e t t i n g  exp (2iTj) = - U / ( U ~  : 
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(kd. (10) 
-112 G - I4 -> exp(-in) (E+l)1’2 (nk) 

kr j l n l  -1 

Comparing with Eq. 4, the correct limit is exp(i7) -> 1. 

(9)  For u > 0, the expression in brackets is 

1 1  F (~+1,2~+1;2ikr) -1F1(u,&+1;2ikr) = 2ikrlFl(u+1,2n+2;2ikr)/(2Y+l) (11) 

while a ( u )  = H .  The limit then reduces to 

-> -i exp( -ill) (E+1)1/2(nk) (12) 
-1/2 

G In1 

The equivalence now yields exp (iq) -> -i. 

Splitting exp (pin) into real and imaginary parts, 

(13) 
2 2 2  2 cos 2r\ = (-uy+v /E)& +v ) = 2 cos 7-1, 

Thus, with 8 = +1 o r  -1, 

1/2 
cos 7 = s[(l+cos 27)/2] , 
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If Eqs.  1.5 and 16 are used t o  compute exp(ir]) ,  t he  phase convention is given 

by specifying E. This choice i s  determined by t h e  Z -> 0 l i m i t s  obtained 

above. 

For M. < 0, t h e  l i m i t  is  cos r( -> 1, so e = 1. For at > 0, t h e  

l i m i t  y i e lds  cos T! -> 0 (which leaves t h e  s ign  undetermined) and s i n  7 -> -1. 

Since 1.1 > 1.1 /E > y/E, t h e  sign of s i n  2r( is  unaffected by E; f o r  e l ec t rons ,  

it is  the  same as t h a t  of x. 

s o  cos 7 < 0, and E = -1. 

negative,  hence v negative.  The s ign of s i n  2r] then reverses ,  and e = 1 

f o r  x > 0. 

For N. > 0, then, s i n  2ll > 0 while s i n  r] < 0, 

Positron wave funct ions are obtained by tak ing  Z 

Combining the  r e s u l t s ,  t h e  prescr ip t ion  f o r  using Eqs .  15 and 16 is: 

e lec t rons :  e = - E / l x l ,  

posi t rons:  e = 1. 

The r e l a t i o n  between pos i t ron  and e l ec t ron  phases i s  

I n  t h e  l i m i t  of small k ine t i c  

For an electron,  and exp (2 i7)  -> 1. 

energy ( k  -> 0) , u becomes i n f i n i t e  

then, exp(ir()  = -x/IxI . The l i m i t  i s  

meaningless f o r  a posi t ron,  as i ts  wavefunction then  tends t o  a delta func t ion  

a t  i n f i n i t y .  
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V I I I .  ZERO KINmIC ENERGY LIMIT OF COULOMB WAVEFUNCTION 

The " s m a l l "  component Coulomb wavefunct ion is  

I n  the  l i m i t  of vanishing k i n e t i c  energy ( k  -> 0) ,  v = E%/k goes t o  i n f i n i t y  

(through pos i t ive  values  f o r  an electron,  negat ive f o r  a pos i t ron) .  

t o  t h e  l i m i t  on t h e  var ious factors :  

Going 

(13) 

l i m  lFl(a,b;-z/a)/T(b) = z  (1/2)(1-b)J ( 2  z b -1 a -> m 

y i e l d s  , with 

a = y t l c i v ,  

z = -2ikr (y+l+iv) 

b = 2yt.1, 

2 CY Z r ,  

(4) l i m  1F1(y+l+iv,2y+l;2ikr) = r (2y+1)(2 a! Z r ) - Y  J [2(2 (3 Zr) 1/21 . 
v -> m 2 Y  

Inasmuch as t h e  source reference did not e s t a b l i s h  t h e  v a l i d i t y  of t h i s  r e s u l t  

when a increases  through imaginary r a t h e r  than r e a l v a l u e s ,  it w a s  v e r i f i e d  

by wr i t i ng  out t he  confluent hypergeometric series and going t o  t h e  l i m i t  

t e r m  by t e r m .  

(y+iv)  - C.C.  = 2iv = , , 2 i ( a  Z/k) 

exp (-ikr+i-il) - ~ / I M I  f o r  an e lec t ron .  

Combining these  r e s u l t s ,  t he  e lectron wavefunction ( v  > 0) is 

For G the  analogous procedure becomes more complicated because " 
t he re  occurs 
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. 

(y+iv) + C.C.  = 2y, (9) 

so  t h a t  a t e r m  involving v times the second term i n  t h e  l i m i t i n g  expression 
0 

fo r  t h e  confluent hypergeometric function must be included. 

t o  r e s o r t  t o  t he  d i f f e r e n t i a l  equation: 

It is simpler 

F' U - (n/r)FK = - ( E - V - l ) G  n M - (a  Z/r)G n (10) 

I n  the  pos i t ron  case ( v  < 0), t h e  exponent ia ls  no longer cancel,  

bu t  lead instead t o  a f a c t o r  exp (-1.1.) which tends t o  zero. 

pos i t ron  wavefunction vanishes.  Actually, t h e  l i m i t s  were a t t a i n e d  while 

holding r f ixed  and f i n i t e ,  and t h e  wave func t ion  behaves as a delta func t ion  

a t  i n f i n i t y .  

the  ( p o s i t i v e  charge) Coulomb center  of  force ,  and can only approach it t o  t h e  

ex ten t  t h a t  i t s  momentum can overcome t h e  repuls ion;  as the  k i n e t i c  energy 

goes t o  zero,  s o  does t h e  probabi l i ty  of t h e  pos i t ron  being wi th in  a f i n i t e  

d i s tance  of t h e  center  of force.  

Thus, the  

The phys ica l  explanation is  t h a t  t he  pos i t ron  is  repelled by 0 

The matr ix  elements for Bremsstrahlung involve i n  t h e  integrand a 

product of i n i t i a l  and f i n a l  Coulomb wave funct ions.  

overlap vanishes as the  k i n e t i c  energy of t he  pos i t ron  after in t e rac t ion  goes 

t o  zero. 

energy t o  t h e  photon i n  Bremsstrahlung, a posi t ron cannot. 

t h e  pos i t ron  can l o s e  a l l  of i t s  energy ( including res t  energy) through ann ih i l a t ion  

t o  photons. 

For a posi t ron,  t h e  

Thus, while an e l e c t r o n  can g ive  up e s s e n t i a l l y  a l l  i t s  k i n e t i c  

On t h e  other  hand, 



M. STARTING CONDITIONS FOR INTEGRATION 

Near t h e  o r i g i n  the  screened nuclear p o t e n t i a l  has t h e  form 

2 V Y - Z e  /r, where C i s  a constant  contr ibuted by t h e  p o t e n t i a l  of t h e  

e l ec t rons .  If t h i s  r e l a t i o n  is subs t i t u t ed  i n t o  (Chapter 11, Eq. 7) 

the  coupled equations become 

F - ( E o + l )  F = 0 
2 

G I + - G - -  n Z e  
r r 

where Eo = E + C .  

wi th  a pure Coulomb po ten t i a l ,  provide a means of obtaining t h e  f o r m  of t h e  

wavefunction and i t s  de r iva t ive  new t h e  or ig in .  

These equations,  which are e s s e n t i a l l y  r a d i a l  equations 

I n  (1) use w i l l  be made of t h e  operator no ta t ion  

This i s  done for convenience s ince  it can be shown t h a t  

( 3 )  
n f ( 6 ) r n  = f ( n ) r  . 

Thus, when (1) i s  mul t ip l ied  through by r and the  operator  no ta t ion  i s  

used, t he  coupled equat ions become 

2 6F - KF + Ze G + (Eo-1)rG = 0 

6G + n G  - Ze F -(Eo+l)rF = 0 2 

Now s u b s t i t u t e  

03 

G = C aara+y 

R =O 

m 

F = bQr"+Y 1 

Q=O 

( 4 )  

( 5 )  
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, 

i n t o  (4 )  and use ( 3 )  t o  g e t  

OD 

[(y+u)aO - Ze% 0 ]rY + [(Q+y)al+uaQ-Ze% R - (E  0 + l ) b  1-1- IrAfY = 0 
R=l 
m 

r ( y-x)bO + Z e  2 aolrY + [ (  l+y)b -xb +Ze 2 a +(Eo-l)aA-l]rb+Y = 0. 1 . 4  a 
A = 1  

When t h e  c o e f f i c i e n t  of eacn power of r i s  set  equal  t o  zero i n  (6), then  

the  r e l a t i o n s h i p  between t h e  coe f f i c i en t s  of ( 5 )  is es t ab l i shed .  The 

r e l a t i o n s h i p  between t h e  f i r s t  few c o e f f i c i e n t s  i s  given by t h e  following 

equations: 

2 
Ze 

0 y+u 0’ 
a = - b  

2 
b = -  ‘e a 

0 ‘1-y 0’ 

wi th  

y =  ( x - z ~ )  I 
and 

-y-l) (Eo+ 1) t ( M. -y) (Eurl)  a 1 -  - -bo [(’ 1 + 2y 

(9) 

The pos i t ive  square roo t  i n  (9)  i s  taken so  t h e  wavefunctions w i l l  be 

f i n i t e  a t  t h e  or ig in .  

For  Z c lose  t o  zero’the denominator i n  (7) i s  s m a l l  f o r  u<O 

whi le  t h e  denominator of (8) i s  small f o r  x>O. Thus, i n  genera l ,  t o  make 

t h e  program appl icable  f o r  a l l  Z ,  t h e  procedure adopted f o r  s e l e c t i n g  t h e  

c o e f f i c i e n t s  w a s  t o  choose bo and use (7)  t o  ob ta in  a. when +O,and t o  

choose a and use (8) to obtain bo when u<O. 
0 
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Since the  wavefunction and i t s  f irst  derivative are both zero 

0 a t  t h e  or ig in ,  as can be seen f r o m  (5 )  through (ll), t he re  i s  d i f f i c u l t y  

with s t a r t i n g  t h e  numerical in tegra t ion .  This  t roub le  can be  circumvented 

by making a t ransformation t o  t h e  funct ions 

-Y G = r  G 
0 

Fo = r-YF 

which s a t i s f y  t h e  equations 

F '  + (Y-K) r Fo + (E-V- i )Go = o 

G I  0 + 0 r G 0 - (E-V+i)Fo  = o 

0 

Thus, a t  t h e  o r ig in ,  

G = a , Fo = bo, 
0 0 

I r = O  
G '  = a F = b  

0 1 '  0 1' 

The procedure i s  t o  i n t e g r a t e  (13) out t o  some convenient r ad ius  (e .g .  r = 1) 

and then  t ransform t o  (Chapter 11, Eq. 7 ) .  



x. PHASE SHIFTS (NON-COULOMB) 

C ( r )  - cos6 
U 

The free  p a r t i c l e  so lu t ion  t o  (Chapter 11, Eq. 7) i s  requi red  t o  

determine t h e  normalization and phase s h i f t  f o r  t h e  numerical so lu t ion  of 

t h e  r a d i a l  equation. These a r e  obtained from (Chapter 11, Eq. 7) wi th  V=O as 

where j i s  a spher ica l  Bessel funct ion.  Also required are t h e  two new R 
funct ions s ( r )  and C ( r )  which are def ined by t h e  equations 

F = C F  - f 

From t h e  asymptotic forms given i n  chaptm 111, Fqs. 13 and 14 one can deduce 

(3) 

(4) 2 2 c ( r )  + s ( r )  - 1. 
If G and F are t h e  numerical so lu t ions  t o  t h e  radial  wave N N 

equations,  they w i l l  not be properly normalized because of t h e  a r b i t r a r y  

s e l e c t i o n  of one constant  i n  the s t a r t i n g  condi t ions.  (The procedure 

i s  t o  start  wi th  t h e  normalization appropr ia te  t o  a pure Coulomb p o t e n t i a l . )  

Thus they  w i l l  d i f f e r  from t h e  co r rec t  so lu t ion  by a normalization 

cons tan t  N such t h a t  F=WN and G=NGN. 

i n t o  (2 )  y i e lds  

Subs t i t u t ion  of these  equations 
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S(r) = N 

= N  

- + -  E-1  E+1 

E-1 

Upon completion of t h e  numerical i n t eg ra t ion ,  E q s .  4 and 5 me used 

t o  determine t h e  phase s h i f t s .  
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X I .  W.K.B. APPROXIMATION AND NORMALIZATION 

The r a d i a l  equations can be combined i n t o  t h e  second order equat ion 

G" n + ( E - V + l ) - % ' G '  U + { ( E - V ) 2 - l - [ x ~ + l ) / r 2 ] + ( n / r )  (E-V+l)-$ '  1 G U =O. (1) 

To g e t  a form appropriate  f o r  a W.K.B. t reatment ,  t h e  f irst  de r iva t ive  term 

must be eliminated. This i s  achieved by t h e  change of dependent va r i ab le  

(2 )  
4 2  R (1") = ( E - V + l )  G, (.> n 

which r e s u l t s  i n  

This can rim be ass-mzd of the  form 

(4) 
2 R" + p ( r )  R, = o 

n 

for r s u f f i c i e n t l y  l a rge  t h a t  the quant i ty  i n  brackets  i s  pos i t ive .  

formal analogy with the  non- re l a t iv i s t i c  so lu t ion  can 'be extended by w r i t i n g  

The 

s o  t h a t  t h e  known W.K.B. approximation of t he  more familiar case can be 

taken over.  using the  "equivalent po ten t i a l "  U ( r )  . 
note  t h a t  

For t h i s  purpose, 

H(W+1) = 4% ( A K + l )  , (6) 

(7)  
2 2 2 

(E-V) -1 = k -2EV+V , 
so t h a t  

U( r)  = ( 1 / 2 ) V "  (E-V+l)-'+( 3 / 4 ) V  1 2 (  E - V + l )  -2- ( u / r ) V  ( E - V + l )  -'+2EV-V2. ( 8) 
The W.K.B. so lu t ion  is  

R = (nP) -'I2 s i n  (J p d r  + b U ) ,  
M. (9) 

wi th  the  normalization set  by comparison wi th  the  asymptotic value of t h e  

exac t  so lu t ion  f o r  G . 
U 
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The numerical so lu t ion  of t h e  exact  r a d i a l  equations y i e l d s  

unnormalized wavefunctions . The normalization is obtained by proceeding 

out t o  an r s u f f i c i e n t l y  l a rge  t h a t  t he  asymptotic form of t h e  wavefunction 

i s  a t t a ined ,  and s e t t i n g  t h e  normalization by comparison with the  known 

normalized asymptotic wavefunction. This usua l ly  means t h a t ,  f o r  t h e  

sake of ascer ta in ing  t h e  normalization, t h e  numerical i n t eg ra t ion  has t o  

be c a r r i e d  w e l l  past the  values  of  r necessary f o r  t h e  eva lua t ion  of t h e  

matrix element i n t e g r a l s .  

For a well-behaved po ten t i a l ,  t h e  W.K.B. so lu t ion  w i l l  

s a t i s f a c t o r i l y  approximate t h e  exact wavefunction long before  t h e  asymptotic 

region i s  reached. 

normalization by comparing t h e  numerical unnormalized wavefunction with 

the W.K.B. so lu t ion .  The procedure then  becomes t h a t  of car ry ing  out t he  

numerical so lu t ion  as far as it i s  needed f o r  t he  eva lua t ion  of t h e  matrix 

elements. A t  t h e  cut-off  radius,  the  wave matching is  then  c a r r i e d  out 

as descr ibed below. Note t h a t  the normalization must precede co r rec t ion  

o f  t h e  matrix elements f o r  t h e  t a i l  cont r ibu t ion  (Chapter V I ) .  

This suggests t h e  a l t e r n a t i v e  approach of obtaining t h e  

Denoting by E t h e  unnormalized numerical so lu t ion  of t he  exact 

and by A t h e  associated normalization constant ,  matcning 
H 

equations f o r  R 

R t o  the W.K.B. so lu t ion  y ie lds  

H 
- 
n 

If the  W.K.B. so lu t ion  is a reasonable approximation a t  the  value of r 

being considered, t h e  der iva t ives  can a l s o  be matched: 

-"* p cos ( j  p d r  + F, 1, R' = - (p ' /2p)  E + A(rrp) 
- 
K K w. 

o r  more conveniently, 



-1 - I  
cos (J  p d r  + 6 ) = p R + (p ' /2p2) . A h P )  n U n 

Squaring and summing Eqs. 10 and 12, 

-1 2 2 
A = rrp { En + [P  

For an r below 

t h e  above expression f o r  

are considered funct ions 

t o  vary,  t h e  descr ip t ion  

an a r b i t r a r y  choice of a 

E' + (p'/2p2) E l2 } . 
n w -  

t he  v a l i d i t y  l i m i t  f o r  the  W.K.B. approximation, 

can s t i l l  be used provided t h a t  A and 6 
U U 

of r instead of constants .  When both are allowed 

is  underdetermined. The r e s u l t a n t  freedom permits 

supplementary r e l a t i o n .  A l eg i t ima te  choice is 

t o  requi re  t h a t  E' r e t a i n  t h e  form given above, i .e .  t h a t  t h e  add i t iona l  

terms o3tained on d i f f e r e n t i a t i n g  t h e  expression f o r  E 
U 

cancel:  
n 

A '  s i n  ($ p dr + b X )  + A 6' cos ( s p  dr + 6 W ) = 0.  (14) 
U 

me expression given f o r  A2 is then s t i l l  valid,  bu t  the  value obtained 

may vary wi th  r. The normalization constant  has been a t t a ined ,  then, if  

IdA/d(kr)l<<lAl f o r  a l l  r above the value i n  question. 

d i f f e r e n t i a t e  Eq. 12: 

To obtain A ' ,  

Subs t i t u t ing  Eqs. 4 and 10, 

rr = -n 1/2p3/% = -Ap s i n  ( 
n 21. 

Using a l s o  Eq. 14, 

A' cos (1 p d r  + 6 ) -A 6' s i n  ($. dr + 6 ) = A'/cos ( p dr + 6 ) 
U u n s u 



e To e l i m i n a t e  t h e  masking e f f e c t  of o s c i l l a t i o n s  of the  s inuso ida l  f a c t o r ,  

) s i n  ( l p  dr + 6 % )  cos ( s p d r  + 6 tl ) i 1/2. I (18) 

note t h a t  

The r e l a t i o n  k-' \ A l l  << A t hen  reduces t o  

It should be .noted  t h a t  t he  procedure out l ined  r e s u l t s  i n  t h e  

eva lua t ion  of t he  normalization f ac to r  while  leaving t h e  phase s h i f t  undetermined. 

I n  p r inc ip l e ,  the W.K.B. approximation can a l s o  be used t o  compute t h e  phase 

s h i f t .  This requi res ,  however, the eva lua t ion  of p d r  out t o  i n f i n i t y  

( o r  at least  t o  the  asymptotic region) and t h i s  has t o  be done numerically 

because of t h e  complicated expression f o r  p. 

J 

The W.K.B. approximation as appl ied  t o  t h e  normalization o f  t he  

wavefunctions r equ i r e s  an expression involving t h e  po ten t i a l  and i t s  f i r s t  

three derivatives. 

computation of these  de r iva t ives  by d i f f e renc ing  would be un re l i ab le .  

Ins tead ,  use is  made of t h e  f a c t  t h a t  t h e  screening f a c t o r  ( r a t i o  of 

screened t o  unscreened p o t e n t i a l )  i s  nea r ly  exponential .  

appropr ia te  t o  t h e  r ad ius  a t  which t h e  numerical i n t eg ra t ion  s tops  i s  obtained 

by t ak ing  the  logarithm of t h e  r a t i o  of t h e  screening f a c t o r  a t  t h a t  r ad ius  

t o  tne screening f a c t o r  a t  a s l i g h t l y  larger rad ius .  The a n a l y t i c a l  form 

of t h e  screening f a c t o r  thus  a r r ived  a t  is then  used t o  c a l c u l a t e  t h e  

de r iva t ives .  This  procedure has been used t o  obta in  t h e  normalization 

of t h e  wavefunctions i n  t h e  screened case. 

For a screened po ten t i a l ,  which is known only numerically,  

The exponent 
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X I I .  SCREENED POTENTIAL 

The e lec t ron  waveflmctions a r e  obtained by i n t e g r a t i n g  t h e  Dirac 

r a d i a l  equations numerically. 

i n  these  equations i s  the  Coulomb p o t e n t i a l  mult ipl ied by the  r a t i o  of 

screened-to-unscreened po ten t i a l s .  

t abu la t ion  from tape and in te rpola t ing  ( the  r a t i o  i s  used ins tead  of  t h e  

p o t e n t i a l  i t s e l f  because it i s  a smoother, more slowly varying function of r). 

The tabula t ion  came from the output of a r e l a t i v i s t i c  Hartree-Fock-Slater s e l f -  

cons i s t en t - f i e ld  ca lcu la t ion(14)  made ava i lab le  t o  us by D r .  James T. Waber. 

When screening i s  invoked, t h e  p o t e n t i a l  used 

This r a t i o  i s  obtained by reading i n  a 



XIII. ANGULAR DISTRIBUTION OF THE SCATTERED ELJ3CTRONS 

I n  t h e  e a r l i e r  chapters ,  t h e  Bremsstrahlung c ross  sec t ion  has been 

considered under t h e  cons t r a in t  t ha t  t h e  photon i s  observed but  t h e  s c a t t e r e d  

e l ec t ron  i s  not .  The f i n a l  e lectron s ta te  i s  then represented by a sphe r i ca l  

wave 'p and t h e  c ross  sect ion ca l cu la t ion  includes a sum over t h e  

quantum numbers n ' and p '  . 
u ,P" 

The present  chapter  deals w i th  t h e  c ross  s e c t i o n  under t h e  converse 

cons t r a in t :  t h e  photon i s  not observed, b u t  t h e  s c a t t e r e d  e l ec t ron  is .  

The f i n a l  state e l ec t ron  funct ion Y f ( E ' )  must now be i n  a d e f i n i t e  sp in  s t a t e  

(z-component m") and be a wave which behaves asymptot ical ly  as a plane wave 

p lus  convergent sphe r i ca l  wave. Exp l i c i t l y ,  it i s  given by (7) 

with 

d i f f e r i n g  from t h e  form of  t h e  i n i t i a l  s t a t e  e l ec t ron  funct ion (Chapter 111, 

Eqs. 4 and 5)  by a complex conjugation (convergent i n s t ead  of divergent  

sphe r i ca l  wave) and by omission of the  s p e c i a l i z a t i o n  t o  propagation along 

t h e  z-axis. 

In  t h e  c ross  sec t ion  i t s e l f ,  t he  dens i ty  o f  f i n a l  e l ec t ron  s t a t e s  

must now appear,  leading t o  an addi t iona l  mu l t ip l i ca t ive  f a c t o r  of  

k'E'me/(2rr)3. On the  o the r  hand, s ince  t h e  photon i s  no t  observed t h e r e  i s  

an in t eg ra t ion  over i t s  d i r e c t i o n  dQ 

f a c t ,  it i s  obvious t h a t  t h e  angular i n t e g r a t i o n  w i l l  e l imina te  any po la r i za t ion -  

dependent terms). 

and a sum over i t s  po la r i za t ion  p ( i n  
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The matrix element M(pmn'c) of Chapter I11 (with t h e  change of va r i ab le  

E: = p'-m used t h e r e )  is now replaced by 0 

Factor ing out t h e  dependence on the photon angles ,  

(8) and t h e  in t eg ra t ion  over photon angles i s  t r i v i a l  

l ead ing  t o  

where e x p l i c i t l y  ( see  Chapter 111, Eq. 1-5 and Chapter V, Eq. 9) 

1 

Application of t he  addi t ion theorem f o r  sphe r i ca l  harmonics 

I 

(7) 

L 

reduces t h e  angular d i s t r i b u t i o n  t o  an expansion i n  Legendre polynomials 

of t h e  cosine of t he  angle between inc ident  and s c a t t e r e d  e l ec t ron .  0 
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I n  the  ca l cu la t ion  of the cross  sec t ion ,  t h e r e  i s  an average over 

0 m ( the  sp in  o r i e n t a t i o n  of t h e  incident e l e c t r o n  i s  immaterial)  and a sum 

over m" and p ( the  Bremsstrahlung process w i l l  be observed regard less  of  t he  

spin o r i en ta t ion  of t h e  sca t t e red  e lec t ron  or t h e  po la r i za t ion  s t a t e  o f  t he  

photon). Gathering all t he  f ac to r s ,  

The po la r i za t ion  sum i s  

provided t h a t  

+ a, = even integer  

and vanishes otherwise. 

The magnetic quantum number sums can be c a r r i e d  out e x p l i c i t l y .  0 
For m", t he re  r e s u l t s  

Together with f a c t o r s  from Eq. 7, t he  Racah c o e f f i c i e n t  reduces t o  

provided t h a t  t he  lef t -hand s ide  does not  vanish,  i . e .  

R n , + R n , + j  = even in t ege r  
1 

(1-3) 

and the  th ree  angular momenta i n  E q .  1.3 s a t i s f y  a t r i a n g u l a r  i nequa l i ty ;  

t h e  prime w i l l  be ca r r i ed  along on t h e  C as a reminder of t h e  implied 

cons t r a in t .  Next, t he  e sum i s  
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The m sum i s  t h e  same as i n  Chapter V, Eq. 14  and again gives 

L I  m 

L 

though the  argument for t he  equal i ty  of t h e  two terms with m-+$ i s  a b i t  

d i f f e r e n t ,  namely a change of s ign  i n  m introduces t h e  f a c t o r  (-1) t o  t h e  

power 

1 -a ) - ( j  + -,e ) = R +a - j  
1 

"1 n1+5 x1 n 2  n 

which i s  even s ince the  second and t h i r d  terms i n  t h e  l as t  expression must 

be f o r  non-vanishing matr ix  elements, t h e  las t  two according t o  Eqs. 10 and 13. 

The d i f f e r e n t i a l  cross  sect ion i s  

I L 
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where the  primes r e f e r  t o  the  cons t ra in ts  of E q s .  13 and 10, respec t ive ly .  

e l iminate  complex numbers, .make the va r i ab le  change (see Chapter V, Eqs .  7, 

10, and 24) .  

To 

0 

The power of i i s  even 

so  t h a t  

The 4 and R1 sums can be done separately provided Eq. 10 i s  stmultaneously 

s a t i s f i e d .  This requi res  s p l i t t i n g  t.he swn i n t o  an even 4 and an odd 

p a r t ,  namely 

Q odd 

The cross sec t ion  then reads 

nn ' n  1 

2 

L L 
A n =1 
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An interchange of t he  designat ion of t he  p a i r s  of  summation va r i ab le s  (n ) '"1 
and (n '  This interchange a f f e c t s  

only the  appearance of t he  W and the two C c o e f f i c i e n t s ,  none of which change 

value as a r e s u l t ,  and changes the  phase f ac to r  t o  i t s  complex conjugate. 

' )  must leave t h e  cross sec t ion  unchanged. 
y n  1 

On averaging the  r e s u l t s  of the  two equivalent  conventions, t he  exponential  

i s  replaced by the  cosine of t h e  phase. Then 

b = rre2 ( q / k 2 ) a F ' d n e ~  ( - l ) j P j  (cos e k 7  cos (6n+6n'-6 -6 ,> 
nn n'n '  "1 "1 
1 1  

3 

A n 

For the  c ross  sec t ion  in tegra ted  over all angles ,  

fme Pj(cos e k , )  = h tijjo. 

With j&, t h e  W and C c o e f f i c i e n t s  vanish unless  j =j and j , = J  ? .  But 

i n  add i t ion ,  from Eqs. 16 and 13, ,4 +A = even and R ,+A = even. These 

toge the r  requi re  n%l  and n ' x '  

f a c t o r s ,  and the  c ross  sec t ion  becomes 

"1 "1 

kt nl Ul 
The c o e f f i c i e n t s  then reduce t o  s t a t i s t i c a l  1' 

hntM. ' n 

The Bremsstrahlung cross sec t ion  in t eg ra t ed  over a l l  angles could 

equal ly  we l l  have been obtained by s t a r t i n g  from the  photon angular 

d i s t r i b u t i o n  and i n t e g r a t i n g  it over t h e  photon angles.  This w i l l  now 

be done as a check on t h e  ca lcu la t ions .  From Chapter I V Y  Eq. 9, 

0 
fd (cos  Q q )  (b P'P ) = 2 6 PP' ~ P P =  

L 



Using t h e  f a c t  t h a t  t h e  two p values make equal  cont r ibu t ions  and t h e  

r e l a t i o n s  among y,  q, E,  and k ,  Eqs.  10 and 11 of Chapt. I V  y i e l d  
4 

0 
d'int = 4 doa 7.1 = Gh2e2(q/k2) dq A. (114,l) (28) 

wi th  t h e  cons t r a in t  of Chapt. V Eq. 16 on t h e  double sum s p e c i a l i z i n g  t o  

Eq. 10. Subs t i t u t ing  t h e  value o f  t h e  C-coeff:icient with j = 0, Chapt. I V  

Eq. 12  reduces t o  

h 

and Chapt. I V  Eq. 13 t o  

From Chapt. V Eqs. 25 and 26, the  €sum i s  now merely 

L 

and t h e  p a r i t y  condi t ion expands t h i s  s e l e c t i o n  r u l e  t o  u=u Subs t i t u t ing  1' 

Chapt. V Eq. 27 i n t o  Chapt. V Eq. 26, t h e r e  remains 

Using Eys. 2 1  and 22, t h i s  l e a d s  t o  Eq. 26 as expected (rememberTng t h a t  

dq = -dE'). 

Returning t o  t h e  e lec t ron  angular d i s t r i b u t i o n  (Eq. 23) ,  t h e r e  

i s  a computational advantage t o  t h e  e l imina t ion  o f  the  Racah coe f f i c i en t  

a t  t h e  cos t  of re in t roducing  a magnetic quantum number sum: 



t 

The n and u sums are now decoupled. S e t t i n g  1 

E(2*+1)-2 Un(An'@) Un * (Ani'). 

An 

Just as a f t e r  Eq.  23, only t h e  r e a l  p a r t  of Eq. 35 i s  needed. 

A comparison of t h e  e lec t ron  and photon angular d i s t r i b u t i o n s  

The ca l cu la t ions  a r e  shows them t o  be of  t he  same order of  complexity. 

i d e n t i c a l  through t h e  computation o f  t he  reduced mat r ix  elements 

H(ARn'n) ,  bu t  t he  subsequent angular momentum sums d i f f e r .  0 
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X I V *  THE COMPUTER PROGRAM 

The main r o u t i n e  (BFEMS) sets up some numerical constants ,  reads 

t h e  input  parameters and checks them, then  c a l l s  subrout ines  t o  do t h e  bulk 

of t h e  ca l cu la t ions ,  and f i n a l l y  computes t h e  Legendre func t ions  and puts  

toge ther  t h e  c ross  sec t ions  and  writes them out .  

i s  done i n  BREDIS. Supplementary diagnost ic  and checkout output i s  

generated by some subrout ines  

A l l  ordinary input/output 

The structure of subroutine c a l l s  i s  schematized i n  Fig.  2. 

The f irst  mbrou t ine  ca l led  i s  SEIXCT. It starts from the  input  

s p e c i f i c a t i o n  of t h e  m a x i m u m  o r b i t a l  angular momenta t o  be  considered, 

runs  through t h e  se l ec t ion  r u l e s  t o  determine what matrix elements w i l l  

occur, and indexes these  matrix elements and t h e  corresponding quantum 

numbers . 
If screening i s  t o  be considered, SFTAPE scans t h e  t ape  bear ing 

t h e  screening f a c t o r s  and f i n d s  the sec t ion  of it containing t n e  d a t a  f o r  

t h e  requi red  element. 

FINTEG i s  t h e  c o n t r o l  subroutine f o r  t h e  r a d i a l  matrix elements. 

It sets up the  requi red  a r rays  f o r  t h e  wavefunctions and matr ix  elements 

and t h e i r  de r iva t ives ,  computes t h e i r  i n i t i a l  values  and t h e  c o e f f i c i e n t s  

of t h e  d i f f e r e n t i a l  equat iom,  c a l l s  other  subrout ines  t o  do t h e  actual 

i n t e g r a t i n g ,  computes t h e  phase s h i f t s ,  then  c a l l s  subrout ines  t o  

normalize t h e  matrix elements, asymptotically eva lua te  t h e i r  t a i l ,  and form 

reduced matrix elements including an X-coeff ic ient .  

The in t eg ra t ion  is performed by G i l l ' s  form of t h e  Runge-Kutta 

method (15) i n  RKUTTA, which c a l l s  DIRAC t o  supply t h e  de r iva t ives  from 
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t h e  d i f f e r e n t i a l  equat ions.  I f  screening i s  taken i n t o  account,  t h e  

screening f a c t o r  ( r a t i o  of screened p o t e n t i a l  t o  Coulomb p o t e n t i a l )  i s  

suppl ied by MTERP, which reads values from tape  and i n t e r p o l a t e s .  

Upon completion of t he  in t eg ra t ion ,  normalization f a c t o r s  

are computed i n  CNORM by matching t h e  wavefunctions t o  t h e i r  W.K.B. 

approximation (see Chapter X I )  and t h e  matrix elements are then  

normalized. 

The asymptotic evaluat ion of t h e  t a i l  of t h e  matrix elements 

( s e e  Chapter V I )  i s  performed i n  ASYMP, and t h e  co r rec t ion  i s  added on. 

I n  HFUN, t he  ca lcu la t ion  is c a r r i e d  forward t o  t h e  reduced matrix 

elements H ( A  A n ' x ) ,  incorporating an impl i c i t  SUE over a couple of 

magnetic quantum numbers ( see  Chapter V, Eq. 24) .  

The remaining angular momentum sums a r e  performed through t n e  

cha in  BSUM-MUM-PHISUM. The sums over a l l  n ' s  are performed i n  PHISUM, 

wi th  appropriate  phase s h i f t s  and Clebsch-Gordan c o e f f i c i e n t s ,  t o  y i e l d  

Y ( h l h R l . k )  (see Chapter V, Eq. 26). 

are c a r r i e d  out i n  ASUM, aga in  with Clebsch-Gordan c o e f f i c i e n t s ,  t o  

y i e l d  A (i)(i?,k) (see Chapter I V ,  Eq. 15). BSUM sums over t he  4 ' s  

( i )  (see Chapter IV,  Eq. 16).  t o  y i e l d  B 

- 
Fur ther  sums over B and t h e  A's 

j 

j 
The remaining subroutines compute s p e c i a l  funct ions.  LOGGAM 

i s  an NYU programe6) t o  compute the logari thm of  t h e  gamma funct ion  for 

complex argument (converted t o  FORTRAN IV a t  UCC),  used f o r  t h e  Coulomb 

wavefunctions and phase shifts. BESSEL computes s p h e r i c a l  Bessel f'unctions, 

us ing  t h e  e x p l i c i t  expressions i n  terms of t r igonometr ic  funct ions f o r  

Ad) and 1, and recurs ion  r e l a t ions  f o r  l a r g e r  A .  BESLIT i s  the  same as 

BESSEL except t h a t  i f  t he  argument is less than 1 t h e  power series a r e  

used f o r  A > 0. CCOEFS computes Clebsch-Gordan c o e f f i c i e n t s ,  using 
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explicit formulas if the smallest j is 2 or less(17), the general fornula 

otherwise(18), with a specialization for the parity C-coefficients (19) 

XFUN yields the factor denoted by G ( u ' , ~ )  in the explicit expression 

for the special X-coefficient arising from the magnetic quantum number 

sums (see Chapter V, Eq. 8). 

Ah 

Following Koch and Motz"), the angular distribution is given 

2 in units of (the photon energy /Z ) times the differential cross section 

(per unit interval of photon energy per steradian) in millibarns/steradian. 

This is the display favored by the experimenters, and hence deemed most 

convenient for practical use. On the other hand, the calculations are 

performed in dimensionless nuclear units ( h  = m = c = 1). 
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XV. OPERATING INSTRUCTIONS 

This chapter gives a l l  the ope ra t iona l  d e t a i l s  needed i n  order 

t o  run the  Bremsstrahlung program. 

l i s t e d ,  along with t h e  program diagnos t ics .  

The input v a r i a b l e s  and format a r e  

Test options and t h e i r  uses 

a r e  described. 

The s t r a t e g y  of successive choices of input va r i ab le s  i n  production 

Tape u n i t  assignments a r e  given. The output i s  ou t l ined .  

opera t ion  i s  discussed. 

Input Variables 

The f ixed  poin t  quan t i t i e s  described below a r e  read i n  on a 

s i n g l e  d a t a  card i n  format 1015: 

KEY Equal zero f o r  pure Coulomb run, one for screened run, 

and minus one f o r  program te rmina t ion .  

JM The h ighes t  Legendre coe f f i c i en t  i n  t h e  angular d i s t r i b u t i o n .  

LM 

LM1 The highese o r b i t a l  angular momentum c o e f f i c i e n t  f o r  inc ident  

The h ighes t  o r b i t a l  angular momentum c o e f f i c i e n t  f o r  photon. 

e l ec t ron .  

LM2 The h ighes t  o r b i t a l  angular momentum c o e f f i c i e n t  f o r  s c a t t e r e d  

e l ec t ron .  

NTAPE The l o g i c a l  tape  u n i t  assigned f o r  t ape  containing t h e  screening  

da ta .  (This number need be assigned only f o r  a screened run.)  

NTEST Equal one f o r  mat r ix  reduction procedure, equal zero otherwise. 

ITEST Equal one f o r  radius increment procedure, equal zero otherwise. 

INUM The maximum number of  times t h e  cut-off radius w i l l  be incremented. 

(This number need be assigned only if t h e  ITEST opt ion  i s  

u t i l i z e d .  ) 

IREP Equal one t o  pick up from tape  of previous run and proceed t o  

the  angular momentum sums, equal two t o  ca r ry  the  r a d i a l  i n t e g r a t i o n  

forward under the  ITEST option without f i r s t  summing, equal zero 

otherwise. 
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The q u a n t i t i e s  NTEST, ITEST, and IFEP designate  op t iona l  program 

fea tu res  descr ibed below. 

The f loa t ing-poin t  quan t i t i e s  descr ibed below a r e  read i n  on a 

s i n g l e  data  

Z 

EO 

xo 
RATIO 

ZEL 

RCUT 

TOL 

DRCUT 

card i n  format 8~10.0: 

Nuclear charge (atomic number) . 
Kinet ic  energy of incident  e l ec t ron  ( i n  Nev) . 
Ratio of photon energy t o  inc ident  k i n e t i c  energy. 

The r a t i o  of p a r t i c l e  mass t o  e l ec t ron  mass. 

Rat io  o f  p a r t i c l e  charge t o  e l ec t ron  charge (1.0 f o r  e l ec t ron ,  

-1.0 f o r  pos i t ron ) .  

Radius a t  which numerical i n t eg ra t ion  i s  terminated.  

yne admissible f r a c t i o n a l  change s p e c i f i e d  f o r  c e r t a i n  output  

q u a n t i t i e s .  This quant i ty  need be assigned only i f  e i t h e r  

of t he  program options (NTEST o r  ITEST) i s  used. 

The amount by which the t e rmina l  rad ius  (RCUT) i s  incremented. 

This quant i ty  need be assigned only i f  the  ITEST procedure 

is  u t i l i z e d .  

-. 

A conplete s e t  of data cons is t s  of two d a t a  cards .  Upon 

completion of a problem, t h e  program recyc les ,  reading i n  t h e  next  p a i r  of 

d a t a  cards .  Termination of t h e  e n t i r e  program i s  obtained by s e t t i n g  KEY=-1 

on a f i r s t  card (no second card  needed). 

Input Tes t ing  

The program s i f t s  t h e  input da t a  t o  insure  t h a t  c e r t a i n  c r i t e r i a  

are not v io l a t ed .  If any d i f f i c u l t y  i s  observed, t h e  s p e c i f i c  v i o l a t i o n  

i s  p r i n t e d  and the  run terminated. 
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Lis t ed  below i n  abbreviated form a r e  t h e  c r i t e r i a  t h a t  must be 

s a t i s f i e d  and t h a t  t he  program t e s t s  for: 

JMs( 2*LM+2) 

MIN(JM,LM,LM~, m2) 5 o 

MAx(LM, LM1, m2) s 10 

LMl+LM2zLM 

lLMl - LM2lr; LM 

O < X O s l  

z 2 0  

ZEL $ 0 

NE& 5 l5OO* where NE& = number of mat r ix  elements 

plus wavefunctions . 

* The number 1500 w a s  chosen t o  insure t h a t  t h e  e n t i r e  program would not 

exceed t h e  s to rage  capac i ty  of the IBM 7094. 

Program Opt ions 

The program has two option procedures designated by NTEST and 

ITEST. E i t h e r  o r  both options may be used i n  t h e  same run. If both are 

des i red ,  t h e  p r i o r i t y  goes t o  ITEST. The r e s u l t s  thus  obtained are then  

used f o r  NTEST. 

NTEST ( o r  matrix reduction procedure) examines t h e  p o s s i b i l i t y  

of reducing t h e  o r i g i n a l  angular momentum q u a n t i t i e s ,  JM, and LM2, 

without influencing t h e  output quan t i t i e s  more than  a given f r a c t i o n a l  

amount (TOL). 

increases  as t h e s e  values are increased, t h e  knowledge of a minimum s e t  

can be of use f o r  f u t u r e  runs. Another cons idera t ion  f o r  t h e  use of 

t h i s  option is ,  i f  no reduct ion  is  poss ib le  (i.e. any decrement r e s u l t s  

i n  a "large" change of ou tput ) ,  there e x i s t s  a p o s s i b i l i t y  t h a t  t h e  

Since t h e  running t i m e  of t he  program d r a s t i c a l l y  
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o r i g i n a l  values  were not s u f f i c i e n t l y  lasge .  

Method: Af te r  a run is  completed, including t h e  pr in tout ,  

t h e  t e s t  i n i t i a t e s  by decrementing JM by one and recomputing, then  

comparing t h e  new values  with the  o r i g i n a l  s e t .  

is wi th in  t h e  requi red  to le rance  (TOL) t h e  procedure repea ts .  

t i m e  t h e  comparison fa i ls ,  JM is  incremented by one (back t o  t h e  previous 

successfu l  va lue) .  

t o  decrement LM i n  l i k e  manner, and the  process continues u n t i l  w e  

obtain a "minimum" s e t  of values JM, LM, and LM2 (which may be t h e  

o r i g i n a l  s e t )  t h a t  does not change t h e  output q u a n t i t i e s  by more than 

the  required amount. 

If t h e  f r a c t i o n a l  change 

The first 

This value of JM is pr inted,  then  t h e  program proceeds 

ITEST ( o r  rad ius  increnent procedure) inves t iga tes  t h e  r a d i a l  

matrix element s t a b i l i t y .  

of t h e  output f o r  d i f f e r e n t  but  progressively increasing cut-off  r a d i i  

without re-running t h e  e n t i r e  in tegra t ion  from the  beginning. 

This option allows us t o  examine t h e  s t a b i l i t y  

Method: This test i n i t i a t e s  by temporar i ly  s t o r i n g  on tape  t h e  

present cut-off  rad ius  along w i t h  t he  matrix elements computed at t h a t  

rad ius  and other  necessary data.  After  the  run is completed, i . e .  t h e  

requi red  output da t a  i s  generated and stored but not pr in ted ,  t h e  tape  

is  read back in ,  t h e  in t eg ra t ion  c a r r i e d  forward an add i t iona l  increment, 

DRCUT u n i t s  of radius ,  and t h e  matrix elements updated. CGmputation then 

proceeds as required.  The newly generated output i s  compared t o  t h e  

previous set. 

t h e  procedure repeats u n t i l  success is reached or t h e  maximum number 

of increments (IXUM) i s  exceeded. 

elements and t h e i r  sum squared are pr in ted  f o r  v i s u a l  comparison. 

If the f r a c t i o n a l  change is not wi th in  to le rance  (TOL) 

After each increment, t h e  matrix 

The 
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t e s t i n g  i s  always made t o  t h e  previous s e t  of va lues ,  i . e .  t he  output  

va r i ab le s  a r e  cons tan t ly  updated. The comparison of results is  p r i n t e d  

af ter  each computation. The e n t i r e  output  i s  p r i n t e d  e i t h e r  a t  t h e  

successfu l  cut-off  radius  o r  a f t e r  INlTM i s  exceeded. 

0 

IREP was i n s e r t e d  t o  permit t h e  program t o  be run i n  i n s t a l l -  

ments, whether by design o r  necessi ty .  A t  t he  end of t h e  r a d i a l  i n t e g r a t i o n ,  

t h e  mat r ix  elements and quantum numbers i n  indexed form a r e  w r i t t e n  out  on 

t ape .  The IREP opt ion permits the program t o  read i n  t h e  information from 

t h i s  t ape  (saved from a previous run) ,  bypass t h e  r a d i a l  i n t e g r a t i o n  and 

proceed onward. This allows a run t o  be saved i f  it w a s  cu t  o f f  a f t e r  

completion of t he  r a d i a l  in tegra t ion  but  before  t h e  angular  momentum sums 

were done. It a l s o  allows the  t e s t  opt ions t o  be app l i ed  t o  a run previously 

done without them. 

Systems Information 

The program as run a t  the Marshall  Space F l i g h t  Center u t i l i z e s  

t h e  following tapes  : 

Logical tape  u n i t  5 Read 

Logical t ape  u n i t  5 Write 

Logical t ape  units 8, 9 Temporary s torage  

Logical t ape  u n i t  10 Screening da ta .  

The FORTM program, o f  course,  r e f e r s  only t o  symbolic input-  

output  u n i t  designat ions.  The ac tua l  phys ica l  u n i t  corresponding t o  the  

symbolic u n i t  reference has been es tab l i shed  a t  t h e  i n i t i a l i z a t i o n  of IOCS. 

Since symbolic u n i t  references may d i f f e r  from i n s t a l l a t i o n  t o  i n s t a l l a t i o n ,  

care  must be taken i n  a t tempting t o  execute the  program i n  making t h e  t ape  

u n i t  assignments compatible with the i n s t a l l a t i o n  i n  quest  ion. 



The input  t ape  u n i t  t o  be mounted on l o g i c a l  t ape  u n i t  10 is  a 

pre-created save tape  (screening f a c t o r s ) .  

the  program and da ta  cards i s  mounted on l o g i c a l  u n i t  5; t h e  BCD output 

f o r  l a t e r  o f f - l i n e  p r i n t i n g  i s  s tored on l o g i c a l  u n i t  6. 

8 is  used by t h e  program t o  s t o r e  intermediate  information for l a t e r  r e c a l l .  

I n  t he  ITEST opt ion ,  t h i s  information i s  subsequently read back i n  and t h e  

corresponding d a t a  for a l a r g e r  radius i s  w r i t t e n  ou t .  I n  the  r e s t a r t  

opt ion (IREP), t h e  tape  saved from u n i t  8 of a previous run i s  mounted on 

u n i t  9 and read i n ;  it is  not  wr i t ten  on. 

The system BCD input  conta in ing  0 
Logical t ape  u n i t  

output 

The output  s t a r t s  with a res ta tement  of the  input  data. I n t e r -  

mediate output  includes t h e  number of matrix elements, t h e  i n t e g r a t i o n  

s t e p  i n t e r v a l ,  t h e  normalization f ac to r s ,  t he  wavefunctions and mat r ix  

elements before  applying the  asymptotic cor rec t ion  for t h e  t a i l  of  t he  

mat r ix  elements,  t h e  matrix elements a f t e r  t h i s  co r rec t ion ,  and t h e  Legendre 

coe f f i c i en t s  of t h e  cross  sec t ion .  The cross  sec t ion  t abu la t ions  come l a s t .  

Cross sec t ion  output is f o r  t h e  photon energy/Z 

cross  sec t ion  (per  u n i t  i n t e r v a l  of photon energy per s t e r a d i a n )  i n  

mi l l i ba rns  s t e rad ian .  

a 
2 times t h e  d i f f e r e n t i a l  

For t h e  unpolarized photon, t h e  d i f f e r e n t i a l  c ros s  sec t ion  i s  

t abu la t ed  per u n i t  i n t e r v a l  of cos 0,  where 8 is  t h e  angle  between 

t h e  photon and t h e  inc ident  par t ic le ,  f o r  0 values  between 0 and 180 degrees 

i n  s t e p s  of 2 degrees. F i n a l l y  t h e  c ross  sec t ion  in t eg ra t ed  over a l l  

2 
angles  and va lues  of cos 8 and cos 0 averaged over t h e  d i f f e r e n t i a l  cross 

s e c t i o n  are listed. For t h e  l i n e a r l y  polar ized  photon t h e  d i f f e r e n t i a l  

c ros s  s e c t i o n  is  l i s t ed  f o r  six values of t h e  po la r i za t ion  angle (O,3O, 

60,90,120, and 1-50 degrees) .  

If t h e  r ad ius  increment opt ion (ITEST) i s  used, t h e  i n i t i a l  
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cut-off r ad ius  along with  t h e  computed values  of t h e  matrix elements 

and t h e i r  sum squared a r e  printed.  After each radius increment, t h e  

recomputed matr ix  elements are printed along wi th  t h e  new Legendre 

c o e f f i c i e n t s  of c ross  sec t ion ,  and a comparison of designated values 

of output t o  t h e i r  newly computed counterpar t s .  A t  t h e  te rmina t ion  of 

t h i s  process t h e  c ross  s e c t i o n  tabula t ions  f o r  t h e  most r ecen t  cu t -of f  

radii  a r e  l i s t e d .  

If t h e  matr ix  reduction opt ion ("TEST) is  u t i l i zed ,we f i rs t  

obta in  a pr in t -out  of t he  output computed as a r e s u l t  of t h e  i n i t i a l  

input da ta .  A s  each of t h e  angular momentum q u a n t i t i e s  JM, LM,and LM2 

are consecut ively decremented, t h e i r  new va lue  along wi th  a comparison 

of designated i n i t i a l  output t o  the newly computed counterpar t s  are l isted.  

The l i s t i n g  continues u n t i l  t h e  tes t  procedure i s  completed. 

S t ra tegy  of Choice of Input 

Invoking t h e  t e s t  options obviously c o s t s  i n  running t i m e .  

The i r  purpose i s  twofold: t o  a sce r t a in  t h a t  t h e  i n t e g r a t i o n  cut-off  

rad ius  i s  s u f f i c i e n t l y  l a rge  and t h a t  enough terms are kept i n  t h e  

partial wave expansions t o  achieve t h e  des i r ed  accuracy, and a l s o  as a 

guide t o  a more r e s t r i c t i v e  (hence more economical) set  of input data 

f o r  subsequent runs.  

The use of t h e  ITEST option i s  s t ra ight forward .  On t h e  f irst  

run, one would c a l l  t h i s  opt ion with a r b i t r a r y  va lues  of RCUC (say 100) 

and DRCUT (say  20); t he  outcome o f  t h e  opt ion i s  a value of RCUT 

s a t i s f y i n g  t h e  imposed to le rance  condi t ion.  This  new value of RCUT 

would then  be used f o r  t h e  next run ( i t  i s  assumed t h a t  input energy 

va lues  are va r i ed  slowly and sys temat ica l ly) .  After  a f e w  runs ( t h e  

energ ies  now being appreciably d i f f e r e n t ) ,  one would again invoke ITEST, 
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using an RCUT input va lue  somewhat below t h e  cur ren t  va lue .  The opt ion 

w i l l  then set t le  on a new acceptable RCW value,  which may l i e  above or  

below t h e  o ld  one. 

The number of terms required i n  a partial wave expansion 

increases  wi th  t h e  energy (more precisely,  with t h e  momentum). Hence, 

i f  a c e r t a i n  number of terms suf f ice  a t  one energy, fewer terms w i l l  be  

needed a t  a lower energy. I n  a se r i e s  of production runs ,  one would 

start  wi th  t h e  h ighes t  inc ident  energy of i n t e r e s t  and plan t o  run 

through t h e  spectrum of photon energies f o r  t h a t  p a r t i c u l a r  inc ident  

energy. The NTEST opt ion yields the minimum acceptable  LM and LM2 

f o r  a p a r t i c u l a r  run. The recommended procedure i s  t o  run  f irst  a case 

wi th  t h e  smallest des i r ed  f r ac t ion  of t h e  energy going t o  t h e  photon, 

using l a rge  input  values  of LM1 and LM2 with a reasonably low value of LM 

and invoking NTEST. For t h i s  case, t h e  inc ident  and s c a t t e r e d  e l e c t r o n  

have comparable energ ies ,  and t h e  output minimum t o l e r a b l e  LM2 i s  thus  

a l s o  a proper value f o r  LM1. 

energy, t h i s  same value is  t o  be used for LM1. 

a l a r g e r  LM w i l l  be required,  whereas a lower LN2 w i l l  do (lower energy 

I n  a l l  subsequent runs at t h e  same inc ident  

For l a r g e r  photon energy, 

for s c a t t e r e d  e l ec t ron ) .  

l a r g e r  f r a c t i o n  of t h e  energy going t o  the  photon, with LM1 and LM2 

The next run  then w i l l  be f o r  an appreciably 

obtained from the  previous run but LM set  l a r g e r ,  and again invoking 

NTEST. Upon i t e r a t i o n ,  se ts  of acceptable parameters are obtained a t  

i n t e r v a l s  across  the  photon spectrum. 

would then  be made without NTEST, using t h e  LM1 value previously determined 

A t  in termediate  values ,  t h e  runs 

and t h e  l a r g e r  of t h e  values  of LM and LM2 from t h e  bracket ing poin ts  

(one from each s i d e ) .  For a lower inc ident  energy, t h e  same procedure 

can be repeated,  with t h e  added knowledge t h a t  t he  minimum acceptable  

- 60 - 



LM, LM1, and LM2 w i l l  have t h e  corresponding values at the  higher incident  

energy as  upper bounds. The required value of JM is  a l s o  expected t o  

decreases as t h e  incident  energy decreases (angular d i s t r i b u t i o n  less 

peaked). 

t i m e )  is roughly proport ional  t o  the product of LM, LM1, and LM2, so 

t h a t  t he re  i s  considerable machine t i m e  a t  s take  i n  minimizing these  

values.  On the  other  hand, t h e  angular d i s t r i b u t i o n  ca l cu la t ion  i s  

f a s t ,  so  reducing J M  is not c ruc ia l .  

The number of matrix elements (hence t h e  numerical i n t eg ra t ion  
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XVI. BSULTS 

A p a r t i a l  wave expansion (such as i s  used he re )  converges most 

e f f e c t i v e l y  a t  lower energies ,  and t h e  angular  momentum sums can then be 

t runca ted  r e l a t i v e l y  e a r l y  with grea te r  confidence. 

of experimental  da t a  a t  50 kev(*’), it seemed reasonable t o  look a t  t h i s  energy 

f o r  an ind ica t ion  t h a t  t he  program w a s  behaving properly.  

I n  view of t h e  ex is tence  

Figure 3 presents  t h e  d i f f e r e n t i a l  c ross  s e c t i o n  f o r  a 50 kev 

e l ec t ron ,  i nc iden t  on an aluminum t a r g e t ,  r a d i a t i n g  a 25 kev photon (unpolar ized) .  

The s o l i d  curve i s  t h e  present  computation. The dashed curve is  t h e  Born 

approximation result ( t h e  Sauter  d i f f e r e n t i a l  c ross  section(21) corresponding 

t o  t h e  in t eg ra t ed  Bethe-Heitler r e su l t  (1 The experimental  po in t s  of 

Motz and Placious(20)  a r e  superimposed; t hey  have an  est imated accuracy of 

10%. 

but  a 40 kev photon. 

po in t s ,  though t h e  discrepancy could be compatible with t h e  experimental 

e r r o r .  The Born approximation falls below t h e  experimental  va lues ,  s i g n i f i -  

c a n t l y  s o  f o r  t h e  h igher  energy photon ( i n  f a c t ,  it goes t o  zero a t  t h e  

spectrum end-point while t h e  experimental cross  sec t ion  does n o t ) .  

Figure 4 presents  t he  corresponding r e s u l t s  with a 50 kev e l ec t ron  

The computer output  tends t o  f a l l  above t h e  experimental 

A t  t h e  t ime of  wr i t i ng  o f  t h i s  r epor t ,  no higher  energy r e s u l t s  

were ava i l ab le .  
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FIGURE 4 PHOTON ANGULAR DISTRIBUTION 

The solid curve is the calculation for a 50 keV electron, incident on 
aluminum, radiating a 40 keV photon. The  dashed curve is the 
corresponding Born approximation. 
points from Motz and Placious. 

The  circles are experimental 
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LISTING OF THE BREMSSTRALUNG PROGRAM 
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1 

S I B F T C  BREMS NOLISTPNODECK 
C******* MAIN PROGRAM BREMSSTRAHLUNG FORTRAI.1 I V  VERSIOr.: 

COMMON KEY, ZAP Q P  

COMMON / t3ESL / FL(13 ) t  P C ( 1 3 ) v  OF(13t13) 
COMMON /FAC/FACT(67) tHTFAC(95) vROOT(50) 
COMMON /FUNCT/S( l500)  ,DF( lSOO) ,F ( l500 ) ,NEQ,X ,H  
COMMON / I N D E X / L B E S ~ 1 5 0 0 ~ ~ K F ~ l 5 O O ~ ~ K G ~ l 5 O O ~ ~ N K ~ N F G ~ L V E C ~ l l ~ 2 2 ~  
COMMON / K A P / L M K ( 4 4 ) , L P K ( 4 4 ) r S I o , C R ( 4 4 ) * F K A P ( 4 4 )  
COMMON / K U T / R K ~ ( ~ ) P R K ~ ( ~ ) , R K ~ ( ~ ) ~ R K ~ ( ~ )  
COMMON / M A X L / J M ~ L M ~ L M l ~ L M 2 ~ I E t \ l D r J F L A G ~ I T E S T ~ I R E P  
COMMON /SCF/NTAPEPNTOTINSKIP,NCOU" 
DIMENSION ~ 1 ( 2 3 ) ~ B 2 ( 2 3 ) ~ S I G A ( 2 3 ) ~ S I G B ( 2 3 ~ ~ E ( 2 ) , 8 1 P ( 2 3 ~ 1 1 )  
UIMENSION TERM(22)*SIGBP(6)  vSIGAC(91)  
FL(1) = 1.0  
P C ( 1 )  = 1.0 
00 54 L = 2 ,  13 
FL(L )  = 2 * L - 1 
LjO 53 3 = 1, 13 
F L J  = J * ( 2 * ( L + J 1 - 1 )  

1 M l , M 2 , N E I , B ( 1 3 ) , G A M ( 4 4 ) , C F ( 4 4 ) , C G ( 4 4 ) , E F ( 4 4 ) , E G ( 4 4 ) ~ ~ F , V  

53 OF(L,J) = 1.0 / FLJ 
'54 P C ( L )  = PC(L-1)  / F L ( L 1  

ROOT(1) = 1.0 
DO S 5  1 = 2, SO 
F A T  = I 

55 ROOT(1) = SQRT ( F A T )  
F A C T ( 1 )  = 1 . 3  
F A C T ( 3 )  = 1.0 
kTFAC(1)  = 1.0 
HTFAC(31 = 1.0 
F A T  = 1.0 
GO 56 I = 2 ,  33 
F I  = I 
FAT = FAT * FI 
F A C T ( 2 * 1 + 1 )  = F A T  

56 HTFAC(2*1+1) = SQRT(FAT1 
FAT = 1.0 
GO 57 I = 34, 47 
F I  = I 
F A T  = FAT * F I  

5 7  kTFAC(2*1+1)  = SQIHT(FAT1 * RTFAC(67) 
SQ2 = 1.0 1 ROOT(Z1 
R K 1  ( 1 1 = 0.5 
HK1 ( 2 = 1.0 0 SQ2 
R K 1  ( 3 1 = 1.0 + SO2 
HK1 ( 4 1 = 1.C / 6.0 
i i K 2  ( 1 1 = 2.c 
H K 2  ( 2 = 1.C 
t (K2 ( 3 1 = 1.G 
WK2 ( 4 = 2.C 
kK3 1 = iJ.5 
P K 3  ( 2 = 1 . C  SC2 
R K 3  ( 3 = 1 . C  + S(r2 
HK3 ( 4 = 0.5 
H K 4  ( 1 1 = 0 . 5  
RK4 ( 2 1 = 0.0 
H K r )  ( 3 1 = O m 5  
R K 4  ( 4 = 0.0 
CCM = Om5110062 
P I  = 3.14159265 
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. 
OCTOPI = 8 0 0  * P I  
THOM = OCTOPI / 3.0 
HAD = PI/ lC)OoO 
ALFA = 1.0/137.0367 
HEL = 0.281777 

F I B  = 500.0 * P I  * ALFA * REL * REL 
C REL = CLASSICAL ELECTRON RADIUS I N  CM ** (-12) 
C UNITS ARE MILLIBARNS 

OSQ6 = 0.4/ROOT(6) 
1 0 0  REAO ( 5 ~ 1 )  K E Y ~ J M ~ L M ~ L M ~ ~ L M ~ ~ N T A P E I N T E S T , I ~ E S T , ~ N U M P I R E P  

1 FORMAT ( 1 0 1 5 )  
JFLAG = 0 
ITEST1 = 0 

C**** KEY = 0 FOR PURE COULOMB 
C**** KEY = 1 SCREENED CASE 
C**** KEY = -1 END OF RUN 
C******* 3 M  I S  THE HIGHEST LEGENDRE COEFFo (J) I N  ANG. DIST. 
C******* L M  I S  THE HIGHEST ORBITAL ANG. MOM. COEFF. ( L )  FOR PHOTON 
C******* L M 1  I S  THE HIGHEST ORBITAL ANG. MOM. COEFF. FOR INCIDENT ELEC. 
C******* L M 2  IS THE HIGHEST ORBITAL ANG. MOM. COEFFo FOR SCATTERED ELEC 
C******* NTEST = 1 FOR MATRIX REDUCTION PROCEDURE, = 0 OTHERWISE 
C******* ITEST = 1 FOR RADIUS INCREMENT PROCEDURE, = 0 OTHERWISE 
C******* INUM I S  THE MAXIMUM NUMBEk OF TIMES RADIUS WILL BE INCREMENTED 
C******* IREP = 1 TO FIESTART RUN INTERRUPTED DURING SUMMING 
C******* IREP = 2 RESTARTS RUN FROM INTEGRATION WITHOUT FIRST SUMMING 
C******* 1 R W  = 0 OTHERWISE 

I F  (KEY.LToO) C A L L  E X I T  
REAG ( 51 2 1 Z ,  EO, X O ,  RATIO, ZELt  RCUTt TOLt DRCUT 

2 FORMAT ( 9 F l O o O )  
c******* z - NUCLEAR CHARGE 

c******* xo - RATIO OF PHOTON ENERGY TO EO 
C******* RATIO - PARTICLE MASS TO ELECTRON MASS 

C******* HCUT - RADIUS TO ENG NUMERICAL INTEGRATION 
C******* TOL I S  ADMISSIBLE FRACTIOhAL CHANGE OF SPECIFIED OUTPUT QUANTI 
C******* DRCUT I S  RADIUS INCREMENT 

c******* E6 KIEI OF INCIDENT ELECTRON I N  MEV 0 
C******* ZEL RATIO OF PART. CHARGE TO ELECTRON CHARGE 

WRITE (6 ,4 )  
4 FORMAT ( lH1//2X41HINPUT DATA FOR BREMSSTRAHLUNG CALCULATION 1 

I F  (KEY.EQ.0) GO TO 102 
1 0 1  MRITE ( 6 ~ 5 )  

5 F O R M A T ( ~ H O P ~ X ~ ~ ~ H T H I S  PROBLEM INCLUDES SCREENING/) 
CO TO 1 0 3  

1 0 2  WRITE (616) 

1 0 3  Q = EO * XO 
6 fORMAT(lHOt2X,39HTHIS PROBLEM DOES NOT INCLUDE SCREENING/) 

k R I T E  ( 6 ,  7 1 Z , E O I X O ~ Q ~ R A T I O ~ Z E L ~ R C U T , J M , L M , L M ~ , L M ~ L M ~  
7 FORMAT(lHO,2X,F9r4,4X,17H= NUCLEAR CHARGE,//t 
1 3 X t F 9 0 4 ~ 4 X t 4 2 H =  INCIDENT PARTICLE KINETIC ENERGY I N  MEV,//, 
2 3 X t F 9 r 4 , 4 X ~ 4 2 H =  RATIO OF PHOTON ENERGY TO INCIDENT K.E.//, 
3 3 X  P F9 04 P 4X P 22H= PHOTOL LNERGY I N  MEV I / / /  t 

4 1 3 X t F 9 . 4 ~ 4 X ~ 3 0 H =  R A T I O  MASS TO ELECTRON MASS,//, 
5 13XtF9.4~4Xe36H= RATIO PARTICLE TO ELECTRON CHARGE,//, 

7 22Xp15tlOI-I = MAX J t / / , 2 2 X t I 5 , 2 1 H  = M A X  L FOR PHOTON,//, 
8 22X t I5~32 t - i  = M A X  L FOR INCIDENT PARTICLEV// ,  
9 2 2 X ~ I 5 t 3 1 H  = M A X  L FOR EXITING PARTICLE,//) 

6 13X,F9*4,4X,29H= INTEGRATION CUT-OFF RADIUS,/// /* 

C**** DATA CHECKING LOGIC 
I I F  ( J M o G T .  (2*LM+2) 1 GO TO 1104  \ M I L - M I F J O  ( J M ~ L M ~ L M ~ P L M ~ )  

0 
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1104 
19 

105 

C***+ 

107 
15 

110 
16 

108 
17 

1 0 9  
18 

1001 
1002 

1 9 6  
lo(, 

497 

352 

I F ~ M I L ~ L T o O )  GO TO 1104 
MAL=MAXO(LM~LMIPLME) 
I F  (MALoGTolO) GO TO 1104 
I F  ( ( LMl + LM2 o L T o  L M  1 GO TO 1104 
I F  ( IABS ( L M 1  LM2 1 o G T o  L M  1 GO TO 1104 
GO TO 105 
W R I T E ( 6 r l 9 )  
FORMAT(~HOP~ZHANGULAR MOMENTUM INPUT VIOLATES CONDITIONS) 
GO TO 100 
I F  ( E O o L E o O o )  GO TO 1 0 7  
IF ~ X O o L T ~ O ~ O o O R o X O ~ G T o l o O ~  GO TO 1 1 0  
IF (XOoEQoO.0) GO TO 109 

IF ( Z e E Q o O o O )  2=001E-08 
I F  (ZoLToOoO) GO TO 1 0 0 1  

AVERTS NUMERICAL DIFFICULTIES AT OR TOO NEAR TO Z = 0 
IF (ZEL.EQ.O.O) GO TO 108 
I F  (XOoLE*Oo99) GO TO 1 0 6  
I F  (ZELoLEoOoO) GO TO 108 
IEND = 1 
KEY = 0 
GO T O  104 
WRITE(6 t15 )  
FORMAT(lHOv2Xt25H INPUT ENERGY IS NEGATIVE) 
GO TO 100 
WRITE(6t16) 
FORMAT(lHO,2X,39HFRACTION OF ENERGY TO PHOTON IMPOSSIBLE 1 
GO TO 1 0 0  
WRITE (6,171 
FORMAT(lHOt2X~35HCROSS SECTION I S  ZERO FOR THIS  CASE) 
GO TO 1 0 0  
NRITE (6,181 
F O R M A T ( ~ H O , ~ X P ~ ~ H N O  SCATTERING FOR THIS CASE) 
GO TO 100 
WRITE (6,1002)  
FORMAT ( ~ H O P ~ X P ~ ~ H A T O M I C  NUMBtR CANNOT BE NEGATIVE 1 
GO TO 1 0 0  
IEND = 2 
C A L L  SELECT 
IF ( (NTEST+ITESTIoLTo l )  GO TO 349 
WRITE (6,497) 
FORMAT ( / / /50XSHOPTION(S)/ )  
REWIND 8 
I F  ( I T E S T o L T o l )  GO TO 351 
WRITE (6,352)  DRCUTt INUMITOL 
FORMAT ( 1  b2X26HHADIUS INCREMENT PROCEDURE/ 

135X36HCUToOFF RADIUS WILL BE INCREASED BY F4.1, IXSHUNITS / 

335X32HADMISSIBLE FRACTIONAL CHANGE I S  F503//) 
235X17HFOR A MAXIMUM OF 1 2 ~ 1 X  SHTIMEW 

351 I F  (NTESToEQoO) GO TO 349 

353 FORMAT ( 1  42X26HMATRIX REDUCTION PROCEDURE/ 

349 NF = 2*(LMl+LM2+2) 

WRITE (6,353) TOL 

135X32HADMISSfBLE FRACTIONAL CHANGE I S  F5.3//) 

NFG = 2*NF 
NEQ = NK+NFG 
WRITE ( 6  P 1 1 0 5 )  NY t NEQ 

1105 FORMAT ( lH1/ /55Xl lHOUTPUT DATA////5X25HNUMBER OF MATRIX ELEMENTS/ 
16X5HNK = I ~ P S X ~ H N E Q  = 14///) 

e 
I F  (NEQoLEoISOO) GO TO 1 1 0 7  
WRITE ( 6 ~ 1 1 0 6 )  
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1 1 0 6  FORMAT(lHOe2Xt34HMATRIX ELEMENT DIMENSIONS EXCEEDED) 

GO TO 1 0 0  

ZA = ALFA * ZEL * 2 
T = EO/(RATIO*CCV) 

1 1 0 7  IF(KEYmEQm1) C A L L  SETAPE(Z1 

E ( 1 )  = T + 1.0 
Q = T*XO 
E ( 2 )  = E ( 1 )  - Q 
I F  (IREPmGE.1) RCUT=DRCUT 

223 C A L L  FINTEG (EtRCUT) 
A32 C A L L  BSUY ( B 1 , 8 2 ~ 8 1 P )  

TEH = FI'3 * XO * Q 1 ( Z A  * ( E ( l ) + l m O  1 * Z A  1 
JivlX = J M  + 1 
DO 1 1 0 8  I = l v J M X  
S I G A ( 1 )  = B 1  ( I ) * T E R  
S I G B ( 1 )  = 82 ( I ) * T E R  

I F  ( ITEST*GEml)  GO TO 111 
I F  (NTEST.kQ.7777) GO TO 6 0 2  

1108 TEH=-TER 

111 H'RITE(6,a) 
6 FORMAT (///6X38HLEGEhDRE COEFFICIENTS OF CROSS SECTION/ 
1 / ~ X , ~ H J P ~ X P ~ H S I G A P ~ ~ X , ~ H S I G B / / )  

WRITE(Gt9)  S I G A ( 1 )  

I F  (JKmEQmOI GO TO 354 
WRITE(Gt10) SIGA ( i  1 

I F  (JM.EQ.1) GO TO 354 
GO 11 J = 2 t J M  
JP=J+A 
N H I T E ( b t 1 2 )  J v S I G A ( J P ) t S I G B ( J P )  

'3 FORMAT(5Xt2H 0 ~ 5 X ~ E 1 2 r 5  / I  

1 0  FORMAT ( 5 X v 2 H  1 , 5 X ~ E l i m 5 / )  

12 F O R M A T ( ~ X * I ~ P S X I E ~ ~ ~ ~ , ~ X I E ~ ~ . ~  / I  
11 C O F J T I W E  

354 I F  ( ITEST*GEml)  GO TO BO2 
f i H I T E ( 6 ~ 1 3 )  

13 FORMAT(1H1~3OX~11HUNPOLARIZED,SX,75YfHIS IS (Q/Z**2) * D(S1GMA) / 
1( D ( Q )  * O(OMEGA1 1 I N  MILLIBARNS STERADIAN / ~ X , S H T H E T A ~ ~ X P ~ H C O  
25 THETA / 30Xp13HCROSS SECTIOhtYXt78HWHERE QZPHOTON ENERGY, ZZATOM 
3 I C  NUMBER, SIGMA=CROSS SECTION, OMEGASOLID ANGLE // 1 

892 ITr tETk = 0 

KMUQ=l  

S I G A C ( K M U Q ) = S I G A ( l ) + F M U Q * S I G A ( 2 )  
PN=FMUQ 
J=% 

2 1  FIJ=J-1 

PM I =PN 

SIGAC(KMUQ)=SIGAC(KMUQ)i- (PPL* S I G A ( J + l ) )  

FMUQ=lmO 

200 PivlI=l e 0  

210 IF(J -JM)21,21 ,220 

PPL=(PN*c~UO*(2*0*FN+lmO) / (FN + l .O))-(PMI*FN)/(FN+lmO) 

m = P P L  

TM=FN* (Fr\J+l 0 1 * (FN+2 0 1 * (F1\1+3. 0 1 
TERM(J)=  1mO/SQRT ( T h )  
J=J+1 
GO T O  213  

I F  (NTLSTmLQm99991 GU TO 6 0 4  
I F  ( (NTEST*EQmR888) .CHm (NTESTmEQ.7777) 1 GO TO 814 

22cI I F  ( I T t S T * N E * O )  GO TC 221 

221 S I P  = 2~0*5 IGkC(KMUQ)  
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GO TO 830  

GO TO 816 
8 0 4  SA = 000 

8 1 4  SA = A B S ( S I G A ( l ) = S I G ) / S I G  
816 S l  = A B S ( S I G A C ( l ) - S I l ) / S I l  

546 = ABS(SIGAC(46)-S1~6)/SI46 
S 9 1  = ABS(SIGAC(91)-SI9l)/SI91 
IF (ITkST.GT.1) GO TO 751 

TEST = A Y A X l  (SA,Sl,S46,PS91) 
I F  (NTLSToEQo9999) GO TO 880 
GO TO 834 

WRITE (6,608)  J M ~ L M ~ L M ~ ~ S I G ~ S I G A ( ~ ) , S A , S I ~ P S I G A C ( ~ ~ P S ~ ~ S I ~ ~ ~  

PS91 = Oo5*S91 

751 TEST = A M A X 1  ( S A ~ S l v S 4 6 t S 9 1 )  

1SIGAC(461~S46~SI91~SIGAC(91) ,S91tUO,U,SA 

122X14HPREVIOUS VALUEt21X9HNEh’ VALUEv20XlOHFRACT OIFF // 
6 0 8  FORMAT (// /35X5HJM = 1 2 ~ 1 0 X 5 H L M  = 1 2 ~ 1 0 X 6 H L M 2  = 1211 

2 S X 7 H S I G A ( ~ ) ~ 1 2 X E 1 2 o 5 , 1 B X E 1 2 o 5 ~ 1 8 X E 1 2 . 5 /  
35X8HSIGAC~1~~1lXE1~05~18XEl2oS~18XEl205/ 

55X9HSIGAC~~I~~1OXE1205~l~XE12o5~18XEl205/ 
65XlSHUNPOLARIZED SIG,4XEl2o5,18XE12.5 ,1BXE12.5 / / )  

I F  (TESToGToTOL) GO TO 548 
WHITE (6,952) 

952 FORMAT ( / I /  35X54HFRACTIONAL CHANGE O F  MATRIX ELEMENTS WITHIN TOLE 
lRANCEo///) 

I T E S T l  = I T E S T l + l  
I F  ( ITESTloLE.1)  GO TO 548 
ITEST = 0 
GO TO 354 

880 WHITE (6,806)  J M I L M ~ L M ~ ~ S I ~ ~ S I G A C ( ~ ) ~ S ~ ~ S I ~ ~ P S I G A C ( ~ ~ ) P § ~ ~ P  

856 FORMAT (// /35*5HJM = 1 2 ~ 1 0 X 5 H L M  = 1 2 ~ 1 0 X 6 H L M 2  = I 2 / /  
1 S I G A C ( 4 6 ) ~ S 4 6 ~ S I 9 1 ~ S I C A C ( 9 1 ~ ~ ~ 9 l r U O , U , S A  

1 2 3 X l 3 H I N I T I A L  VALUE, 22X9HNEN VALUEv20XlOHFRACT OIFF // 
2SXBHSIGAC(l)  tllXE1205~18XE1205~18XE1205/ 
3 5 X 9 H S 1 G A C ( 4 6 ) ~ 1 0 X E 1 2 o 5 ~ 1 8 X E 1 2 o 5 ~ 1 8 X E 1 2 . 5 /  
45X9HS1GAC(91)~10XE12o5~18XE12 .5 ,1SXE12 .5 /  
55X15HUNPOLARIZED SfG~4XE12o5t18XE1205 ,1BXE12 .5 / / )  

I F  (TESToGToTOL) GO TO 808 
I F  (JMoLE.0) GO TO 850 
J M  = J M - 1  
GO TO 802 

808 J M  = J M + 1  
8 5 0  WRITE (6,8101 J M  
810 FORMAT (25X34HMINIMUM J M  SATISFYING TOLERANCE = I 2 / / / /  

818 I F  ( L M  o E Q o  0 1 GO TO 819 
125X37HPROCEDURE CONTINUING, DECREMENTING LM / / / I  

L M  = L M - 1  
J M X  = J M + 1  
I F  (TERoLT.0.) TER=-TER 
DO 812 I = l , J M X  
B l ( 1 1  = 9 1 ( 1 ) - B l P ( I t L M )  
S I G A ( 1 )  = B l ( 1 ) t T E H  

NTEST = 0888 
GO TO 802 

834 L O X  = LM2-JFLAG 
U = OCTOPI * SIGA(1) 

824 WRITE (6,8261 J M ~ L M ~ L O X t S I G ~ ~ X G A ~ 1 ~ ~ S A ~ S X l ~ S I G A C ~ l ~ ~ S l ~ S I 4 6 ~  

812 TER = -TER 

0 

lSIGAC(46)~S46,SI91~SIGAC(91) tS91,UO,UtSA 
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826 FORMAT ( / / /35X5HJM = 1 2 ~ 1 0 X 5 H L M  = 1 2 ~ 1 0 X 6 H L M 2  = I 2 / /  
1 2 3 X 1 3 H I N I T I A L  VALUE, 22X9HNEk VALUEv20XlOHFRACT D I F F  / / 
2 5 X 7 H S I G A ( 1 ) ~ 1 2 X E 1 2 o 5 , 1 S X E 1 2 ~ 5 ~ 1 8 X E 1 2 . 5 /  
3 5 X 8 H S I G A C ~ l ~ ~ l l X E 1 ~ ~ 5 ~ 1 8 X E 1 2 . ~ /  
45X9HSIGAC(46)~1OXE12~5~18XE12o5~18XEl2~5/ 
55X9HSIGAC(91)t1OXE12~5~18XE12o5~18XEl205/ 
6SX15HUNPOLARIZED SIGt4XE12o5t l8XE12o5 , leXE12 .5 / / )  

819 
820 

844 

8446 

838 

848 

I F  (NTESToLQo7777) GO TO 846 
I F  (TESToLEoTOL) GO TO 818 
L M  = L M + 1  
WRITE (6,820) L M  
FORMAT (25X34HMINIMUM LM SATISFYING TOLERANCE = 12//)  
NTEST = 7777 
JFLAG = 1 
W R I T L  (6,8441 
FORMAT (//20X48HCONTINUING REOUCTION PROCEDURE, DECREMENTING LM2/) 
GO TO 832 
I F  (TESToGToTOL) GO TO 836 
JFLAG = J F L A G + l  
I F  ( J F L A C - L M 2 ) 8 3 2 t 1 0 0 ~ 1 0 0  
LM2 = LM2-JFLAG+l 
WRITE (6,848) LM2 
FORMAT (//20X35HMINIMUM LM2 SATISFYING TOLERANCE = Ill///// 
50 TO 1 0 9  

WRITE (6 ,221 ITHETAtFMUQtSIP 

145X29HREDUCTION PROCEDURE COMPLETED 1 

Y J G  I F  ( ITESToGEo l )  GO TO 790 

25 FORMAT ( 110, 5 X t  F9.5, 7 X t  E 1 2 0 5  1 
738 ITHETA = ITHETA+2 

THE = RA3*FLOAT( ITHETA) 
FMUQ=COS (THE 1 
KMUQZKMUQ + 1 
I F  (ITHETA 0 1 8 0  )200,200~300 

306 I F  ( ITESToGEo l )  GC TO 797 
WHITE ( 6 ~ 3 0 )  

30 FORMAT ( /  ~ ~ X P ~ ~ H P O L A R I Z E C  CROSS SECTION // 
163Xt7HPHI  CIEG// 
L ~ X P ~ H T H E T A P ~ X ~ ~ H C Q S  THETAt12Xt2H 0 ~ 1 3 X t 2 H 3 0 ~ 1 3 X t 2 H 6 0 ~ 1 3 X ~ 2 H 9 0 ~  
3 1 1 X t 4 H  1 2 0 t 1 1 X i 4 Y  150//) 

797 

3 1 0  

311 
326 

331 



b . 
330 

31 
796 

400 

700  

71 

I F  (ITEST.GE.1) GO TO 796 
WRITE (6,311 ITHETAvFMUQt ( S I G B P ( I ) t I = l t 6 )  

ITHETA = ITHETA+2 
THE=RAD*FLOAT(ITYETA) 
FMUQ=COS (THE 1 
KMUQ=KMUQ+l 
I F (  ITHETA - 180  1 3 1 0 t 3 1 0 t 4 0 0  
U = OCTOPI * S I G A ( 1 )  
AVMU = THOM * S I G A ( 2 )  / U 

I F  (ITiiST.GE.1) GO TO 5 5 2  
WRITE (6,711 UtAVMUtAVMS 
FORMAT (///////7X60HUNPOLARIZkD CROSS SECTION INTEGRATED OVER THE 

FORMAT ( 110, 5 X p  F 9 r 5 t  7 X t  6 ( €12.5, 3X 1 1 

AVMS = THOM * ( S I G A ( 1 )  + 1.2 * S I G A ( 3 )  1 / U 

l S O L I D  ANGLE = E 1 2 * 5 t 1 1 H  MILLIbARNS//SOX17HAVERAGE COSINE = E12.5// 
242X25HAVERAGE COSINE SQUARED = E12.5/ / / / / /1  

551 I F  (NTEST.EQ.0) GO TO 1 0 0  
S I G  = S I G A ( 1 )  
S I 1  = S I G A C ( l 1  
S I 4 6  = SIGAC(46)  
S I 9 1  = SIGAC(911 
uo = u 
NTEST = 9999 
I F  (JM.EQ.0) GO TO 861 
J M  = JM-1 
WRITE ( 6 t 8 0 0 )  

8 0 0  FORMAT (//50X35HSTARTING M A T R I X  REDUCTION PROCEDURE / 
lSOX15HDECREMENfING J / / I  

552 
5 4 0  

951 

228 
953 

GO TO 802 
I F  (ITEST.GTe1) GO T O  8 1 4  
S I G  = S I G A ( 1 )  
S I 1  = SIGAC(1)  
S I 4 6  = SIGAC(461 
S I 9 1  = SIGAC(91)  
uo = u 
IF (1TEST.GT.INUY) GO TO 228 
RCUT = DRCUT 
XR = FLOAT(ITEST)*HCUT 
NHITE (6,951) XR 
FORMAT (/////35X31HINCREMENTING I N I T I A L  RADIUS BY F5.1 / / / / / I  

GO TO 223 
WRITE (6,9531 

ITEST = I T E S T t l  

FORMAT (///30X45HRADIUS INCREivlENT PROCEDURE TERMINATED WITHOUT / 

ITEST = 0 
GO TO 354 

861 WRITE (6,799) 
799 FORMAT (///50X35HSTkRTING MATRIX REDUCTION PROCEDURE / / / I  

GO TO 850 
END 

130X44H OBTAINING DESIRED M A T R I X  ELEMENT STABILITY.  I / / )  
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51BrTC ASUMP NOLISTtNODECK 
C SUM OVER EPSILON AND LAMBDAS 

SUBROUTINE A S U M ( L t L l t A l t A 2 )  
COMMON / M A X L / J M P L M ~ L M ~ ~ L M ~ ~ I E N D , J F L A G ~ I T E S T ~ I R E P  
GIMENSION A l ( 2 3 ) v  A 2 ( 2 3 ) t  P H ( 3 t  3 ,  12) 
J M X = J M + l  
L O  1 J = l t J M X  
A I  ( J 1 =O 

1 A 2 ( J ) = 0 *  
LMOO = M O D ( L + L l t 2 )  

t\A = 1 
I F ( L e L T . 2 )  NA = 3-1 
lhLB = 1 
I F ( L l . L T . 2 )  NB=3-L1 
C A L L  PHISUM(L tL1 tPH)  
L L = 2 * L  
LL1 = 2 * il 
I F  (LMOD) 5 t 2 t 5  

IF (MOD(JMv2)  1 4 ~ 3 ~ 4  

I F  ( ( J M . E Q a @ ) . A N D * ( L M O D . N E . O ) )  GO TO 9 

2 JA=1 

3 JBZJMX 
GO TO t, 

SO T O  o 
5 JA=2 

IF(M03(JMt2)) 3 t 4 t 3  
6 DO 8 NLAZNAt3 

LO 8 NLE3ZNdv3 
L A  = L - 2 + NLA 
L A 1  = L1  - 2 + NLb 
NEM = MINO ( L A P  LA1 1 + 1 
L A  = 2 * L A  
LA1 = 2 * L A 1  

JJ=2*(J-1) 
I F (  (LA+LAl) *LT.JJ)  GO TO 8 
I F ( I A B S ( L A - L A 1 ) a G T a J J l  GO TO 8 

4 J f j = J M  

DO 8 J = J A t J B t 2  

I F  ( MOD ( LA + L A 1  + JJP 4 1 a E Q a  0 1 
V I J  = 0.0 
GO T O  16 

VIJ=-Pi - t (NLAvNLBt l ) *C 

00 7 NE=2tNEFi 
LE=2* (NE-1 1 
C A L L  CCOEFS(LAtLAltJJtLEt-LEtC1 
VIJ=VIJ+F*C*PH(NLAvNLB,NE) 

C A L L  CCOEFS(LAl tLAtJJt -2 t2 tCJ)  
C A L L  CCOEFS ( LLv 2 ,  LA, O t  2 t  C2 1 
CALL CCOEFS ( L L l t  2, LA1t  O t  2t  C2P 1 
Al(JI=Al(J)+VIJ*CJ*C2*C2P 
LF(JeLT.3)  GO TO 8 
C A L L  C C O E F S ( L A l t L A t J J t - 2 t - 2 t C ~ )  

A 2 ( J ) = A 2 ( J l + V I J * C J * C 2 * C 2 P  

15 C A L L  C C O E F S ( L A t L A l t J J t O t O t C 1  

16 Fz2.0 

7 F=-F 

I F  (NLA.NE.2) C 2 = - C 2  

t) COi'JT I NU€ 
9 RETURfi 

END 
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TIBFTC ASYMPP NOLIST,NO~ECK 

C ASYMPTOTIC EVALUATION OF T A I L  OF MATRIX ELEMENTS 
SUBROUTINE A S Y M P  ( E )  

COMMON KEYt Z A t  Q t  

COMMON /FUNCT/S(l500)tGF(15OO~tF(l5OO~tNEQ~XtH 
COMMON / I N D E X / L B E S ~ 1 5 0 0 ~ t K F ~ l ~ O O ~ t K G ~ l 5 O O ~ t N K t N F G t L V E C ~ l l ~ 2 2 ~  
COMMON /MAXL/JMtLMtLMltLM2rIENDtJFLAGtITESTtSREP 
DIMENSION E(S)tENP(2)tE~P(2)tCOF(5)tCOG(9,2) 
M l = L M + 1  
1'42 = M 1  + 1 
QR=Q*X 
C A L L  BESSEL(QR1 

OQR=OTQ/QR 
E P = E ( l ) * E ( 2 )  

1 M l t M 2 t N E W t b ( 1 3 ) t G A M ( 4 4 ) t C F ( 4 4 ) , E F ( 4 4 ) t E G ( 4 4 ) ~ ~ F t V  

OTQ=O 5 / Q  

EPY=EP-1.0 
TEP=2*0*EP 
E N P ( l ) = E ( l ) - l o O  
ENP(2)=-5(1) -1 .0  
€ U P ( l ) = E ( 2 ) + 1 . 0  
Ef iP(2)=-E(2)+1.0  
IJO 1 i P = 1 t 2  
COG(St IP)=OTQ*EWP(IP)  
COG(6t IP)=-OTQ*ENP(IP)  
C O G ( l t I P ) = V * C O G ( S t I P )  
C O G ( ~ P I P ) = - V * C O G ( ~ P I P )  
COG(3tIP)=OQR*ENP(IP)*EWP(IPl 
COG(4tIP)=-TEP*COG(3tIP) 
COG ( 7  t I P )  =ENP ( I P )  *COG (5, I P  1 
C O G ~ 8 ~ I P ~ ~ O Q R * € W P ~ I P ~ * ~ E ~ l ~ * ~ T ~ P ~ l ~ O ~ ~ E ~ 2 ~ ~  
C O G ( ~ ~ I P ~ = O Q R * E N P ( I P ) * ( E ( 2 ~ * ~ l E P - 1 . 0 ) - E ( l ~ ~  

1 CONTINUE 
COF( l )=OTQ*E(2)  
COF(2)=-OTQ*E( l )  
COF(3)=OQR+(TEP*EPM-Q*O) 
COF(4)=-OQR*EPM 
COF(5)=OTQ*EPM-COG(1~l~~COG(2tl) 
LO 5 N= l tN t (  
M = N + N F (i 
LB=LBES ( N  1 
LBP=LE3+1 
FLP = LRP 
JF=KF ( N  1 
JG=KG(N) 
MF = JF  + NF 
MG = J G  + NF 
I F ( J F  JG12t2 t3  

FA = F ( J F )  
Fi3 = F(MF) 
FAP = F(JG) 
FBP = F (AG)  
DFA = D F ( J F )  
DFSP = D F ( M G 1  
GO TO 4 

FA = F(MG) 
F a  = F ( J G )  
FAP = F('UIF) 

2 I P = 1  

3 I P  =2 
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FBP = F ( J F )  
DFA = DF(MG) 
DFBP = DF(JF1 

TC=(COF(~)+COF(~)*FLP)*FA*FBP+(COG(~PIP)*FLP+COG(~PIP))*F~*FAP 
TD = C O G ~ S P I P ~ * F A P * D F A + C O G ~ ~ P I P ~ * F B * D F B P + C O G ~ ~ P I P ~ * F A P * F B  
TE= COF(~)*FA*FBP+COG(~~IP)*FA*FAP+COG(~PIP)*FB*FBP 

4 TB=COF(~)*FBP*DFA+COF~~~*FA*DFBP+COG(~PIP~*FA*FAP+COG~~PIP~*FB*FBP 

F ( M )  = F(M) + (TB+TC) * B(LB) + (TD+TE) * B(LBP) 
5 CONTINUE 

RETURN 
END 
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BIBFTC BESSE NOLISTtNODECKtM94 
SUBROUTINE BESSEL ( R 1 

C 

11 

12 
13 

14 

15 
16 

SPHERICAL BESSEL FUNCTION 
COMMON KEY, Z A t  Q P  M l t  M 2 ,  NEkt !3(131 
COMMON / BESL / FL(13) t  P C ( 1 3 ) t  OF(13t13) 

B ( 1 )  = SIN(R1 * OR 
OR = 100 / R 

IF ( M 1  . E Q o  1 1 
FuR = R + 200 
IF ( NR oLTo 2 1 

IF ( M 1  o E Q o  2 
IF ( NR oGT. M 1  1 

8(2) = ( B ( 1 )  - C O S ( R )  1 * OH 

eo 11 L = 2 t  NR 
E ( L + l )  = FL(L1 * a(L) * OR - b(L-1) 
IF ( NH - M I  1 
NR = 2 
HAS = 0.5  4 R * R 
GO 15 L = NRt M2 
J = o  
SER = 1 0 0  
TEH = l o 3  
J = J + 1  
TEi? = - TER * HAS * OF(LtJ1 
SEA = SER + TER 
IF ( ABS(TER1 o G 1 0  ( 0.0001 * ABS(SER1 1 1 GO TO 14 
B ( L )  = SER * PC(L) 4 ( R**(L-11 1 
RETUR?J 
END 

GO TO 16 

GO TO 12 

GO TO 16 
NR = M 1  

13, 16, 16 
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BISFTC BSUMP NOLISTvNODECK 

C SUM OVER L VALUES 
SUBROUTINE BSUM ( B l v B 2 r B l P )  

COMMON /MAXL/JMtLMvLMlvLM2tIENDvJFLAGvITESTvIREP 
DIMENSION A1(23)vA2(23)tE31(23)vB2(23),81P(23vll)  
J M X = J M + l  
C A L L  ASUY ( O t O v A l v A 2 )  
DO 1 J = l v J M X  
B l ( J 1  = A l ( J )  
B 2 ( J )  = A2(J)  
LO 1 L = l r L M  

1 C l P ( J v L 1  = 0.0 
I F  (LMeE3.U) GO TO 5 
00 4 L=ltLM 
C A L L  ASUM ( L t L v A l v A 2 )  
LL = 2*L+l  
FP = LL*LL 
I20 2 J = l t J M X  
I J l P ( J t L 1  = d l P ( J t L )  + FP*Al (J)  
01(J)  = 31 (J )  + ;31P(J tL )  

EO 4 L P l = l t L  
L l = L P l - l  
C A L L  A S U M ( L v L l v A l t A 2 )  
F'P = 2 * L L * ( L l + L P l )  
00 3 J Z l t J M X  
b l P ( J v L )  = B 1 P ( J v L )  + F P * A L ( J )  
B l ( J )  = R l ( J )  + r j l P ( J t L )  

2 B 2 ( J ) = G 2 ( J ) + F P * A 2 ( J l  

3 W ( J ) = B 2 ( J ) + F P * A ? ( J )  
4 CONTINUE 
5 RtTUHid 

EiJD 
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e,I3FTC CCOEF NOLISTeNODECK 
SUt3HOUTIfE CCOEFS ( J l r  J 2 t  J3t M l t  M 2 t  C 1 
COMMON /FAC/F(67),RT(95)tR(50) 
rJ3 = M I  + M2 
c = 0.0 
S I G M  = 1.0 
JMSN = MINO ( J l t J 2 ~ J 3 )  
I F  ( J M I N  *GT. 4 1 
I F  ( JMIN  * E Q *  J2 
I F  ( J M I N  *EQ. J3 

L2 = J1 
L3  = J3  
L M 1  = -M2 
iM2 = - M 1  
LM3 = -M3 
GO T O  

L2 = 42 
L3 = d3  
L M 1  = K l  
LM2 = M2 
L M ~  = K3 
GO TO 

230 L1 = J1 
L2 = J3 
L3 = d 2  
LM1 = K 1  
LMP = -I43 
LM3 = -M2 
S I G M  = R(L2+1)/R(L3+1) 

210 L1 = J2 

220 L1  = J1 

I F  ( MOD ( J1 M 1  t 4 1 .NE. 0 I 
240 I F  ( LM2 1 245, 250, 250 
245 LM1 = - L M 1  

LM2 =: - LMZ 
LM3 = - LM3 
IF ( MOD ( L1  + L2 L3 t 4 1 *NE* 0 1 

25L~ JMIN = J b I I N + l  
K = L1+LM3 
L = Ll-LM3 
GO T O  ( 2 5 5 ~ 2 6 0 t 3 0 0 ~ 7 0 0 t 4 0 0 ) r  J M I N  

255 I F  ( L l - L 3 )  8UOt256~800 
256 I F  (LMl-LM3) 8 0 0 ~ 2 5 7 t 8 0 0  
237 I: = S I G V  

GO TO 800 
260 I F  (L3-Ll-LM2) 265,280~270 
255 S I G M  = -SIGN 
27G K = L 
2dG K P l  = K + 1 

23C L = SIGFn*C 

300 I F  ( L 3 - L l )  305~310,315 
305 IF (LM2) 800t325t330 
310 I F  (LM2I 800t340t345 
315 I F  (LM2) 800,355,360 
325 C = =R(L)*R(K)/(S(2*Ll)*R(Ll+l)) 

GO TO 380 

GO TO 380 

C= R(KPl) /H(2*L1+2)  

GO TO B O G  

a 
330 C = R ( L ) * R ( L + 2 ) / ( 2 * 0 * R ( L l ) * R ( ~ l + l ) )  
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240 

GO TO 600 
GO TO 220 
GO TO 230 

S I G M  = - S I G M  

S I G M  = - S I G M  



. 
340 C = FLOAT(LM3)/ (R(Ll)*R(L1+2))  

GO TO 38 0 
345 L O X  = L+2 

C = - R ( K ) * R ( L O X ) / ( R ( 2 * L l ) * R ( L 1 + 2 ) )  
GO TO 38 0 

355 L O X  = L+2 
L A X  = K + 2  
C = R ( L O X ) * R ( L A X ) / ( R ( 2 * L l + 2 ) * R ( L 1 + 2 ) )  
60 TO 380 

360 C = R(K)*R(K+2)/(200*R(Ll+l)*h(L1+2)) 
330 C = SIGM*C 

GO TO 80 0 

J = (L3-L1) /2  +3 
GO TO ( 4 8 0 t 5 1 0 ~ 5 4 0 )  t M 

480 GO TO ( 4 8 5 ~ 4 9 O t 4 9 5 ~ 5 0 0 , 5 0 5 ) t  J 
485 C = R ( 3 ) * R ( L ) * R ( L - 2 ) * R ( K ) * R ( K - 2 ) / ( R ( 8 ~ * R ( L 1 - 2 ~ * R ~ L l ~ l ~ * R ~ L l ~  

400 M = LM2/2+1 

l * R ( L l + l ) )  
GO TO 575 

GO TO 575 

GO TO 57 5 

400 C = ~ 0 ~ 5 * F L O P T ~ L M 3 ~ * R ~ 6 ~ * R ~ L ~ * R ~ K ~ / ~ R ~ L L ) * R ~ L l ~ 2 ~ * R ~ L l + l ~ * R ~ L l + 2 ~ ~  

435 C = 0.5 *FLOAT(3*LM3*LM3-L1*(L1+2)) 
1 /(R(Ll)*R(Ll-l)*R(L1+2)*R(Ll+3)) 

5 U O  L O X  = i + 2  
LAX = K+3_ 
C = 0.5*FLOAT(LM3) 

1 
GO TO 



l *R(L1+3) )  
GO TO 575 

C = ~ R ~ K ~ 2 ~ * R ~ K ~ * R ~ K + 2 ~ * R ~ L O X ~ ~ ~ 2 . 0 * R ~ L l ~ * R ~ L l + Z ~ * R ~ L l + 4 ~ * R ~ L l + l ~ ~  
GO TO 575 

560 Lox = ~ + 4  

565 C=R(K-2)*R(K)*R(K+2)*R(Kt4)/(4.0rR(Ll+l)*R(Ll+2)*R(Ll+3)*R(Ll+4)) 
575 C = SIGM*C 

7 0 0  M = (LM2+1)/2 
GO TO 800 

J = (L3-L1+5)/2 
GO TO ( 710,  740 1 P M 

710  GO TO ( 720, 725, 730,  735 p J 
720  C = R ~ 3 ~ * R ~ K - 1 ~ * R ~ L - 1 ~ * R ~ L + l ~ / ~ R ~ 8 ~ * R ~ L l ~ * R ~ L l ~ l ~ * R ~ L i + l ~ ~  

725  C = - F L O A T ~ ~ L l + 3 * L M 3 - 1 ~ / 2 ~ * R ~ ~ + l ~ / ~ R ~ 2 ~ * R ~ L l - l ~ * R ~ L l + l ~ * R ~ L l + 2 ~ ~  
730 K P 1  = K + 1 

GO TO 780 

GO TO 780  

735 L O X  = L+3 
KP1 = K + 1 
I(P3 = K + 3 

GO T O  780 
C = R ( ~ ) * R ( K P ~ ) * R ( K P ~ ) * R ( L O X ) / ( R ( ~ ~ ~ R ( L ~ + ~ ~ * R ~ L ~ + ~ ~ * R ~ ~ ~ + ~ ~ ~  

7 4 0  GO TO ( 750,  755, 760, 765 1 i J 
750 C = - R ~ L - 1 ~ * R ~ L + l ~ * R ~ L + 3 ~ / ~ R ~ a ) * R o * R ~ L 1 - r ~ * R ~ L l + l ~ ~  

GO TO 780 
755 L O X  = L+3 

L A X  = L + l  
C = R ( 3 ) * R ( K - l ) * R ( L A X ) * R ( L O X ) / ( R ( 8 ) * R ( L l - l ) * R ( L ~ + l ) * R ( L l + 2 ) )  
GO TO 780 

7 6 0  L O X  = L + 3  
C = - R ( 3 ) * H ( K - 1 ) * R ( K + 1 ) * R ( L O X ) ~ ( R ( 8 ~ * R ~ L l ~ * R ~ L l + l ~ * R ~ ~ l + 3 ~ ~  
GO TO 7 8 0  

765 C = R(K-~.I*R(K+l)*R(K+3)/(R(8)*R(Ll+l)*R(L1+2)*R(Ll+3)) 
780  C = C*SIGM 

GO TO 800  
C THIS  I S  THE BEGINNING OF COMPUTATION OF C-COEFFICIENT 
C USING THE GENERAL EXPRESSION, 

6 0 0  L1 = Jl+J2-J3+1 
L2 = Jl-J2+J3+1 
L3 = -Jl+J2+J3+1 
L 1 0  = Jl+J2+J3+3 
I F  ( M3 .EU. 0 1 GO TO 615 

605 L4 = J l + M l + l  
L5 = J l - M l + l  
L6 = J2+M2+1 
L7 = J2-M2+1 
L8 = J3+M3+1 
L9 = J3-M3+1 
ST = R T ( ~ 1 0 1  / ( R T ( L l ) * R T ( L 4 ) * R T ( L S ) * ~ T ( L 7 )  1 
ST = ST / ( R(J3+1)*RT(L2)*RT(L3)*RT(L8)*RT(L9) 1 
N7 = L1-L7 
N4 = L1-L4 
MIN = MAX0 (O tN4rN7)  
M A X  = MINO (L l t L5 tL6 )  

FIIN = MIN+1 
N 1  = L1+1 
N5 = L5+1 

I F  (MOD(MIN,4) eNE.0) 
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. 
N6 = L6+1 

DO 610 LZ=MINtMAXv2 
N1L = Nl-LZ 
N5L = NS-LZ 
N6L = N6-LL 
N4L =-N4+LZ 
N7L =-N7+LZ 
TERM = ST * F(LZ)  * F(N1L) * F(N5L) * F(N6L) * F(N4L) * F(N7L) 
C = C + SIGM / TERM 

610 SIGM -SIGM 
GO TO 800 

615 I F  ( M2 o E Q ,  c) 1 GO TO 620 
IF ( IABS(M2) ONE. 2 1 GO TO 605 
JMOD = MOD ( (L10 + 1 I t  4 1 
I F  ( JMOD .NE. 0 1 GO TO 605 
ST = J3 * (J3 + 2) - J1 * (J1 + 2 )  - J2 * (J2 + 2) 

SUM = 0 0 0  

S I G M  = 0.5  * S I G M  * ST 1 ( R(Jl)*R(Jl + 2)*R(J2)*R(J2 + 2) 1 
620 JMOD = MOD ( ( L1 - 1 ) P  6 1 

I F  ( JM03 ONE. 0 1 SIGM = - S I G M  
L 4 = ( L 1  + 1 ) / 2  
L 5 = ( L 2  + 1 ) / 2  
L 6 = ( L 3  + 1 ) / 2  
L 7 = ( L 1 0 - 1 ) / 2  
C = SIGM * R(J3 + 1) * F(L7)  / ( F(L4)*F(LS)*F(L6)  1 
C = C * R T ( L 1 )  * R T ( L 2 )  * RT(L3) / RT(L10) 

800 RETURN 
END 
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. 
FIHFTC CNORMP NOLISTPNOOECK 

SUDHOUTINE CNORM ( RNORF: 1 
COMMON KEY, ZAP Q, 

COMMON / F U N C T / S ( ~ ~ ~ ~ ) ~ D F ( ~ ~ O O ~ P F ( ~ ~ O O ~ ~ N E Q , X , H  
OIMENSION RNORM(44) 

1 M ~ , M ~ , N E W P ~ ( ~ ~ ) , G A M ( ~ ~ ) P C F ( ~ ~ ) ~ C G ( ~ ~ ) , E F ( ~ ~ ) ~ E G ( ~ ~ )  P N F P V  

P I  = 3.14159265 
OVERR = l . O / X  
OVRRSQ = OVERR * OVERR 
DO 1 I=lvNF 
IG = I + N F  
EIMVP1 = EG(1)-V 
I i M V  = EMVP1-1.0 
Y = -V/EYVPl 
XS6 = Y * Y  
F K =  C F ( 1 )  
FKSQ = FK*(FK+1.0) 
FKH = FK * OVERR 
FOR = FKSQ * OVRRSGI 
I F  (KEY17v4~5 

4 EP = L'. 
GO TO 6 

5 HA RATERP(X1 
R 8  = RATERP(X+l.O) 
EP = A L O G ( R A / R 6 )  

V 2  = V 1  * V 1  + OVRRSO 
V 3  = V 1  * V 2  + 2.0 * OVRRSQ * ( V 1  + OVERR) 
V 1 X  = V l * Y  
vi lx  = V 2 * Y  
VXSQ = V 1 X  * V 1 X  
FKVR = V 1 X  * FKR 
PSQ = EMV * EMV 1.0 + FKVR 0 0 .75  * VXSQ + 0.5 * V 2 X  L FOR 
PSQP = 2.0 * EMV * V * V 1  + (FKR 1 . 5 * V l X )  * VXSQ + 2.0* V l X *  V 2 X  

TERM3 = F( IG)* (0 .5*VlX-FKR+0*25* (PSQP/PSQ))+F( I ) *EMVPl  

RNORM(1) = leO/SGRT ( A )  

6 V 1  = EP + OVERR 

1 0.5 * V 3  * Y 0 OVERR 1): (FKVR + FK*V2X - 2 e O * F O R )  

P = ( P I / ( S Q R T  (PSQ)*EMVPl))*(PSQ*F(IG)*F(IG)+TERM3*TERM3) 

1 COI\ITIFIUE 
7 RETURN 

END 
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BIBFTC DIRECT NOLISTPNODECK 
SUBROUTINE DIRAC 

C COMPUTE DERIVATIVES 
COMMON KEY, ZAP Q P  

COMMON /FUNCT/S(1500) P D F ( ~ ~ O O ) P F ( ~ ~ O O ) P ~ E Q P X P H  
COMMON / I N D E X / L B E S ~ ~ ~ ~ ~ ~ P K F ~ ~ ~ O O ~ P K G ~ ~ ~ O O ~ P N K P ~ F G P L V E C ~ ~ ~ P ~ ~ ~  
I F ( X )  5 0 ~ 5 ~ 1 0  

GO TO 50 

1 M ~ P ~ ~ P N E W P B ( ~ ~ ~ P G A M ( ~ ~ ) P C F ( ~ ~ ) P C G ( ~ ~ ) P E F ( ~ ~ ) P E G ( ~ ~ ) P N F P V  

5 FJEUJ = 1 
i o  IF ( w w i  30 ~ 3 0  P 11 
11 b!Eh = 0 

v = - Z k / X  
I F  (KEYoEQ.1) V=RATERP(X)*V 
2 = Q * X  
CALL BESSEL ( Z )  
GO TO 31 

3 0  KEW = 1 
31 DO 35 N=lPNF 

NG = NtNF 
DF(N) = CF(N) *F (N) /X  - (EF(N) -V ) *F (NG)  
DF(NG) = CG(N)*F(NG)/X + (EG(N) -V) *F (N)  

DO 40 N=lPNt, 
I = K F ( i 4 )  
M = KC(N) 
J = M + NF 
K = N + NFG 
L = Lt3LS(N) 
DF(K)  = S ( L )  * F ( 1 )  * F ( J )  
I f  ( X .GE. 1.0 1 GO TO 40 
A = G A M ( 1 )  t G A M ( M )  
L)F(K) = DF(K)  * ( X**k 1 

35 CONTINUE 

40 CONTINUE 
50 R€TURN 

€NU 
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31IBFTC F INTE NOL I S 1  t NODECK 

C NUMERICAL INTEGRATION OF OIRAC EQUATIONS 
SUBROUTINE FINTEG ( E t  HCUT 1 

COMMON KEY, ZAP Q t  

COMMON /FUNCT/S(1500)~DF(15OO~tF(l500~tNEQtXtH 
COMMON / I N O E X / L B E S ~ 1 5 0 0 ~ t K F ~ l 5 O O ~ t K G ~ l 5 O O ~ t N K t N F G t L V E C ~ l l t 2 2 ~  
COMMON / K A P / L M K ( ~ ~ ) ~ L P K ( ~ ~ ) ~ S I ( ~ ~ ) ~ C R ( ~ ~ I P F K A P ( ~ ~ )  
COMMON /MAXL/JMtLM,LMl,LM2tIEt~DtJFLAGtITEST~IREP 
DATA 800L/0777400000000/  
3IMENSION E ( 2 ) t R K ( 2 ) t G N U ( 2 ) t M I N ( 2 ) t M A X ( Z ) ~ L M L ( 2 l , A F T ( 2 ) t A G T ( Z ) ~  

1 PIK(2)tSQE(2),SQEG(2)tSN(44)tHP(44)tHM(44)tXIM(44)~RNORM(44) 

1 M l t M 2 t N E W t B ( 1 3 ) t G A M ( 4 4 ) , C F ( 4 4 ) t C G ( 4 4 ) t E ~ ( 4 4 ) t E G ( ~ 4 ) t ~ ~ F t V  a 

1 2 0  FORMAT (7F10.0)  
SO1 FORMAT ( 7 E 14.5 1 
502 FORMAT (25H1 NORMALIZATION FACTORS 1 

IF (ITEST.GE.2) GO TO 401 
P I  = 3.14159265 
TWOPI = 2 * O * P I  
HALFPI = 0.5 * P I  
SQ2 = SQRT (0.5) 
ZAZA=ZA*ZA 

141) U I I N ( 1 )  = 1 
M A X ( 1 )  = 2*LM1 + 2 
M I N ( 2 )  = M A X ( 1 )  t 1 
b ' A X ( 2 )  = P i A X ( 1 )  + 2*L??2 + 2 
M 1  = L M 1  + 1 
M2 = LY2 + 1 
I20 155 N = l  t M 1  
K = N - M 1  -1 
LMK(N) = -K 
LPK(N1 = -h -1 
FKAP(N1 = K 

155 SN(l\i) = -1.0 
:4 = M 1  
00 1 6 0  
M = M + l  
L M K ( M )  = N -1 
LPK(M) = N 
FKAP(M) = N 

00 165 
M = M + 1  
K = N -M2 -1 
L M K ( M )  = -K 
LPK(M) = -K -1 
FKAP(M1 = K 

c10 170 
hi = M + 1 

LPK(M) = N 
FKAP(M1 = N 

IbO SN(M) = 1.d 

165 SN(M) = -1.0 

LMK(M)  = rJ -1 

1 7 0  SN(M) = 1.0 
200 00 300 N Z l t I E N D  

N1 = MIN(N)  
N2 = MAX(N) 
EFN = E(N)-1.0 
EGfJ = E ( N ) + l o O  
R K ( N )  = SQRT (€FN*EGN) 
SQEG(N) = SQRT ( E G I 4 )  
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N = l  t M 2  

N=l tM2 



SQE (N) = RK(N)/SQEG(N) 
GNU(N) = ZA+E(N)/RK(N) 
AG = ABS (GNU(N1) 
G2=AG+AG 
HZ = G2/E(N) 
XNUPI2 = EXP (GNU(N)*HALFPI) 
PIK(N) = I*O/SQRT (TWOPI*RK(N)) 
AFT(N)=SQE(N)+PIK(N) 
AGT(N)=SQEG(N)*PIK(N) 
TWORK = XNUPI2*PfK(N) 
TRK = 2.0*RK(N) 
DO 300 I=Nl,NZ 
IG = I+NF 
GAM(1) = SQRT (FKAP(I)*FKAP(I)-ZAZA) 
EF(1) = EFN 
EG(1) = EGN 
CALL LOGGAM (GAM(I)tGNU(N)tXRLtXIM(I) 1 
ZK = TWORK*(TRK**GAM(I))*EXP (XRE) 
IF (FKAP(1)) 264,264,268 

264 CF(1) = FKAP(I)-GAM(I) 
CG(1) = - ZAZA / CF(1) 
HM(I) = ZAZA * EFN / ( CF(1) * ( E(N) * FKAP(1) - GAM(1) 1 1 
HP(1) = 2.0 0 HM(1) 
HM(1) = SQRT ( HM(1) 1 
HP(I) = SQRT ( tIP(1) 1 
F(IG) = ZK*SQEG(N)*(GAM(I)*HP(I)+AG*HM(I)) 
F(1) = ZA*F(IG)/CF(I) 
GO TO 273 

CF(1) = - ZAZA CG(1) 
HP(1) = -ZAZA*EGN*( E(N)*FKAP(I)+GAM(I) 1 / ( CG(I)*(EFN*EGN 

HM(1) = 2.0 0 HP(1) 
HM(1) = SQHT ( HM(1) 1 
HP(1) = SQRT ( HP(1) 1 
F ( 1 )  = ZK*SQE (N)*(GAM(I)*HM(I)+AG*HP(I)) 
F(IG1 = -ZA*F(I)/CG(I) 
CF(1G) = F(I)*((1.0-CF(I))*EG(f)-CF(I)*EF(I))*DEN 
DF(I) = -F(IG)*((leO-CG(I))*EF(I)~CG(I)*EG(I))*DEN 

TUGAM = 2*0*GAM(I)+1.0 

268 CG(1) = -FKAP(I)-GAM(I) 

1 *FKAP(I)*FKAP(I)+ZAZA) 1 

270 DEN = l.O/TUGAM 

300 CONTINUE 
301 IF(1END-1) 302e302~309 
401 NDON = RCUT/H + 0.1 

K = 8  
IF ( IREP aGTe 0 1 K = 9  
RE’JJIND K 
READ(K) X ~ ~ S ~ I ~ ~ D F ~ I ~ ~ F ~ I ~ ~ I ~ L , N E Q ~ ~ ~ L B E S ~ I ~ r K F ~ I ~ ~ K G ~ I ~ ~ I ~ l ~ ~ K ~  
REWIND K 
IF (IREPoGEel) GO TO 362 
GO TO 402 

302 N1 = FnIN(2) 
N2 MAX(2) 
HA2 = SQRT (LA) 

b0 306 J=NltN2 
rJAM(1) = SQRT (FKAP(I)*FKAP(l)-ZAZA) 
TUAL = 2.O*ZA 

EF(1) = 0.0 
EG(1) = 2.0 
IG = I+NF 
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TUGAM = 200*GkM(I)+loO 
F(1) = HAZ*(TUAZ**GAM(I)) 
IF(FKAP(I))303~303~304 

CF(1) = FKAP(I)-SAM(I) 
CG(1) = - ZAZA 1 CF(1) 
ALKAP = CF(I)/ZA 
GO TO 305 

CF(1) = - ZAZA / CG(1) 
AZKAP = -ZA/CG(I) 
DF(1) = -F(I)*TUAZ/TUGAM 

303 F(1) = -F(I) 

3ir4 CG(1) = -FKAP(I)-GAM(I) 

305 .F(IG) = AZKAP*F(I) 
UF(IG) = 2.0*F(I)*(loO°CF(I))/TUGAM 

30o CONTINUE 
309 x = 0.0 

141 = LM+l 
M2 = LM+2 
H 1  = 0.0078125 
H2 = 0,0625 / RK(1) 
H2 = AND ( Hi?, B00L 1 
t i  = HI 

WiiITE (6,886) H1pH2 
r4 = i . o / t i  + 0.5 

886 FORMAT (//9X41HINTEGRATION INCREMENT UP TO X EQUAL 1 IS F806/ 
14X46HINTEGRATION INCREMENT FOR X GREATER THAN 1 IS FBo6//) 
00 310 L = 1, 13 
DO 315 NO = l r  NFG 

DO 320 NN = 1, NK 
NNN = NN + NFG 

310 H(L) = 0.0 
315 s(t4o) = 0.0 

F(NNN) = 000 
DF(NNN) = 0.0 

320 S (NNN) = 0.0 
IF (IREP.GE.1) GO TO 360 
L O  350 I = l ? N  
CALL RKUTTA 

3SO CONTINUE 
360 H = H2 

DO 305 I=1 t NF 
CF(1) = FKAP(1) 
CG(1) = -FKAP(I) 
IF (IREP.GE.1) GO TO 366 
DO 406 I = 1, NF 
IG = I + NF 

365 CONTINUE 

TUGAM = 200*GAM(I)+lo0 
CALL LOGGAM (TUGAM tO.*XREZtUG) 
RNORM(1) = EXP ( - XRE2 1 

S ( I  1 = S(I 1 * RNORM(1) 
S(IG) = S(1G) * RNORM(1) 

LF(1 1 = D F ( I  1 * HNORM(1) 
DF(IG) = DF(IG) * KNORM(1) 
F ( 1  1 = F(I 1 * RNORM(1) 

4d6 F(IG) = F(IG) * SNORM(1) 
90 407 K=ltNK 
N = NFG+K 
I = KF(K) 
J = KG(K) 
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. 
S ( N )  = S ( N )  * SNORM(1) * RNORM(J1 

DF(N)  = OF(N) * RNORM(1) * RNORM(J1 
4 0 7  F ( N )  = F(N)*RNORM(I)*RNORM(J) 
366 NEW = 1 

C A L L  DIRAC 
I F  (IREPeGE.1) GO TO 4 0 1  
NOON = (RCUT-leO)/H + 0.1 

4 0 2  DO 3 7 0  N9O = 1, NOON 
370 C A L L  RKUTTA 
4 0 3  REWIND 8 

W R I T E ~ 6 ~ X ~ ~ S ~ I ~ ~ D F ~ I ~ ~ F ~ I ~ ~ I ~ l ~ N E Q ~ ~ ~ L B E S ~ I ~ ~ K F ~ I ~ ~ K G ~ I ~ ~ I ~ l ~ N K ~  
REWIfJr) 8 

4 0 4  I F  (KEY) 4 3 0 , 4 3 0 ~ 4 1 0  
362 IREP = IREP-1 

V = - ZA / X 
I F  ( KEY e E Q e  1 1 V = RATERP(X1 * V 
I F  (IREPeEQeO) GO TO 4 0 3  
IREP = 0 
GO TO 366 

4 3 0  00 4 4 0  N=1,2 
N 1  = MIN(N)  
N2 = KAX(N) 
00 4 4 0  I Z N l v N 2  
COSETA = - S Q 2 * S N ( I ) * H P ( I )  
SINETA = -SQ2*HM(I)  
X X L l  = L P K ( I ) + l  
ALPHA = - X I M ( I )  + HALFPI* (XXL l -GAM(I ) )  
CSALPII = COS (ALPHA) 
SNALPH = S I N  (ALPHA) 
S I ( 1 )  = SINETA*CSALPH+COSETA*SNALPH 
C R ( 1 )  = COSETA*CSALPH-SINETA*SNALPH 

4 4 0  CONTINUE 
GO TO 518 

4 1 0  WRITE(6v502)  
WRITE ( 6, 1 2 0  1 X 
LML(1) = L M 1  
LML(2) = LM2 
DO 420 
M 1  = L M L ( N ) + l  
M2 = M 1  + 1 
T = X*RK(N) 
C A L L  BESSEL ( T 1 
AF = AFT(N)/SQ2 
AG = AGT(N)/SQ2 
N 1  = Y I N ( N )  
N2 = MAX(N) 
DO 4 2 0  I=Nl ,N2 
I G  = I + I4F 
L1 = L P K ( 1 )  + 1 
L2 = LMK(1)  + 1 
FZ = S N ( I ) * A F * T * B ( L 2 )  
GZ = AG*T*B(L l )  

RN = F Z * F Z / E F ( I )  + GZ*GZ/ tG( I )  
ko = F ( l ) * F ( I ) / t F ( I )  + F ( I G ) * F ( I G ) / E G ( I )  

S I ( 1 )  = ( ( F L * F ( I G ) / R K ( N )  - GZ*f(I)/RK(N))/RN)*RNORM(I) 
C R ( 1 )  = ( ( F Z * F ( I I / L F ( I )  +GZ*F(IG)/EG(I))/RN)*RNORM(f) 
NRITE (6,501) FZ,F(I),GZ,F(IG),RNORM(I),SI(I),CR(I) 
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C COMPUTE PHASE FACTORSe 

RNORM(1)  = 'SQST ( R r J / R U )  

4 2 0  CONTINUE 



COMPUTE NORMALIZATION FACTORS. C 
518 C A L L  CNORM ( RNORM 1 

WRITE(6v502)  
DO 789 I = l , N F  
I G  = I + NF 
U F ( I  1 = D F ( 1  1 * RNORM(1) 

F ( I  1 = F ( I  1 * RNORM(1) 
F ( I G )  = F ( I G )  * RNORM(1) 
WHITE(6v501)  RNORM ( I 1 

DO 400  K = l t N K  
bi = NFG+Y 
I = K F ( K )  
J = K G ( K 1  

NX = NFG+1 
WHITE (6,5001 X, ( F ( 1 )  t I = l  P N ~ Q )  
C A L L  ASYMP ( E )  
sur4 = O I O  
DO 585 IZNXvNEQ 

NRITL (6 ,500 )  X P  (F(I)PI=NX~NLQ) 

'ktHITE (6,498) SUM 

D F ( I G 1  = DF(1G)  * RNORM(1) 

789 CON1 INUE 

4 0 0  F ( N )  = F(N)+RNORM(I)*RNORM(J) 

585 SUM = SUM+F ( I ) * * 2  

500 FORMAT (///SOXlSHMATRIX ELEMENTS//54X4HX = F 6 e 1 / / ( 1 0 F 1 1 . 5 ) )  

4 9 8  FORMAT (//32X26HSUM OF ELEMENTS SQUARED = E 1 5 * 8 / / / / )  
380 C A L L  HFUN 

RETURN 
END 
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BIRFTC HFUNP NOLISTvNODECK 
SUBROUTINE HFUN 

C REDUCED MATRIX ELEMENTS H 
COMMON / F U N C T / S ( 1 5 0 0 ) ~ D F ( 1 5 O O ~ t F ( l ! 5 O O ~ ~ N E Q , X 1 H  
COMMON / I N D E X / L B E S ~ 1 5 0 0 ~ ~ K F ~ l 5 O O ~ t K G ~ l 5 O O ~ t ~ K t N F G t L V E C ~ l l ~ 2 2 ~  
COMMON /KAP/LMK(44),LPK(44),SI(44),CR(44)~F~A~(44) 
DIMENSION HF(1500t3 )  
EQUIVALENCE ( S ( l ) t H F ( l t l ) )  
GO 23 N=ltNK 
Fn = N + NFG 
I F ( K F ( N ) - K G ( N ) )  1 ~ 1 ~ 2  

1 FIF = KF(N)  
K 1  = -FKAP(MF) 
NG = KG(N) 
K2 = FKAP(NG) 
GO TO 3 

L F(M)  = - F ( M )  
MF = K ( G ( N )  
K1 = FKAP(MF1 
PJG = YF ( i d )  
K2=-FKAP(NG) 
K F ( N )  = V F  
K G  ( N  1 =IJG 

3 JKlZLPK ( Y F  1 +LMK ( M F  
dK2 = LPK(NG)+LMK(NG) 
L = LS€CJ(N)-l 
I F  ( L a E Q a  0 1 
L2=2*L 
JPL=JKl+ JK2-L2 
JML=IABS(JKl=JK2)-L2 
I F ( J P L - 2 )  9, 4, 4 

I F ( J M L + 2 )  5 ~ 5 ~ 6  

P4A = 1 
l a  = 3 
GO TO 14 

6 I F ( J M L 1  7 t 7 ~ 8  
7 LHES(N)=2 

NA = 2 
NB = 3 
GO TO 14 

P4A 2 3 

GO TO 14 

IF(JPI-1 1 0 ~ 1 1 ~ 1 1  

K A  = 1 
t.B = 1 
GO TO 14 

11 I F ( J M L + 2 )  12,12113 
12 L i j E S ( N )  = 5 

4 I F  ( L o E Q a  1 1 
0 

5 LRES(P4) =1 

a LRESW =3 

rit3 = 3 

9 I F  ( L o E Q a  1 1 

1 0  LBES(N1 = 4 

tuA = 1 

bc TO 0 

GO TO 6 

GO TO 13 
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. 
I 

14 DO 22 NLA = NAtNB 
LA = 2*(L+NLA-2) 
CALL XFUN(LtKltK2tNLAtGEL) 
CALL CCOEFS(LAtJK2tJKlvOtltC) 
HF(NtNLA1 = F(M)*GEL*C 

22 CONTINUE 
23 CONTINUE 

RETURN 
END 

- 90 - 
L, 



BIBFTC LOGGA NOLISTtNODECK 

C T H I S  SUBROUTINE COMPUTES THE NATURAL LOG OF THE GAMMA FUNCTION FOR 

C C A L L  L O G G A M ( X ~ Y P U ~ V )  
C WHERE X I S  THE REAL PART OF THE ARGUMENT 
C Y IS THE IMAGINARY PART OF THE ARGUMENT 
C U I S  THE HEAL PART OF THE RESULT 
C V I S  THE IMAGINARY PART OF THE RESULT 

SUBROUTINE LOGGAM(XtYtUtV1 

C COMPLEX ARGUMENTS. THE ROUTINE IS ENTERED BY THE STATEMENT 

DIMENSION h(7)  
H ( 1 ) = 2 * 2 6 9 4 8 8 9 7 4  
H(2)=1.517473649 
H(3)=1.011523068 
H(4)= .5256064690 
h ( 5 ) = * 2 5 2 3 8 0 9 5 2 4  
H(6)=0.0333333333 
H(7)=0.0833333333 
E2=1.57079632679 
€ 8 = 3 * 1 4 1 5 9 2 6 5 3 5 9  
61=0 . 0 
u2=0 0 
J=2 
x2=x 

4 I F ( X l l t 2 ~ 3  
3 B6=ATAt*I ( Y / X )  

T=X*X 
5 i>7=Y*Y+T 

C REAL PART OF L O G  
T1=0*5*ALOG(B7) 
I F ( X - 2 . 0 1 7 p 7 ~ 6  

7 t31=Bl+B6 
&2=B2+T1 
x=x+1* 0 
J=l  
GO T C  4 

T2=H6*(X-*S)+Y*Tl-Y 
TQ=X 
'1'5=-y 
T1=67 
DO 8 I = l t 7  
T=H( I )  / T 1  
T4=T*T4+X 
TS=-(T*TS+Y) 

8 Tl=T4**2+T5**2 
T3=T4-X+T3 
T2=-T+Y+T2 
GO TO ( 9 ~ 1 0 ) ~ J  

9 T3=T3-62 
T 2 Z T 2 - b l  

6 T3=-Y*EI6+(Tl*(X-*5)-X+.9189385332 1 

1 0  IF(X2)11r12P12 
12 U=T3 

V=TZ 
x-x2 
RiTURil  

11 U=T3-E4 
V=T2-L15 
x=x2 
RETUHfJ 

C X IS ZERO 
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. 
I 

2 T=OoO 
IF ( Y  )13~14115 

GO TO 5 

GO TO 5 
C X IS NEGATIVE 

13 66=-E2 

15 tj6ZE2 

1 E4=0.0 
E5=0 0 
IE6=O 

ES=ES+ATAN ( Y / X )  
I E6= I E 6 +  1 
x=x+1 0 
I F ( X )  16e17e17 

16 E 4 = E V + m S * ( A L O G ( X * X  +Y*Y  1 )  

17 I F (  MOD ( IE6 ,2 ) )18 t4 ,18  
18 E5=E5+€8 

14 WHITE(6e19) X 2 , Y  
19 F O R M A T ( 2 9 H  ATTEMPTED TO TAKE LOGGAM OF ~ H X = F ~ ~ O V ~ X ~ H Y = F ~ ~ O )  

GO TO 4 

C A L L  E X I T  
HETURrl 
END 



BIBFTC PHISUP NOLISTtNODECK 

C S U M  OVER KAPPAS 
SUBROUTINE PHISUM ( Le Llt PH 1 

COMMON /FUNCT/HF(lSOOt3)tNEQ,X,H 
COMMON / I N O E X ~ L 6 E S ~ 1 5 0 0 ~ ~ K F ~ l 5 O O ~ t K G ~ l 5 O O ~ ~ N K t N F G t L V E C ~ l ~ ~ 2 2 ~  
COMMON / Y A P / L M K ( ~ ~ ) ~ L P K ( ~ ~ ) , S I ( ~ ~ ) P C R ( ~ ~ ) ~ F K A P ( ~ ~ )  
COMMON / M A X L / J M ~ L M ~ L M ~ ~ L M ~ P I E N D ~ J F L A G ~ I T E S T ~ I R E F J  
UIMENSION P ( 3 t  3, 12) t P H ( 3 t  3 ,  12) 
N€M = L 1  + 2 
DO 1 NLA = 1, 3 

DO 1 NE = 1, NEM 
PH NLAt  NLBt  NE 1 = 01 
DO 1 wt = 1, 3 

1 CONTINUE 
I F  (JFLAGoNEoO) GO TO 29 
K A  = I 
M A k  = 2*LM2+2 
KB = MAK 
K6, = 1 
I F  ( L o G T o  0 1 GO TO 3 
LQQ = u 
GO T O  5 

3 LQW = LVEC ( Lt  MAK 1 
4 I F  ( L l  1 5, 5 ,  6 
5 LQQl = 0 

GO 'I(> 29 
6 LQQl = LVEC ( L1, MAK 1 

Z€5 IF ( L Q Q  oEQ. L V E C ( L + l P l )  1 KQ = 2 
I F  ( LQQl  .EQo L V E C ( L l + l t l )  1 KQ = 2 
LONL = L Q Q  + 1 
LON€ l  = L Q Q l  + 1 
GO T O  7 

LONE1 = L V E C ( L l + l , J F L A G ) + l  
KA = JFLAG+l  
KB = M A K - J F L A G  

7 UO 27 K=KAtKB 
LAST = LVEC ( L + i t  K 1 
LAST1 L LVEC ( L1 + 1, K 1 
I F  ( K eEQ* 1 1 GO TO 22 
IF ( LVEC(L+ l ,K)  *EQ*  L V E C ( L + I t K - l )  1 60 TO 30 
I F  ( L V E C ( L l + l t K )  OEQO L V E C ( L l + l t K - l )  1 GO TO 30 
GO TO 23 

29 LONE = LVEC (L+1 t JFLAG) +1 

22 IF ( KQ * E Q o  2 1 GO TO 30 
23 MG = KG ( LONE 

JK2  = LMK ( MG + LPK ( MG 1 
X J K 2  = JK2+1 
DO 1 0 1  NLA = 1, 3 
DO 1 0 1  NLB = 1, 3 
DO 101 NE = 1, NEM 
P (  NLA, NLBt NE) = 01 

i r ; i  CONTINUE 
UO 25 N = LONE, LAST 
LB = LbES N 1 
GO T O  ( 8 ,  9, 10, 11, 12, 13 1 t LL! 

b ria = 1 
NU = 3 
60 TO 14 

9 N A = %  
NU = 3 
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" 

GO TO 1 4  
10 NA = 3 

NL) = 3 
GO TO 14 

11 NA = 1 
NB = 1 
GO T O  14 

12 NA = 1 
NE3 = 2 
GO TO 1 4  

13 NA = 2 
Nt3 = 2 

14 MF = KF ( N 1 
J K  = LPK ( MF + LMK ( M F  1 
00 25 NLA = NAP NB 
L A  = 2 * ( L + NLA - 2 1 
DO 25 N1 = LONE1, LAST1 
LEI1 = LBES ( N 1  1 
GO TO ( 15, 16, 17, 18, 19, 2 b  1 t 1b1 

15 N A l  = 1 
Nal = 3 
GO TO 21 

16 NA1 = 2 
NB1 = 3 
GO TO 21 

17 f J A l  = 3 
I JB l  = 3 
GO TO 21 

18 K A l  = 1 
r m i  = 1 
GO TO 21 

19 N A l  = 1 
iWl  = 2 
GO TO 21 

20 N A l  = 2 
t J i 3 l  = 2 

21 MF1 = KF ( N 1  1 
J K 1  = LPK ( MF1 1 + LMK ( MF1 1 
DO 25 N L A l  = NA1, NB1 
LA1 = 2 * ( L1  + N L A l  - 2 1 
M I L  = MINO ( L A t L A l t J K 2 + 1 )  
NIM = M I L  1 2  + 1 
DO 2 4  NE = 1, h I M  
LE = 2 * ( NE - 1 )  
IF ( J K 2  .LTe LE 1 GO TO 32 
C A L L  CCOEFS ( LA t J K 2 t  J K  P LE t - L E o l t  C A  ) 
C A L L  CCOEFS ( LA1 t J K 2 t  J K l  t L E  t =LE-1, CB 1 
SUMEM = - C A  * CB 

GO TO 33 
IF ( ( LPK(MF)-LMK(MF)+LPK(MFl)-LMK(MFl) 1 oEQe 0 1 SUMEM=-SUMEM 

32 SUMEM = 0.0 
33 C A L L  CCOEFS ( LA t J K 2 t  J K  t LE t - L E + l t  C A  

C A L L  CCOEFS ( LA1 t J K 2 t  J K 1  P L E  t - L E + l t  CB 1 
SUMEM = SUMEM - CA * CB 
LMOD = MOD( (LPK(MF)-LPK(MFl)+L-Ll), 4 1 
I F  (LMOD.EQ.0) SUMEM = -SUMEM 

P(NLAeNLA1tNE) = P(NLApNLA1,NE) + SUMEM*HF(NtNLA)*HF(Nl@NLAl) 
SUMEM = SUMEM*( CR(MF)*CH(MFl) + S I ( M F ) * S I ( M F l )  * 0.5 

2 4  CONTINUE 
25 CONTINUE 

- 94 - 



DO 26 NLA = l v  3 
DO 26 NLAl = 1, 3 
DO 26 NE = 1, NEM 
PH(NLAvNLA1vNE) = PH(NLAvNLA1vNE) + P(NLAvNLAlvNE)*XJK2 

26 CONTINUE 
30 LONE = LAST + 1 

27 CONTINUE 
LONE1 = LAST1 + 1 

RETURN 
END 
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BIBFTC RATER NOLISTtNODECK 

C 

1 
c *** 

11 
c *** 
C 

1 0  
c *** 
C 

12 
c *** 

2 
c *** 
c *** 

30 
3 

c *** 
C 

4 
c *** 

5 
c *** 

8 
c *** 

7 
c *** 

9 

6 
c *** 

99 

1 0 0 0  

FUNCTION RATERP(l0 
OBTAIN VALUES FROM SCF TAPE AND INTERPOLATE 
COMMON /SCF/NTAPEtNTOTtNSKIPtNCOUNT 
DIMENSION T A B R ( l O l ) t T A B R A T ( l O l )  
I F  (NCOUNT) 9 9 ~ 1 ~ 2  
CONTINUE 

NCOUNT = NCOUNT + 1 
I F  ( NCOUNT-NSK I P 1 11 t l o t 9 9  
CONTINUE 

NCOUNT.EQ.0 -- FIRST TIME INTO RATERP FOR THIS ELEMENT 

DIFFERENCE.GT.0 -- HAVE NOT REACHED LAST BINARY 
HECORD OF TABLE, 

ISTOP = 1 0 1  
GO TO 12 
CONTINUE 

DIFFERENCE.EQ.0 0- HAVE REACHED LAST BINARY RECORD 
O F  TABLE. 

ISTOP = MOD (NTOTt100)  + 1 
CONTINUE 

READ (NTAPE) ( T A B R ( I ) ~ T A B R A T ( I ) v I = 2 , I S T O P )  
ISTART = 2 
CONTINUE 

DO 3 I= ISTARTtISTOP 

READ I N  NEW BINARY RECORD. 

NCOUNT.GTe0 0- RE-ENTRY INTO RATERP FOR ELEMENT. 

LOOK FOR TABLE INTERVAL FOR X, 
I F  (X-TABR( I ) )  3 0 t 4 t 3  
I F  (ABS (X-TABR(1))  e O O O 1 )  4 t 4 t 5  

COiJT I NUE 
X TOO LARGE -- CARRY OVER LAST VALUES AND READ 

I N  NEW BINARY RECORD. 
TABR(1) = TABR(101) 
TABRAT(1) = TABRAT(101) 
GO TO 1 
C 0 N T I NUE 

V A L  = TABRAT(1) 
ISTART = ISTART t 1 
GO TO 6 
CONTINUE 

TERM = (X-TABR(1-1))  ( T A B R ( I ) - T A B R ( I - l ) )  
I F  (NTOT-100) 7t7v8  
CONTINUE 

V A L  = TABRAT(1-1) + ( T A B R A T ( I ) - T A B R A T ( I - l ) )  * TERM 
GO TO 9 
CONTINUE 

V A L  = TABRAT(1-1) * ( T A B R A T ( I ) / T A B R A T ( I - l ) )  ** TERM 
CONTINUE 
ISTART = I 
CONTINUE 

RATERP = V A L  
RETURN 
PRINT 1000tNCOUNT 
WRITE ( 6 t 1 0 0 0 )  NCOUNT 
FORMAT (LOXvSHNCOUNT = 16tlOXv28HREADING SCF TAPE INCORRECTLY 1 

EX4CT MATCH 0- NO INTERPOLATION NECESSARY. 

COMPUTE RATIO NEEDED FOR INTERPOLATION, 

LINEAR INTERPOLATION. 

SEMI-LOG INTERPOLATION. 

STORE VALUE I N  FUNCTION. 
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CALL EXIT 
RETUHN 
END 
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TIBFTC RKUTT NOLISTtNODECK 
SUBROUTINE RKUTT4 

C RUNG€-KUTTA INTEGRATION 
COMMON / F U N C f / S ~ ~ 5 0 0 ~ ~ O Y ~ 1 5 O ~ ~ t Y ~ 1 5 0 0 ) , N E O , X , H  
COMMON / K U T / D ( 4 ) t E ( 4 ) , F ( 4 ) t G ( 4 )  
DO 130 J = l t 4  
CALL D I R A C  
DO 120 I = l  vNEQ 
Z = D ( J ) * ( D Y ( I ) - E ( J ) * S ( I ) )  
Y ( 1 )  = Y ( I )  + H*Z 

120 S ( I )  = S ( I )  + 3.0*Z F ( J ) * D Y ( I )  
130 X = X + G ( J ) * H  

RETURN 
END 
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BIBFTC SELEC NOLISTtNODECK 
SUBROUTINE SELECT 

C MATRIX ELEMENT SELECTION RULES AND INDEXING 
COMMON / I N D E X / L B E S ~ 1 5 0 0 ~ ~ K F ~ l ~ O O ~ t K G ~ l 5 O O ~ ~ N K ~ N F G t L V E C ~ l l t 2 2 ~  
COMMON /MAXL/JM~LMtLMl~LM2tIENDtJFLAGtITEST~IREP 
SQL = L M  * ( L M  + 1 1 + L M l  * ( L M 1  + 1 1 + LM2 4 ( LM2 + I 1 
RTL = SQRT ( SQL 1 

K 1  = 2 * L M l  + 2 
NK = 0 
L = o  
K = O  

2 0  KAP2 = LM2 + 1 
KSN2 = 1 
N2 = LM2 + 1 

30 LKAP2 = IABS (KAP2) + (KSN2-1) /2  
LMKAP2 = LKAP2 - KSN2 

40 LQ = IABS (L - LMKAP2) 
L R  = IABS (L  - LKAP2) 
LMKAPl = MINO (LQtLR) 

LTP = KTL + 2.0 

41 IF (LMKAP1-LQ) 5 0 ~ 4 2 ~ 5 0  
42 I F  (LMKAP11 4 3 ~ 5 0  t 4 3  
43 LMKAPl = LMKAPl - 1 
50 i F  ( MOD ( L + L M K A P ~ + L K A P ~ P  2)) 60  t 7 0  t60  
bO LMKAPl = LMKAPl + 1 
70 L K  = MINO ( L K A P 2 t L t L M l )  

P O  K A P l  = LMKAPl + 1 
LP = MINO (LMKAPE+LtLMl) 

KSN1 = 1 
N 1  = L M 1  + 1 

9 0  I F  (LKAP2 - LM21 
1 0 0  I F  (LR-LMKAP1) 
110 IF ( LMKAPl - L K  1 
115 I F  ( LMKAPl + LKAP2 + L - LTP 1 
1 2 0  NK = NK + 1 

LBES(NK) = L + 1 
KF(NK1 = K A P l  + N 1  
KG(NK1 = KAP2 + N2 + K 1  

1 3 U  I F  (LMKAP2 -LM2) 
1 Q O  L K A P l  = LMKAPl + KSNl  
150 I F  (LQ - LKAP1) 
160 I F  ( L K A P l  - LP 1 

1 0 0 ~ 1 0 0 t 1 3 0  
1 1 0 ~ 1 1 0 ~ 1 3 0  

115, 115, 130 
120, 120, 1 3 0  

1 4 0 t 1 4 0 t 1 8 0  

1 6 0 ~ 1 6 0 ~ 1 8 0  
165, 165, 1 8 0  

170, 170,  1 8 0  165 I F  ( L K A P l  + LMKAP2 + L - LTP 1 
170 NK = NK + 1 

LBES(NK) = L + 1 
KF(NK) = KAP2 + N2 + K 1  
KG(NK) = K A P l  + I 4 1  

I b O  I F  (K5N1) 2 0 0 t 2 0 0 t 1 9 0  
1'30 K A P l  = -LMKAPl 

KSNl  = -1 
N 1  = L M 1  + 2 

191 IF (KAPi) 90 ~ 2 0 0 t 9 0  
20U LMKAPl = L M K A P l  +2 
210 I F  (LMKAP1 - L K )  8 0 ~ 8 0 ~ 2 2 0  
220 I F  (LMKAP1-1-LP) YO t BO t 230 
2 3 0  I F  (LMKAP2 - LM2) 240,240~260 
24U KAP2 = K4P2 - 1 

a 
K = K + 1  
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LVEC(L+ltK) = NK 
IF (KAP21 

250 KAP2 = -1 
KSN2 = -1 
N2 = LM2 + 2 
GO TO 

LVEC(L+lrK) = NK 
L = L + l  
K = O  

2 6 0  K = K +1 

27cI IF (L - LM) 
30L) MAK = 2 * LM2 + 2 
3 1 0  IF ( LVEC ( LM+l, 

LM = LM - 1 
GO TO 310 

E:JD 
320 RETURN 

30,250 r 3 0  

30 

20 t 2 O d O O  

MAK 1 *GT*  LVEC ( LM, MAK 1 1 GO TO 320 
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BIBFTC SETAP NOLISTPNODECK 

C *** POSITION SCF TABLE TAPE 
SUBROUTINE SETAPE(2) 

COMMON /SCF/NTAPE~NTOTPNSKIPPNCOUNT 
REWIND NTAPE 

READ ( NTAPt 1 ZTRY v NTOT 
NSKIP = NTOT/100 + 1 

I F  (2-ZTRY) 403~405~403 

4 0 2  CONTINUE 

c *** MATCH CURRENT 2 TO TAPE RECORD. 

4 0 3  CONTINUE 
c *** NO MATCH -0 SKIP UNWANTED TABLES. 

DO 4 0 4  I = l v N S K I P  
4 0 4  READ (NTAPE) DUMMY 

GO TO 402 
405 CONTINUE 

c *** MATCH -0 TAPE POSITIONED A T  START OF DESIRED TABLES. 
NCOUNT = 0 
WRITE (6,50031 ZVNTOT 

5093 FORMAT (49HOUSING SCF POTENTIAL. LIBRARY TABLE FOR ELEMENT v F4.0 
A ,  5H HAS 1st 9H ENTRIES. 1 

R E T UR N 
EN2 
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BIRFTC XFUNP NOLISTtNODECK 

C 

1 

2 

3 

4 

SUBROUTINE XFUN (Le K 1  t K2t NLA t GEL 1 
REDUCED X-COEFFICIENT 
GO TO (1 t2 t3 )  tNLA 
FNUM = Kl+KP+L 
DEN = L*(2*L+l)  
GO TO 4 
FNUMZK2-Kl 
DEN = L * ( L + l )  
GO TO rZ 
FNUM=Kl+K2-L-l 
DEN = (L+1)*(2*L+I) 
GEL = FNUM/SQRT(DEN) 
RETURN 
E r a  
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