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FOREWORD 

This r epor t  was prepared  by North American Aviation, Inc. ,  Space 
Division, under NASA Contract NAS9-4552, for the National Aeronautics and 
Space Administration, Manned Space Fl ight  Center,  Houston, Texas,  with 
Dr.  F. C. Hung, P r o g r a m  Manager and Mr .  P. P. Radkowski, Assis tant  
P r o g r a m  Manager. 
S t ruc tura l  Mechanics Division, MSC, Houston, Texas with Dr .  F. Stebbins 
as the technical monitor. 

This  work was adminis tered under the direct ion of 

This  r epor t  i s  p resented  in  eleven volumes for convenience in handling 
and distribution. A l l  volumes a r e  unclassified, 

The objective of the study was to deve1o.p methods and F o r t r a n  IV com- 
puter  p rograms  to determine by the techniques descr ibed below, the hydro- 
e las t ic  response of representat ion of the s t ruc ture  of the Apollo Command 
Module immediately following impact on the water.  
theory,  methods and computer programs is  presented  as Task I Hydrodynamic 
P r e s s u r e s ,  Task  I1 Structural  Response and Task  111 Hydroelastic Response 
Analysis. 

The development of 

Under Task  I - Computing program to extend flexible sphere  using the 
Analytical formulation Spencer  and Shiffman approach has  been developed. 

by Dr. Li using nonlinear hydrodynamic theory on s t ructural  portion is  
formulated.  In o r d e r  to cover  a wide range of impact  conditions, future 
extensions a r e  necessa ry  in the following i tems: 

a. Using l inear  hydrodynamic theory to include horizontal  velocity 
and rotation, 

b. Nonlinear hydrodynamic theory to develop computing program on 
spher ica l  portion and to develop nonlinear theory on toroidal and 
conic sections.  

Under Task  I1 - Computing program and Use r ' s  Manual w e r e  developed 
f o r  nonsymmetr ical  loading on unsymmetr ical  elastic shells.  
develop the theory and methods to cover  real is t ic  Apollo configuration the 
following extensions a r e  recommended: 

T o  fully 

a. Modes of vibration and modal analysis,  

b. Extension to nonsymmetric shor t  t ime impulses.  
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C.  Linear buckling and elasto-plastic analysis 

These technical extensions will  not only be useful for  Apollo and 
future Apollo growth configurations, but they will a l so  be of value to other 
aeronautical  and spacecraf t  programs.  

The hydroelastic response of the flexible shell  is obtained by the 
numerical  solution of the combined hydrodynamic and shel l  equations. 
resu l t s  obtained herein a r e  compared numerically with those derived by 
neglecting the interaction and applying rigid body p r e s s u r e s  to the same  
elast ic  shell, 
impact  of the par t icular  shel l  studied, the interaction between the shel l  and 
the fluid produces appreciable differences in the overal l  accelerat ion of the 
center  of gravity of the shell ,  and in  the distribution of the p r e s s u r e s  and 
responses .  However the maximum responses  a r e  within 15% of those pro-  
duced when the interaction between the fluid and the shel l  is  neglected. A 
brief summary  of resu l t s  i s  shown in  the abs t rac ts  of individual volumes. 

The 

The numerical  resu l t s  show that for  an axially symmetr ic  

The volume number and authors  a r e  l is ted on the following page. 
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ABSTRACT 

The analysis presented in this volume is  confined to  the 
impact of the Apollo Command Module on water  using a rigid 
sphere a s  a mathematical  model. A general  potential f o r  the 
oblique impact i s  derived using a method developed by the 
first author of th i s  volume. This method differs f rom the 
existing approaches in that the condition for the flow to be 
tangential to the varying wetted portion of the  spherical  su r -  
face is satisfied f o r  all values o f t ,  where  t denotes t ime; 
while using the conventional method, the potential has  to  be 
calculated fo r  each increment of t ime.  

Par t icular  s e r i e s  expansions a r e  obtained in the case  
of vertical  impact f o r  the velocity of penetration, the f r e e  
surface, and the p re s su re .  These a r e  power s e r i e s  in the 
depth of penetration. 
differential equations instead of f rom the l inear ized ones. 

They a r e  obtained f rom the nonlinear 

A computer feasibility study is included in this  volume. 
No numerical  calculation i s  attempted a t  this t ime.  
analytical formulation has  also been extended to  the conic 
and toroidal section of the Command Module. 

An 
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INTRODUCTION 

The  water  impact problem has  been of in te res t  to the U. S. Navy f o r  
many, many  yea r s  because of i t s  concern to understand the physics of ship 
slamming, seaplane landing and torpedo launching. 
has  been spent to finance both theoretical  and experimental  studies of this 
problem. 

A la rge  amount of money 

As a resul t  of these studies, many papers  have been writ ten and pub- 
l ished on water  impact of bodies of simple geometry such as wedges, cones 
and spheres .  
re t ical  aspects  of the problem. 
a r t i c l e  by V.  G. Szebehely (Applied Mechanics Reviews, ASME Journal,  
F e b r u a r y  1960). 
conclude that some progress  has  been m a d e  but that the main problem 
remains  . 

These publications cover both the experimental  and the theo- . 
A short l i s t  of papers  is given in a review 

In reviewing al l  the publications on th i s  subject one can 

Recently the water  impact problem has  aroused the in te res t  of the 
National Aeronautics and Space Administration and the spacecraft  industry 
f o r  the  reason that a spacecraft ,  such as Apollo, is adapted to  land mainly 
on wa te r .  
that  the engineers  have a workable knowledge of the impact p r e s s u r e  during 
the first few microseconds,  perhaps a few mill iseconds a f te r  the impact,  in 
o r d e r  to  achieve an economical and safe  design. 

Because of the high cost  of the  payload, i t  is  extremely important 

T o  gain knowledge of p re s su re  distribution of landing impact, experi-  
m e n t s  have been funded by the space agencies and data have been obtained. 
We know, however, that any instrumentation has  a t ime lag. Fur thermore ,  
the ins t ruments  mounted nea r  the body nose, which s t r ikes  the water  first, 
are  always knocked out of their  positions. 
impact  p r e s s u r e  during the f i r s t  few m i c r o -  to mill iseconds have been 
obtained. 

As a consequence, no records  on 

In o r d e r  to obtain these important values, one has  to  r e s o r t  to theo- 
retical studies and to  check the theoretical  resu l t s  against experimental 
data taken a few mill iseconds a f te r  impact.  
men ta l  verification, confidence in the theory is  established and the theoreti-  
cal p r e s s u r e  distribution for  the f i rs t  few m i c r o -  to mill iseconds can be used 
f o r  design. 

In the c a s e  of concrete experi-  

As pointed out, however, by G. Birkhoff in his book on hydrodynamic 
stabil i ty,  the water  impact problem is one of the knottiest problems, with 
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which neither mathematicians nor hydrodynamicists have had any luck. This 
indicates that  the physics of the problem has  not been fully understood, hence 
none of the approaches used so  f a r  to attack this  problem is perfect.  

The approach advanced in this report  i s  based upon the assumption of 
impact of a sphere on an incompressible ca lm sea ,  
i r rotat ional  flow, a velocity potential is introduced which has  to sa t i s fy  the 
following conditions: 

Under the assumption of 

1. The flow has to be tangential to the surface of the sphere.  

2 .  The potential has  to be dependent on the impact velocity. 

3 .  The far away quiescent f r e e  surface has  to be a par t  of the solution 
of the kinematic equation fo r  the simple reason that the potential 
has  to depend on the initial f r e e  surface.  

4. After submergence, the solution has  to reduce to the c lass ica l  
solution fo r  a sphere moving with the velocity of penetration in  an 
infinite medium. 

Conditions 1 and 2 have been imposed by various authors,  while 3 and 4 
a r e  introduced h e r e  for  the f i r s t  t ime.  

As pointed out previously, the m a j o r  obstacle to  the solution of the 
water  impact problem i s  the development of the mathematical  theory.  Many 
wr i t e r s  believe that any solution to th i s  problem, even with the exclusion of 
Conditions 3 and 4, would reduce to  a constant, since it concerns a boundary 
value problem with a closed boundary. However, one should note that this is  
only t rue  when we  limit our  discussion to  functions regular  in all var iables .  

The solution presented in this  report  consis ts  of two par t s ,  both analytic 
in the angular coordinates but not in  the radial  coordinate. 
coordinate is concerned, one is  a Laurent ' s  s e r i e s ,  the o ther  is  an analyt ic .  
function of l n r  multiplied by the -1 / 2  power of r. 
not regular  in r, our findings do not contradict  the  c lass ic  theory which s ta tes  
that the (regular)  solution to a Neumann problem with a closed boundary is a 
constant. 

As the radial  

Since the second par t  i s  

This new solution contains a c l a s s  of functions given as definite inte-  
g ra l s .  
solve problems for  a cylinder. 

These functions solve problems for  a sphere  jus t  a s  Besse l  functions 

-.L - 
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A second difficulty of the problem of water  impact is  the determination 
of the a r b i t r a r y  functions contained in the general  solution f r o m  the boundary 
conditions. It is  c l ea r  that the four conditions l isted in this  INTRODUCTION 
a r e  not sufficient to  determine all  the a r b i t r a r y  functions. 
this  physical problem has a unique solution, but it is not c l ea r  what physical 
phenomena take place immediately before the impact. 

It is a l so  c l ea r  

It is t r u e  that a completely incompressible approach will lead to infinite 
To avoid this  it is  advis-  

This is done in this  
initial impact p r e s s u r e  which i s  physically absurd.  
able to  take the compression wave into consideration. 
.report by demand that the potential function sat isf ies  the wave equation nea r  
the first point of impact. 

The resul ts  obtained f rom this  procedure lead to solutions containing 
only one a r b i t r a r y  constant and two a r b i t r a r y  functions of the single var iable  
of integration. These functions a r e  fixed by momentum balancing. 

The final potential, the f r e e  surface, the impact p re s su re  and impact 
force  a r e  all in  the fo rm of power se r i e s  of the depth of penetration, the 
coefficients of which can  be evaluated f r o m  recurs ion  formulae.  
procedure to compute these coefficients i s  outlined in  this report .  
culation has  been made  at this t ime. 

A numerical 
No cal-  

- 3 -  





I. MATHEMATICAL FORMULATION 

The problem of a sphere impacting on water can best  be t reated by 
using nondimensionalized moving spherical coordinates. We will de scr ibe 
the coordinate system f i r s t ,  then give the fundamental equations of motion 
in these coordinates. Finally, we will discuss  the boundary conditions for  
the potential thoroughly. 

1. MOVING COORDINATES 

Denote the dimensional coordinates of a point in space re fer red  to a 
body-fixed coordinate sys tem (moving system) by 

X, Y, Z (rectangular) 

R, 8, w (spherical)  

and those re fer red  to a space fixed system by 

- - -  
X, Y, Z (rectangular) 

Figure 1 .  Coordinate System 
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We will assume that the moving system and the (space)  fixed system 
coincide at time T = 0 .  

F o r  our study, it i s  convenient to nondimensionalize all the quantities. 
Thus, we set f o r  the coordinates 

where R is. the radius of the sphere,  and for  the physical quantities 
0 

where V ( t )  i s  the velocity of the sphere V 
velocity, P the dimensional p re s su re ,  Po its initial value. It is c l ea r  
that  the nondirnensional rectangular coordinates a r e  related by 

= V (0) i s  the initial impact 
-0 

- - - 
x = x , y = y ,  z = z t  ( 3 )  

and the moving rectangular and spherical  coordinates by 

x = r s i n  w cos 8 ,  y = r s i n  w s in  0 ,  2 = r cos  w (4 )  

2.  FUNDAMENTAL EQUATIONS 

Under the assumption of irrotational flow one can  a s sume  a velocity 
potential 4 which i s  nondimensional in the nondimensional system. 
incompressible fluid the dimensional continuity equation is 

F o r  an 

- - - au av aw 
ax aY aZ 
- t  - t - = o  (5 )  

- -  - 
where U, V, and W a r e  the dimensional velocity components r e fe r r ed  to the 
space-fixed system. 
motion in the body-fixed coordinate system, the continuity equation becomes 

If I$ r ep resen t s  the velocity potential for the relative 

- 6 -  



. N O R T H  A M E R I C A N  AVIATION,  I N C .  

2 
== 0 - a'+ 2 -t a+ - 1 - l a  - (si- 2) t 1 

2 ' F a r  rsinw r ao 
ar  r sin w ae2 

The dimensional momentum equations 

- - - - 
1 aF av - av - av - av 

aT a 3  a 7  aZ P aY 
_ - -  - - t u - t v - t w - -  - 

where 
nondimensional moving rectangular coordinate system: 

denotes the dimensional density, assume the following fo rms  in the 

where 

- 
2 

i s  a nondimensional constant and 

g = gfg::' 
0 

is the gravity at ea r th - sea  level, c, the velocity of sound in water.  

(9) 
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Integrating Equations (8) one obtains the Bernoulli equation 

By virtue of the relations 

2 2 2 2  
r = x  t y  t z  

one can wri te  the Bernoulli equation in moving spherical  coordinates a s  
follows: 

= - Q P -  

I 3 .  PARTIAL DIFFERENT 

r s in  o r I 

A L  EQUATION FOR THE F R E E  SURFACE 

Let u s  assume, for simplicity, that the initial f r e e  water surface is 
quiescent immediately before the impact. After  the impact, the disturbed 
o r  ra ised f r ee  surface i s  given in the moving spherical  coordinates by 

f ( r ,  e , ~ , t )  E r - r ( e ,  w,t )  = 0 (14) 

SPLASH 

RAISED FREE SURFACE 
Y I QUIESCENT INlTl 

FREE SURFACE 

B - DEPTH OF PENETRATION 

AL 

Figure 2 .  F r e e  Surface  
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This  surface has  to satisfy the kinematic condition 

Df - = o  
Dt 

which, when expressed in terms of moving spherical  coordinates, becomes 

Equation (16) a s s e r t s  that, once a fluid particle reaches the f r e e  surface,  
it can only move on this  surface.  
surface is p a r t  of the f r e e  surface and has  to satisfy Equation (16) in an 
asymptotic manne r. 

It is c lear  that  the f a r  away quiescent f r e e  

4. PRESSURE CONDITION 

F o r  an incompressible,  irrotational fluid the Bernoulli equation 
(Equation (13)) determines the p re s su re  for  a given potential +. 
p r e s s u r e  is a function of location and t ime within the liquid mass. 
reduces,  however, to a constant at the f r e e  surface.  This  means  that fo r  r 
defined by Equation (14) and satisfying Equation (16)  one will have 

This  
It 

2 
1 

r sin w r 

t ( G ~  (t) t g*) rcosw = constant 

f o r  r = r ( 8 ,  w,  t) all 0 , all w and all t. 

Equation (17) is called the p re s su re  condition for  the f r e e  surface.  It 
will be used to determine the a rb i t r a ry  function contained in the integral  of 
the kinematic equation. The problem of the determination of the a rb i t r a ry  
function using p r e s s u r e  condition is nonlinear. 

5. BOUNDARY CONDITIONS FOR THE POTENTIAL 

The conditions for the potential l is ted in the INTRODUCTION need some 

Then any liquid par t ic le  moving with the induced (perturbation) 
justification. 
is rigid.  
velocity will not penetrate the spherical  surface.  
tangentially to this surface at every point of the wetted portion, of course,  
at any t ime. 

Let us take up the f i rs t  condition and a s sume  that the sphere 

Instead, it will move 

Mathematically this  means 

- 9 -  



= o  
r = l  

identically everywhere on the wetted portion of the spher ica l  surface,  i. e. , 
f o r  every  value of 8 ,  of w and of t i n  that region. 

Now we can d i scuss  the second condition given in the INTRODUCTION. 
Under the assumption that the body is moving with velocity w (t) towards the 
space-fixed point a t  infinity, f o r  an obse rve r  in a body-fixed re ference  
sys tem the point at infinity i s  moving with a velocity wo(t) towards him. 
This  means  mathematically that  t h e r e  ex is t s  an absolute potential 'for 
which 

0 

Since the velocity wO(t) of the sphere  i s  proportional t o  the impact  velocity, 
Equation (19) shows the dependence of the potential on impact  velocity. 

Conditions (18) and (19) a r e  not sufficient to  uniquely define the 
One of potential. T o  achieve th i s  we will need additional conditions. 

these is given by  the third of the conditions l is ted in the INTRODUCTION. 

We note a t  first the difference in dis turbances c rea ted  by a sphere  
impacting on a ca lm sea  f r o m  that  c rea ted  by one impacting on a rough sea .  
Undoubtedly the potentials in  these  c a s e s  a r e  not the same .  In other  words,  
the potential has to  depend on the initial f r e e  surface.  
i s  expressed  mathematically in that  the init ial  f r e e  surface 

This  condition 

has  to satisfy the kinematic condition 

- 0  
0 

a r  
a t  

1 0  

0 

0 
a r  1 

r = r  r = r  r s in  w r = r  
0 0  0 

(2  1) 

asymptotically. Fu r the rmore ,  the p r e s s u r e  the re  h a s  to  be ze ro .  Equation 
(21), when considered a s  a n  equation f o r  + ,  gives a n  additional condition 
to fix onc of the a r b i t r a r y  functions contained in it, while the p r e s s u r e  
condition fixes another. 

- 10 - 



The fourth condition l isted in  the INTRODUCTION is also important, 
for it defines the behavior of 9 af ter  submergence. It is  c lear  that, when a 
space capsule has  penetrated a certain depth, the body will behave like one 
in a n  infinite medium. The mathematical expression for  that in the case  of 
a sphere  is: 

where B is the nondimensional depth of penetration and Bo a c r i t i ca l  depth 
and 

i s  the c lass ic  potential for a sphere moving with a velocity wo(t) in an 
infinite medium. 

The four conditions discussed above a r e  obtained f rom physical 
considerations. Any potential, whether analytical o r  numerical, used to 
descr ibe  the physics of impact (vertical  o r  oblique) of a sphere on water  
has  to satisfy all these conditions. 

- 11 





11. ANALYSIS 

1. INTEGRATION O F  THE LAPLACE EQUATION 

a. Separation of Variables  

To integrate the Laplace equation in spherical  coordinates 

- = o  1 a2+ 
a r  

2 

1 2 ( s i n w g )  t r s in  w 3 0  2 

1 a w  2 a +  
t - - t - -  2 r a r  rsinw r aW 

we use the c lass ic  method of separation of var iables .  We se t  

and demand that + 1( e )  be periodic in  8 and that + ( r ,  w )  be periodic in w , 

After  separation of var iables ,  one gets 

( s inwg)  1 - h+ = 0 (25) 
1 

and 

1 
t h + l  = 0 

d e  

where h is a pa rame te r  of separation. 
Equation (26)  requi res  that  

The periodicity of the solution of 

2 
h = m  

where m is an  integer. Hence, we have 
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where the A ' s  a r e  a r b i t r a r y  functions. 

Equation (25) can  be wri t ten as 

m 
qJ= 0 - 

( s i n g )  - 2 
a ' + t z 2 t  --- 1 l a  

r ar rsinw r a w  
r s in  w ar 

Assuming 

one has  

sinw dw (sinw =) d+2 - (1, 4 k t - 2 
s in  w 

and 

1 
where (4 t k )  is a second p a r a m e t e r  of separat ion.  

The next thing to do is to  find out whether t he re  a r e  res t r ic t ions  on  k 
imposed by the periodicity of + ( w )  in w . 2 

Introducing a new variable  F by 

2 
cr = s in  w 

one can wr i te  Equation (30) a s  

d24  
4F 2 (1 - u ) 2  t 2 4 2  - 3u)- d'2 d u  - ( ( : t k ) c r t m 2 ) c # 2 = 0  ( 3 3 )  

du 

Any solution of Equation (33) i s  a function of crwhich is  per iodic  i n o ,  
r ega rd le s s  of what value k a s sumes .  
imposed by the periodicity requi rement  of + 

Hence, t h e r e  is no res t r ic t ion  on k 

2'  
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To solve Equation (33) one s e t s  

m/2 
'm tb2 = 0- 

and obtains f rom (33) the equation 

- L  4 

(34) 

(35) 

To d i scuss  Equations (31)  and (35), one distinguishes two cases .  
These  a r e  

2 
(i) k = - (n t $)  , n positive integer  (36) 

2 
(ii) k = l , 1 > o non-integer (37) 

We will show in the fol1ow:ng sections that  case (i) de l ivers  the c lass ic  
solution, while case  (ii) gives r i s e  to  a new c l a s s  of solution. 
of these  two solutions gives the solution required.  

A combination 

b. The Class ic  Solution 

1 
4 

F o r  - t k = - n(n t 1) Equation (31) becomes 

2 

- n(n t 1 ) + 3  = 0 t 2r- r -  d+ 3 2 d  + 3  
2 dr  d r  

Its gene ra l  solution is 

where  the C ' s  a r e  a r b i t r a r y  functions. 
r educes  to  

F o r  the same  value of k Equation (35) 
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1 1 - - ( m - n ) y ( m t n t  1) = O  
2 Xm 

which has  the general  solution 

-. _. 1 -u) ' 2 ' 2 '  = B(')(m, n,! t) F 
X r n  

1 
m t n  m - n  1 3  

t B(')(m, n, t ) ( l  - w ) ~  F (7 t 1,-t 2 -;-; 2 2  1 -u) (41) 

where the B's a r e  a rb i t r a ry  functions. Consequently, we have 

t 1. 3 x 0 s  w 
m - n  

2 2 '  Z' t 1, ~ 

( 2 )  t B (m,n , t )cosw F 

F o r  n = m t 2s, where s i s  a positive integer,  the first hypergeometric 
s e r i e s  terminates ,  while the second se r i e s  degenerates  to a polynomial 
for  n = m t 1t2s. 

Using F. Neumann's definition for  associated Legendre functions ( see  
Reference 1,p. 323, o r  Reference 2, p. 117). 

(n  - m ) ( n  - m - l ) ( n  - m - Z)(n - m - 3) pn - m - 4 
t 

2.4(2n - 1)(2n - 3) 

- . . . I  . (43) 

1 
4 one has  for 

equation 
- t k = - n(n t 1) the following solution for  the Laplace 
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4 = 2 [ C n ( ')(t)rn + C n (2)(t)r  -(nt I)) mE [A m n  (')(t)cosmO 
n = O  

(' (t) s inme - I P; (cosw) m n  + A  (44) 

where the a r b i t r a r y  function €3(l) and B(') a r e  absorbed into A ( l ) ( t )  
m n  

and A 
spherpyecaptured  in Lamb's  book (Reference 2) .  

(2)(t). This is the c lass ic  solution to  the Laplace equation f o r  a 

To sat isfy conditions (18) and (19) a t  the same t ime one has  to choose 
n = 1, m = 0.  Thus we obtain 

This is the potential for  a sphere moving with velocity w (t) in an infinite 
medium. 

c. The New Solution 

F o r  k = e 

0 

2 
Equation ( 3 1 )  becomes 

d +  3 
r -  2 t 2 r  - d r  t ($ t e Z )  + 3  = 0 

d r  

with the following general  solution 

As  a consequence of Equations (18) and (19), the conditions for  + 3  a r e  

= o  
r =a0 

(2) = o ,  
r = l  

Since 
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the secondpart  of Equation (48) is satisfied.  
chooses  

To satisfy the first p a r t  one 

B = 2l"A (50) 

and obtains 

1 -- 
+3  = A( P , t ) r  ( 2 1 c o s ( l  Pnr) t sin(P Inr) 

where A is a n  a r b i t r a r y  function of 1 and t. 

2 
F o r  k = P Equation (35) becomes 

2 

which i s  the hypergeometric differential  equation with 

Y = m t l  

The general  solution of Equation (52)  is  given by 

where the C ' s  are a rb i t r a ry  functions. 
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Consequently, one finds 

- 1  1 \ 
t CZ(1 -.)2 F(,+ (m t 2). 2' i l  t (rn t;) - 9; $ . ( l - U )  

Because of the relation 

O I U 5 . l  (56) 

the integer m has  to  be positive while I may have any real  value. 

However, one can  also use the relation 

to limit I to positive values.  
function F (a , a ;y ; c )  have fac tors  of the f o r m  (a t P)(e t f3) where a and a 
a r e  conjugates complex, the functions contained in Equation (55) a r e  all  real .  

Since the coefficients of the hypergeometric 

F r o m  the above discussion one concludes that the new solution to the 
Laplace equation satisfying Condition (48) is 

1 -- 
+ =  A(t) t r 2 (sinw)m [ Bl(rn, t)cosm€I 

m = O  

2 - - iQ . _. 1 cos a) 
2 ' 2'  

where A, B1, B2, C1 and C 2  a r e  a rb i t ra ry  functions of the var iables  indicated 
in the parentheses .  
upper limit of integration i s  

It can be shown by convergence considerations that the 

a = .1 (58) 
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d. The General Solution 

Now we can combine the c lass ic  solution given by Equation (45) with the 
new solution given by Equation (57). 
the Laplace equation (6) with Conditions (18) and (19) as 

Thus we obtain the general  solution to  

B (m, t )cosme 
1 

This potential sat isf ies  the condition that the flow is tangential to 
the sur face  of the sphere.  
velocity. 
infinite medium af te r  submergence, if  one could show that the new contri-  
bution becomes negligible a f te r  the sphere penetrates  a cer ta in  depth. 
of the a rbr i ta ry  functions contained in $I have to be determined by the 
initial f r ee  surface condition. This will be discussed la te r .  

It a lso shows its dependence on the impact 
It would reduce to  the c lass ic  solution f o r  a sphere moving in an 

TWO 

F o r  ver t ical  impact one has  m = 0 and 

(p = A(t) t w (t)  0 

This solution contains only three  a r b i t r a r y  functions A( t ) ,  C1 ( e ,  t) and 
C2( !I, t).  
their  dependence on the initial f r e e  surface.  

A(t)  and C2(  1 ,  t) can be completely determihed by the condition of 
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2. DETERMINATION O F  THE ARBITRARY FUNCTIONS 

Determination of C,( ,4l , t) a. 

The init ial  quiescent f r e e  surface i s  given by 

P r = -  
0 cosw 

where 

with B(t) denoting the nondimensional depth of penetration (F igure  2). 
th i s  surface one finds 

F o r  

Fur the rmore ,  one computes,  f r o m  Equation (60)  

1 

I 

TO compute *one s e t s  
aw 

in Equation 9 . 2 .  12  on page 243 of Reference 3, and finds 

- 2 1  - 



By virtue of Equation (65) we obtain 

cos  cc; 
5 i P  3 

2 ’ 2 ’  
2 ’ 5  i f  __- . -  -t 4 1  )C 1 C O S  w F ( q t I ,  4 

ie ie cos2w)Jdl 
t C 2 F ( $ t y ,  4-2’2; 

At the quiescent f r e e  surface,  defined by Equation (61),  the first 
der ivat ives  of 6 a s s u m e  the following values 

p 1 cos  
s in  w 

0 

(Continued on next page) 
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(6 8) 

Since B(t) is the depth of penetration, one has  

Substituting Equations ( 6 3 ) ,  (67) and (69) into Equation (21), one obtains 

COS"-) 1 d l  t C  c o s w  - _ - . -  
2 

2 -_ - .-. i P  
cos  u) 

t 41 2 )Clcosw F(- 5 t - il 5 

0 2  

4 2 ' 4  2 ' 2 '  

( 7 0 )  
v2 

W 

cos2u)l d l  -- 2 sin wcos w = o  

The a rb i t r a ry  t ime function C2 can be determined f rom the condition 
that the initial quiescent f r e e  surface should satisfy the kinematic condition 
asymptotically, i. e. , Equation (70) should hold t rue  f o r  w+&!. This  is the 
mathematical  expression fo r  Condition 2 stipulated in the INTRODUCTION 
to th i s  report .  

F o r  U+TT/~, one obtains from Equation (70) 
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2e  cos  ( P i n y ) -  s in(  P PnT)/d! s in  E = 0 

for  small  E and all t. 
kind. F o r  a given t ,  its kernel  is a function of I and s i n € .  
that  the eigenfunctions of. this  kerne l  f o r m  a complete orthogonal sys tem.  
only solution to Equation (71) is then 

Equation (71) is an  integral  equation of the first 
It can be shown 

The 

c = o  2 

The fac ts  that  the quiescent init ial  f r e e  surface 

r c o s w =  P( t )  

i s  a plane paral le l  to the plane 

TT 
(73) u) =- 

2 

and that two parallel planes a r e  tangent to  each other  a t  infinity lead to the 
conclusion that the init ial  quiescent f r ee  sur face  is an asymptotic solution 
to  the kinematic equation f o r  the f r e e  surface.  

Hence, we have f r o m  Equations (60) and (72) the following resul t :  
The velocity potential for  ver t ica l  impact of a sphere  on an incompressible  
fluid is of the f o r m  

b. Determination of A(t) 

Consider the p r e s s u r e  acting o n t h e  init ial  f r e e  sur face  at infinity, one 
has  f r o m  Bernoulli 's equation for  



and p = 0 the resul t  

F r o m  Equations (60) and (75), with C ( P ,  t) = 0 one has  2 

lT w + -  
2 

and substitution of Equation ( 7 7 )  into Equation (76)  resul ts  in 

A(t) = A -[(2wo(t) t g* 

where A is  a constant. 

As a consequence of Equations (74) and (78)  we have the general  
potential satisfying Conditions (1) and (2 )  stipulated in the INTRODUCTION 
a s  

2 
(p = A - (2w (t) + 8::: (t))dt--+ It w ( t )dt  t wo(t) ( r  +?r 

0 

where A is  an  a rb i t r a ry  constant and C is an  a rb i t r a ry  function of 1 and t. 
1 

c .  Ab solute Potential 

To obtain a nontrivial value f o r  C ( I ,  t)  one has  to introduce the 1 
absolute potential 7 by 
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- 
4 = 4) + wo(t)z 

It is c l ea r  f r o m  the conditions 

(2) = o  
r = l  

and 

w = o  

- 
that 4) i s  a relative potential and that 4) gives the absolute velocity. 

At the initial stage one will expect the absolute potential to  sat isfy the 
wave equation in the spac.e-fixed system 

which i s  valid for  r = 1, small  w and small  t. 

Since the absolute potential satisfies the Laplace equation in the space- 
fixed system, Equation (82) reduces to 

a2$ - =  0 
2 

a t  

Equation ( 8 3 ) ,  when writ ten f o r  the body-fixed system, reads  

- a2$ - 2w0(t)5-7- a 2 6  - W0(t) g+ - 2  wo (t) -= a 2 1  0 
2 L d t  2 a t  a Z  

which i s  valid f o r  r = 1, small  w and small t. 
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Using the t ransformation 

- a = cos  w - a 1  - -  sin w - a 
a Z  a r  r a w  

one computes f o r  r 2 1 and small w 

2 
sin w c o s u L k  -= cos  w- + -sin cos  w - - - 

a w  r a r a w  aZ ar r 

a '+ 2 a2+ 2 a +  2 
2 2 2 

i 2 a 6  1 2  a +  a 2+ t - s i n  w - t  -sin w - =- 
2 

a w  ar 
r a r  2 

r 

F r o m  Equation (64)  one obtains, by differentiating with respec t  to r 

-- a2+ - 4  
2-  3w0(t)r  C O S ~  

a r  

1 i j  - -  1 i l  1 
-t - 4 2 ' 4  Y z  

2 
P ( l  t 4 1    cos(^ Pnr) C 

2 1 

For r = 1 and smallw one has  

1 - 
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where  Equation (10) on page 114 of Reference 2 i s  applied. 

Introducing Equations (80), (86), (87)  and (89) into Equation (84) one 
obtains 

.. t g;wo 
3 

3~ - 2 ~ &  - w O t 2 B W 0  I 0 0 0  

where I 
t 

B( t )  = /” wo(t)dt 
0 

denotes the nondimensional depth of penetration. 

Equation (90 )  i s  only possible if and only if 

.. 
3B3 - 2BB - B t ZBB t g*B = 0 

and 

a ‘cl 

a t  

2 ‘ 2  - (1  t 48 )B ( t )  C , ( j , t )  - 4- 2 - 

a r e  satisfied simultaneously. 

d. Determination of B 

Writing 

>$ 1 
2 

one reduces  Equation ( 9 2 )  to  the l inear  equation 

B - - _  - x  - 2  
B = Y ( X )  - -  

3’ 
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d2 

dx 
x-y -9 + 3y = 0 

2 d x  

Equation (95) can be transformed to  the Bessel  equation 

by setting 

Thus, we find 

u = a J ( 6 )  t b Y ( - 6 )  
2 2 

(95) 

where J2(E) i s  a Besse l  function of the f i r s t  kind and Y2 one of the second 
kind. a and b a r e  a rb i t r a ry  constants. 

Using Equations (94) and (97 ) ,  one gets by substitution 

1 
3 

- -g* 2 0 1 
for B - 2 (99 )  

and 

I2 and K2 a r e  modified Bessel functions. The constants in Equation 
(99) and (100)  a r e  so chosen that the two functions defined by these equations 

are  identical  nea r  B =-. 
1 
2 
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To determine a and b one takes  the nondimensional initial impact 
velocity into consideration and obtains f r o m  Equation (99)  

1 1 

6 (a12 (6" ) t b K2 (6')) - f g +  = 1 

F r o m  the nature  of the functions I2 and K2 and the res t r ic t ions  imposed 
by Equation (99) ,  one concludes, by letting B - - 1 2 ,  that it i s  n e c e s s a r y  to  
choose 

A second equation for  a and b h a s  to  be  obtained l a t e r .  

Under the assumptions that r = 1 and Q i s  small, one can solve 
Equation (99 )  to obtain 

B 

= t (103)  d t  
1 
2 
- 

[12 (i t 5) ] ' [a I2 [ 2 6 (t + 5) )'] t b K2 [ 2 ( 3 (  t <) )'1) I 
B 

0 

where Bo is the initial depth of penetration c rea t ed  by the compress ionwave  
immediately before the impact.  

Equation (103), when inverted,  gives the depth of penetration B as  a 
function of t .  

e .  Determination of C ( 1 ,  t )  

' 2  
Introducing B into Equation (93) we have a second o r d e r  l inear  

par t ia l  differential  equation for C1 which can be t rea ted  as an  ord inary  
equation. 
of the relation 

In fact, if one cons iders  C 1  as a function of B( t )  and makes  u s e  
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B = - = B -  ' *  dB dB 
dt dB 

Equation (93)  can be writ ten as 

a2c1 d B 2 " c 1  
B2 - t - -  - -  ($ t !,')B2 ( t )C,  = 0 2 dB i3B dB2 

dB2 
dB It is not hard to obtain -from Equation (99) .  After substitution of the 

. 3  

into Equation (105), one can integrate the resu l t  a s  an  
- 2  d B" values of B and - 

dB 
ord inary  differential  equation and obtain a solution containing two additional 
a r b i t r a r y  constants which a re .  functions of 1 .  
determ-ined by momentum balance and the p r e s s u r e  condition. 

These  constants have to  be 

3 .  DETERMINATION O F  THE FREE SURFACE - A FEASIBILITY STUDY 

F r o m  Equations (99)  and (101) it is c l ea r  that, for  smal l  depth of 
penetration, the square  of the velocity of penetration and the velocity 
itself can b e  wri t ten a s  

m m 
' 2  
B = 1 t 2 a , B V ,  B = 7 b, ,BV 

v =  1 

where  the  coefficients a r e  l inear  functions of 
Consequently one finds, f r o m  Equation (105)  

L "  
v =  0 

a single pa rame te r  a. 

where  only C o (  1 ) and C1(  1 ) are  arb i t ra ry .  
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Substituting Equation (107)  into Equation (74) resu l t s  in 

I Assuming 

+ =  A ( t )  t w ( t ) ( r  + T r - 2 ) c o s w  1 
0 

X F (a 1 + 2,7- - cGs  2 , ) d l  2’  Z’ 

which i s  of the form 

This potential contains two a rb i t r a ry  functions of the dummy variable  f! and 
involves otherwise only known l inear  functions of the parameter  a .  Neither 
the space variables nor the t ime variable a r e  involved in these functions. 

r = F ( w , B )  = 
v =  0 

a s  the equation for the f r ee  surface generated by the impact one has, by 

substituting r = F into @ 3 and - a’ the r e su l t s  
a r ’  a w  d t’ 

(g) = 5 Q v ( w ) B U  
r = F  u = O  

(2)  = 5 Q V ( w ) B ”  
r = F v = . O  

m 
= X v ( o ) B V  

r = F  u = O  L 
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Writing 

where g v ( w )  a r e  known quadratic functions of f f and f and making use  
of Equation (16) - the kinematic equation for the f r e e  surface,  one obtains 
the equation 

0' 1 . . .  

for  ver t ical  impact. 

Comparing coefficients of B' one gets 

(116) 

F o r  v = 0 one has  

giving f l  in t e r m s  of f o  and its f i r s t  derivative. 

F o r  V =  1 one finds 

which gives f in t e r m s  of f f and their  f i r s t  o rde r  derivatives.  
2 0' 1 
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It is not hard  to calculate the coefficients of 

f r o m  Equations (111) and ( 1 1 2 ) .  

Substituting Equations (1  13) and (1 19)  into the p re s su re  condition 
(Equation (17)) for  the f r ee  surface and assuming 

V dB 
dB 

w( t )  = B - = 1 a v B  
v =  0 

where a y  and b, a r e  related by Equation (106), one gets by comparison of 
coefficients of B V 

and 

for v =  l , 2 , 3 ,  . . .  . 

We note in passing the following facts: 

1. 

2.  

3. 

4. 

5. 

6 .  

The calculation of b, in Equation (106) f r o m  a, involves second 
degree algebraic ope r a t  ions . 
The calculation of C2(  ! 1, c 3 (  e ) ,  . . . f r o m  co( 1 
involves only l inear  operation (Equation (1 07)).  

and c l (  e )  

The determination of + v  ( r ,  w )  in Equation (108) requi res  only 
write -out. 

The calculation of @,,(a), Q, 

tion, substitution and expansion of known functions. 
( w )  andXv ( w )  involves differentia- 

The calculation of g,(w) f r o m  f ,  r equ i r e s  simple quadratic 
ope rat ion. 

The computation of f 1,  f 2 ,  . . . f r o m  Equation (117) and ( 1  18) 
requires only l inear operation. 
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* * 
7. The determination of +" and '1, in Equation (119) requi res  

substitution, expans ion and multiplication. 

8. The determination of a, in Equation (120) follows immediately 
f rom Equation (106) by multiplication of two se r i e s .  

Since the evaluation of a l l  the coefficients involves only algebraic 
operations with, and differentiation of known functions, a computer program 
for  the calculation of the f r ee  surface is feasible.  

4. MOMENTUM BALANCE - VIRTUAL MASS 

The momentum of the fluid is  given by 

Momentum E = P J v V q d T  

where 

P = density of the fluid 

+= velocity potential of the absolute motion. 

V s  volume depicted below. 

- 

We will denote 

unit normal  to f ree  surface (SI)  
by 
surface (S2) by T2 

and that to  the  frontier 

'n2 , 

Figure 3 .  Virtual M a s s  
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Writing Equation (123) in t e r m s  of a surface integral  by Gauss '  
theorem, one has  

M =  - - P L I X l $ d s  - P  /s Ti2sds 

2 

The vertical  component (z-component) is  obtained by taking the sca la r  
product of Equation (124) with the unit vector in the z -d i rec t ion ,z  . 

Z 

- pJ mds - p j s  T 2 . e  - ;6ds 
Z 

2 
s1 1' z 

If the f r ee  surface is  defined by 

the unit normal is given by 

1 - -  n =  

Surface S the frontier boundary of the vir tual  m a s s ,  is given by 2' 

2 2  2 2 
2 

F ( x , y , z , t )  = R = x t y t z = c 
2 

The sca la r  prodlict of i ts  no rma l  vector withTbZ, the unit vector  in the 
z-direction gives 

V F- 
A -  2 ,  z 
n e =  . e = fl=cos(z, r )  

2 '  z Z 

Substituting Equations (1 2 7 )  and (1 29 )  into Equation (1 2 5 )  r e su l t s  in 

. e T d s  - P  1; cos(z ,  R)&ds  (130) 
2 Z 

(M) - P  
z 
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The forcc is  givcn by  thc t ime rate of change of the nionientuni 

- 
+ -  . e +ds - p /: cos(z,R)*ds (131) 

VF1 P -  
at 2 

z 

tl - F = - ( M ) ,  z - -  
z t l t  A 

On the other hand, thc force may also be determined from the integration of 
the p re s su re .  

where 

F downward force exerted by the body. 

PN E pres su re  normal  to the surface,  S 

S 
1 

Z total surface omitting the wetted surface of the body. 

TO evaluate the integral  in Equation (132) one used Bernoulli 's  equation 

(133) a$  p =  - P  ( v + * v + )  - P a t  
- -  

Since p = 0 on the f r e e  surface,  the integral in Equation (133) becomes 

Combining Equations ( 1  31), (132) and (1 34)  we have 

F - P /s 2cos(z,  R)ds = - - - . eZ+ds  
dt - f s1 lVFl VF1 I * -  

2 

(135) 

For the water  impact problem we are concerned with an infinite fluid 

Recalling that the potential for the absolute motion vanishes at 
which, according to F igure  ( 3 )  means that the front ier  surface moves towards 
infinity. 
infinity and is  proportional to the inverse of R we can assume that 
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3 
2 V $ - R  a s R - a ,  

-- 

Consequently, the integral  over  S in Equation (135) becomes  

and therefore  

The downward force  exerted by the body, F, i s  determined by the t i m e  r a t e  
of change of the momentum of the body 

where 

- = m a s s  of the body 
M O  

w ( t )  E ver t ica l  velocity of the  body 0 

Combining Equations (136) and (137) one gets  

which, integrated once, gives 

. ) ds  = c = constant 
Z 0 
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Defining the momentum virtual mass ,  M, by 

one gets,  by momentum balance, the resul t  

In Equation (139) is given by Equation (80), w (t) by Equation (99)  
and F1 by Equation (110). After expansion of a l l  the P unctions involved in 
power s e r i e s  of B one can obtain a ser ies  expansion for M. 
into Equation (140) one can determine the parameter  a contained in wO(t)  
and the a rb i t r a ry  functions of I contained in r$ by comparison of 
coefficients. 

Substituting M 

- 
After the determination of + and subsequently of 9, the virtual m a s s  

can be  calculated by using Equation (139), the p re s su re  acting on the sphere 
by the Bernoulli equation, and the impact force by Equation (137). 
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111. SOLUTION FOR THE CONICAL AND TOROIDAL 
SECTIONS O F  APOLLO 

T h e  Apollo vehicle is made up  of t h r e e  distinct geometr ical  pa r t s :  a 
spherical  segment as  the base, a conical section as the wall and a toroidal  
section as thc joint of base and wall. 

In the c a s e  of ver t ical  landing it is c lear  t h a t  only the base experiences 
t h e  c r i t i ca l  p r e s s u r e .  
the potential solution f o r  the conical and the toroidal sections.  
potential does exist for  each of these cases  i s  demonstrated in  the following 
s e c t i o n . 

1. SEPARATION O F  VARIABLES 

However, one is a l so  in te res ted  in the existence of 
That a 

T h e  Laplace equation is separable when expressed in any orthogonal 
coordinate system ( 6  1 
rec ta rgular  coordinate system (x, y, z)  through relations of the form: 
x = x (61, 5 2 ,  c 3 )  etc. In particular,  the Laplace equation is  separable  in 
thc conical coordinate system and the toroidal coordinate system. 
say, in e i ther  of these coordinate systems represented by (61, 62, 6 3 )  the 
par t ia l  differential  equation can be decomposed into three  ordinary differen- 
t i a l  equations. This  means,  by setting 

52, 63)  which can be t ransformed d i rec t ly  to the 

That is to 

one c a n  obtain t h r e e  ordinary differential equations for  $1 ( 61) , $2 ( 5 2 )  
and 9 3  ( 6 3 )  f rom the Laplace equation 

2 .  SOLUTION FOR THE CONICAL SECTION 

T o  find the potential f o r  the conical section of Apollo one uses  conical 
coordinates  and sets (Reference 4) 

x = f  61 52 53 
aP 

(143a) 
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2 51 2 (5; - P 2 )  (5; - P2) 
y = -  

p 2  (P2 - a') 

2 - t; ( 
2 

z =  

a 
~ 

(a2 - P 2 )  

The coordinate sur faces  a r e  spheres  and cones given by 

2 2 2 2  
x t y t z = 5,  sphere 

2 2 2 
Z t Y = 0 cone X - 

2 
Z 

2 2 

2 2 2 2 2  
t y  t = 0 cone X - 

t 3 k 3 - P  e,-. 

( 143b) 

(143c) 

(1 44a) 

( 144b) 

(1 44c) 

where 

It i s  obvious that the surface of a cone i s  specified by 52 = constant, 
s a y 5 2  = 1. 

Introducing the new coordinates into the Laplace equation one obtains 
the following separated equations 

(145a) 
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L 
( 145b) 

-I 

(145c) 

where  k l  and k2 a r e  separat ion constants. 

The  c lass ica l  potential is obtained by assuming d iscre te  eigenvalues 
f o r  k l  and k2. 
boundary condition 

It is  known that the classic  potential does not satisfy the 

(z) = o  

on t h e  sur face  of the conical section. This  can be  remedied, however, by 
giving d i sc re t e  eignevalues to k l  and continuous eigenvalues to k2 following 
D r .  T a  Li ' s  theory.  

3 .  SOLUTION TO THE TOROIDAL SECTION O F  APOLLO 

T h e  potential for  the toroidal section can be obtained by introducing 
toroidal  coordinates 61, c 2 ,  E3 

x =  

( (1  - 6 2 )  

a [ ( e ;  - 1) (1 - z:)] 
Y =  

( (1  - f L )  

(146a) 

( 146b) 
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z =  

1 / 2  

a (1 - 5 ; )  

(51 - 5 L )  
( 146c) 

Utilizing the transformations 

5, = cos h (T)  

5, = cos  (u) 

we find that the coordinate sur faces  a r e  tores ,  meridian planes and spheres .  

2 
2 2  2 a x t y  t ( z  - c o t r )  = - 3 (sphere)  

L 
sin (J 

(147a) 

y = x tan + (plane through z-axis)  (147c) 

It i s  evident that the surface of a to re  is given by T = constant, i. e . ,  
= constant. 

The separated equations a r e  

( 148a) 
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. 

where k l  nd k2 a r e  separation constants. 

( 148b) 

( 148c) 

The c lass ica l  potential was obtained by giving discrete  eigenvalues to 
Since th i s  potential does not satisfy the boundary condition k l  and k2. 

( a $ / a ~  ) = 0 for  51 = constant. 
to k2 to obtain the new solution. 

Continuous eigenvalues have to be  assigned 
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CONCLUSION 

The  study made  in  this report  on the  ver t ica l  impact of the Apollo 
vehicle on water  is based upon the assumption that the flow is incompressible  
and nonviscous. The sphere is taken as  the mathematical  model fo r  the 
Apollo capsule.  This  is  physically real is t ic  f o r  ver t ical  impact since the 
bottom portion of the capsule is a spherical  segment.  
shown that the conic portion and the toroidal portion a r e  amenable to analysis.  

However, it i s  a l so  

The  first difficulty in  solving the impact  problem i s  to find the  c o r r e c t  
This is  overcome by nontrivial potential to satisfy the  boundary conditions. 

using a new separation technique, recently developed by the author.  
second difficulty l i e s  in  the determination of the a r b i t r a r y  functions. 
par t ia l ly  accomplished by considering the  initial f r ee  surface and the p re s su re  
condition at infinity, and partially achieved by combining the Laplace equation 
with the wave equation nea r  the first point of impact and then by momentum 
balancing. 

The 
This i s  

It is shown in this  report  that the potential, the virtual m a s s ,  the 
velocity of penetration, the impact p re s su re  and the impact force  a r e  all 
s e r i e s  of the depth of penetration. 
the coefficients of these  s e r i e s  can be done numerically,  s o  that a computer 
p rogram i s  in  sight. 

It is a l so  shown that the calculation of 

A general  potential for  oblique impact of a sphere i s  also obtained. 
However, the determination of the a rb i t r a ry  functions has  not been attempted. 
How th is  should be done in  the oblique c a s e  will depend on the outcome of the 
numer ica l  p rogram of the ver t ical  case. The ver t ical  entry is  comparatively 
simple but general  enough to give information which could lead to be t te r  
understanding of the oblique problem. 
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