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ABSTRACT 

t, 
f '  

The behavior  of test par t ic les  i n  t h e  presence  of uniform, p a r a l l e l ,  

and s t e a d y  e lec t r ic  and magnetic f i e l d s  i n  a d d i t i o n  t o  a weakly t u r b u l e n t  

magnetic f i e l d  i s  s t u d i e d .  The  q u a s i - l i n e a r  approach i s  used t o  f i n d  a 

d i f f u s i o n  equa t ion  f o r  t h e  d i s t r i b u t i o n  f u n c t i o n  d e s c r i b i n g  t h e  t es t  

p a r t i c l e s ;  t h e  d i f f u s i o n  equat ion  d e s c r i b e s  t h e  p i t ch -ang le  s c a t t e r i n g  

experienced by t h e  tes t  p a r t i c l e s  due t o  t h e  random f l u c t u a t i o n s  of t h e  

magnetic f i e l d .  

I n  t h e  weak-e l ec t r i c - f i e ld  l i m i t  t h e  equa t ion  i s  analyzed i n  d e t a i l  

and an expres s ion  f o r  t h e  e l e c t r i c a l  c o n d u c t i v i t y  i n  terms of t h e  co r re -  

l a t i o n  t e n s o r  of t h e  f l u c t u a t i n g  f i e l d  i s  found. F i n a l l y ,  f o r  t h e  c a s e  

of a p a r t i c u l a r  model of t he  tu rbu lence  and a Maxwellian d i s t r i b u t i o n  of 

tes t  p a r t i c l e s ,  an e x p l i c i t  formula f o r  t h e  c o n d u c t i v i t y  i s  g iven .  
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I .  INTRODUCI'ION 

I t  has  been shown i n  r ecen t  w o r k s l f 2  t h a t  tes t  p a r t i c l e s  i n  t h e  

presence  of t u r b u l e n t  e lec t romagnet ic  f i e l d s  e x h i b i t  such behavior  a s  

a c c e l e r a t i o n  and d i f f u s i o n .  I t  i s  t h e r e f o r e  ev iden t  t h a t  t u r b u l e n t  

f i e l d s  w i l l  i n f l u e n c e  t h e  t r a n s p o r t  p r o p e r t i e s  of a plasma, which are 

u s u a l l y  determined s o l e l y  by b ina ry  c o l l i s i o n s .  I n  many plasmas which 

a r i s e  i n  t h e  s tudy  of a s t rophys ic s  t h e  d e n s i t y  of p a r t i c l e s  i s  so s m a l l  

t h a t  t h e  e f f e c t s  of b ina ry  c o l l i s i o n s  may be completely overshadowed by 

t h o s e  of t h e  f l u c t u a t i n g  f i e l d s .  Hence i t  would be u s e f u l  t o  o b t a i n  

formulas f o r  such t r a n s p o r t  p r o p e r t i e s  a s  v i s c o s i t y ,  e l e c t r i c a l  conduc- 

t i v i t y ,  and thermal conduc t iv i ty  i n  c o l l i s i o n l e s s  t u r b u l e n t  plasmas. 

Indeed, t h e  v i s c o s i t y  f o r  such a plasma has  r e c e n t l y  been c a l c u l a t e d  i n  

a h e u r i s t i c  f a s h i o n  by Tsuda. 3 

Of t h e  o t h e r  two q u a n t i t i e s ,  t h a t  which l ends  i t s e l f  more r e a d i l y  

t o  c a l c u l a t i o n  i s  t h e  e l e c t r i c a l  c o n d u c t i v i t y  s i n c e  i t  does not  r e q u i r e  

c o n s i d e r a t i o n  of inhomogeneities as would t h e  thermal  c o n d u c t i v i t y .  W e  

t h e r e f o r e  cons ide r  a homogeneous plasma s u b j e c t  t o  uniform, c o n s t a n t ,  

and p a r a l l e l  e l e c t r i c  and m a g n e t i c  f i e l d s  and, i n  a d d i t i o n ,  a weakly t u r -  

bu len t  magnetic f i e l d .  W e  s h a l l  f i n d  an equat ion  governing t h e  d i s t r i b u -  

t i o n  f u n c t i o n  f o r  each p a r t i c l e  s p e c i e s  i n  t h e  presence  of t h e s e  f i e l d s ,  

and w e  s h a l l  ana lyze  t h i s  equat ion  i n  t h e  s t a t i c ,  w e a k - e l e c t r i c - f i e l d  

l i m i t  which w i l l  y i e l d  a formula f o r  t h e  e l e c t r i c a l  c o n d u c t i v i t y  i n  t e r m s  

of t h e  p r o p e r t i e s  of t h e  t u r b u l e n t  plasma i n  t h e  absence of t h e  e l e c t r i c  

f i e l d .  F i n a l l y ,  an e x p l i c i t  formula f o r  t h e  c o n d u c t i v i t y  w i l l  be g iven  

f o r  a s p e c i f i c  model of t h e  tu rbu lence  i n  t h e  smal l -gyroradius  l i m i t .  

W e  employ t h e  q u a s i - l i n e a r  approach developed by H a l l  and S t u r r o c k , 2  

r e l e v a n t  r e s u l t s  of which w e  now s t a t e  b r i e f l y :  W e  assume t h e  p a r t i c l e s  

of one s p e c i e s  t o  be  descr ibed  by a d i s t r i b u t i o n  f u n c t i o n  F ( X p , t )  

t h e i r  d e n s i t y  i n  phase space. 
P 

c o o r d i n a t e s  which s p e c i f y  p o s i t i o n  i n  phase space.  A p a r t i c l e  a t  t h e  

g i v i n g  

X ( p  = 1 , 2 , .  . . ,6) s t a n d s  s i x  or thogonal  

p o i n t  X a t  t i m e  t obeys t h e  equa t ion  of motion 
i-L 

dX 

d t  
/1= 

1 



where G d e s c r i b e s  t h e  e f f e c t  on t h e  motion of t h e  l a r g e - s c a l e ,  s t e a d y  

f i e l d s  and g t h e  e f f e c t s  of t h e  t u r b u l e n t  magnetic f i e l d .  We next  

cons ide r  an ensemble of d i s t r i b u t i o n  f u n c t i o n s  F ,  a l l  of which a r e  

i d e n t i c a l  a t  some i n i t i a l  time t = t bu t  which are s u b j e c t  t o  d i f f e r e n t  

r e a l i z a t i o n s  of t h e  f i e l d s  

t h e  d i s t r i b u t i o n  f u n c t i o n s  f o r  d i f f e r e n t  members of t h e  ensemble w i l l  have 

d i f f e r e n t  va lues .  W e  need an equat ion  f o r  <F), where < ) denotes  

an ensemble average. Under t h e  assumptions t h a t  

t h e r e  i s  a t i m e  scale T s a t i s f y i n g  

1-L 

I-L 

0 

t h e r e a f t e r ,  so t h a t  a t  any t i m e  t > to 
gP 

-@A- T << T << 
C 

where Tc 

f i n d  t h a t ,  t o  lowest o r d e r  i n  

i s  t h e  c o r r e l a t i o n  t i m e  f o r  t h e  t u r b u l e n t  magnetic f i e l d ,  we 

< F )  obeys t h e  fo l lowing  equat ion:  
g c L p  

where h i s  t h e  de te rminant  of t h e  metric t e n s o r  i n  phase space  f o r  t h e  

chosen c o o r d i n a t e  system. D i s  g iven  by 
PV 

t 

X ' ( t ' )  be ing  t h e  p o s i t i o n  of a p a r t i c l e  i n  phase space  a t  t i m e  t '  on 

t h e  unperturbed o r b i t  ( i . e . ,  t h e  o r b i t  c a l c u l a t e d  w i t h  g = 0)  which 

passes  through t h e  p o i n t  

o u t  i n  a c o o r d i n a t e  s y s t e m  which has t h e  p rope r ty  t h a t  

a 
1-L 

at  t i m e  t .  The i n t e g r a t i o n  must be c a r r i e d  xa 

W e  may now apply t h e  r e s u l t s  t o  our p a r t i c u l a r  ca se .  

2 



I 

11.  A HOMOGENEOUS I N  PARALLEL ELECl’RIC AND MAGNETIC FIELDS AND 
A WEAKLY TURBULENT MAGNETIC FIELD 

W e  assume a homogeneous p l a s m a  wi th  t h e  uniform f i e l d s  along t h e  

z -ax i s .  Hence t h e  t o t a l  e l e c t r i c  and magnetic f i e l d s  are g iven  by 

+ A 

E = E z  

-+ B = B 0 2 + 6 B  - 1  
The t u r b u l e n t  f i e l d  is assumed t o  be s t a t i s t i c a l l y  homogeneous and 

s t e a d y  so t h a t  t h e  c o r r e l a t i o n  f u n c t i o n  

R ( z , t ; $  + z , t  + T) = < 6 B  (;,t) 6B (g +;f , t  + T ) ) ,  a,B = X,y,z ,  aB a B 

3 
may be w r i t t e n  simply as R a , ( p , ~ ) .  

W e  restrict  o u t s e l v e s  t o  a n o n r e l a t i v i s t i c  c a l c u l a t i o n ,  so t h a t  t h e  

equa t ion  of motion (1.1) of a test  p a r t i c l e  of charge  q and mass m 

i n  t h e  presence  of t h e s e  f i e l d s  are g iven  by 

dp  + - - Q  - = qE + p X R + - dt X 83, 
BO 

( 2 . 4 )  

-+ q” 
where Q = - . 

m c  (2 .5)  

3 



Rewri t ing (2 .4 )  i n  component form, w e  f i n d  

n - -  dPX 

0 
d t  

- -  dPy - -QPx + - Bo R (pZ6Bx - Px6Bz) , 
d t  

- -  - qE + - n (Px6By - PY6BZ) * 
dPZ 

BO 
d t  

--f 
Solv ing  ( 2 . 6 )  w i t h  

o r b i t  G ' ( t ' ) .  Requir ing t h a t  p ' ( t ' )  = p when t = t ' ,  w e  f i n d  

6B = 0 g ives  t h e  momentum along t h e  unperturbed 
+ -+ 

or 

( 2 . 7 )  

where ,@ i s  t h e  azimuthal  angle i n  momentum space.  From ( 2 . 8 )  and (2 .3 )  

w e  t h e n  f i n d ,  r e q u i r i n g  z'(t') = x' a t  t '  = t ,  t h a t  

4 



( 2 . 9 )  

( 2 . 1 0 )  

The assumption of homogeneity a l lows  u s  t o  c o n s i d e r  momentum space 

d i f f u s i o n  a lone ,  so t h a t  w e  are l e f t  w i t h  o n l y  t h r e e  phase space  coordi-  

n a t e s  of i n t e r e s t ;  w e  d e n o t e  the  c o o r d i n a t e  Pz by P = 1, PL bY 
p = 2, and 9 by p = 3. Then w e  f i n d  t h a t  

- -  - dPZ 
d t  

dPl - -  
d t  - 

QP. r 7 

qE + $ L ~ B  c o s  @ - 6~~ s i n  @I , 
Y 0 

b (2 .11 )  

I 

Hence 

i G = q E ,  

G = O  , 

G3 = -R , 

1 

2 ( 2 . 1 2 )  

so w e  see t h a t  for t h e s e  c o o r d i n a t e s  t h e  c o n d i t i o n  of equat ion  (1 .5)  i s  

s a t i s f i e d .  Defining 6B8 by 

6B8 = 6Bx s i n  @ - 6 B  Y cos @ , 

5 

(2 .13)  



we f i n d  

"I - - -  
B 
0 

gl - 
and 

mz 

BO 

- -  
g2 - (2 .14 )  

Proceeding a s  i n  t h e  paper by H a l l  and Stur rock2 f o r  t h e  c a s e  of a 

uniform magnetic f i e l d ,  w e  suppress t h e  c o o r d i n a t e  @, concerning our- 

s e l v e s  w i t h  on ly  t h e  phase-independent p a r t  of <F). Dropping t h e  

b r a c k e t s ,  n o t i n g  t h a t  h = p and c a l l i n g  t h e  phase independent p a r t  

F ,  equa t ion  (1.3) becomes 
- I' 

aF Z a z 1- aFz I 
at + qE ap = ap D1l ap + D12 E] aF 

where now 

(2 .15 )  

6 



These formulas may be written more explicitly as 

2 231 
p p ' ( t ' ) < &Be (2 t ) 6BB ( ' ( t ' ) t ' ) ) d t ' 

2 - -PI v ;  

2 2n t - - - 5 1 d @ /  p p'(t')<GBe(G,t) 6Be(g'(t')yt'))dt' 
D21 - Z J .  

2nBo 0 t 
0 

- - -PzP1 v ; 

(2.17) 

2 2n t - - - 5 1 d@ J p p'(t')<GBe(2,t) SBe(g'(t'))dt' 
D12 - 1 2  

t 
0 

2nBo 0 

= -p p v - qEA ; 
Z L  

and 

- - G / 2 ' d @ J  p z z  p' ( t ' ) < &Be (2, t ) 6Be (;I ( t ' ) , t ' ) > dt t 

D22 - 

0 
2nBo 0 t 

2 - - p, v + qEA ; 

where we have introduced the following definitions: 

7 



Thus equa t ion  (2 .15 )  becomes 

which, upon changing v a r i a b l e s  from P, and PJ. t o  p and p de f ined  

by 

p =  pZ , , P =  qm , (2 .20)  
2 

i P Z 2  + p* 

becomes 

(2 .21 )  

Th i s  equa t ion  i s  v a l i d  for any magnitude of E .  However, t o  ana lyze  t h i s  

equa t ion  i n  g e n e r a l  appears  q u i t e  formidable .  W e  t h e r e f o r e  i n v e s t i g a t e  

t h e  equa t ion  i n  t h e  weak-e l ec t r i c - f i e ld  l i m i t .  We assume t h a t  F t a k e s  

t h e  form 

- 

(2 .22 )  
- 2 2  
F Fo + FlqE + O(q E ) . 

0.  However, t h i s  ai? 
at= W e  a l s o  look f o r  an equ i l ib r ium s o l u t i o n  such t h a t  

c o n d i t i o n  w i l l  be s a t i s f i e d  only approximately s i n c e  some h e a t i n g  of t h e  

plasma w i l l  occu r .  

w i t h  no e lec t r ic  f i e l d ,  w h i c h  h a s  t h e  consequence t h a t ,  s i n c e  F i s  as- 

sumed s t a t i o n a r y ,  F i s  n e c e s s a r i l y  i s o t r o p i c .  We assume f u r t h e r  t h a t  

2 s a t i s f i e s  t h e  equa t ion  found by S tu r rock  and Ha l l  
FO - 

0 

F1 i s  p r o p o r t i o n a l  t o  P,(p). Now v and A depend on E ,  s i n c e  t h e  

unper turbed  o r b i t s  depend on E .  So w e  expand v and A i n  powers of 

qE t o  o b t a i n  

8 



and ( 2 . 2 3 )  

aF 
FO 

Using (2.22)  and (2 .23)  i n  ( 2 . 2 1 ) ,  assuming a = 0 

i s  i s o t r o p i c ,  w e  f i n d ,  a f te r  dropping t e r m s  of second and h igher  o r d e r  i n  

qE, t h a t  

and hence t h a t  t 

Taking 

(2 .25)  

w e  o b t a i n  t h e  equat ion  

On m u l t i p l y i n g  t h i s  equat ion  by p and i n t e g r a t i n g  from -1 t o  1, w e  ob- 

t a i n  

Hence w e  a r r i v e  a t  t h e  fol lowing express ion  for f l ( p ) :  

( 2 . 2 8 )  

9 



where 

and 

and v and A are t h e  c o e f f i c i e n t s  of t h e  n t h  o r d e r  Legendre 

polynomials i n  t h e  expansion of v and Ao, r e s p e c t i v e l y ,  i n  s p h e r i c a l  

harmonics : 

on on 

0 

( 2 . 3 0 )  

m 

V 0 ( P , d  = 1 Von(P)Pn(d , 

A0(P,P) = 1 ~ o n ( P > p n ( P )  

n=o 

03 

n=o 

Now 

(2 .31)  

where N i s  t h e  mean p a r t i c l e  number d e n s i t y .  I n  s p h e r i c a l  c o o r d i n a t e s ,  

t h i s  becomes 

(2 .32)  

10 



On us ing  (2.22) and (2.25), t h i s  becomes 

Equation (2.28) enab les  us  t o  wr i te  t h i s  expres s ion  as 

00 

1-Y(p) aFo 3 
< P , > =  - 2 q m - l  J m a p p d p .  

0 

Since  t h e  electrical conduc t iv i ty  ( i n  e .  s. u. ) i s  g iven  by 

w e  f i n a l l y  o b t a i n  the formula  

D = - -  
3 m  

0 

which may be w r i t t e n  a l t e r n a t i v e l y  as 

(2.33) 

(2.34) 

(2.35) 

(2.36) 

(2.37) 

Equation (2.37) i s  i n t e r e s t i n g  i n  t h a t  i t  shows how v a r i o u s  " s p h e r i c a l  

s h e l l s ' '  of p a r t i c l e s  c o n t r i b u t e  t o  t h e  c o n d u c t i v i t y ,  bu t  equa t ion  (2.36) 

is t h e  more u s e f u l  form. 

The t o t a l  c o n d u c t i v i t y  is  t o  be ob ta ined ,  of cour se ,  by summing t h e  

c o n t r i b u t i o n s  from a l l  p a r t i c l e  s p e c i e s .  

11 



111. THE CONDUCTIVITY I N  THE CASE OF A GAUSSIAN 

MAXWELLIAN PARTICLE DISTRIBUTION 
CORRELATION FUNCTION AND A 

From (2 .36 ) ,  (2 .29 ) ,  (2 .18 ) ,  (2 .13 ) ,  and ( 2 . 2 )  w e  see t h a t  t h e  e l ec -  

t r i c a l  c o n d u c t i v i t y  i s  determined by t h e  c o r r e l a t i o n  f u n c t i o n s  

R ( x - x ' ( t ' ) ,  t - t ' ) ,  where o and can t a k e  on t h e  i n d i c i a 1  va lues  

x and y .  I f  t h e  tu rbu lence  i s  t o  be s t a t i s t i c a l l y  a x i a l l y  symmetric 

about t h e  z - a x i s ,  t h e  most genera l  form f o r  t h e  c o r r e l a t i o n  t e n s o r  

R 

+-+  

aB 

can be shown4 t o  b e  
aB 

-P 
where t h e  components of p along t h e  x, y, and z axes are e ,  '1, and 

5 r e s p e c t i v e l y ,  and a and b are f u n c t i o n s  of <, and T.  

I f  6Bx and 6B a r e  u n c o r r e l a t e d ,  w e  have an " i s o t r o p i c "  c o r r e l a t i o n  
Y 

t e n s o r  f o r  which a = 0, s o  t h a t  

Rxx = R  YY = b , 2  
( 3 . 2 )  

A s imple  y e t  p h y s i c a l l y  i n t e r e s t i n g  form f o r  b i s  a Gaussian d i s t r i -  

bu t  ion: 

2 
b ( z , ~ )  = E2BO2 ex.[- %] ex.[- <] ( 3 . 3 )  

2LC 2TC 

i s  t h e  c o r r e l a t i o n  l e n g t h ,  T t h e  c o r r e l a t i o n  t i m e  and Lc C 
where 

( 3 . 4 )  

12  



I n  t h i s  ca se  w e  have, from ( 2 . 1 8 ) ,  

- + +  2n 
y = 7 n2 1 d @ l  b ( x - x ' ( t ' ) , t - t ' )  COS ( @ - @ ' ( t ' ) )  d t '  , 

0 
2srBo 0 

} (3.5) 

From ( 2 . 9 )  w e  see t h a t  

1 1 y - y l ( t 1 )  = 2r 

pz z - z ' ( t ' )  = - - 

s i n  2 QT s i n ( @  + 3 QT) , 
g 

T2 . T + -  m 2m 

(3.6) 

where T = t - t ' .  Now v and A. a r e  t h e  formulas for v and A 
w i t h  E = 0, so t h a t  

0 

2 2 
2r 

2 2 2  

d.r cos n? exp - [$ sin2 1 01 + 
T + y5], 1 2 2  

6 q Bo 2n 

C 2m Lc 2TC (3.7) 
2 

For 

i n f i n i t y  and so o b t a i n  

t-to >> Tc w e  may extend t h e  upper l i m i t s  of t h e  above i n t e g r a l  t o  

1 3  



and 

( 3 . 9 )  

where 

( 3 . 1 0 )  C 
mL 

Po - Tc 
- -  

For a very  weakly tu rbu len t  f i e l d ,  6 << 1, and, i n  consequence, 

a << 1 so  t h a t  w e  may neglec t  Y(p) i n  equa t ions  ( 2 . 3 6 )  and ( 2 . 3 7 ) .  
0 

I n  t h e  case t h a t ,  f o r  a l l  moments which c o n t r i b u t e  s i g n i f i c a n t l y  t o  
-2 
1 - << 1, i . e .  , i n  t h e  small gy ro rad ius  l i m i t ,  w e  may u s e  t h e  f o l -  
Lc2 

lowing expres s ion  f o r  v i n s t e a d  of t h e  more complicated ( 3 . 8 )  i n  

e v a l u a t i n g  t h e  c o n d u c t i v i t y  by equa t ion  ( 2 . 3 6 ) :  
0 

I f  w e  now assume a Maxwellian momentum d i s t r i b u t i o n  cor responding  t o  a 

tempera ture  T f o r  Fo, 

and d e f i n e  t h e  q u a n t i t y  

(3 .12)  
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w e  f i n d ,  from (2 .36 )  and (2 .29 ) ,  t h e  fo l lowing  formula f o r  t h e  e l e c t r i c a l  

c o n d u c t i v i t y :  

2 
00 4 -x 

x e  dx 
( 3 . 1 4 )  

8 fi Nmc2 u =  
3Jr Fj B 

"/ c 
0 

where 

2 

- 2mkT 2kTTc 

C 
mL 

2 x - - = -  
2 0 

( 3 . 1 5 )  

2 
As noted above, w e  must have r /Lc2 << 1 for a l l  momenta c o n t r i b u t i n g  

t o  F1 i n  ( 3 . 1 2 )  i n  o r d e r  f o r  t h i s  a n a l y s i s  t o  be v a l i d .  From ( 2 . 1 0 ) ,  

t h i s  c o n d i t i o n  o b t a i n s  i f  

<< 1 2kT - -  
2 2 - 2 2 2  

mR Lc Tc xo 

(3 .16 )  

or, equiv a1 e n t  l y  , 

Tc xo 2 > > 1 .  (3 .17 )  

Thus w e  see t h a t  u depends on t h e  d e n s i t y  of c a r r i e r s ,  t h e  c a r r i e r  

gyrofrequency, t h e  mass of t he  carr iers ,  t h e  magnitude of t h e  ambient mag- 

n e t i c  f i e l d ,  t h e  degree  of t u rbu lence ,  t h e  c o r r e l a t i o n  t i m e  and l e n g t h ,  

and a l s o  t h e  tempera ture  of t h e  plasma. 
2 For x >> 1, i . e .  f o r  s u f f i c i e n t l y  small tempera ture  on ly  t h e  
0 

range  x << x0 c o n t r i b u t e s  t o  (3 .141 ,  so t h a t  we may approximate C by 

2 2  
= c ( n 2 ~ c 2 ;  0) = 2e -%R Tc 

cO 
( 3 . 1 8 )  

1 5  



to obtain 

2 
4 8 Nmc2 %Q Tc 4 -x dx , 

2 2  e c J =  

0 
3n 6 Bo Tc 

i.e. 

2 2 2  
Nmc %Q Tc . e 

1 / 2  2 
(2n ) *  6 Bo Tc 

c J =  

(3.19) 

(3.20) 

It is interesting to note that, in this case, the conductivity of 

a plasma has a larger contribution from ions than from electrons. Even 

in the general case given by (3.14), for which the condition x >> 1 
does not necessarily hold (such as the solar wind in the neighborhood of 

the earth), the ions are still the principal contributors to the con- 

ductivity. The implications and applications of this analysis, including 

a study of the equation (3.14), which must be used for many cases of 

astrophysical interest, will be given at a later date. 

2 
0 
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