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ABSTRACT 

We consider  i n  the  f i r s t  par t  of t h i s  t h e s i s  g r a v i t a t i o n a l  r a d i a t i o n  

from var ious  pu l sa t ing  and r o t a t i n g  o b j e c t s  using t h e  formula obtained 

wi th  the  weak-field l i m i t  of general  r e l a t i v i t y .  The cases of r o t a t i o n  

and o s c i l l a t i o n  are f i r s t  considered sepa ra t e ly  and then t h e  e f f e c t s  of 

r o t a t i o n  on r a d i a l  o s c i l l a t i o n s  are inves t iga ted .  Numerical estimates 

are made wi th  da ta  re levant  t o  a neutron star and i t  is  concluded t h a t  

most of t he  energy a neutron s t a r  may acqui re  during i t s  formation is 

d i s s i p a t e d  r ap id ly ,  un less  t h e  r o t a t i o n  i s  q u i t e  slow. 

We then consider  the  various means by which r o t a t i o n  can be slowed 

Il down, and i n  the  classical case,  w e  a r r i v e  a t  the  conclusion t h a t  whether 

a neutron s ta r  can b i f u r c a t e  t o  form a non-axisymmetric Jacobi  type con- 

f i g u r a t i o n  is  q u i t e  uncer ta in ,  owing t o  a l ack  of knowledge of t h e  

equat ion  of state. W e  remarked, however, t h a t  t h e  problem should be 

considered i n  the  framework of Post-Newtonian approximation, and by 

making use  of a v a r i a t i o n a l  approach, w e  ob ta in  a set of equat ions de te r -  

mining t h e  s t r u c t u r e  of a f a s t - r o t a t i n g  polytrope. We so lve  t h e  equat ions 

f o r  t h e  case of u n i t y  polytropic  index and with the  assumption of 

axisymmetry. 

W e  pointed out  t h a t  desp i te  i ts s i m p l i c i t y  i n  t h e  classical  case ,  

a v a r i a t i o n a l  approach i s  not  the  most convenient one i n  the  Post- 

Newtonian approximation. 
/ 

would be s impler  i n  the  end. 

look i n t o  t h e  e f f e c t s  of v i s c o s i t y  and problems a r i s i n g  from i n t e r n a l  

motion. 

A d i r e c t  s o l u t i o n  of t he  h y d r o s t a t i c  equat ions 

We concluded by suggest ing t h a t  one should 



' .  

- ii - 

ACKNOWLEDGEMENT 

This work was partially supported by the National 

Aeronautics and Space Administration under Grant 

NSG 445. 



I. INTRODUCTION 

The energy content  of a neutron s t a r  has been the  s u b j e c t  f o r  much 

d iscuss ion  i n  recent  yea r s ,  i n  connection with t h e  energy supply and 

mechanism of t h e  var ious  X-ray sources. 

as being formed ca t a s t roph ica l ly ,  probably through t h e  f r e e - f a l l  co l l apse  

of a supernova, then one observes t h a t  l a r g e  dynamical v e l o c i t i e s  should 

be developed and the re  should be o s c i l l a t i o n s  about t he  s t a b l e  configu- 

r a t i o n ,  s i n c e  i t  is highly  unl ikely t h a t  t he  neutron star would a r r i v e  

a t  t h e  s t a b l e  conf igura t ion  gently.  Furthermore, t he  dynamical speed 

of t he  o s c i l l a t i n g  ob jec t  would not  be  much less than t h a t  of l i g h t  s ince  

t h e  dimensions of t he  equi l ibr ium s t r u c t u r e  of a neutron star are no t  

more than 3-10 times t h e  Schwarzschild rad ius .  Thus a l a r g e  quan t i ty  of 

energy of o s c i l l a t i o n ,  amounting t o  about 10 53-54 e r g s  f o r  a star of 

m a s s  - 1 MQ ( s o l a r  mass) must be d i s s ipa t ed  be fo re  t h e  f i n a l  s t a b l e  

s t r u c t u r e  can be a r r i v e d  at .  

I f  one th inks  of a neutron s t a r  

L 

Various mechanisms have been suggested f o r  t h e  d i s s i p a t i o n  of t h i s  

Hoyle, Narl ikar  and Wheeler (1964) proposed t h a t  the  amount of energy. 

emission of e lectromagnet ic  waves could lead  t o  a very l a r g e  rate of 

energy loss. 

main body of t h e  neutron star implies an o s c i l l a t i o n  of t he  assoc ia ted  

magnetic f i e l d .  Such a f i e l d  e x i s t s  i n  the  neutron star, because e l e c t r o n s  

and protons are a l s o  p re sen t  ins ide  desp i t e  the  dominance of t h e  neutrons,  

i n  a r a t i o  determined by t h e  condition t h a t  t he  sum of the  top of t h e i r  

Fermi-dis t r ibut ion be  equal  t o  t h a t  of t h e  neutrons.  Furthermore, t he  

It is  pointed out t h a t  t he  dynamic o s c i l l a t i o n  of t he  
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magnitude of the  magnetic i n t e n s i t y  a t  t h e  s u r f a c e  of a t y p i c a l  neutron- 

s t a r  (dens i ty  

gauss because 

( 1  gauss a t  a 

l o l o  gauss i f  

3 g m / c m  . 

6 10 1015 gm/cc and radius  10 cm) could be as l a r g e  as 10 

even a s t a r  wi th  such a small d ipo le  f i e l d  as t h e  sun 's  

mean dens i ty  1 gm/cm ) would develop a po la r  f i e l d  of - 
i t  were ca t a s t roph ica l ly  cont rac ted  t o  a dens i ty  of about 

With such a l a r g e  magnetic f i e l d ,  the t o t a l  emission rate 

3 

might be as l a r g e  as - 
s u r f a c e  area of t he  star). Furthermore, i t  i s  pointed ou t  t h a t  t h e  s t rong  

g r a v i t a t i o n a l  f i e l d  of the star c r e a t e s  a near  vacuum immediately ou t s ide  

i t s e l f ,  and hence t h e  electromagnetic waves are f r e e  t o  travel ou t  i n t o  

space.  

of - 
- e rgs  i n  - secs o r  10 years .  

e rgs / sec  ( j u s t  t h e  Poynting vec to r  times t h e  

Thus, with no 'propagation d i f f i c u l t y  a r i s i n g ,  an emission rate 

e rgs / sec  i s  s u f f i c i e n t  t o  d i s s i p a t e  t h e  a v a i l a b l e  s t o r e  of 

5 

The o t h e r  mechanisms f o r  energy d i s s i p a t i o n  which has  been inten-  

s i v e l y  s tud ied  are t h e  var ious  neut r ino  processes .  

non-osc i l l a t ing  neutron s t a r s  v ia  t h e  Urca neut r ino  processes ,  i.e. 

neutron-neutron s c a t t e r i n g  followed by beta-decay and i ts  inverse ,  has  

been inves t iga t ed  by var ious  authors (e.g. Chiu and Sa lpe te r  1964, 

Bahcal l  and Wolf, 1965a, F i n z i  1965a) F i n z i  (1965b), however, seemed t o  

be  t h e  f i r s t  one t o  po in t  ou t  t ha t  t h e  v i b r a t i o n a l  energy of a neutron 

star could a l s o  be  d i s s i p a t e d  through v-processes. 

fol lowing r e a c t i o n  

Neutrino cool ing  of 

He  considered the  

n + n + n + p + e + G e  (1.1) 

and i ts  inve r se  r eac t ion  

t 

p + e + n + n + n + v e  e (1.2) 
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1 4  In  h i s  ca l cu la t ion ,  F inz i  assumed a cons tan t  dens i ty  of p - 6 x 10 

p / c m  

which were described as- f r e e  fermions. 

neutrons,  protons,  and e l ec t rons  are p resen t ,  and t h e  Fermi l e v e l  En 

of t h e  degenerate neutron gas is about 93 MeV. The Fermi levels of t h e  

proton and e l ec t rons ,  Ee and Ep, can be determined from t h e  condi t ion 

of chemical equi l ibr ium and charge conservation. 

E 

t o  t h e  t o t a l  number of p a r t i c l e s  t o  be about 0.009, 

3 f o r  the  neutron star and complete degeneracy f o r  a l l  t h e  p a r t i c l e s ,  

A t  t h e  dens i ty  used, only 

One f i n d s  i n  t h i s  way 

- 89.5 MeV and E 
e P 

- 4.3 MeV, and t h e  r a t i o  of proton-electron p a i r s  

Thus, t h e  equi l ibr ium concentrat ion of neutrons,  protons and e l ec tons  

i n  the  degenerate  gas of the  neutron star is a func t ion  of t h e  dens i ty .  

I n  a p u l s a t i n g  star,  the density varies p e r i o d i c a l l y  with t i m e  and 

t h e r e f o r e  the  concentrat ion i s  most of t h e  t i m e  d i f f e r e n t  from t h e  

equi l ibr ium concentrat ion.  For d e n s i t i e s  s l i g h t l y  h igher  than nuc lea r  

dens i ty ,  t h e  equi l ibr ium concentrat ion of e's and protons inc reases  wi th  

inc reas ing  densi ty .  Therefore,  when t h e  gas is compressed, r e a c t i o n  

(1.1) w i l l  t ransform some neutrons and protons and e l ec t rons ,  p l u s  a n t i -  

neu t r inos  which w i l l  escape. Conversely, when the  gas i s  expanded 

r e a c t i o n  (1.2) w i l l  t ransform some protons and e l e c t r o n s  i n t o  neutrons,  

p l u s  neu t r inos  which w i l l  escape. These two r eac t ions  proceed a t  t h e  

expense of the  v i b r a t i o n a l  energy of t h e  s tar ,  which is  very e f f e c t i v e l y  

damped a t  a rate given by - ci8 e rgs / sec  where a is  t h e  r a t i o  of t h e  

r a d i a l  displacement of a poin t  during o s c i l l a t i o n  t o  the  d i s t a n c e  of t h a t  

po in t  from the  c e n t r e  of t h e  star. 

The c a l c u l a t i o n  has  been c a r r i e d  ou t  f o r  t he  general  case of non- 

uniform dens i ty  and non-zero temperature, and appl ied t o  some a c t u a l  
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neutron s t a r  models by Hansen (1966) and Hansen and Tsuruta  (1967). The 

r e s u l t  of t he  c a l c u l a t i o n  ind ica t e s  v i b r a t i o n a l  energy s t i l l  ranging 

3 from about lo4' e r g s  t o  ergs a t  10 yea r s  ( t h e  supernova explosion 

leading  t o  t h e  Crab Nebula i s  believed t o  have occurred 910 yea r s  ago 

a t  a d i s t ance  of about 1100 pc). This c a l c u l a t i o n  thus  does no t  r u l e  

ou t  t h e  p o s s i b i l i t y  of a v i b r a t i o n a l  energy source f o r  t h e  Crab Nebula. 

This ,  however, is  the  case i f  only the re  is  no o t h e r  major l o s s  mechanism. 

W e  may, f o r  example, have to take i n t o  account neutr ino-react ions o t h e r  

than the  aforementioned Urca processes (and t h e i r  v-meson analogue with 

e and v replaced by 11 and v ), I n  f a c t ,  Bahcall  and Wolf (1965b) 

suggested t h e  following nn processes which g ives  a v a s t l y  increased  rate 

of neu t r ino  emission via the  transformation: 

. 

e P 

- - -  
n + n + n + e  + v e  

- 
n + e - + n + n  + v e  

(1.3) 

and t h e i r  p-meson analogue. Whether t h i s  a c t u a l l y  occurs depends on 

whether nuc lea r  matter a t  very high d e n s i t i e s  conta ins  "quasi f r e e  pions", 

as suggested by the  i d e a l i z e d  model of superdense matter as cons i s t ing  

of independent, non-interact ing gases  (Ambartsumyan and Saakyan (1960), 

Cameron (1957)). 

fermi energy of neutrons,  protons and e l e c t r o n s  t o  such a po in t  t h a t  

C , ho, p 

On the  b a s i s  of t h i s  model, high pressure  raises the  

- - 
and n- and o t h e r  p a r t i c l e s  are formed, No pions,  however, 

would appear u n t i l  t h e  dens i ty  exceed about 300 t i m e s  t he  nuc lear  dens i ty ,  

a l though t h e r e  may be i n t e r a c t i o n s  s t rong ly  lowering t h e  c r i t i ca l  d e n s i t y  

requi red  for pion-production and f o r  t h e  i n i t i a t i o n  of t h e  nn-processes. 
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I f  such a process is  r e a l l y  e f f e c t i v e ,  then the  temperature and 

energy content  of the  neutron star i n  the  Crab Nebula should be now f a r  

t oo  l o w  t o  be of s ign i f i cance  for  t h e  X-ray r a d i a t i o n  c u r r e n t l y  observed. 

However, Tsuruta  and Cameron (1966) suggested t h a t  t h e  pion-neutron i n t e r -  

a c t i o n  i s  such as t o  make it unl ike ly  t h a t  t h e  nlr-process can ope ra t e  ~ 

a t  a l l .  We s h a l l  t he re fo re  make no f u r t h e r  remark on t h e  v-processes 

and s h a l l  pass  on t o  the  next  important mechanism of energy loss--gravi- 

t a t i o n a l  radiation-which forms t h e  main body of our  work i n  t h i s  t h e s i s .  

The ex i s t ence  of graviational r a d i a t i o n  was p red ic t ed  by E ins t e in  

( t h e  usua l ly  quoted re ferences  are: Sb. Preuss. Akad. Wiss. 688, 1916 

and Sb. Preuss.  Akad. Wiss. 154, 1918) s h o r t l y  a f t e r  he  formulated h i s  

gene ra l  theory of r e l a t i v i t y .  Systems of moving masses should e m i t  

g r a v i t a t i o n a l  waves i n  analogy wi th  the  emission of e lectromagnet ic  waves 

by a system of moving charges. 

about  t h e  r e a l i t y  of g r a v i t a t i o n a l  r a d i a t i o n  (P i r an i ,  1962) and no 

g r a v i t a t i o n a l  waves have as yet  been observed. However, some experimental  

work now seems f e a s i b l e  (Weber, 1961, 1963, 1964, 1967). and with the  

r e s o l u t i o n  of some t h e o r e t i c a l  i s s u e s  i n  recent  yea r s ,  i t  has  been 

p o s s i b l e  f o r  a number of phys i c i s t s  t o  conclude t h a t  general  r e l a t i v i t y  

does p r e d i c t  t h e  ex i s t ence  of g r a v i t a t i o n a l  waves. 

problems are, however, beyond t h e  scope of our  p re sen t  t h e s i s .  

w e  s h a l l  cons ider ,  i n  t h e  s p i r i t  of Landau and L i f t s c h i t z  (1962) t h e  

problem of energy r ad ia t ed  by moving bodies  i n  t h e  form of g r a v i t a t i o n a l  

waves. 

There has ,  however, been some skeptism 

Such fundamental 

Ins tead ,  

For a system of bodies  moving with v e l o c i t i e s  small compared wi th  
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t h a t  of l i g h t ,  the  energy l o s s  by g r a v i t a t i o n a l  r a d i a t i o n  is  given by 

t h e  weak f i e l d  l i m i t  t o  genera l  r e l a t i v i t y  as: 

1962)+ 

(Landau and L i f t s h i t z ,  

where & is  t h e  energy of t he  system and D is t h e  quadrupole moment of 
a@ 

t h e  mass d i s t r i b u t i o n ,  def ined as: 

Angular momentum can a l s o  be  l o s t  through g r a v i a t i o n a l  r a d i a t i o n ,  

a t  a rate given by (Pe ters ,  1964) 

where L 

“ i j k  

is t h e  i - t h  component of t h e  angular  momentum vec to r  L and i - 
is a completely antisymmetric u n i t  pseudotensor. 

Making use of formulae (1.6) and (1.9), w e  have ca l cu la t ed  t h e  l o s s  

of energy through emission of  g r a v i t a t i o n a l  r a d i a t i o n  of var ious  o s c i l -  

body is  found t o  be slowed downvery f a s t ,  provided t h a t  t he  asymmetry 

is la rge .  For a pure ly  o s c i l l a t i n g  system, t h e  quadrupole mode i s  

damped exponent ia l ly ,  wi th  the higher  modes surviving.  

Greek s u b s c r i p t s  range from 1+3, and summation over repeated ind ices  

i s . unde r s tood ,  un less  s t a t e d  otherwise.  
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Besides these  d i r e c t l y  r a d i a t i n g  modes, w e  have t o  consider  a l s o  

t h e  r a d i a l  mode of o s c i l l a t i o n .  

r a d i a t e ,  the  r o t a t i o n  which is almost s u r e l y  present  would des t roy  t h e  

s p h e r i c a l  symmetry of t h e  system, aga in  leading t o  r ad ia t ion .  W e  have 

c a r r i e d  out  a d e t a i l  a n a l y s i s  of t h i s  mechanism of drawing energy from 

a r a d i a l  mode t o  o t h e r  non-radial ones,  and found t h a t  a f t e r  a t i m e  of 

about 10 

Although a purely r a d i a l  mode does n o t  

3 years ,  the  su rv iv ing  r a d i a l  mode would only  be s i g n i f i c a n t  if 

Such a small angular  ve loc i ty  €or  e f f e c t i v e  energy s to rage  poses 

a s e r i o u s  problem with regard to  t h e  angular  momentum of t h e  neutron 

star. 

wish t o  have any s i g n i f i c a n t  r a d i a l  mode of o s c i l l a t i o n  i n  t h e  s ta r  a t  

a l l .  This can, of course,  be  achieved by t h e  emission of g r a v i t a t i o n a l  

r a d i a t i o n  bu t  the  rate would be extremely i n s i g n i f i c a n t  un less  t h e  

neut ron  star can form a non-axisymmetric Jacobi -e l l ipso id  of l a r g e  asym- 

metry. Even then, t h e  d i f f i c u l t y  i s  no t  completely resolved,  because 

wi th  t h e  loss of angular  momentum, t h e  asymmetry would become smaller 

and smaller; and t h e  r o t a t i n g  conf igura t ion  would become axisymmetric 

a t  a s t i l l  very l a r g e  angular  ve loc i ty .  

A very s i g n i f i c a n t  amount of angular  momentum must be l o s t  i f  w e  

Nevertheless ,  w e  s h a l l  consider whether a r o t a t i n g  neutron s t a r  

can form a non-axisymmetric Jacobi  type conf igura t ion  o r  not.  

of t h i s  na tu re  has  been d e a l t  with very ex tens ive ly  by Chandrasekhar 

and Lebovitz (1962a) and Chandrasekhar (1962b), i n  t h e  c l a s s i c a l  case 

f o r  an incompressible f l u i d .  

object, t he  axisymmetric sequence of Maclaurin e l l i p s o i d s  r ep resen t s  

t h e  equi l ibr ium shape of configurat ions,  bu t  a t  a c e r t a i n  angular  

A problem 

It is  showathat f o r  a slowly r o t a t i n g  
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ve loc i ty  Rb and beyond, a non-axisymmetric Jacobi  sequence branches o f f .  

Since R 

an incompressible ob jec t  does r e a l l y  e x h i b i t  a po in t  of b i f u r c a t i o n  a t  

t h e  angular  v e l o c i t y  $. 

is  smaller than t h a t  when equi l ibr ium is no longer  poss ib l e ,  b 

S imi la r  i n v e s t i g a t i o n s  have been made f o r  t h e  case of po ly t ropes  

(James 1964, Roberts 1963). James method is much more exac t ,  and he  

obtained t h e  r e s u l t  t h a t  only polytropes with an index n 5 nc = 0.808 

can e x h i b i t  a po in t  of b i furca t ion .  Roberts '  approach, on t h e  o t h e r  

hand, is much more approximate. However, his is t h e  one w e  s h a l l  fol low 

because of its s impl i c i ty .  

Cameron and Tsuruta  (1966) have appl ied  these  ideas  t o  t h e  r o t a t i n g  

W e  a l s o  neutron star by t h e  assignment of e f f e c t i v e  po ly t rop ic  ind ices .  

make some more genera l  es t imates  of e f f e c t i v e  po ly t rop ic  ind ices ,  bu t  

po in t  ou t  t h a t  t h e  problem should be a t tacked  a t  least wi th in  t h e  frame- 

work of Post-Newtonian Approximation ( t o  be abbreviated as PNA f o r  t h e  

rest of t he  t h e s i s ) .  

Again assuming t h a t  a neutron star can be approximated by a poly t rope  

with a c e r t a i n  e f f e c t i v e  index, w e  are thus l e d  t o  the  determinat ion of 

t h e  s t r u c t u r e  of a f a s t - ro t a t ing  polytrope i n  t h e  PNA. 

v a r i a t i o n a l  approach developed by Roberts (1063) and Krefe tz  (1966), and 

o b t a i n  the  s o l u t i o n  f o r  t he  case n = 1. We po in t  ou t ,  however, t h a t  a 

v a r i a t i o n a l  formulation l i k e  Roberts' is extremely cumbersome and perhaps 

unwarranted i n  t h e  PNA. 

probably be more prof i t a b l e  . 

W e  use a 

A d i r e c t  gene ra l i za t ion  of Jame's method may 
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11. Graviational Radiation from Rotating and Non- 

Radially Oscillating Object 

We begin by considering gravitational radiation from a rotating 

ellipsoid of mass m, uniform density p and semi-axes (a1, a*, a3). 

has actually been considered by Chin (1965), but our method here seems 

This 

to be simpler, and in any case illustrative of the one we shall use in 

our later discussions. 

Let the angular velocity n b e  in the z-direction. In the body set ,. 
of axes (x' y' z'), all the off-diagonal elements of the quadrupole 

moment tensor about the origin vanish because of reflection symmetry. 

The diagonal elements can be simply evaluated, and are given by: 

where i - 1, 2, 3 and is not summed over. 
In terms of the space-set of axes (x, y, z), we have: 

a ' =  a 
and from the theory of tensor transformation, we have for D 

space set: given by 

in the 
ij 
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Subs t i t u t ing  t h e  D 

energy l o s s  (1.5), we immediately have 

ca l cu la t ed  from Eq. (2.3) i n t o  t h e  equation f o r  
ij 

of a 

For slow r o t a t i o n ,  t h e  configurat ion does no t  d i f f e r  much from t h a t  

sphere of r ad ius  R. Thus, w e  can pu t  

where 0 is a s m a l l  quant i ty .  Eq. (2.4) can then be s impl i f i ed  t o  

(2.6) I 

To f i n d  t h e  damping, we  need an expression f o r  t h e  r o t a t i o n a l  energy. 

This  may be  ca l cu la t ed  c l a s s i c a l l y ,  and the  r e s u l t  is 

S u b s t i t u t i n g  t h i s  i n t o  Eq. (2.6), w e  r e a d i l y  have 

where Qo is t h e  angular  ve loc i ty  a t  t - 0, and t h e  "damping-parameter" 

k is defined as 
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W e  must remark t h a t  

depends on R . Thus Eq. 
should be i n t e r p r e t e d  as 

2 

i n  t h e  case of a Jacobi  e l l i p s o i d ,  n2 a l s o  

(2.8) is a c t u a l l y  no t  completely c o r r e c t ,  and 

only giving a rough idea  of t h e  damping. For 

6 a t y p i c a l  neutron star of mass - 1 Mo and r ad ius  R = 10 

small 11 = 0.1 would reduce an 9 = IO2 cps  t o  40% of its va lue  i n  about 

10 secs o r  - 30 years .  However, w e  mus t  cau t ion  t h a t  i t  is n o t  clear 

a t  a l l  whether a r o t a t i n g  neutron star can form a Jacobi-type configu- 

r a t i o n .  We s h a l l  e l abora t e  on t h i s  po in t  i n  §V. 

cm, even a 

0 
9 

We next  consider  a n  axisymmetric.oscillation of a s p h e r i c a l  mass 

of imcompressible f l u i d  of constant dens i ty  p and r ad ius  R. 

t h e  usua l  procedure f o r  descr ibing l i q u i d  drop o s c i l l a t i o n ,  we descr ibe  

Following 

t h e  deformed su r face  

(2.10) 

where the  a ' s  are func t ions  of  t i m e  and <<1, and t h e  P ' s  are Legendre 

func t ions .  

i ncompress ib i l i t y ,  and the  a1 term is  l e f t  ou t  because it s h i f t s  t h e  

c e n t r e  of mass. Because t h e  f l u i d  is of constant  dens i ty ,  Eq. (2.10) is  

s u f f i c i e n t  f o r  t he  c a l c u l a t i o n  of t h e  D 's.  W e  observe t h a t  we need 

c a l c u l a t e  only one diagonal  element, s i n c e  t h e  off-diagonal terms vanish 

because of axial-symmetry and s ince  D = D 11 22 

n n 
We no te  t h a t  t h e r e  is no a. term because of t h e  assumption of 

i J  

= - - D33 because of 



- 12 - ,. 
axisymmetry and the  vanishing of trace. 

Making use of t he  or thogonal i ty  of the  Pn 's ,  w e  f i n d  by direct  

ca l cu la t ion  

We n o t i c e  t h a t  the  P2-mode cont r ibu tes  the  dominant term t o  the  quadru- 

pole  moment tensor ,  and hence t o  t h e  energy loss .  

We now assume 

(2.12) 

where ano is the  amplitude, assumed t o  vary only slowly over a per iod so 
/I 

a 3D 

a t  
3 , we can t r e a t  i t  as a constant .  t h a t  i n  ca l cu la t ing  3 

Up t o  t e r n  l i n e a r  i n  a we need only consider  t he  P mode. Sub- n' 2 
1 
2 33' = - D we obta in  s t i t u t i n g  D33 from Zq. (2.11) and using Dll - D22 

from Eq. (1.5) t he  energy l o s s  averaged over a f u l l  cycle  i n  t h i s  

l i n e a r i z e d  approximation 

(2.13) 

where the  subsc r ip t  2 means t h a t  w e  are consider ing the  P -mode. 2 
/ 

Now the  energy of the  Pn-osci l la t ion (n+O) is given by Rayleigh 

(1945) 

/ i 
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From Eqs. (2.13) and (2.14), we  t he re fo re  have 

where 

(2.14) 

(2.15) 

(2.16) 

W e  thus  see t h a t  t he  P2-mode is  damped exponent ia l ly .  To have an 

i d e a  of t h e  damping rate, we again take our  t y p i c a l  neutron s tar  of mass - 
1 MQ and R = lo6 cm,  and the  c l a s s i c a l  expression f o r  

f l u i d  f o r  t h e  o s c i l l a t i o n  frequency of t h e  non-radial 

an incompressible 

modes (Lamb, 1932) 

(2.17) 

(2 18) 

Thus, a f t e r  a n  extremely s h o r t  t i m e  (- 1 day), t h e  P2-mode beaomes com- 

p l e t e l y  i n s i g n i f i c a n t  and only t h e  h igher  modes remain. 

we see t h a t  t h e  c o e f f i c i e n t  of t h e  coupled term a n a n+2 is  of t h e  same 

o r d e r  of magnitude as t he  squared term a:. Thus, f o r  t h e  mode with t h e  

l a r g e s t  amplitude, w e  can neglect  t h e  cross-term and take  t h e  squared 

term t o  be t h e  only cont r ibu t ion  t o  D 

From Eq. (2.11) 

I n  t h i s  case, t h e  energy loss  33' 
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expression f o r  t h i s  n-th mode becomes 

Eq. (2.14) and (2.20) would then g ive  

(2.21) 

where 

3 and is - 4.3 x 10 sec-' using Eq. (2.17) and the d a t a  r e l evan t  t o  our  

" typica l"  neutron star. 

Thus, t h e  h igher  modes would be  damped a t  a much slower rate than 

t h e  P -mode. However, i n  t h e  non-linear domain, t h e  dynamical coupling 2 I 

between the  var ious  modes should be considered. This  coupling could g ive  

a s t ronge r  damping because of energy t r a n s f e r  from t h e  h igher  modes i n t o  

the P2-mode. 

as given by Eq. (2.12). 

Furthermore, the o s c i l l a t i o n s  would not  be  purely harmonic 

Thus, our ana lys i s  should be i n t e r p r e t e d  as 

g iv ing  only an  e s s e n t i a l l y  q u a l i t a t i v e  desc r ip t ion  of t he  a c t u a l  p ic fure .  
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Suppose now the  above pulsa t ing  ob jec t  i s  a l s o  r o t a t i n g  slowly. 

We l i n e a r i z e  our  ca l cu la t ions  i n  t h e  s m a l l  parameter (Q/a), t o  which 

o rde r  t h e  energy l o s s  expression remains unchanged because i t  should 

be  even i n  Q. I f  t he  r o t a t i o n  is  about t h e  a x i s  of symmetry, as is 

probably t h e  case f o r  t h e  s l o w l y  r o t a t i n g  case, then no angular  momentum 

is l o s t ,  as can be seen by examining Eq. (1.7) and n o t i c i n g  t h a t  i t  

vanishes  f o r  a system possessing a x i a l  symmetry and hence vanish ing  of f -  

d iagonal  D J u s t  t o  have a rough i dea  of how r o t a t i o n  can be damped, 

w e  cons ider  an  ob jec t  r o t a t i n g  about t he  x-axis and a t  t h e  same t i m e  

' s .  
i j  

p u l s a t i n g  i n  an  axisymmetric manner about another  a x i s ,  t h e  z-axis, say. 

The loss rate can then be r ead i ly  evaluated using t h e  same technique 

leading  to Eq. (2.6). The r e s u l t  when w e  consider  only t h e  P2-rnode is 

(2.23) 

For h ighe r  modes, t he  numerical c o e f f i c i e n t  would be d i f f e r e n t  and 

a 

f o r  small (Qla),  t he  r o t a t i o n  i s  damped out  much more slowly than the  

pu l sa t ion .  By t h e  t i m e  t h e  non-radial  o s c i l l a t i o n s  become i n s i g n i f i c a n t ,  

4 2 would r ep lace  a20 .. In  any case, i t  is clear from Eq. (2.23) t h a t  no 

much of t h e  r o t a t i o n  would s t i l l  p e r s i s t .  
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111. Ef fec t  of Rotation on Radial  O s c i l l a t i o n s  and 

t h e  Consequent Emission of Grav i t a t iona l  Radiat ion 

I n  §II, we have been consider ing t h e  d i r e c t l y  r a d i a t i n g  modes. 

a pure ly  r a d i a l  mode does no t  r ad ia t e .  This  can be immediately seen  by 

n o t i c i n g  t h a t  a r a d i a l l y  o s c i l l a t i n g  o b j e c t  maintains  i ts  s p h e r i c a l  sym- 

Now 

metry. Thus a l l  t h e  Dii ' s  a r e  equal  and D - 0 t o  i 4 j. But t h e  trace 
i j  

of Dii a l s o  vanishes ,  and hence each d iagonal  element a l s o  vanishes .  

f o r e ,  Eq. (1.5) g ives  zero f o r  t h e  energy loss. This ,  however, is  only 

t r u e  f o r  a pure ly  r a d i a l  v ib ra t ion  of an i d e a l  s p h e r i c a l l y  symmetric d i s -  

t r i b u t i o n  of mass. 

t o  a non-zero mass quadrupole,  then g r a v i t a t i o n a l  r a d i a t i o n  would aga in  

b e  emitted.  Thorne and Mettzer (1966) pointed o u t  t h a t  t h e  chances are 

overwhelming f o r  a neut ion  s t a r  t o  passess  a f i n i t e  amount of angular  

momentum, and any n a t u r a l  amount of angular  momentum, divided by the  

r e l a t i v e l y  very  small moment of i n e r t i a l  of a neut ion  star, impl ies  

t y p i c a l l y  a very  h igh  angular  ve loc i ty .  

s e c t i o n  t h a t  r o t a t i o n  is damped away r e l a t i v e l y  s lowly,  and thus ,  w e  can 

almost c e r t a i n l y  th ink  of some r o t a t i o n  present  toge ther  with t h e  r a d i a l  

mode. And w e  s h a l l  now show i n  d e t a i l  t h a t  t h i s  r o t a t i o n ,  by des t roying  

t h e  s p h e r i c a l  symmetry of t h e  system, would s e r v e  as the  mechanism t o  

b r ing  about t h e  coupling of t h e  r a d i a l  mode t o  a d i r e c t l y  r a d i a t i n g  one. 

There- 

I f  t h e r e  should be any coupling of t h e  r a d i a l  mode 

We have a l s o  seen  i n  rhe  l a s t  

// 

Since  t h e  change i n  dens i ty  d i s t r i b u t i o n  should be independent of 

ciie s i g n  of 0 ,  w e  thus  have t o  t ake  a l l  e f f e c t s  of r o t a t i o n  up t o  terms 

of o rde r  ( Q / u ) ~ .  W e  consider  then a sphere of r ad ius  R c o n s i s t i n g  of a 

- 

compressible f l u i d  of uniform dens i ty  pu l sa t ing  i n  t h e  lowest  r a d i a l  mode 
I 
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when the Lagrangian displacement is given by: 

where a is a constant. If this sphere is given a small, uniform rotation, 

the oscillations are altered both because the equilibrium shape is changed 

the pulsation equation includes additional centrifugal and Coriolis force term. 

In one presence of rotation, Euler's equation can be written as: 

where 2 is the velocity, p is the density, p is the pressure, is the 

gravitational potential given by Poisson's equation: 

and 

0 ' 5  = - 4 n q  (3 .3)  

When axisymmetric perturbations are considered, it is more 

advantageous to write the above equation of motion for y in the rota- 

ting frame in spherical polar co-ordinates (Ledoux and Walraven, 1958). 

With the definition of velocity components in spherical co-ordinates 

given by u - i, ue re, u = r sin e$, we have: 
r 0 
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iat Assuming time-dependence e for the Lagrangian displacement F , ,  and - 
linearizing in F , ,  we have, by making use of the relation obtained at 

equilibrium: 

- 

the following alternate forms for E q s .  (3.5) - (3.7) 
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(3.11) 

Here the unprimed quantities indicate the equilibrium values of a 

uniformly rotating spherical of constant density, and the primed ones 

are the Eulerian perturbed values. The perturbed quantities P ' ,  p' do' 

can be related to the equilibrium values by making use of the continuity 

equation, Poisson's equation and the adiabatic relation between pres- 

sure and density variations, respectively as follows: 

(3.12) 

(3.13) 

(3.14) 

2 To solve for E,, 5, and 5 we first expand them and u in powers 
4 

2 of n, retaining terms up to those of order n . Thus, we write: 

(3.15) 

(3.16) 

I 
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(3.17) 
i 

(3.18) 

whe e tr0 is the same as 5 

zeroth order terms for 5, and 5 

the absence of rotation. 

defined in Eq. (3.1) anL t..ere are no r 
since the motion is purely radial in 

4 '  
I 

For oscillations that are originally axisymmetric, it can be shown 

that ul = 0 (Clement, 1965). 

formulates the problem in terms of a variational principle and examines 

the equation providing stationary values in u for arbitrary variations 

in 5 . 
brought about by rotation actually arises from the Coriolie 

This can be quite readily seen if one 

Then it becomes apparent that the first order change in u - 
term in 

the equation of motion, and /' if one writes the normal modes of the.Lagran- 

gian displacements in terms of thespherical harmonics Y m (e .4 ) ,  the 

Coriolis term will be found to be proportional to m. Hence, for an 

axisymmetric oscillation where m = 0, we have u 

second order change to the characteristic frequency. 

a .  

= 0 and so only a 1 
Also, we remember 

2 that the right-hand side of Eq. (3.10) is of order Cl , since presbure 
and the density perturbations should be independent of the sign of Q. 

2 With the above in mind, we substitute the Eqs. (3.15) - (3.18) for u , 
and 5 into Eq. (3.10) and (3.11), and by comparing terms of 0 E,, E , ,  

different. orders in n, we readily obtain: 

(3.19) 
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(3.20) 

(3.21) 

Eq. (3.20) f o r  5 agrees  wi th  a corresponding expression given by 

Clement (1965). To so lve  f o r  5 (or  equiva len t ly ,  Se2) ,  w e  t u r n  

t o  Eq. (3.10). Although the  r-equation (3.9) has  no t  been used a t  

4 1  

r2 

a l l  i n  t h i s  a n a l y s i s ,  it w i l l  be shown later t h a t  i t  can be used t o  

s o l v e  f o r  u with  known 6, hence g iv ing  a check on the  rest of t h e  

c a l c u l a t i o n s .  

2 

1 

Using Eq. (3.19) - (3.21), w e  can w r i t e  Eq. (3.10) as :  

, 

We have t o  eva lua te  f i r s t  t h e  right-hand s i d e  of Eq. (3.22), using 

Eqs. (3.12) - (3.14). W e  u s e  f o r  t h e  equi l ibr ium q u a n t i t i e s  those of 

a uniformly r o t a t i n g  mass of f l u i d  of constant  dens i ty  (Chandrasekhar, 

1962a). Thus, w e  have f o r  a r o t a t i n g  e l l i p s o i d  wi th  a sur face  given by: 

(3.23) 

(a, a2 i n  our present  axisymmetric case)  
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The gravi tat ional  potent ia l  0 is given by: 

where 

( 3 . 2 4 )  

and the r e l a t i o n  between pressure and dens i ty  is given by: 

where the constant is  so chosen that  the pressure vanishes on the 

surf  ace .  

We def ine  the eccentr i c i ty  e: 

( 3 . 2 6 )  

2 2 and the r e l a t i o n  between e nd 52 is  given by, t h e - v i r i a l  theorem, 7 
say ,  a s :  

, 
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For small r o t a t i o n  i n  which w e  are i n t e r e s t e d ,  w e  can t r e a t  e 

as a small parameter. 

and keeping terms only up t o  those of order  e , w e  r e a d i l y  o b t a i n  

from Eq. (3.25) and (3.24): 

Expanding t h e  va r ious  expressions l i s t e d  above, 

2 

(3.28) 

where w e  have made p vanish on t he  s u r f a c e  (3 .23) ,  which w e  can now 

write as: 
1 

(3.29) 

and w e  have r e l a t e d  8 and a2 of t h e  e l l i p s o i d  t o  R by: 1 

(3.30) 

(3.31) 

2 2 
and t h e  r e l a t i o n  between e and n becomes: 
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IS ILL 
c e' - 

(3.32) 

Using now E q s .  (3.12) and (3.13) for p '  and p', and E q s .  (3.19) - 
(3.21) for 5 ,  and E q .  (3.28) for p, we can now write E q .  (3.22) as: 

(3.33) 

An examination of E q .  (3.33) indicates that in the desired solu- 

tion, the &dependence of Co2 can be taken as sin 28. 

making use of Eq.  (3.21), we can write: 

Thus, by also 

J 

and for the perturbed internal gravitational potential we write: 

( 3 . 3 4 )  

(3.35) 
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I ( 3 . 3 6 )  
I) 

with go(r), gz(r), and f(r) still to be determined. 

By substituting Eqs. ( 3 . 3 4 )  - ( 3 . 3 6 )  into Eq. ( 3 . 3 3 ) ,  we would 

then have : 1 

( 3 . 3 7 )  

By inspection, we see that f(r) = ahr can be a solution provided 

/ that A satisfies: 

( 3 . 3 8 )  

a 
a e  - where use has been made of one fact that in this case - div 5 = 0, 

while from Poisson’s equation, we have g (r) = -4aGpa k2r. 2 

2’  Our derivation is now nearly complete except for the constant k 

This can be determined in quite a straightforward manner by demanding 

that the gravitational potential and its derivatives be continuous on 

the perturbed boundary. 

Appendix A. The result is: 

The details of the calculations we leave in 
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which therefore gives a X from Eq. (3.38) : 

(3.39) 

(3.40) 

Our solution is now complete. Summing up, we have for the Lagran- 

gian displacement: 

(3.41) 

(3.42) 

(3.43) 

and,the new boundary becomes: 

with r(0) given by Eq. (3.29). 

We remark that, although our solutions are obtained by inspection 

from the &equation (3.10), they satisfy the boundary conditions that 

5 = 0 at the center, and give a surface on which the pressure vanishes. 
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Furthermore, as remarked earlier on P.21, we can substitute the solution 

for 5 from Eq. (3.41) - (3.43) into the r-equation (3.9), which would 

then yield an expression for CI 2 '  

(3.45) 
, 

On substituting for k2 and X the values as given by Eqs. (3.39) 

and (3.40), we have: 

- L(5 -3a )  
3 6LL - 

(3.46) 

which agrees with the corresponding expression given by Ledoux (1945). 
/ 

With Eqs. (3.41) - (3.44), the quadrupole moment tensor can be 
2 readily evaluated. Limiting ourselves only to terms up to R , we 

have for the time-dependent /Rart: 

(3.47) 
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We note here that D 

departure from sphericity is brought about by rotation. 

D33 a a which is also expected, since a purely rotating axisymmetric 

object with no pulsation should not give any non-vanishing, time- 

dependent quadrupole moment. 

is of order fi2, which is expected since the 33 
Furthermore, 

With Eq. (3.47), we have from Eq. (1.5) for the time averaged 

energy loss: 

(3.48) 

Since no angular momentum is lost in this case because of axi- 

symmetry, the angular velocity R will remain constant. 

the energy loss is at the expense of oscillation. 

Eq. (3.41) - (3.43), we have for the total pulsation energy: 

Thus, all - 
With 6 given by ,. 

(3.49) 

A comparison of Eqs. (3.48) and (3.49) shows that the energy 

decreases exponentially, given by: 
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d e r e  
(3.51) 

Again, using our t y p i c a l  neutron star, and a y - 1.5 as a crude 

4 
3 compromise between y * - for an extremely re la t ivis t ic ,  completely 

f o r  a p e r f e c t ,  monoatomic gas ,  w e  5 degenerate  fermi-gas, and y - - 3 

o b t a i n  f o r  KO: 
I 

- 1  4 4 
k o  = 1 . 1  )< lo JL 

(3.52) 

3 Using (J = 3 X 10  cps (Tsuruta,  Wright, and Cameron, 1965), 
0 I 

w e  f i n d  t h a t  f o r  n = 10 s e c  , t h e  o s c i l l a t i o n  energy is reduced t o  

i n s i g n i f i c a n c e  a f t e r  a time of about one year .  

t i o n  i s  damped away extremely r ap id ly  i f  t h e r e  is a coupl ing wi th  

r o t a t i o n .  

2 -1 

Thus, r a d i a l  o s c i l l a -  

, 
For t h i s  and o the r  po in t s ,  w e  s h a l l  d i scuss  i n  more d e t a i l  i n  

t h e  next  s ec t ion .  

,/ 
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I V .  Resul t s  of Graviat ional  Radiation Calcula t ion  

and Consequences 

W e  now assemble he re  f o r  discussion t h e  var ious  express ions  derived 

i n  t h e  las t  two s e c t i o n s  f o r  damping of o s c i l l a t i o n s .  We remember t h a t  

w e  take  f o r  a t y p i c a l  neutron s t a r  an ob jec t  of mass m = 1 Me and rad ius  

6 3 R = 10 cm. 

t h e  r a d i a l  mode (Tsuruta,  Wright and Cameron, 1965) and t h e  expression 

For the  o s c i l l a t i o n  frequencies ,  w e  use Q = 3 x 10 cps f o r  

(2.17) f o r  an incompressible f l u i d  f o r  t he  non-radial  one?. 

For t h e  P2-osc i l la t ion ,  Eqs. (2.15) and (2.18) gives:  

1 -1 where K2 = 1.2 x 10 sec . 
For t h e  P4-osc i l la t ion ,  Eqs. (2.21) and (2.22) give: 

3 -1 where K4 - 4.3 x 10 s e c  . 
For r o t a t i o n  and nea r ly  radial o s c i l l a t i o n s ,  we have Eq. (4.50) and 

(4.51) - K O t  d k )  = d b ) e  
-14 *4 

where KO - 1.1 x 10 . 
From these  express ions ,  we can e a s i l y  ob ta in  an upper l i m i t  t o  t he  

t o t a l  o s c i l l a t i o n  energy a f t e r  any length of t i m e  by tak ing  t h e  o r i g i n a l  

ampli tude t o  be uni ty .  W e  remark t h a t  w e  have assumed uniform dens i ty  

f o r  t h e  equi l ibr ium configurat ion i n  our work, and t h i s  is of course no t  
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t r u e  f o r  t he  neutron star. 

not  too b ig ,  except  f o r  t h e  outermost regions,  and our  ca l cu la t ions  

would s t i l l  give a very good idea  under what condi t ions  t h e  o s c i l l a t i o n  

energy can s t i l l  be l a r g e  enough t o  be of i n t e r e s t  i n  phenomena i n  

However, t he  depar ture  from uniformity i s  

supernova remnants. 

t abula ted  as shown i n  Table 1. 

s i g n i f i c a n t  su rv iv ing  mode a f t e r  a t i m e  of 10 

modes i f  Sl 2 10 sec-l. 

and by comparison, t h e  angular  ve loc i ty  of b i f u r c a t i o n  f o r  an incom- 

p r e s s i b l e  ob jec t  is about 3.5 x 10 

e r i t i o n  a t  t h e  equator  would become comparable t o  t h e  g r a v i t a t i o n a l  

a c c e l e r a t i o n  f o r  R about equal  to  1.4 x 10 

The r e s u l t s  of damping i n  t h e  var ious  cases are 

From t h e  t a b l e ,  we see t h a t  t h e  only 

yea r s  would b e  r a d i a l  3 

This  is indeed a very s m a l l  angular  v e l o c i t y ,  

3 sec-l, whi le  t h e  c e n t r i f u g a l  accel- 

4 sec-l. 

, 
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Mode 

P (a= lo2 sec- l )  
0 

TABLE I 

Energy Remaining i n  t h e  Various Modes a t  Di f f e ren t  Times a s  

a Resul t  of Graviat ional  Radiat ion Damping 

Osc i l l a t ion  Energy ( i n  e rgs )  a t  Time: 

3 

-- 
I n i t i a l  

(a = 1) 1 Day 1 Year 10 Years 

0 22 2.7 x los1 2.3 x los1 6.0 x 10 

Po(n= 10 sec- l )  4.1 x 10 48 2.7 x 10 2.7 x 10 2.7 x 10 

'P 1 sec-l) 
0 

471 
2.7 x 10 5 1  1 2.1 1049 1 3.0 10 48 1 3.0 x 10 * n=o  

' 0 '  3 - processes)  

I 2.7 x 10 51 2.7 x 10 I 2.7 x 10 51 2.7 x 10 

52 1.8 x 10 

1.4 x 10 p 4  

Thus w e  see t h a t  a smal l  angular v e l o c i t y  is requi red  f o r  e f f e c t i v e  

I 

0 0 0 

38 3.8 x 10 43 1.1 x 10 41 1.1 x 10 

energy s to rage  i n  t h e  r a d i a l  modes of o s c i l l a t i o n ,  and t h i s  poses a 

s e r i o u s  problem wi th  r e spec t  t o  t h e  angular  momentum of t h e  neutron star. 

I f  w e  assume t h a t  t h e  neutron s t a r  of Ci - 10 cps i s  formed by con t r ac t ion  

from an o r i g i n a l  star of mass - 1 Mo and rad ius  - lo1' cm, then,  i f  

angular  momentum is  conserved i n  t h e  process ,  t h e  angular  v e l o c i t y  of 

t h e  o r i g i n a l  star would have t o  be  lo-' sec-', very much slower than 

t h a t  f o r  normal stars. It thus appears t h a t  t o  save t h e  s i t u a t i o n ,  i.e. 

t o  have a s i g n i f i c a n t  amount of energy s t o r e d  i n  t h e  r a d i a l  modes of a 
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3 neutron s t a r  about 10 years  a f t e r  i t s  formation, a very  s i g n i f i c a n t  

amount of angular  momentum has t o  be l o s t .  

One mechanism of slowing down t h e  sp in  of t h e  neutron s t a r  is  I 

suggested by Cameron and Tsuruta  (1966) i n  which t h e r e  i s  a loss of 

angular  momentum when an external magnetic f i e l d  exe r t ed  a torque  on 

mass flowing away i n  t h e  form of s o l a r  wind. Using t h e  estimate of 

Wolt jer  (1964) t h a t  a neutron s t a r  may be formed wi th  a magnetic f i e l d  

of t h e  o rde r  of -c gauss, they, estimate t h a t  t h e  s p i n  can be  

e l imina ted  i n  a t i m e  scale of seconds. 

On t h e  o the r  hand, i f  a f a s t  r o t a t i n g  neutron star can form a 

Jacobi-type conf igura t ion  of / la rge  asymmetry, then t h e  r e s u l t a n t  mass 

quadrupole formed can l ead  to  a very r ap id  damping by emission of gravi-  

t a t i o n a l  r ad ia t ion ,  as discussed i n  ZII. 

Of course,  t h i s  by no means takes away a l l  t h e  s p i n ,  f o r  with the  

loss of angular  momentum, t h e  r o t a t i n g  conf igura t ion  gradual ly  lo ses  i t s  

asymmetry. 

l o s s  is poss ib l e  and s t i l l  wi th  an angular  v e l o c i t y  f a r  too  l a r g e  f o r  

I f  f i n a l l y  a r r i v e s  a t  an axisymmetric shape, when no f u r t h e r  

e f f e c t i v e  energy s torage .  

Cameron and Tsuruta  (1966) have considered such a p o s s i b i l i t y  and 

they tackled  t h e  problem i n  an approximate manner by t h e  assignment of 

e f f e c t i v e  po ly t rop ic  index. 

of index less than about 1 (James, 1964, Roberts 1963), a po in t  of 

b i f u r c a t i o n  does e x i s t  on t h e  sequence of axisymmetric equi l ibr ium 

conf igura t ion ,  and f o r  s u f f i c i e n t l y  f a s t  r o t a t i o n ,  t h e  equi l ibr ium shape 

can  be one of non-axieymmetry. With t h i s  i n  mind Tsuruta  and Cameron 

It is known t h a t  f o r  a classical polytrope 
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assigned rough po ly t rop ic  ind ices  t o  t h e i r  models of neutron stars by 

comparing the  r a t i o  of c e n t r a l  t o  mean energy d e n s i t i e s  f o r  t h e i r  models 

with those f o r  polytropes.  

equat ion of state, they have found t h a t  t h e  e f f e c t i v e  po ly t rop ic  index 

of t h e i r  models wi th  a mass i n  t h e  v i c i n i t y  of one s o l a r  mass is  indeed 

near  o r  below uni ty .  

Using nuc lear  i n t e r a c t i o n  p o t e n t i a l s  i n  t h e i r  

Hence they conclude t h a t  t h e r e  is a good chance 

t h a t  neutron stars can deform in to  Jacobi  type conf igura t ions  i f  they 

are spinning f a s t  enough. 

We wish t o  remark t h a t  t h e  whole problem of b i f u r c a t i o n  i s  a c t u a l l y  

a very much more involved one, and t h e  above r e s u l t  is s t i l l  inconclusive.  

W e  s h a l l  give i n  t h e  next  s ec t ion  a b r i e f  survey of t h e  b i f u r c a t i o n  

problem i n  t h e  classical case, and employ another  method of a s s ign ing  

e f f e c t i v e  po ly t rop ic  index. Then we s h a l l  po in t  ou t  t h a t  a f u l l  d i s -  

cuss ion  should a t  least be attempted i n  t h e  PNA, and w e  s h a l l  developed 

t h e  f i r s t  few s t e p s  t h a t  can lead t o  t h e  f i n a l  so lu t ion .  

t 
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V. The Problem of Bifurcation in the Classical Case 

The question of whether a point of bifurcation can exist along a 

sequence of axisymmetric configurations has been answered for an 

incompressible fluid in the classical case by Chandrasekhar and 

Lebovitz (1962a). 

the state of equilibrium "provide no substance at all to the common 

They pointed out that the equations characterizing 

expectation that symmetry 

with any form produced by 

an obvious way to satisfy 

about the rotational axis should be associated 

a rotational field." 

the equation of equilibrium identically is by 

However, when Q2 -* 0, 

requiring axisymmetry. 

axisymmetric, Maclaurin spheroid (Lamb, 1932). However, as Q increases 

and the configuration departs from sphericity, a point could be reached 

when it is possible to satisfy the equilibrium equation withoutsthe 

assumptions of axisymmetry. For an object rotating uniformly about 

the z-axis, the general condition for the occurrence of a point of bi- 

furcation along a sequence of axisymmetric configurations is: 

Hence the equilibrium shape is that of an 
2 

where 

( 5 . 2 )  

is the moment of inertia tensor, "12; 12 is a supermatrix defined as: 
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d h D  v 

J b 
/’ 

/’ 

with  t h e  p o t e n t i a l  t ensor  V defined as: 
i j  

/ 

(5.3) 

For an  incompressible  f l u i d ,  s i m p l e  a n a l y t i c  so lu t ions  can be 

obtained f o r  I and W and (5.1) can be  e a s i l y  solved. This  
ii Pq; i j  

g ives  an  e c c e n t r i c i t y  e = 0.8126700, and s i n c e  t h i s  is smaller  than 

e = 0.9528867 when ord inary  i n s t a b i l i t y  of t h e  Maclaurin spheroid 

sets in ,  one can t h e r e f o r e  conclude t h a t  a b i f u r c a t i o n  poin t  does 

ex is t  f o r  an incompressible f lu id .  

b 

C 

But a neutron star is  n o t  incompressible.  A t  t he  l e a s t ,  i t  

should be approximated t o  by a poly t rope  wi th  an  index t o  be assigned.  

Now t h i s  problem of whether a polytrope of a given index n can possess  

a b i f u r c a t i o n  po in t  i s  much harder t o  ana lyse  than the  corresponding case 

f o r  an incompressible f l u i d .  

of a f a s t  r o t a t i n g  polytrope,  and t h i s  is no simple matter  i n  i t s e l f .  

Then one has t o  determine whether t h e  requi red  angular  v e l o c i t y  R f o r  

b i f u r c a t i o n  f o r  a given index n is l a r g e r  o r  smaller than t h e  c r i t i c a l  

v e l o c i t y  Qc when equi l ibr ium i s  no longer  poss ib l e  before  one can say  

b i f u r c a t i o n  a c t u a l l y  takes  place o r  not.  We s h a l l  postpone a more 

d e t a i l e d  d iscuss ion  of t h i s  t o  t h e  next  s e c t i o n ,  and w e  s h a l l  j u s t  

quote  he re  t h a t  i t  w a s  found t h a t  po ly t ropes  with an index n < n 

One f i r s t  has t o  determine the  s t r u c t u r e  

= 0.808 - c  
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2.5 23.406 31.180 129.60 

3.0 54.180 98.35 4177.0 

possess  a poin t  of b i fu rca t ion .  

Assuming t h a t  w e  can t r e a t  a neutron star wi th in  t h i s  classical  

framework, w e  must f i r s t  of a l l  decide on how t o  a s s ign  an e f f e c t i v e  

poly t ropic  index t o  the  s t a r .  A s  descr ibed earlier,  Cameron and 

Tsuruta  made the  assignment by a comparison of r a t i o s  of c e n t r a l  

d e n s i t i e s  t o  mean dens i ty .  They ob ta in  a r e s u l t  of n 5 1 f o r  those  

models with a m a s s  i n  t h e  range 1 - 2 M Now 

a system of degenerate fermions can be regarded as having an  e f fec-  

t i v e  po ly t rop ic  index of 1.5, and thus i t  seems from t h e i r  calcu- 

(depending on model). 
8 

l a t i o n s  t h a t  t he  e f f e c t s  of general  r e l a t i v i t y  and nuc lear  i n t e rac -  

t o  5 1. W e  sha l l  examine e f f  t i o n s  can lower t h e  e f f e c t i v e  indexn  

t h i s  problem i n  more d e t a i l s  here. 

E f f e c t s  due t o  genera l  r e l a t i v i t y  a lone  inc rease  t h e  c e n t r a l  

condensation, but  except f o r  l a rge  r e l a t i v i t y  parameter q (defined 

t o  be the  r a t i o  of c e n t r a l  p ressure  t o  c e n t r a l  energy dens i ty )  and 

high index n ,  t he  change is  qu i t e  small. This can be seen from t h e  

fol lowing t a b l e ,  taken from Tooper (1964) . 

Pclb  1 ln 1 q = 0.0 1 q3;3;il I q = 0.4 i 
3.2899 3.736 

1.5 5.9907 6.310 8.326 

I 2.0 I 11.403 I .  12.99 I 24.41 I 
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Furthermore, since pc/P is increased by general relativistic 

than is actually the effects, one would be led V’a larger neff 

case if one makes the assignment by comparing p / p  for a model with 
the corresponding value for the non-relativistic polytrope, as 

C 

Cameron and Tsuruta have apparently done. 

We therefore are of the opinion that relativity-effects are not 

Instead, interactions brought about by a eff the ones lowering n 

nuclear-potential would probably account for the lowering. 

when one takes a Harrison-Wheeler-Wakaons type of equation of state 

In fact, 

(representing matter by a non-interacting mixture of election, proton 

and neutron gases; more about this later), then p /; ranges from 

2.7 X 10 to 12 from one end of the stable mass spectrum to the other 

(Wheeler, 1966). For a Skyrme (1959), Cameron (19591, Saakyam (1963) 

C 
3 

type, representing matter by a gas of neutrons interacting through an 

emprically derived nuclear potential, the corresponding range is 8.1 + 

2.8. when one eff 
compares the above figures with the corresponding ones for a polytrope. 

One would certainly arrive at quite a differentn 

There is, however, another method for the assignment of effective 

polytropic index. By definition, a polytrope is described by the 

following pressure-density relation: 

where k is a constant and n is the polytropic index. Thus: 
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Graphs of llnP against llnp can be found in the works of Cameron and 

Tsuruta (1966a, b), and we have made some rough estimate of the 

slopes from the curves. 

designated by V and V in their work, there is a certain threshold 

density below which the slope corresponds to that of a polytrope 

with n - 1.5, and above which the corresponding value for n is L 1. 

This may be understood on the ground that nuclear potentials only 

come in significant at high density. At low density they become 

unimportant, and we simply have a collection of fermions for our 

system. For the V potential, the threshold density is about 10 

gm/c.c., whereas that for the V B 
typical neutron star described by a V 

For the two types of nuclear potentials, 

P Y 

14 
Y 

is - 1015 gm/c.c. Now for a 

type of equation of state B 
16 (with m - 0.97 M8 and R - 6 km), the density is about 10 l5.5 - 10 

gm/c.c. throughout the star (except, of course, very near the sur- 

face); whereas one described by a V 

R = 10 km) has a corresponding range from 1014 - gm/c.c. In 

both cases, the density is above the threshold one, and as we have 

stated, the corresponding neff would be s 1. Thus, the two different 

methods of effective index assignment are consistent with each other. 

equation of state (with m = 2Me, 
Y 

To see further the effect of the nuclear potential terms, we turn 

to an equation of state in which they are completely neglected. 

is the Harrison-Wheeler equation of state (Harrison, Thorne, Wakano 

This 
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and Wheeler, 19661, which applies to a mixture of three ideal fermi 

gases--electrons, protons and neutrons--in statistical equilibrium 

at absolute zero. By making use of the following assumptions: 

a) electrical neutrality, i.e., number of electrons = number 
of protons, or equivalently, fermi momentum of proton - 
fermi momentum of electron, 

b) neutrino neutrality, i.e. the particles are in B-equilibrium 

with fermi energy of electron and fermi energy of proton - 
fermi energy of neutron, 

c )  sum of pressure of the three kinds of particles is equal to 

the external pressure, 

12 they succeed in obtaining for p = 4 . 6 3  X 10 gm/c.c. and up: 

where 

From Eq. (5 .7 ) ,  we immediately obtain: 



. 
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We evaluated the  above fo r  p = and 10  16  gm/c.c. 

We then f i n d ,  from Eq. (5.61, the values  f o r  n t o  be 1.59, 1 . 8 2  

and 2.63 r e spec t ive ly .  Thus, they come f a r  s h o r t  of t h e  n s 1 

necessary f o r  t h e  ex i s t ence  of a b i f u r c a t i o n  point .  

is no t  s u r p r i s i n g ,  s i n c e  w v a r e  j u s t  consider ing a c o l l e c t i o n  of 

This ,  however, 

non-interact ing fermi p a r t i c l e s .  

It is n o t  known what should b e  t h e  "exact" equation of s t a t e .  

Despi te  t h e  apparent u n r e a l i t y  i n  t h e  above equation of s ta te ,  i t  is 

not  easy "to make any improvement ( i n  t h i s  equation of s t a t e )  which 

w i l l  b e  a t  t h e  same t i m e  s u b s t a n t i a l  and r e l i a b l e "  (Harrison, Thorne, 

Wakans, Wheeler, 1965, p .  121). Furthermore, t h e  masses and r a d i i  

I of s te l lar  models based on va r ious  equat ions of s t a t e  d i f f e r  only by 

f a c t o r s  less than t h r e e ,  e.g. 

HWW 15 0.6 10.5 * 
14.9626 0.4 11.66t 

V 15.0359 1.5 11.9 t 
Y 

*Meltzer & Thorner, Ap. J. 145, 514 (1966) F ig .  2 

tCamerone & Tsuruta,  Can. J. Physics,  44, 1863 (1966) Table 4 

- 

16 
However, f o r  d e n s i t y  i n  the  range - 10 gm/c.c, i t  seems a p p r o p r i a t e  

t o  t ake  i n t o  account i n  some manner t h e  e f f e c t s  of nuc lear  i n t e r a c t i o n .  

I n  t h i s  a s p e c t ,  t h e  MW equation of s ta te  seems less r ea l i s t i c  then t h e  

VB o r  V ones, although t h e  l a t t e r  ones are by no means completely r e l i a b l e .  
Y 
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Thus nuclear  p o t e n t i a l s  seem t o  be capable  of depressing t h e  

e f f e c t i v e  po ly t rop ic  index t o  a va lue  when b i f u r c a t i o n  is  p o s s i b l e ,  

provided t h a t  t h e  dens i ty  is high enough. This  comes from the  f a c t  

t h a t  t h e  two p o t e n t i a l s  become h ighly  r epu l s ive  a t  high d e n s i t i e s ,  and 

hence d i s f avor  t h e  crowding together  of mat te r  and hence leading  t o  

a low c e n t r a l  condensation. Since V becomes much more r epu l s ive  

than  V a t  high d e n s i t i e s ,  i t  should fol low t h a t  a V 

s t a n d s  more chance f o r - b i f u r c a t i o n  than a V 

from t h e  r e s u l t s  of Camerone and Tsuruta  (1966b). 

Y 
t y p e  model 

*B Y 
type. This i s  confirmed 

P 

W e  c l o s e  t h i s  s e c t i o n  w i t h  t h e  observa t ion  t h a t  c l a s s i c a l l y ,  i t  

seems poss ib l e  f o r  a neutron star t o  e x h i b i t  a poin t  of b i f u r c a t i o n .  

We must caut ion ,  however, t h a t  t h i s  depends very much on the  equat ion 

of s ta te  used. 

1 Ms and r a d i u s  R = 10 km carries a r e l a t i v i t y  parameter G?f/RC2 - 0.14 

and hence should not  be t rea ted  w i t h i n  t h e  framework of c l a s s i c a l  hydro- 

dynamics. A t  t h e  least ,  we should examine t h e  problem i n  the  PNA re- 

c e n t l y  developed by Chandrasekhar (1965). 

Also, w e  remark t h a t  a t y p i c a l  neutron s tar  of mass M = 

To do t h i s ,  w e  t u r n  our  a t t e n t i o n  t o  t h e  s t r u c t u r e  of a r o t a t i n g  

poly t rope ,  which w e  s h a l l  determine using a method f i r s t  developed by 

Roberts  (1963) i n  t h e  c l a s s i c a l  case. This  w e  s h a l l  review i n  some 

d e t a i l s  i n  t h e  next  s ec t ion .  
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VI. St ruc tu re  of a Rotating Polytrope-classical  case 

The s t r u c t u r e  of a s lowly r o t a t i n g  polytrope h a s  been considered 

by Ghendrasskhar and Lebovitg (1962c), when i t  i r  poee ib le  to arr ive a t  

an a n a l y t i c  s o l u t i o n  by expansion i n  terms of t h e  r o t a t i o n  parameter. 

Bifurcat ion,  however, c e r t a i n l y  does n o t  t ake  p l a c e  a t  small r o t a t i o n .  

Thus, our i n t e r e s t  is  pr imar i ly  t h a t  of a h i g h l y  r o t a t i n g  polytrope which 

has  been s tud ied  with d i f f e r e n t  methods and degrees of accuracy by 

James (1964) and Roberts (1963). The la t ter  used a very approximate 

method which is neve r the l e s s  extremely simple and easy,  a t  least  f o t  the  

c lass ical  case. James approach, on t h e  o t h e r  hand, i s  d i r e c t  and exac t ,  

and though w e  s h a l l  n o t  u se  i t  here, w e  s h a l l  l ist i t  o u t ,  s i n c e  i t  

is  c e r t a i n l y  the  b e s t  and most c o r r e c t  one t o  use. 

,I 

0 
James considered t h e  axisymmetric case f i r s t ,  and determined i t s  

s t r u c t u r e  by expanding t h e  dens i ty  and p o t e n t i a l  near t h e  c e n t r e  of mass 

i n  a power series i n  t h e  r a d i a l  v a r i a b l e  ( t h e  c o e f f i c i e n t s  themselves 

are expanded i n  terms of t h e  T,egendre polynomials), and then using 

a n a l y t i c  cont inuat ion and step-by-step i n t e g r a t i o n  f o r  t h e  rest of t h e  

o b j e c t .  

of t h e  e f f e c t i v e  g r a v i t y  ge a t  t h e  equator.  

non-axisymmetric p e r t u r b a t i o n  and a r r i v e d  a t  a condi t ion f o r  t h e  e x i s t e n c e  

of such a non-axisymmetric form adjacent  t o  t h e  axisymmetric one. 

is  used i n  conjunction with ge = 0 t o  see whether b i f u r c a t i o n  occurs  

/ 

The end of an  axisymmetric sequence i s  defined by t h e  vanishing 

H e  then considered a small 

'Chis 

b e f o r e  o r  a f t e r  t he  end of t h e  axisymmetric sequence. 

t h a t  b i f u r c a t i o n  is poss ib l e  fo r  polytropes with a n  index n 2 n 

The r e s u l t  is 

- 0.808. 
C 
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Robert ' s  approach i s  a v a r i a t i o n a l  one, and the  procedure i s  t o  minimize 

t h e  t o t a l  energy while  keeping the  mass and t h e  angular  momentum cons tan t .  

This  is used t o  pick the  "best" t r i a l  func t ion  from a p a r t i c u l a r  class 

of t r i a l - f u n c t i o n  which, i n  Robert 's  case, i s  t h e  class of a l l  sphe ro ida l  

d i s t r i b u t i o n s  i n  which t h e  equidens i ty  s u r f a c e s  are similar and s i m i l a r l y  

s i t u a t e d  concen t r i c  spheroids.  

Now f o r  a r o t a t i n g  polytrope with a p res su re  (p) ,  dens i ty  (p )  rela- 

t i o n  descr ibed by 

3 
(6.1) 

(where n ,  K are cons t an t s ) ,  the  t o t a l  energy E can be w r i t t e n  as: 

E = r o t a t i o n a l  energy +' i n t e r n a l  energy + g r a v i a t i o n a l  energy 

9 say 

- 
where R is  the  angular  ve loc i ty ,  w t h e  d i s t a n c e  from the  a x i s  of r o t a t i o n  

and U t h e  g r a v i t a i o n a l  po ten t i a l .  I ,  II and r ep resen t  t he  va r ious  

i n t e g r a l s ,  a n o t a t i o n  very convenient la ter  i n  the  PNA. 

The angular  momentum L and mass M are - 
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i 

Suppose now the re  i s  a change 6p(x) i n  p(x) such t h a t  L and M are un- 

a l t e r e d ,  ie. 

.. 

6 L = Snipt3'dr + ~ 1 6 ~  m z k  

= O  

and 

We suppose a l s o  t h a t  the  

Poisson's equat ion  

Then : 

corresponding change 6U i n  U is given by 

f 

411 3 u u  P = o  
where use has  been made of Poisson 's  equat ion and Gauss divergence theorem. 

Thus, t he  change i n  E due t o  a change i n  p is given by: 
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where 60 has  been el iminated bL = 0. 

To take the  remaining cons t r a in t  6M = 0 i n t o  account,  w e  in t roduce  

a Lagrangian m u l t i p l i e r  A ,  and demand t h a t  

$ ( E - A M )  = o 
which becomes, from Eqs. (6.4) and (6.10) 

Foran a r b i t r a r y  6p,  w e  therefore  have: 

(6.12) 

which i s  j u s t  t he  equat ion of hydros t a t i c  equi l ibr ium f o r  a polytrope 

(Chandrasekhar 1 9 6 2 ~ ) .  Inc iden ta l ly ,  w e  n o t i c e  here  t h a t  (-A) is  j u s t  

t h e  g r a v i a t i o n a l  p o t e n t i a l  at the  pole  of t h e  configurat ion.  

The v a r i a t i o n a l  p r i n c i p l e  i s  then appl ied  t o  a t r i a l  funct ion:  

where 

(6 14) 

wi th  the  e c c e n t r i c i t y  e = constant.  

The theory of an  inhomogenous e l l i p s o i d  i n  which the equidenai ty  

su r faces  are s imilar  and s imi l a r ly  s i t u a t e d  e l l i p s o i d s  have been discussed 

i n  g r e a t  d e t a i l  by Roberts (1962). Using those r e s u l t s  and def in ing  

(6.15) 

Y 
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where no is t h e  s u r f a c e  of t h e  spheroid defined by p(no) = 0,  w e  f i nd  

L 

(6 . 16) 

(6.17) 

(6.18) 

(6.19) 

(6.20) 

We next  consider  v a r i a t i o n s  w.r . t .  p ,  SI and e, and w e  e l imina te  60 by 

6L a 0, 

c i e n t s  of 6p  and 6e s e p a r a t j l y  t o  zero,  w e  f i n a l l y  ob ta in  t h e  b a s i c  

equat ion governing p : 

Following t h e  approach j u s t  descr ibed and equat ing t h e  coe f f i -  

and t h e  equat ion r e l a t i n g  S12 and e2: 

(6.22) 

Eq. (6.22) can a l s o  be obtained i n  a more d i r e c t  manner using the  v i r i a l  

theorem (Chandrasekhar and Lebovitz, 1962). 
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In keeping with the theory of  polytropes as  usua l ly  presented, w e  

now introduce the dimensionless var iables  A, 0 , s  defined by: 

where 

with  

Y = d 3  

(6.23) 

(6.24) 

(6.25) 

(6.26) 

Furthermore, the rotational parameters w and v are defined by: 
- 2  

and w = v f(e). 

With a l l  t h i s ,  Eq.  (6.21) becomes: 

and (6.22) can be rewritten as: 

(6.27) 

(6.28) 

(6.29) 

(6.30) 
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Y 
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(6.32) 

and 6 is  t h e  f i r s t  zero of the s o l u t i o n  of Eq. (6.29) f o r  6 .  
D 

The most convenient procedure of s o l u t i o n  is  t h e  following: 

(a)  Take a w < 1 

(b) Solve Eq. (6.29) f o r  8 ,  subjec t  t o  8(0) = 1 and e ' ( 0 )  = 0. L e t  

5 be  t h e  f i r s t  zero of t h i s  so lu t ion .  

Evaluate  G(w) from Eq. (6.32) us ing  t h e  now known 8(C) and 5,. 

By inve r se  i n t e r p o l a t i o n  , e can be determined from Eq. (6.29) 

0 

(c)  

(d) 

(e) v can then be obtained from Eq. (6.28). 

Thus, f o r  any given v, one can f i n d  the  corresponding e c c e n t r i c i t y .  

Furthermore, i t  is found that s o l u t i o n s  e x i s t  only i n  a l i m i t e d  range 

o < v < v  (6.34) 
C 

We now apply t o  our homoeoidally s t r i a t e d  spheroids  t h e  c r i t e r i o n  

f o r  t he  ex i s t ence  of a po in t  of b i f u r c a t i o n  along a sequence of uni- 

formly r o t a t i n g  axisymmetric bodies. 

(1962a) w e  have: 

From Chandraaekhar and Lebovitz,  

* 

where W i i ' s  are t h e  p o t e n t i a l  energy tensors  and t h e  o t h e r  symbols are 
/ 
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as def ined i n  §V. For our p a r t i c u l a r  dens i ty  d i s t r i b u t i o n ,  a l l  t he  

q u a n t i t i e s  can be r e a d i l y  evaluated and w e  have a f t e r  s i m p l i f i c a t i o n  

f o r  t he  e c c e n t r i c i t y  of t h e  spheroid a t  b i f u r c a t i o n .  Two d i s t i n c t  

c h a r a c t e r s  of t h i s  condi t ion  f s tand  out.  F i r s t  of a l l ,  i t  is  the  

same as t h a t  f o r  the  homogenous spheroid.  Secondly, i t  i s  independent 

2 of p ( n  ). Thus, * alone cannot b e  used t o  determine whether b i f u r c a t i o n  

a c t u a l l y  takes  p lace .  We have t o  determine, i n  a d d i t i o n ,  the  eccen t r i c -  

i t y  (o r  angular  v e l o c i t y )  when equi l ibr ium is  no longer  poss ib l e  and 

compare i t  wi th  t h a t  a t  b i f u r c a t i o n  before  w e  can say  whether an ob jec t  

can a c t u a l l y  b i f u r c a t e  o r  not.  

- 

In  the  p a r t i c u l a r  case n = 1 (which s h a l l  be  the  one under s tudy  

i n  t h e  PNA) Eq. (6.29) can be solved e x a c t l y  t o  give: 

(6 . 35) 

This func t ion  g ives  e(co)  = e'((,) = 0 f o r  w = w 

4.493409. 

= 0.178465 a t  5 - 
C 0 

From t h e  procedure of c a l c u l a t i o n s  j u s t  descr ibed ,  w e  r e a d i l y  

f i n d  t h a t  vc 5 0.106757, ec = 0.86988. Since e > e i t  appears  there-  c b' 

f o r e  t h a t  according t o . t h i s  v a r i a t i o n a l  approach, b i f u r c a t i o n  would indeed 

occur f o r  t h e  n= 1 poly t rope  before  the  te rmina t ion  of the axisymmetric 

equ i l ib r ium sequence. 

This r e s u l t  seems t o  be  a t  va r i ance  wi th  t h a t  a r r i v e d  a t  by James 

(nc - 0.808). 

ou r  approach. Roberts himself pointed out  t h a t  t h e  v a r i a t i o n a l  c a l c u l a t i o n  

This should,  however, be expected from t h e  very n a t u r e  of 
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m u s t  c e r t a i n l y  overest imate  v 

e s s e n t i a l l y  through a l o c a l  v i o l a t i o n  of t he  h y d r o s t a t i c  equat ion a t  

the  equator.  The v a r i a t i o n a l  c a l c u l a t i o n ,  on t h e  o the r  hand, s a t i s f i e s  

t h e  h y d r o s t a t i c  equat ion  i n  an i n t e g r a t e d  way, and the assumption of 

because a system loses equi l ibr ium 
C’ 

homoeoidally s t r a i t e d  equidens i ty  s u r f a c e s  w i l l  a r t i f i c i a l l y  prevent  

matter from being e j e c t e d  from t h e  equator  f o r  as long as t h e  rest 

of t h e  s u r f a c e  can c o n s t r a i n  i t  t o  t h e  body. 

With t h i s  note of caut ion,  w e  shall  now t u r n  t o  the  g e n e r a l i z a t i o n  

of t h i s  approach t o  PNA. 
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VII. St ruc tu re  of a Rotating Polytrope i n  t he  Post-Newtonian 

Approximation-a v a r i a t i o n a l  formulation 

We s h a l l  show t h a t  a p r i n c i p l e  similar t o  Roberts can be formulated 

i n  the  framework of the  PN equat ions der ived by Chandrasekhar (1965). 

I n  t h a t  approximation, t h e  express ions . . for  energy E, mass M and angular  

momentum M are given by 

where pll = nP is t h e  i n t e r n a l  energy f o r  u n i t  volume, 8, is  given f o r  t h e  

axisymmetric case by 
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where (7.5) 

and t h e  o t h e r  no ta t ions  are t h e  same as those def ined i n  § V I .  

As i n  § V I ,  we not  wr i t e ,  following t h e  no ta t ion  of Krefetz  (196,7): 

(7.7) 

i (7.8) 

where I, 11, . . ., I X  represent  t h e  d i f f e r e n t  i n t e g r a l s  i n  Equations 

(7.1) -t (7.3). 

Our v a r i a t i o n a l  approach cons is t s  i n  t ak ing  t h e  v a r i a t i o n  of E ,  

s u b j e c t  t o  t h e  condi t ions  t h a t  M and L remain constant .  

e l imina t ing  6n with  t h e  a i d  of 6L = 0 ,  and then so lv ing  the  remainder of 

We proceed by 

problem by t h e  Lagrangian method of undetermined mul t ip l i e r .  (6E - A 6M = 

0 with A being t h e  Lagrangian m u l t i p l i e r ) .  

The d e t a i l s  of the  ca l cu la t ions  are given i n  Krefe tz  (1967), and 

hence w e  s h a l l  no t  r epea t  them here.  The f i n a l  r e s u l t  is: 

(7.10) 
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Fora  completely a r b i t r a r y  60, Eq.  (7. 

equat ion  i n  t h e  PNA (Krefetz,  1966) : 

3 )  shoulc l e d  t o  t h e  h y d r o s t a t i c  

- cons tan t  

where Q is def ined by 

and 

vL$ = - LCaGp 

(7.11) 

(7.12) 

(7.13) 

That t h i s  is indeed the  case we now proceed t o  demonstrate. 

Before consider ing the  v a r i a t i o n  of t h e  var ious  i n t e g r a l s  i n  Eq. 

(7.10), w e  f i r s t  of a l l  remark t h a t  we need only take  t h e  v a r i a t i o n  of 

t h e  in tegrands  because o u r  integrand vanishes  on the  boundary. 

We now consider  t he  various terms i n  Eq. (7.10) 

(7.14) 

(7.15) 

(7.16) 



c 

- 55 - 
r 

(7.17) 

where u s e  has  been made of :  

( r e f .  Chandrasekhar, 1965, P. 1500, Lemma 3) 
r 

(having used the  same technique as t h a t  i n  g e t t i n g  Eq. (6.8)). 

(7.19) 

(7.20) 

(7.21) 

(7.22) 

P u t t i n g  t h e  va r ious  terms (7.14) -+ (7.22) i n t o  Eq. (7.101, and us ing  

0' w2 = A i n  t h e  e x p l i c i t l y  post-Newtonian terms, w e  g e t  P Il + - - u  - -  
P 2 / 

(we should have used t h e  Newtonian ho i n s t e a d  of A, b u t  t h i s  doesn ' t  

matter f o r  t h e  e x p l i c i t l y  PN terms) 
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P O  (7.23) 

By a simple f a c t o r i z a t i o n ,  Eq. (7.23) can be w r i t t e n  as: 

(7.24) 

Since Eq. where Y is t h e  same expression as t h a t  def ined i n  Eq. (7.11). 

(7.24) is requi red  t o  be t r u e  f o r  an  a r b i t r a r y  6p, w e  have Y - A ,  and 

t h i s  is  equiva len t  t o  t h e  equation of h y d r o s t a t i c  equi l ibr ium (7.11). 

Having demonstrated t h a t  our v a r i a t i o n a l  procedure is  r e a l l y  a c o r r e c t  

one, w e  now proceed t o  apply Eq. (7.10) t o  a r o t a t i n g  polytrope. 

t h e  whole c a l c u l a t i o n  is long and messy, we f irst  o u t l i n e  the  s t e p s  as 

Since 

f ollows . 
We s h a l l  assume wi th  Roberts t h a t  t h e  equidens i ty  s u r f a c e s  are 

similar and s i m i l a r l y  s i t u a t e d  spheroids.  We t h e r e f o r e  w r i t e :  

/ 

where 

(7.25) 

(7.26) 

The constant  e is  t h e  e c c e n t r i c i t y  f o r  a p a r t i c u l a r  s o l u t i o n ,  p is  t h e  
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t r i a l  func t ion ,  and the  a.'s are  t h e  v a r i a t i o n a l  parameters. 

zero  ind ica t e s  t h a t  t h e  quant i ty  so l a b e l l e d  is derived from t h e  Newtonian 

A s u b s c r i p t  
1 

so lu t ion .  Thus, e.g.,we s h a l l  write f o r  t h e  e c c e n t r i c i t y  e of t h e  PN 

configurat ion:  

e = e  f~ el 
0 

C 

and f o r  t h e  angular  v e l o c i t y  R: 

n = n 0 + 2  R' 
C 

(7.27) 

(7.28) 

Because of t h e  complications caused by t h e  var ious  PN terms, w e  have 

n o t  been a b l e  t o  so lve  t h e  Euler-Lagrangian equat ions,  as Roberts has  

done. Ins tead ,  w e  use  t h e  v a r i a t i o n a l  p r i n c i p l e  d i r e c t l y ,  and determine 

t h e  parameters i n  our  t r i a l  funct ions by minimizing t h e  energy s u b j e c t  

t o  the  c o n s t r a i n t s  as mentioned. 

Remembering t h a t  6R has already been el iminated wi th  6L = 0, w e  

t he re fo re  have t h e  fol lowing Eqs. from 6 ( E  - AM) - 0 :  

- ( E - J J L ) = O  a. 
ae 

i =  1, . ., n 
(7.29) 

(7.30) 

For a given Newtonian configurat ion (hence known eo, no, p,),  t h e  

above becomes (n + 1) equations i n  t h e  (n + 3) unknowns ai, e ' ,  R' and A. 

We thus s t i l l  have t w o  more condi t ions  a t  our  l i b e r t y .  W e  choose 

t o  take  the  mass as def ined i n  (7.2) and e c c e n t r i c i t y  of t h e  PN configu- 

r a t i o n  t o  be t h e  same as those of t h e  Newtonian one. Thus, our  problem 

is  completely spec i f i ed .  W e  a r e  comparing a PN polytrope wi th  a 
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neighbouring Sewtonian one of the same e c c e n t r i c i t y  and mass. 

v a r i a t i o n a l  equations then enable us  to c a l c u l a t e  t h e  change i n  d e n s i t y  

d i s t r i b u t i o n  and angular  veloci ty .  

The, 

/’ 
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VIII. The Variational Equations in the 

Post-Newtonian Approximation 

We shall now set up the various equations arising from the 

variational formulation. Let us first take Eq. (7.29), which is 

actually equivalent to’writing out Eq. (7.23) where we now take 

Thus, we have from Eq. (7.23): 

where F and H represent the explicitly Post-Newtonian terms in Eq. (7.23). 
1 We now expand the various terms in order of 7 . Thus: 
C 
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S u b s t i t u t i n g  i n t o  (8.1), we therefore  have: 

= o  

where a s u b s c r i p t  zero means tha t  the  quan t i ty  denoted can be  evalu- 

a t e d  u s i f n g  t h e  Newtonian conf igura t ion .  

f i r s t  i n t e g r a l  vanishes  i d e n t i c a l l y ,  because of t he  c l a s s i c a l  hydro- 

s t a t i c  equat ion ,  w e  t he re fo re  have: 

Since the  in tegrand  of t h e  
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(8.10) 

a 
ae For the e - E q .  (7.30), we go back t o  E q .  (7 .10)  where now 6 - - , 

Before any var ia t ion  is poss ib le ,  w e  have t o  write out the in tegra l s  i n  

such a way that  the e-dependence is / e x p l i c i t .  

We f i r s t  def ine  

(8.11) 
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Then t he  volume element d6 would become 4 7  dg and t h e  

sphero ida l  equidensi ty  s u r f a c e s  i n  5 eo-ordinates would become spheres  

i n  t h e  rl co-ordinates,  w i t h  a radius  n* say. 

With t h i s ,  t h e  va r ious  i n t e g r a l s  become: 

(8.12) 

(8.13) 

(8.14) 

(8.15) 
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(8.17) 

0 0  (8.18) 

(8.20) 

The d e r i v a t i o n  of t he  above i s  a l l  very  s t r a igh t fo rward ,  except 

f o r  I11 and I X ,  which w e  calculated using a method developed by Roberts 

(1962). 

simply w r i t t e n  down as: 

This  is shown i n  Appendix B. The v a r i a t i o n  i n  e can now be 



(8.21) 

where 

(8.22) 
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In the above expressions, except of course for the explicitly 
1 

PN terms -2 C 

PN configuration with a radius n* where 

1 (PN1) and -2 (PN2),  the integrals are taken over the 
C 

p(y+)= 0 

I,/ 
4d y* = t o  $- c'y 

(8 .24 )  

The expression for the 'mass' M can also be written out in terms 
, 

of the variable n as follcws: 

(8.25) 
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We note that since p o ( q 0 )  = 0, all the integrals can now be taken 

from 0 + n . 
0 

If we demand that the 'mass' M of the PN configuration as defined 

by Eq. (8.25) be equal to the mass of the Newtonian one as given by 

Eq. (6.41, we would then have, since we have chosen e = eo: 

(8.26) 

We shall now render the p-equation (8.7) the e-equation (8.21) 

and the M-equation (8.26) dimensionless. We use the same transformations 

as listed in Eqs. (6.23) and (6.26), and we are therefore performing 

the scalings in terms of the classical K and A .  Thus, X is not neces- 

sarily the central density of the PN configuration. We also choose 

with Tooper (1964) the ratio of the central pressure to the central 

energy density for the PNA parameter q. Thus, 

b X C '  

Furthermore, we put 

(8.27) 

(8.28) 
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and on comparing Eq. (8.28) with Eq. (7.25), we have: 

,' 

(8.29) 

/' 
All the "potentials" will also be written in dimensionless form (see 

Appendix C). Thus: 

(8.30) 

(8.31) 

(8.32) 

(8.33) 
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( 8 . 3 4 )  

(8.35) 

( 8 . 3 6 )  

( 8 . 3 7 )  

Since  t h e  Lagrangian mul t ip l i e r  a c t u a l l y  carries t h e  dimension of a 

p o t e n t i a l ,  w e  t he re fo re  w r i t e  

where ( 8 . 3 8 )  
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(8 .39)  

with  Vo* j u s t  being t h e  p o t e n t i a l  U* c a l c u l a t e  at t h e  p o l e  where 

5 = 5, and 0 = 0. /' 

With t h i s  preamble, we' can r e a d i l y  change Eq. (8.7) i n t o  t h e  

following dimensionless form: 

,/ 



(8.40) 
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The d e r i v a t i o n  of t h e  above terms i s  q u i t e  s t r a igh t fo rward ,  

i n  c a l c u l a t i n g  1 p;‘ godx- , we u s e  

X 

(8.41) 

t t h  t 

where w e  have used t h e  d e f i n i t i o n  of 0 and + as given i n  Eqs. (7.12) 

and (7.13). 

We s h a l l  now consider  Eq. (8.21) - (8.23). Remembering t h a t  w e  

have chosen f o r  our problem e = e 

o r d e r  p a r t ,  we  have: 

and af ter  s e p a r a t i n g  out  t h e  zeroth 
0 ’  



- 72 - 
/ 

Y 

( 8 . 4 2 )  

( 8 . 4 3 )  
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/ 

i s  given i n  Appendix C. 

The M-Eq. (8.26) is  r e l a t i v e l y  s i m p l e .  W e  can e a s i l y  change i t  t o :  

(8.44) 

Eqs. (8.40), (8.41) - (8.43) and (8.44) then form t h e  b a s i c  set  of 

equa t ions  w e  s h a l l  use t o  so lve  f o r  t h e  a i ' s ,  v' and A* .  
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I X .  Method of Solution and Resul t s  

We have s t a t e d  t h a t  Robert ' s  r e s u l t  can be used as t h e  zero-th 

order  so lu t ion .  

of t he  ex is tence  of an a n a l y t i c  so lu t ion  (refeY(6.35)) 

We s h a l l  consider here  only t h e  case n - 1, because 

For a given w, Roberts '  (1963) so lu t ion  gives  t h e  corresponding 

e c c e n t r i c i t y  e and r ad ius  5,. 

(corresponding t o  t h e  l a r g e s t  poss ib le  va lue  f o r  equi l ibr ium) ,  w e  have 

v 

Thus, f o r  example, f o r  w = 0.178465 
0 

= 0.106757, eo = 0.869889 and 5, = 4.493409. 
0 

For the  t r i a l  func t ions ,  we must choose those t h a t  s a t i s f y  t h e  

boundary condi t ion t h a t  a t  t h e  o r ig in ,  t h e  f i r s t  d e r i v a t i v e  must vanish.  

I n  t h e  absence of f u r t h e r  information, and because of i t s  s i m p l i c i t y ,  

w e  s h a l l  t ake  

The term l i n e a r  i n  5 has been l e f t  ou t  because i t  causes a cusp a t  the  

o r i g i n .  

approximate s o l u t i o n ,  w e  s h a l l  solve our equat ions f o r  t he  s p e c i a l  case 

of  no r o t a t i o n  and compare the  r e s u l t s  wi th  those  given by Krefetz  (1967). 

To gain an idea  of whether t h i s  w i l l  g ive  a reasonably good 

The only d i f f i c u l t y  i n  t h e  so lu t ion  of t h e  problem l i e s  i n  t h e  

eva lua t ion  of t he  var ious  i n t e g r a l s ,  which are of 3 types (1) s i n g l e  

i n t e g r a l s  l i k e  8 5 d{ (2) "potent ia l"  l i k e  U* and (3) t he  var ious  

double  i n t e g r a l s  D ' s .  

I o n 2  - 
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* Because of t h e  a n a l y t i c  expression f o r  n = 1, a l l  t he  s i n g l e  

i n t e g r a l s  can be e a s i l y  evaluated, and hence w e  s h a l l  not  bo ther  des- 

c r i b i n g  them here.  

A t y p i c a l  "poten t ia l"  i n t e g r a l  i s  U* 

The i n t e g r a l  over 5 can be exac t ly  c a r r i e d  ou t  because of Eq. ( 9 . 1 ) .  

For t h e  i n t e g r a l  over v w e  s p l i t  i t  up from 0 + 100 and then 100 * 00. 

Thus symbolical ly ,  w e  have 

I, is ca l cu la t ed  using the  32-point Gauss-Legendre quadrature  

w e  expand t h e  in tegrand  i n  s e r i e s  of - and keep t h e  f i r s t  two terms. 

i n t e g r a t i o n  can then be  exac t ly  c a r r i e d  out.  

For 12, 

1 The 
V 

As a check, we consider:  

For e = 0.869889, the  exact  result is  2.42554. 

t h u s  car ry ing  an e r r o r  of 0.03 p e r  cent .  

Our method g ives  2.42470, 

Our double i n t e g r a l s  are typ ica l ly  of t he  form 

(9 .4 )  
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where G(S,B) is  one of t he  "po ten t i a l s "  discussed i n  Appendix C ;  and 

f ( 6 )  i s  some simple func t ion  o f  5 .  

12-point 7th degree accuracy formula (Tyler, 1953). I n  t h i s  method: 

The i n t e g r a l  i s  evaluated using a 

where R1 = 0.520593 

R2 = 0.237432 

- R = 0.120988 R3 4 

and - P - x  0.380555 
a b  

x2 y2 - = - =  0.805980 a b 

x3 y4 - - = 0.925820 a b  

which i s  dx dy 

o m  1, 3-x - 
This method y i e l d s  (0.6639) f o r  t h e  i n t e g r a l  

correct up t o  t h e  l a s t  f i g u r e  when compared with t h e  exacx r e s u l t .  

I n  applying t h i s  method t o  our  i n t e g r a l  we need only def ine:  
/ 

y = cos0 

1 
x = 5 - 5 ,  
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wsen I ;. . ( 9 . 4 )  w o u l d  t hen  become 

where now a = *?& and b = 1. 

T o  s e e  how a c c u r a t e  such 2 €ormula  i s  f o r  i n t e g r a l s  of 

ou r  t y p e ,  we a p p l y  it t o  t h e  s p e c i a l  c a s e  of no r o t a t i o n .  F o r  

D(o,o,,)={J 0, B c  V, GedQ F'dx 
g i v e s  163.2126 whereas  t h e  above f o r m u l a  g i v e s  163.2329. 

*-I 1 * 
( s e e  P.70) , e x a c t  c a l c u l a t i o n  

Our p rocedure  o f  s o l u t i o n  i s  t h e  f o l l o w i n g .  For  a g i v e n  

w ,  w e  calculate!,,  e, and v, f o r  t h e  c l a s s i c a l  c o n f i g u r a t i o n  

by t h e  p r o c e d u r e  l i s t e d  on P.49. T?i th  t h i s ,  we can  t h e n  c a l c u -  

l a t e  t h e  v a r i o u s  i n t e g r a l s  t h a t  a p p e a r  i n  t h e  v a r i a t i o n a l  equa- 

t i o n s .  T!ie r e s u l t s  a r e  then  f e d  i n t o  a n o t h e r  computer  program 

t h a t  computes  t h e  c o e f f i c i e n t s  f o r  t h e  v a r i o u s  a;'s i n  equa- 

t i o n s  (8.)tO), (8 .42 )  and (8 .44 ) .  The n e t  r e s u l t  i s  t h e n  j u s t  a 

s e t  of l i n e a r ;  s i m u l t a n e o u s  a l g e b r a i c  e q u a t i o n s  which c a n  be 

r e a d i l y  s o l v e d  f o r  a, , a2/ , a5 , V I  and A* . 
The r e s u l t s  a r e  t a b u l a t e d  as f o l l o w s ,  i n  which we remem- 

b e r  

f rom eqn.  (6.27) 

from eqn.  (8 .40 )  

f rom eqn.  (8 .4)  
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A s  a checli on t h e  accu racy  o f  our r e s u l t s ,  and t h e  v a l i d i t y  

of  our  approach ,  we compared our  r e s u l t s  w i t h  t h o s e  of K r e f e t z  

(1967) f o r  t h e  n o n - r o t a t i n g  c a s e .  T h i s  i s  shown i n  F i g . l , w h e r e  

we p l o t  e'(r,) from eqn . (9 .6 )  a g a i n s t  f . It  can  be s e e n  t h a t  t h e  
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agreement  i s  a v e r y  c l o s e  one. 

e- The e f f e c t h s  r o t a t i o n  and PNA on t h e  d e n s i t y  d i s t r i b u t i o n  a r e  

shown i n  F i g .  II , where we p l o t  6'15) a g a i n s t  

o f  w. The c u r v e s  a r e  t e r m i n a t e d  a t  t h e  r a d i u s  o f  t h e  c l a s s i c a l  con- 

f i g u r a t i o n .  The change i n  a n g u l a r  v e l o c i t y  due t o  PK e f f e c t s  a r e ,  on 

t h e  o t h e r  hand ,  d i s p l a y e d  i n  f i g .  IIJ , where we p l o t  v' a g a i n s t  w . 

5 f o r  d i f f e r e n t  v a l u e s  

Our c a l c u l a t i o n s  i n d i c a t e  t h a t  f o r  t h e  same e c c e n t r i c i t y  and  

mass, t h e  PN c o n f i g u r a t i o n  has a l a r g e r  a n g u l a r  v e l o c i t y  t h a n  t h e  

Yewtonian one.  T h i s  i s  i n  agreement  w i t ! i  t h e  r e s u l t s  of Chandrasekha r  

(1965b)  f o r  a r o t a t i n g  h iac laur in  s p h e r o i d  i n  t h e  PNA, when t h e  f i g u r e  

o f  t h e  r o t a t i n g  body i n  t h e  Ph' t h e o r y  i s  a l s o  approx ima ted  t o  by a 

s p h e r o i d .  His r e s u l t s ,  however, a r e  o b t a i n e d  w i t h o u t  r e a l l y  s o l v i n g  

t h e  e q u a t i o n s  of e q u i l i b r i u m ,  a l t h o u g h  a n  e x a c t  a n a l y s i s ,  when t h e  

P N  c o n g i g u r a t i o n  i s  no longe r  assumed t o  be e l l i p s o i d a l  c a n  b e  found 

i n  B l a t e r  pape r  ( 1966 ) . 
Xe d e f e r  t o  S e c t i o n  x f o r  f u r t h e r  d i s c u s s i o n s  on t h e  g e n e r a l  

n a t u r e  of our  approach  . 
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X. Discuss ion  of R e s u l t s  and Outlook 

Our r e s u l t s  should only  b e  i n t e r p r e t e d  from a q u a l i t a t i v e  p o i n t  

of view, a l though  they do i n d i c a t e ,  i n  agreement w i t h  Chandrasckhar 

(1965b) t h a t  f o r  t h e  same e c c e n t r i c i t y  and mass, t h e  PN c o n f i g u r a t i o n  

has  a h ighe r  angu la r  v e l o c i t y  than  t h e  Newtonian one. I n  t h e  f i r s t  

p l a c e ,  our  assumption of an e l l i p s o i d a l  d e n s i t y  d i s t r i b u t i o n  f o r  

a r o t a t i n g  p o l y t r o p e  is an extremely c rude  one. 

classical case l i e s  i n  i t s  s i m p l i c i t y ,  and i t s  g i v i n g  a s i m p l e ,  o r d i -  

na ry  d i f f e r e n t i a l  equa t ion  fo r  t h e  d e n s i t y  d i s t r i b u t i o n .  However, a l l  

t h i s  seems t o  be l o s t  when one goes t o  t h e  PNA, and t h e  c a l c u l a t i o n s  

turned  o u t  t o  b e  t e d i o u s  and time-consuming. Furthermore,  Chandrasekhar 

(1966) h a s  shown t h a t  even i n  t h e  case of uniform d e n s i t y ,  t h e  deformed 

f i g u r e  i n  t h e  PNA h a s  a q u a r t i c  s u r f a c e  i n s t e a d  of a q u a d r a t i c  one. 

It thus  appears  t h a t  i t  may a c t u a l l y  b e  f a r  more p r o f i t a b l e ,  and even 

s imple r  i n  t h e  end, t o  employ t h e  d i r e c t  and y e t  more a c c u r a t e  approach 

of James. 

Its ch ie f  m e r i t  i n  t h e  

There are i n  f a c t  many more a s p e c t s  of r o t a t i o n  t h a t  w e  have n o t  

We have assumed uniform r o t a t i o n  throughout ,  touched on a t  a l l  he re .  

b u t  i t  i s  f a r  more probable  t h a t  a s t a t e  of non-uniform r o t a t i o n  would 

p r e v a i l  i n  t h e  s t e l l a r  i n t e r i o r ,  a t  l ea s t  i n  t h e  beginning. Thus, one 

should t a k e  v i s c o s i t y  i n t o  account and i n v e s t i g a t e  how r a p i d l y  non- 

uni formi ly  i n  r o t a t i o n  can be smoothed ou t .  

I n  a d d i t i o n ,  w e  have l e f t  o u t  a l t o g e t h e r  t h e  p o s s i b i l i t y  of i n t e r -  

n a l  motion, which could l e a d  t o  a whole v a r i e t y  of i n t e r e s t i n g  phenomena. 
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Thus, f o r  example, one can  cons ider  an  e l l i p s o i d  r o t a t i n g  a long  a 

z-axis ,  wi th  a n  i r r o t a t i o n a l  i n t e r n a l  motion desc r ibed  by a Lagran- 

g i a n  displacement l i n e a r  i n  the  eo-ordinates  ( see ,  e.g.  Lamb, 1932, 

p .  719-723). Th i s  is t h e  problem f i r s t  cons idered  by D i r i c h l e t  

and one o b t a i n s  t h e  i n t e r e s t i n g  r e s u l t  t h a t  t h e  
CI ’,-’ . , i< / I \ed.veb<- 

l a te ,  between a n 3 b l a t e  and a; ,prolate  form. 

Fur the r  i n v e s t i g a t i o n s  were c a r r i e d  ou t  by 

s u r f a c e  can o s c i l -  

Dedekind and Riemann 

( f o r  a b r i e f  review,  see Chandrasekhar 1965a, 1965b, and Basset 1888). 

The former proved a remarkable theorem t o  t h e  e f f e c t  t h a t  d i f f e r e n t  

s ta tes  of i n t e r n a l  f l u i d  motion can p rese rve  t h e  same e x t e r n a l ,  

e l l i p s o i d a l  shape and t h e  l a t t e r  showed t h a t  t h e  most gene ra l  t ype  of 

motion compatible  w i t h  a n  e l l i p s o i d a l  f i g u r e  of e q u i l i b r i u m  c o n s i s t s  

of a s u p e r p o s i t i o n  of uniform r o t a t i o n  and i n t e r n a l  motion of uniform 

v o r t i c i t y  about  axes  t h a t  l i e  i n  a p r i n c i p a l  p l ane  of t h e  e l l i p s o i d .  

Thus, w e  see t h a t  t h e r e  is  s t i l l  much t h a t  can  b e  done i n  t h i s  

whole f i e l d  of r o t a t i o n .  The problem s u r e l y  does no t  end w i t h  t h e  

de t e rmina t ion  of t h e  s t r u c t u r e  of a r o t a t i n g  po ly t rope ,  o r  t h e  loca-  

t i o n  of t h e  b i f u r c a t i o n  p o i n t  . One can s u r e l y  c o n s i d e r ,  i n  conjunc- 

t i o n  w i t h  t h e  problem of neutron star and g r a v i t a t i o n a l  r a d i a t i o n ,  

e l l i p s o i d s  of t h e  kind suggested by D i r i c h l e t ,  Dedekind and Riemann. 

To t h i s  and r e l a t e d  problems, w e  hope t o  r e t u r n  sometime i n  t h e  

f u t u r e .  

/ 
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Appeildix A 

Natching of Boundary Conditions f o r  the  Gravi ta t iona l  P o t e n t i a l  

On P . 2 5  , w e  claim t h a t  the expression f o r  g r a v i t a t i o n a l  r a d i a t i o n  

is a l l  determined one A is found, and t h a t  t h i s  can be done by a matching 

of boundary condi t ions f o r  t h e  g r a v i t a t i o n a l  p o t e n t i a l  t h i s  w e  now do. 

I n  t he  equi l ibr ium configurat ion,  t h e  i n t e r n a l  g r a v i a t i o n a l  p o t e n t i a l  

can be w r i t t e n  as: 

where t h e  n o t a t i o n s  are t h e  same as those used i n  SIII. We n o t i c e  t h a t  

Eq. ( A . l )  gives 

i n  t h e  absence o r  r o t a t i o n ,  agreeing with t h e  usual  formula one has €or 

t h a t  of a sphere. - o u t  
0 

The external p o t e n t i a l  3 has  t o  s a t i s f y :  

f4."" = o  
The s o l u t i o n  t o  t h i s  Laplace equation can be w r i t t e n  as: 

(A. 2) 

To determine t h e  unknown constants K 0 and K 1; w e  demand t h a t  
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on t h e  boundary S defined by 

Eqs. ( A . 4 )  can b e  e a s i l y  solved, and w e  have: 

and a l l  o t h e r  K1; 11 - 0. 
S u b s t i t u t i n g  i n t o  ( A . 3 ) ,  we t h e r e f o r e  have: 

( A . 9 )  

W e  now consider t h e  boundary conditions under per turbat ion.  We f i r s t  of 

a l l  w r i t e  the  g r a v i t a t i o n a l  p o t e n t i a l  as: 

(A. 10) 
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and for 4int, we demand that 

On putting 

(A. 11) 

(A. 12) 

we then immediately have: 

(A. 14) 

(A. 15) 

The solutions to the above equations can be written as: 

(A. 17) 

(A. 18) 

(A. 19) 

(A. 20) 
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where t h e  cons t an t s  k2, c 

matching of boundary condi t ions.  Thus, i n  t he  presence of pe r tu rba t ion ,  

and  a are unknowns t o  be determined by a 
0 0 

t h e  t o t a l  i n t e r n a l  g rav i t a t ion21  p o t e n t i a l  can be w r i t t e n  as: 

( A . 2 1 )  

The external p o t e n t i a l  has  t o  s a t i s f y  
\ 

' 1  

i s  caused by t h e  pe r tu rba t ion ,  we can t h e r e f o r e  ou t  and remembering that 0 

w r i t e  t h e  s o l u t i o n  as : 

( A .  22) 

I n  using the  boundary conditions ( A . 4 ) ,  w e  remember t h a t  t h e  unperturbed 

g r a v i t a t i o n a l  p o t e n t i a l  and i t s  d e r i v a t i v e  has  a l ready  been made con- 

t inuous on t h e  unperturbed surface r 0' * and a l s o  t h e  perturbed su r face  S 
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can be obtained from the.unperturbed S by the  Lagrangian displacement 

5 .  
0 

Thus, t he  boundary conditions can >e w r i t t e n  i n  terms of q u a n t i t i e s  

evaluated a t  S e.g., 
0' 

f o r  both Oint and Oout. Hence 

( A . 2 3 )  

and s i m i l a r l y  f o r  t h e  matching of t h e  gradient .  

Using then Eq. (A.21) and ( A . 2 2 ) ,  w e  have by s t ra ightforward cal- 

c u l a t i o n s :  

a, 

The above comes from a matching of t h e  p o t e n t i a l s .  

( A . 2 4 )  



J 

(A.  25) 

The above comes from the matching of the derivatives. 

On solving the set of equations (A.24) and (A.25) w e  would kcive: 

J 

(A.26) 

which is  the expression used in Eq. (3.29). 
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Appendix B 

Calculat ion of P o t e n t i a l  Energy Tensor for a 

Homoeidally StriaEed E l l i p s o i d  

By d e f i n i t i o n ,  t h e  p o t e n t i a l  energy t e n s o r  W is: 
i j  

where the p o t e n t i a l  t enso r  V is defined as: tl 

I n  the  p a r t i c u l a r  case of an e l l i p s o i d  dens i ty  d i s t r i b u t i o n ,  

2 
P = P ( m  1 

2 2 2 

+ - + -  2 
2 where m - - 2 x3 X 1 X 

1 2 a  1 a 

' 
By no t i c ing  t h a t  t h e  integrand in  ( B . l )  i s  symmetric i n  X .. and X - , w e  can 

eva lua te  the  i n t e g r a l  i n  a very simple fashion. (Roberts 1962). F i r s t  

of a l l ,  w e  could have divided the i n t e g r a l  i n t o  two p a r t s ,  an i n t e g r a t i o n  

of X - and X' .. over t h e  homoeoids (m, m + dm) and (m ' ,  m' + dm'); and then 

an  i n t e g r a t i o n  over m and m ' .  The variables m and m'  can take  any va lues  

between 0 and 1. However, by making use of t h e  aymmetry of t h e  in t eg rand ,  

w e  can adopt t he  equivalent  alternate, y e t  f a r  more convenient procedure, 

of i n t e g r a t i n g  over m 2 m' and doubling t h e  r e s u l t .  Thus, w e  w r i t e  ( B . l )  

symbolical ly  as : 
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where V (m) denotes the  tensor  p o t e n t i a l  produced by t h e  homeoid 

(m, m + dm). Since V (m) is constant  fo r  a l l  po in t s  i n s ide  t h i s  

homoeoid, the  i n t e g r a t i o n  of pU over (m’, m’ + dm’ i s  t r i v i a l .  It is 

simply 4na, a2 a3 ml‘ p(m ) dm’ V (m). Now: 
ij 

i j  

ij 

i j  
1 2  

( s ee  Roberts,  1962). 

/’ 

Defining F(m ) = p (m )dm and making use of 
m i: 2 2  

w e  can e a s i l y  reduce (B.6) to  
I 

(B.7) 

We f i r s t  W e  s h a l l  now c a l c u l a t e  p z2 $I d z  along t h e  same l i n e .  i 
of a l l  note  t h a t  t he  i n c e g r a l  can be w r i t t e n  as: 



(m, in + dn) wich a c e n s i t y  d i s t r i b u c i o a  p X  i is givsz by (Xciuth, i922) :  

where h - 0 f o r  i n t e r i o r  po in t s ,  and given by 

for exterior ones. A(u) is, as u s i l a i ,  def ined by: 

If w e  now take  an e i i i p s o i d  coris is t ing of a series of hornoeolds with  

m = 0 + 1, and cons ider  an i i i i x r i a r  po in t  (X X X ) l y i n g  on t h e  s u r f a c e  

of the ellipsoid: 

1 2 3  

2 2 2 

2 2 2 
2 n + - + - =  2 x3 

1 a2 a3 

X x. 
I - 

a 

X ) by S G t n d i i Z  , x2’ 3 then w e  can o b t a i n  t h e  rotai ?otix.tial Di(X1 

di(X1 X2,  X ) from n = 0 to  m = a, and then m = n to ia - 1. Tne f inal  
9 3 

r e s u l t  is : 
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For constant p, we immediately have: 
/ 

I 01 
1 Gu& with 

Eq.  (B.12) agrees with the corresponding expression for D 

Chandrasekhar (see, e.g. Ap. J. 136, 1042 ,  1962). 

given by 1 

- 
We now turn to Eq. (B.8) .  By interpreting the integral as the 

potential energy of a system where the density distribution is p X  

by making use of Eq.  (B.lO) and the method listed earlier in this 

and i' 

Appendix, we readily obtain: 

(B. 13) 
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e 

Appendix C 

Calculation of the Vari.ous Potentials 

For an axisymmetric density distribution of the form 

2 2 
+ -  2 

x 3  

=3 

2 1  x 2 + x  2 where m = 
2 

al 

X2, X3> is 1' The potential at any point ( X  

O ~ m 5 1  

For p = constant, (C.2) immediately gives: 

( c .  3)  

This agrees with, say, Eq. (47) of Chandrasek..,.r (Ap. J. 136, 1042, i962). 

We now define a new set of dumy integration variables: 

- 
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1 rl = ma 

U - v = -  
2 
1 a 

when (C.2) can be writ ten as: 

where now - -  - i - z z  
41" 

W e  now e f f e c t  another  transformation of v a r i a b l e s ,  

x2 = n 2  

when t h e  e l l i p s o i d a l  equidensity s u r f a c e s  i n  t h e  X ., - co-ordinates would 

now become spheres  i n  t h e  5 - co-ordinates. With t h i s ,  (C.6) can b e  

w r i t t e n  as: 
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\i 

We now change to the dimensionless quantities 0 and 5 defined by 

p = A P  

when we finally have the desired expressions 

(c .  10) 

With similar manipulations, the expression (B.11) for the D pro- 1 

duced by the "density" p X ,  can be written as 

( c .  11) 

Similarly, a potential U produced by a density distribution p ' = 
j j 

n- 1 8 can be written as: 
A80 j 
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(c. 12) 

I n  Eq. (8 .42 ) ,  w e  have t h e  occasion t o  use E. From Eq. (C.101, 

t h i s  is  simply a matter of d i f f e r e n t i a t i n g  an i n t e g r a l  with r e s p e c t  to 

a parameter. I n  general ,  i f  

ae 

I n  our present  case, i f  w e  put 
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