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ABSTRACT

In the uniformly rotating reference frame of the restricted 3-body
problem (in which Earth and Moon occupy fixed positions on the abscissa),
the equilateral libration points L4 and L5 are known to be points of
equilibrium, A particle placgd at rest at one of these points will
remain at rest for all times. According to linear theory, for very
small disturbances from equilibrium the particle will tend to move
along bounded trajectories in the immediate vicinity of these points.

When the force field near L4 and L5 is not assumed to be linear,
and in addition other perturbing effects are included, the particle's
motion might be excited sufficiently and lead to unstable divergent
trajectories.

This dissertation presents the results of an analytic study of the
3-dimensional stability of motion of a particle near L4 in a nonlinear
Earth-Moon force field, upon which is superimposed a linear solar grav-
itational field distribution. In particular, the long period features
of the particle's motion are studied, which stem from the excitation
at or close to the particle's natural frequencies, and are introduced
by the presence of resonance terms in the internal (Earth and Moon) and
external (solar) force fields.

The results show that in the presence of the internal nonlinear-
ities the stability of motion predicted by the linear theory is valid
for only a very restricted region of initial displacement and velocity
disturbances. Disturbances outside this region would lead to divergence
of the solution. The nonlinear coupling of the out-of-plane terms with
the in-plane terms was found to be of minor importance and did not con-
tribute to an appreciable transfer of energy from one mode of motion
to the other.

The inclusion of the external force terms was found to admit some
equilibrium solutions of the variational equations. Of those, the one
stable equilibrium solution found was characterized by a coplanar el-
liptic particle orbit around L4 which had its major axis (of magnitude
roughly 120,000 mi) oriented at right angles to the line joining Earth
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to L4' This orbit was traversed in a clockwise sense at mean angular
rate equal to that of the Sun, as seen in the rotating coordinate frame,
and very close to the particle's faster coplanar natural frequency. The

particle's motion thereby became synchronized with that of the Sun.
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I. INTRODUCTION

The subject of the Earth-Moon libration points has aroused in re-
cent years the curiosity and interest of a great many researchers in
the field of celestial mechanics and analytical dynamics. This renewed
interest by modern day investigators in this classical problem has been
stimulated by the recent telescopic sightings by K. Kordylewski(l’z) of
two faint cloud-like objects or shapes in the vicinity of the L4 and L5
Earth-Moon libration points. These findings have led to a great amount
of speculation regarding the origin and stability of motion of such
clouds, believed by many to be composed of minute dust particles.

Although a number of more recent naked eye sightings from high
flying aircraft have since been reported by a few investigators in this
country, the issue of the existence or nonexistence of these libration
dust clouds has not yet been resolved to everyone's satisfaction by
any of the current studies, and is still the subject of debate between
proponents and detractors of this hypothesis. While the definitive
answer to this question might not be obtained until concrete evidence
and data will be gathered near these points from a space vehicle, the
quest so far has not been all in vain. In the process a great many
areas for further research of both a theoretical and a practical, mis-
sion oriented, nmature have been exposed and tackled, which will keep
many researchers busy for quite a while.

In the present dissertation we shall not attempt to shed new light
on the question of the existence of dust clouds, but shall confine in-
stead our attention to the study of the interesting underlying theoret-
ical problem in nonlinear amalytical dynamics of a particle. This par-
ticle may be associated, if one desires to do so, with the center of
mass of a hypothetical dust cloud. It should be pointed out however
that the uncritical application of some of the results and conclusions
of the present study to the dust cloud problem might lead to mislead-
ing conclusions, since such important destabilizing effects as solar

radiation pressure and particle collisions have not been considered

here.
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II. LIBRATION POINT GEOMETRY

Some of the geometrical features of libration points are briefly
indicated below for the purpose of orientatien.

The five libration points (also known as Lagrangian points) of
the classical restricted 3-body problem (i.e., Sun is neglected, and
Earth and Moon revolve in circular orbits about their common center of
mass) are indicated in Fig. 1. They are points of equilibrium in the
coordinate frame XYZ, rotating around the Z axis with the mean angular
velocity n of the Earth-Moon system, in the sense that no net acceler-

ations are experienced by particles at rest at these points.

Lg

Fig. 1: Libration points of the restricted 3-body problem.

By means of linear small perturbation analysis the collinear
points Ll’ 12, L3 were found to be unstable to small initial distur-
bances, while the equilateral points L4 and L5 were found to be points
of stable equilibrium around which small amplitude conditionally pe-
riodic (i.e., in this case deubly periodic but not necessarily simply
periodic) motions resulted for small initial disturbances.

The more realistic physical model used in the present analysis is

shown in Fig. 2. The Sun, lunar orbital eccentricity e (~ .055) and
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inclination i of the Earth-Moon plane with the ecliptic (i = 5°) are
included. The Earth is assumed to move in a circular orbit around the

Sun.

LUNAR ORBIT (SOLAR
EFFECTS INCLUDED)

LINE OF NODES
(REGRESSION A DUE TO SUN)

Fig. 2: Three dimensional geometry of the 4-body problem.
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III. BRIEF REVIEW OF PAST WORK ON THE SUBJECT

Most of the basic work on the restricted 3-body problem stems back
to some of the classical studies in analytical dynamics of Lagrange,
Jacobi, Poincaré, etc. which are discussed in most of the standard text-
books on Celestial Mechanics. Some of the main features and results
are briefly summarized in the following sections.

More recent analytic work on the 3-body problem concerned itself
with such questions as the existence of periodic orbits both in the
vicinity of the libration points, as well as periodic orbits which fill
the whole Earth-Moon space and possibly loop a number of times around
both primary bodies.

Studies which included the solar force field are of a more recent
vintage and are predominantly of a numerical nature, in that they
tackle the problem by direct integration of the full set of differen-
tial equations of motion for various periods of time t, and usually
for a very restricted set of imitial conditions(3_5) (i.e., zero par-
ticle displacements and velocities, and collinear position of the major
bodies in the order Earth-Moon-Sumn). The application of Hamiltomian
techniques to the 2-dimensional libration point problem was suggested

(6)

are extended in the present thesis to the 3-dimensional problem which

in an analytic study by Breakwell and Pringle. These techniques

also includes the effects of lunar orbital eccentricity.

1. THE CLASSICAL RESTRICTED 3-BODY PROBLEM: PAST RESULTS
AND THEIR LIMITATIONS

Some of the basic results of the 3-body theory, as related to the
libration points, and some of the questions left unanswered by the
theory are mentioned in A and B, respectively.

A. 1. The existence of the five Lagrangian equilibrium points
shown in Fig. 1 was discovered.

2. The stability of motion near these points was investi-

gated by linearizing the equations of motion near these points.



3. For small deviations from equilibrium the coplanar homogen-
eous set of equations (Eqs. (25) with p = v = m = 0) in the xy plane,
which becomes uncoupled from the z equation, was shown to give rise
to a doubly periodic solution with the eigenvalues W = .955 and w, =
.298 (these frequencies were nondimensionalized with respect to the
mean Earth-Moon angular velocity n = .23 rad/day). The uncoupled, out
of plane, linear equation in the z direction possesses a simple har-
monic solution with eigenvalue Wy = 1. (The reason for a period of 1
lunar month in the z motion is easy to explain physically if we con-
sider the limiting case of a vanishingly small lunar gravitatiomal
force field. 1In that case the small particle at L4 follows a near
circular planar 2-body orbit around the Earth at the lunar distance,
which crosses the Earth-Moon plane twice for each complete particle
revolution, thus leading to an orbital period of 1 lunar month, which
is also the same as the period of the projected simple harmonic oscil-
lator in the z direction.)

4, A first, and only, integral constant of the motion was found
to exist. This so-called Jacobi constant CJ corresponds to our scler-
onomic (i.e., time independent) Hamiltonian H, and consists of the com-
bination E - nhz = constant = - CJ = H, where E is the particle's total
energy (i.e., kinetic and potential) in a nonrotating baricenter cen-
tered coordinate frame, hz is its angular momentum in the Z directiom,
and n is the mean angular velocity of the Earth-Moon axis.

B. Some difficulties are encountered if one tries to extend the
stability conclusions obtained from linear analysis to predict the be-
havior of the complete nonlinear system. The main reasons are indi-
cated below.

1. The near commensurability of the eigenvalues wy e:3uh
leads to an internal near resonance with a detuning €, =9 - 3ub =
.954593-3-.297912 = > .06086. This causes poor convergence of the
usual perturbation solutions by means of which one attempts to evalu-
ate the effects of higher order terms, by substituting back the homog-
‘eneous solutions into the nonlinear driving terms. Some of them give
rise to combination frequencies which are nearly resonant with the
natural frequencies of the linear equationms, and thus lead to small

divisors in the next approximation.
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2. The Hamiltonian H is not definite near L4 or L5 (positive
or negative). This sign indefiniteness has a bearing on the nature of
the stability of adjacent motions, as is briefly indicated below.

If we suitably recombine the terms in H of A(4) above we can come

up with an equivalent relation for the Hamiltonian H = %-vz + Veff’

where v2 = x2 + y2 + i and V e £f represents an effective potential
1 2,2 . .

energy V, ce = - 5 W x" +y ) - ul uZ/r The first term in H

thus corresponds to the kinetic energy, as measured in the rotating
frame, while the last two terms in veff represent the usual gravita-
tional potential energy V. In this new form H can be interpreted as
being in the nature of an energy integral of the motion. The nature

of the stability near L4 can thus be deduced from the shape of the

5
bl
surfaces V = censtant in that region. It turns out that near the

equilateraifsoints the planar part of V .. has the shape of a 'poten-
tial hill" rather than the "trough' which is required for stability.
This circumstance raises a question concerning the applicability
of the linear-theory stability analysis to the complete nonlinear sys-
tem, i.e., whether the nonlinear system weuld exhibit the same kind of
stability as predicted by the linear equations for given initial con-
ditions. One may remark at this point, on the basis of work to be pre-
sented later, that the answer is yes in a rather small neighborhood of
L4'
ranges of initial coenditionms.

The nonlinear system will hewever exhibit instability for certain

It is also apprepriate to remark here that the stability of motion
exhibited by the linear system near L4 and LS in the presence of a po-
tential energy '"hill" is brought about by the presence of gyrossopic
terms in the linear equation (due to the Corioli's force 2(n x r) which
arise in the rotating frame). When further nonlinear and external ef-
fects are included, it is possible for additional energy to be trans-
ferred into the system with the result that initially small oscilla-
tiens may grew in the course of time.

It is interesting to mention that a Taylor series expansien of
v near L, shows the equipetential curves to be extremely elongated

eff 4
ellipses of finemess ratio reughly 1:10 oriented at right angles to
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the line from barycenter to L4. The potential field thus falls off

quite slowly as we move in a direction perpendicular to the Earth - L4

line.

3. Another internal resonance occurs because of nonlinear
coupling of the z and xy solutions, and the near commensurability of
the eigenvalues Wy = Wy, with the resulting detuning 61353 0454,

This resonance leads again to poor convergence of perturbation type
solutions.

4, Although not actually a part of the classical 3-body
problem, it might perhaps not be inappropriate to mention at this
point also the presence of a third important resonance of an external
nature caused by the Sun's perturbative action on a nominally circular
lunar orbit, which is an important factor in the subsequent analysis.
This indirect solar perturbation leads to a detuning €€1 = Z[w1 -(1-m]
= 2[.95459-.92520] == ,05878.

5. The additional complications of resenances introduced by

the inclusion of lunar eccentricity terms will be taken up later.

2. NUMERICAL APPROGACHES (SOLAR EFFECT INCLUDED)

Straightforward integration of the complete set of differemtial
equations, for zero initial conditions, gives rise to particle tra-
jectories, a typical xy projection of which looks roughly like the
one shown in Fig. 3 (taken from Ref. 4).

Figure 4 presents schematically another plot due to Feldt and
Shulman(s) of total particle displacement d with time t for an inte-
gration time period of 5000 days. Imitial conditions were the same
as those in Fig. 3.
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Fig. 3: Typical particle trajectory in xy plane mnear L4
(t = 700 days)
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IV. SOME CONCLUSIONS REGARDING PRIOR STATUS OF THE PROBLEM

The following conclusions summarize some of the points which were
raised in Sections ITI(A) and III(B):

1. The past analytical efforts do not resolve in a satisfactory
manner the question of boundedness of motion near the equilateral li-
bration points of the Earth-Moon system, with or even without the in-
clusion of the perturbative effect of the Sun.

2. The numerical results available to date are rather limited
in that they were generated only for restricted sets of initial con-
ditions and initial Earth-Moon-Sun configuratioms. Consequently they
do not shed much further light on the question of the possible exis-
tence of domains of initial conditions and configurations which allow
small amplitude, bounded motions to take place for long time periods.

3. In view of the multiplicity of possible starting conditions
and configurations, it is quite clear that a purely numerical search
for such initial conditions would be both costly as well as of ques-
tionable success, and thus not very attractive.

4. The necessity and usefulness for further analytical ground-
work on this problem seems to be clearly indicated.A

The above brief rundown will hopefully help to bring into better
perspective the difficulties as well as the motivations underlying

the present investigation.



-11-

V. THE LAGRANGIAN L FOR A PARTICLE NEAR L4

We shall desire the expression for the Lagrangian of a particle
near the L4 libration point, in the rotating xyz frame centered at LA’
and having its xy plane coincide with the fundamental Earth-Moon orbi-
tal plane. To this end it is convenient to start out with an inertial
reference frame Xy5¥p02y in which the positions of Earth, Moon, Sun
and particle P are designated by the numbers 1, 2, 3, and 4, respec-
tively, and by the position vectors ﬁi (i =1,°°+-4), The kinetic
energy TI and potential energy VI of all the masses are then

1 X =2
;=3 2 mR, Ry
i=1
(1
4 4
y Gm.m, . Gm.m,
Y R R
i1 1B - K ij=1 3
1#j i#3

We switch first to an Earth centered rotating coordinate system xe’Ye’Ze
with the Xe axis pointing in the direction of the instantaneous position
of the Moon (we neglect here the 3000 mi separation of barycenter from
the center of the Earth). For a particle of unit mass at point 4 we

then have

T= %‘(E1 + %14) . (1%1 * %14)

V== - - (3)
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where

i = Gmy

1,2,3

W

i
The last term in L is independent of particle position and velocity
and can be dropped. This follows from our assumption that the par-
ticle does not affect the motion of the primary bodies. It is also

convenient to remove from L the explicit presence of the Earth's in-

ertial velocity R,. This can be done via Lagrange's equation

1
4 pL_|} 3L .o (%)
dt lar. | ot
1 14

and the Earth's equation of motion in inertial space

» U'Z — “'3 — 5
R, = 3 Tt 3 13 )
12 13

Since §i # ii (§i4), one can replace Eq. (5) by the equivalent

relation

= D by — | = 3 - =
S e T12° Tt 3 T13" e (6)
T14 |12 13

After substituting Eq. (6) into (4) ome can extract from it the

expression for L shown in Eq. (7):

r LIS o
1~ = By 1 127 T14 1 13° F14
L==71 e T 4 — —— o S— +u. -
2714 14 xy, o] o riz AL, ‘23

n



-13-

The last (solar) term in (7) can be further simplified if we re-
place it with the solar potential energy gradient evaluated at the
position of the Earth, as shown in Appendix A. This neglects terms
of magnitude (r14/r13)3 ~1.5 x 10-8, which is quite satisfactory in

the present case, and leads to the expression

1= = By
L=&%71 e ry, + —
7 Y14 147 T,
_ _ \2
r r T LI
1 12 14 B3 13["13 14 1 - -
twln, T3 Al 1 -3 T4 " T1 (8)
12 13

Expression (8) is still not in the desired final form of a Taylor
series expansion around L4. Before we carry out the expamnsion it is
convenient to nondimensionalize everything, as indicated in the next

section.
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VI. NONDIMENSIONALIZATION AND EXPANSION AROUND L4
1. NONDIMENSIONALIZATION

The nondimensionalization is most conveniently carried out by

choosing the reference frequency n and length D defined by

) .
n= | ——F3—= < Wy + () cos i > = mean angular veloc-
D
ity of E-M axis X = .23 rad/day 9
D=< Ty > = mean E-M distance == 2.4 X 105 mi (10)

It should be pointed out that the only physical quantity which
can be measured with any degree of accuracy is n, 80 that the refer-
ence length D is actually a computed, rather than a natural quantity,
and is defined by Eq. (9). The averaging of Tio in Eq. (10) must there-
fore be interpreted in the light of the more basic definition (9).

Wy denotes the mean angular velocity of an isolated Earth-Moon
system (no solar perturbations present), and () and i are indicated in
Fig. 2.

Two basic dimensionless quantities which will appear often in our

equations are

n n 3
n=-2= (3 . _D___ = 074801 (11)
13
and
B2 -1
By + 82.45
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where

n_ = angular velocity of the Earth around the Sun

From now on all lengths, velocities and times will be treated as di-

mensionless quantities, but we shall retain their old symbols.

2. EXPANSION AROUND L4

Just as n was the basic quantity selected in the nondimensionali-
zation of the equations, we shall select m as the basic quantity, or
yardstick, which defines order of magnitude. We shall denote by o(m)
a quantity of first order of smallness, o(mz) of second order, etc...

The Lagrangian L of Eq. (8) can be written in terms of displace-
ments and velocities measured in the L, centered xyz frame by writing

A
the dimensionless vector relations

T, =T, +T
14 1L (13)
r14 = rlL +r+wxr
where
r=xi + yT + zi
X y z
x| = 1+ p(t) = |?12| = instantaneous displace-
1L ment of libration point
L, from the Earth
= = 1 - iz._ —_ -
rL < |r1L!<% i+% ié) +wx T

and for the total angular velocity @ of the xyz frame in inertial space

I +9(t) =1, + () (14)

w =

1L

p(t) and v(t) are the perturbations of the E-M distance, and angular

velocity caused by solar and eccentricity effects, and are provided by

classical lunar theory.(7’8)
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p(t) = - .0079 cos 2 - .00093 - e cos ¢ + % e2 (1 - cos 2¢)
5
- g em cos 2 - ¢) (15)
— _ * . [} —
p(t) = [Q sin i sin To + 1 cos no] ix
+ [ﬁ g8in i cos -1 si ] i
no i sin no y
15
+ | .0202 cos 2E + 2e cos ¢ + 7~ em cos (2 - ¢)
5 2 -
+ 5 e cos 2¢] i
= o T, + T + v (16)

For additional details regarding the above

planation of the various angular variables

to Appendix B,

The coordinates of the Sun

expressions, and for an ex-
used, the reader is referred

in the xe’Ye’ze frame, pre-

sented in Eqs. (17) are also developed in this appendix.

The Sun's position coordinates in the rotating frame are

xg = r,4 COS £
ys = - r13 sin E
_ f e . ot
2, = T)5 sin i sin © -vH (17

We now stipulate that the following quantities will be treated

as being of the first order of smallness:

m,e,x,y,z,Px,Py,Pz, JpZts, NI (18)

The momenta Px,Py,Pz conjugate to x,y,z are introduced through the

relations
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p:élizp_E

X ai X 2

po=Z-p +3 (19)

ay
3L

- z
Az

The terms linear in e(= .055) in p(t) and y»(t) are obviously only
of o(m), and will have to be treated in a different fashion if we are
to retain the definition of Eq. (18). This problem will arise when we
include the eccentricity in the canonical transformations to slow variables.

The use of a Taylor series to expand L and H around L4 in terms
of x,y,=, Px, ... etc ... raises the question of how many terms of the
series expansion have to be retained before we truncate it, i.e., what
order of nonlinear terms must be retained so as to take into account
all the dominant perturbative effects. Tais question is recadily an-
swered by noting that the highest internal resenance is that resulting
from the near equality oy = 3w2 whi-h indicates that nonlinear terms
up to and including the fourth order must be retained in the Taylor
expansions of L and H.

When all the steps have been carried out and all the terms col-
lected, as shown in Appendix C. one obtains for the Hamiltonian H, de-

Tined as usual by means of
Te
where

T— -
P = {px,py,pz] = (1 X 3) row matrix of momenta elements

and

X
r = [%] = (3 x 1) colummn matrix of position ~lements
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the expression of Eq. (21)
H=u<°>+Hl={£(p§”§+p3)+(yp )+ (2 - st e e

; (P +. /3P ) + 1 <p + v ) (Jﬁ P - py)
- (o + 3 0,) Gov )

x + v@&s)(xsx + ysy + z z) - % (x + v@}j]

t
5
~~
—
1
N
©
'
%
<
i
I

+
N3] =
e
<

<

im
ﬁ}

S

1
N
N
H w
u

(o)

+

1
5 V3 Uy + Ux>z}

3 3 1 -2 2 3 2 3 2
-+§ T6 x y +y ) + _-TK—E (33xy - 7x~ - 12xz ) - §£: yz }3

5/3 (1 - 2u) (5x3y - 9xy3 + 12xy=z ) + %%5 x4 + %E x222 + 2% 2 2

é23 Lyt - '%' ‘- % 4}4.+-{- % p(xz - sy? + 4z’ - 65 (L - 2u)xy>
+ Uz(y > ( 2 " sz> + Ux(zpy - sz>
2
2l 3 ( ) 1 ( 2 2 2> 5 6
- m [ 5 \XgX +yy) -3 \¥ +y +z + O(m” ,m ) etc.

214 - .

(21)

In the above expression we have split H! into a cubic part H3, a
quartic part HA and a solar part Hs’ which in turn is composed of in-
direct solar effects (via p and p) and a direct solar effect (via the
m2 term) . ‘

We shall concern ourselves in Sectiom VII only with the motion

resulting from the bracket { }(o) which represents the linear and
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quadratic part H(o) of H, These terms give rise to a system of forced
linear differential equations which will be discussed below.

The analysis of the effect of the terms in H’ on the motion of
the particle will be started in Section VIII.
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VII. THE LINEAR DIFFERENTIAL EQUATIONS AND THE TRANSFORMATION
TO NORMAL CANONICAL COORDINATES

Hamilton's equations can be written down in a very compact form
by using the matrix notation. We define the (3 X 1) column matrix
for r and Pr in a manner similar to those introduced for r and Pr
in connection with Eq. (20), and introduce the additional (1 X 3) row

(o)

matrix of partial derivatives of H

o) _ [au(°) G aH(0)]
T ox ' oy * oz
(22)
© _ [a! an(°)]
L'=l= = "=
r x y z
The equations of motion then can be written in the form
: H(;)
=5 | " (6 x 1) column matrix (23)
P ° |
r PT
r
(o)

where Hi%) and HpT are the transpose of H:o) and Hé:) respectively,
T
Qo is the (6 X 6) matrix

3 = (24)

I is the (3 X 3) identity matrix, and 0 is the (3 X 3) null matrix,
In component form, Eq. (23) becomes

2 roe L)
y —Py-x+{-€b-%(p+vz)}

Mo

~

)
~
|

(cont. on next page)
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Ne
It
HT
\J
|
)
N
+
SR
<
|
P
NC:
=

21 3 2 1
+ [2,.2 xs+ 3xsys --2-]
13
p = _ glo - 3 33 ( 1 )
Py - Hy =-P +7y+ 1 -2wx+ {3 p+ 5 v,
2 2
+m [T .\/-y "/_]
13

S

Pz='H§O)='Z+ —%—(ﬁvy+vx)+m[——( z +A/_yzﬂ

13

(25)

The terms in { }s contain the direct and indirect solar contributioms.

The homogeneous part of Eq. (25) is obtained by setting p = v = m = o.
iwt

The characteristic equation resulting from a trial solutiomn e is
2 4
(l-u))[u)-w +T n:\—o (26)
where
= 33 =
M= (1 - 2p) = 1.26753
The solutions to Eq. (26) are the eigenvalues
w = + .95459
w, = + ,29791 n
wy = + 1.0 (corresponds to an

uncoupled z motien)
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The above w's are the natural frequencies which were used in the
discussion of the detunings in Section III.

Let the solutions of the homogeneous set of equations be denoted
by X,y,ze:-and suitable particular integrals by %,¥,Z**+ Thus the com-

plete solutions are

+ 4+
%

<] ™
<

X
y = (28)

For later use the 6 constants of integration which appear in the
solutions (28) are best introduced by transforming first to a normal

canonical set of coordinates Q and momenta P

Q" - [Ql’ Qs Q3] P’ = [Pr Pys Ps] (29)

which also satisfy Hamilton's equations of motion and represent un-
coupled motions in the form of independent simple harmonic oscillations
having as frequencies the three eigenvalues w;.

i
The linear equatiens of transformation can be written in the form

2\ L
y (Qz
z Q,
P |=J| B (30)
P P,
Fz/ £y

where J is a (6 X 6) matrix whose columns consist of the eigenvectors
corresponding to the eigenvalues * @ and which are normalized so as
to satisfy Eq. (31) which is the necessary condition for a canonical

transformation.
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Je J =38 (31)

The matrix presented in Eq. (32) satisfies this conditions and thus

provides the proper coordinate transformation.

— b
0 0 0 _1(w2+9)-“_2(w2+9)0
wy 1 4 w, 2 4
K
1 K
_2K1m1 -2K2m2 0 _m—'n w_-n 0
1 y)
0 0 0 0 0 1
J =
K
2 1 2 1 1 K,
- Klwl(wl + Z) - szz(wz + Z) o & o ! 0
1 )
K
/9 2 Ko 2
STL K@y 0 E;(Z" wl) - G;(Z - mz) 0
0 0 -1 0 0 0
(32)
where
-1/2
[l 2 2 45 ~
Ki—{|-2—wi+2‘n -§-|} i=1,2
K, = .62016
K, = .72101
The numerical values of the elements in J are ¢
o 0 0 2.05374 -5.66028 O |
-1.24032 -1.44202 0 -.823463 3.06768 O
5o 0 0 0 0 0 1 (33)
_.687459 -.0727629 0  .823463 -3.06768 O
.750378 .272262 0 .869732 -5.23066 O
0 0 -1 0 0 0
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In terms of Q and P the Hamiltonian H(o) (for the case p = p = m = o)

becomes
(o)_1(2 22) 1(2 2.2 1(2 22)
H =3 Pl + w1Q1 -5 Pz + w2Q2 + 5 P3 + m3Q3 (34)

The solutions for the three harmonic oscillators which make up

the expression for H(o) in Eq. (34) can be given in the form

Q = _il—' i w Bf
17 "o sin %
2a.
Q, = 2 sin w, 8#
2 w, 272
,\/Za
Q, = 3 sin w B#
3 wq 373
(35)
_ #
P1 = ,,/2&1 cos “’1‘51
P, = - »200, cOS B%
2 2 Wy P

- 7
P3 «/50'3 cos w3B3
where B}f =t + Bl, 372‘ =t - BZ’ Bﬁ =t + B3, and di’Bi Aare the 6 re-

quired constants of integrationm.

Substitution of Eq. (35) and the J matrix (33) into Eq. (30) gives

the homogeneous solutions for the coordinates

2.902 J&; cos wIB;: + 8.003 Ja_z cos u)ZB;é

X

2.103 JoTl cos (wla’f + 123.s7°)

<t
"

(36)
+ 4,793 J&z' cos (mza§ + 154.82°)

nN|
|

—ﬁ?;cosaé
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The particle trajectories in the xy plane corresponding to each
of the two coplanar normal modes are ellipses with major axes at right
angles to the vector r,. and thickness ratios (minor axis/major axis)

1L

1:2 for Wy and 1:5 for w, as shown in Fig. 5. Motion proceeds in a

clockwise direction.

PERIOD- 2 = 28.6 DAYS

1 PERIOD * %: 917 DAYS

15 (THICKNESS RATIO)

Fig. 5: Trajectories of normal modes.

The complete unperturbed xy motion consists of a weighted super-
pesition of these two normal modes, and is in general not periodic.

The particular solutiemns ¥,¥, corresponding to the forcing func-
tions centained in the { } brackets of Eq. (25) are most readily ob-

tained from the coplanar equations

. . 3 _
X - 2y - TX- Ny = fx - fy + fo
(37
e (] 9 - e
y+2%x - Nx - zYy = fy + fx + fP

y
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where fx, fy’ f denote the direct and indirect solar forcing

, £
Py Py
functions of the subscript variables given in equations (25). For
our purposes it is sufficient to obtain the particular solutions to

2
o(m”). After introducing Egqs. (16) into (37) we obtain the solutions

=% +% +% +%8,+%,+X%
e o2 m?
(38)
= 7 §,+5F
=Tt T+ Tuty2 V2"
where
o _ o
%, = 01016 cos (2€ - 67.27) Resulting from the
yo - .00867 cos (2F + 38.30) indirect solar terms
%, = .3l e cos (¢ - 72.2°)
§, = .227 e cos (¢ + 50.2°)
- o
€ , = 11.1 em cos (28 - ¢ - 75.27)
-~ = - o
Yom 7.86 em cos (2 - ¢ + 51.76")

% , = 1.274 * cos (26 + 30.8°)

% . = 1.062 e cos (2¢ - 66.0%)

o  _ 2 o]
X9 =1.697 m" cos (2 - 127.7°) Resulting from the

§ 5 = 1.43 m cos Q€ - 20.83%) direct solar terms
m

g_ = .50 e’
2 Constant displacement
Yc = ,2895 e

No particular solution for % is retained since it is of o(m3) or
higher, and would lead to terms of o(m?) when substituted into H'. Om
this point we shall have something more to say in Section XIII.

The corresponding solutions for Fr are readily obtained from the

relations
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Px =Xx-y

P =3+

y =¥t x (39)
etc.

It is interesting to note that if we substitute Eq. (35) into

Eq. (34) we obtain the simple expression

H(o) =0 -q + @y (40)

The particular manner of introducing the polar set of integration
constants ai’Bi into Eq. (35) follows from the canonical relationship
which they bear the Hamiltonian H(o). The quantities Bf, - Bi, Bi and
¥y s g form, respectively, a canonical set of coordinates and con-

jugate momenta with respect to H(o) of Eq. (40).

Thus
éf =1= Hé?) &1 - H;;) =0 or o =const
1 1
éi =-1= Hé;) &2 =+ H;;) =0 or ®, = const (41D
"2
é§ =1-= Hé?) && = - H;;) =0 or a4 = const
3 3

The above results are in agreement with our stipulation that oy
and Si be constants.

FPurthermore, the quantities o and Bi themselves form a canonical
set with respect to an unperturbed Hamiltonian H = O,

The above canonical properties will be made use of when we analyze
the perturbative effect of B'.

The form of H(o) in Eq. (40) makes it very easy to verify the
point made earlier in B(2) of Section 1II, regarding the sign indeter-
minacy of H which is seen to depend, for small @y, On the difference
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o) - . Although in the present case oy and @, individually are

constants, it turns out that for the case o, = 0 the combination

al(t) - az(t) remains a constant of the motion also when the pertur-
bative effects of higher order internal nonlinearities are included
(but external solar perturbations and lunar eccentricity are still
neglected). Thus o and o, may grow individually as long as their
difference remains fixed, which indicates the possibility of an in-
ternally generated instability near L4 also for the classical re-
stricted 3-body problem (for which we use the exact expression for H).
That H is a constant of the motion in the latter case (where

H # H(t)) as stated in A(4) of Section III, is readily verified since

dH oM ., L OH . _ . I R JO
Tt + TR using Eq. (23) pPE+rEp=20 (42)

The only existing integral of the motion, the Jacobi constant CJ
(see pp. 281 of Ref. 9 where it is denoted by unsubscripted C), is
equal to the negative of H

H=-C (43)
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VIII, MODIFICATION OF THE LINEAR SOLUTION DUE TC H'

The inclusion of the terms in the Hamiltonian H', neglected until
now in the previous solution, can be handled by a method equivalent to
the customary variations of constants technique by requiring the orig-
inal constants of integration o and B8 introduced in Eq. (35) to become
functions of time, which then satisfy Hamilton's equations with Hamil-
tonian H’.

Inasmuch as we are not concerned in the present investigation with
an exact or detailed determination of the particle's trajectory, but
rather in the overall broad features of the motion, we shall desire to
obtain only the slowly varying components of o and 8 which will arise
from the secular terms in H', and those terms containing low combina-
tion frequencies which arise from the near resonances.

This can be accomplished by means of a suitable canonical trans-
formation of coordinates frem the polar canonical set «,B8 associated
with H = 0 to a new slowly varying canonical set a',B' associated
with a new slewly varying Hamiltonian K’. K’ will contain only the
lowest frequency terms which arise in H’ as a result of the above
transformation, all other faster terms having been suitably eliminated.
The question as to which frequencies should be retained, and the cut-
off point beyond which the periodic terms are dropped cannot be reradily
answered in general terms, but would depend on the particular problem
considered, and also on the density of spacing of the resomance peaks
in the lower end of the frequency spectrim. This point will be touched
upon again later in conmection with the specific form of the expres
sion for K'.

Returning once more to the coordinate transformation mentioned
earlier, it is reasonable to assume that for relatively small displace-
ments x,y,z of the particle, the effect of H’ would be in the nature
of a perturbation of the linearized solution found earlier. With this
agssumption in mind we may now consider a statinnary contact transfor-

mation
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R
]

o + éai
(44)

1w
[y
Il

Bi + Gﬁi
that may be introduced with the aid of a generating function G(B,a')
G(B,a’) = ' + s(B,a”) (45)

(10)

which satisfies the relations

g’ = L -5+,
oY
(46)
=% _
a = 38 o + SB

The first temrm Ba' in G generates the identity transformation,
while the function S(B,a’) = S1 + 32 denotes an additional suitably
selected generating function which is introduced for the specific
purpose of eliminating all the short period terms which occur in H:
S. is selected to eliminate the terms of o(m3) and 82 those of o(ma).

1
Since S does not depend explicitly on time t we can write

k(8 ,a’ )= HOAp o’ ) + B (B ,a’,0) (47)

where H above is evaluated in terms of the new coordinates B' and new

momenta a’.
When all the required steps of the transformation are carried out,

as indicated in Appendix D, ome arrives at the following relation for

Kl

'_z ~ -— l
K" =H, + BL + H - [H3, Sl] (48)
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ﬁs and ﬁ; are the long period terms resulting from the Taylor

series expansions
=) LgZesazl
o) hE&esgeedy @)

evaluated at X,y,z.

fﬁ;:gzj-denotes the long period part of the Poisson bracket of
H3 with Sl' I-l.4 results from the substitution of the homogeneous so-
lutions x,y,z into H4, and consists of an internal part H4int and an
external part
effects.

ﬁ;ext which contains both the direct and indirect solar

The algebraic work needed to express K’ in terms of a',s' and t
is rather formidable, and is one of the major stumbling blocks in what
would otherwise be a relatively straightforward solution. A few repre-
sentative steps of the required manipulations are briefly demonstrated
in Appendix E. If all the manipulations have been successfully carried
out, one does eventually come up with an expression for K’ which has

the general form shown in Eq. (50).

+a’b. + o +a'3/2bc

K’ = a'[b + b,.C ]
141 2720840 2°3 374 57A8 +A,

13/2[ ] 21/2 [ ]
t o 1P6Cag,m, P10 ag i A 2P

+ 0'1/2 [bgc '2b

g T P10%a ra +A]+°'1211+°' 12

11/2 o :1/2[b

2
+ o, b, + @, b14cc+18

2 P13 156 G-A¢1+)\9 16°A¢2+xm]

2 ? 2 2 2
+oagbyg °’1°’3[b18 + b19czA13+xu] + ayasby,

11/2

A R M3-otag,hh, 4
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bj(j = 1,++22) are known constants and Cx stands for cos x.

The detuning frequencies retained in Eq. (50) have the following mag-

nitudes:
2A€1 +2(1 - m - wl) = -,05878
200, + 2(1 - %mz - w) = .08242
A¢2 = ¢ - 3u§B§ -+ (1 - .0042 - 3w2) = ,10207
£ £ (50a)
A13’* w - 1 = -.04541
A13 + A¢3 - - 04541 - .0042 = -.04961
o - A¢1 -+ ,06086 - .04121 = ,01965
and

A13 - o+ A¢3 -+ -,1105

The terms containing A¢ arise from the lunmar eccentricity.

As can be seen from Eqs. (50a) no terms with frequencies larger
than .12 have been retained in the expression for K’. Although this
choice of cut-off frequency appears at first sight rather arbitrary,
it can be argued here that for higher frequencies the resultant de-
tuning would not be narrow enough to introduce the very small divisors
which usually lead to divergent solutions, and that consequently their
omission should not materially affect the overall features of the re-
sultant particle motion.

The large number of frequencies which still are left in K’ pose
considerable difficulties in the way of a straightforward amalytical
treatment. To enable ome to carry out nonetheless a reasonably mean-
ingful analysis of the effects of internal resonances and of the solar
perturbation, it was found necessary to reduce the number of admissible
resonance peaks still further. This was accomplished by disregarding

for the present time from further comnsideration all the terms which
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arise from the lunar orbital eccentricity. While this step does tend
to restrict the present analysis to encompass only circular lunar or-
bits, it manages to reduce the number of detuning frequencies left
down to 3. For this number of resonances an analysis can be carried
out,

Eccentricity terms could perhaps be reintroduced at a later time,
possibly by means of an additional perturbation of the variational
equations which result from the present circular orbit analysis. A
possible shortcoming with such a scheme might be that it would prob-
ably lead to a set of parametrically excited linear differential equa-
tions which would not be readily solvable.

Another somewhat different approach might be attempted, if we re-
call that the elliptic 3-body problem (no solar perturbation present)
4° This el-
lipse is identical to the ellipse along which the moon appears to move

admits as a solution an elliptic particle orbit around L

relative to an observer moving with constant circular velocity along
the moon's mean circular reference orbit, but rotated 60° with respect
to it. Stated another way, the particle's motion is synchronized with
that of the moon, but takes place 60° ahead of it. Variational equa-
tions for these orbital elements due to the solar perturbation could
then be set up and hopefully solved.

The above are just two of the many other different approaches
which might have to be explored in greater detail before the more gen-
eral question of stability of motion could be satisfactorily resolved.

In the present dissertation however, we shall hereafter confine

our attention only to the case of zero lunar eccentricity.
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IX. THE LONG PERIOD HAMILTONIAN FOR e = o AND
THE ELIMINATION OF TIME t

For the case of e = o the expression for K’ shown in Eq. (50) is
reduced to the simpler form given in Eq. (51) below. The numerical
values of the coefficients b, and the phase shifts A, are determined
after one performs all the tedious algebraic manipulations similar to

those briefly demonstrated in Appendix E. There results

2

K’ = {.1266a1

N 2”2
- 6.0000102 + 3.829U2

1/2 .3/2 [ y) ? o
- 29.04a) "“a;>'* cos 06086t + w B! + 3wy + 14.2°]

I 3R 4
+ - o - 3 i
o 03[ 09316 + ,08608 cos 2A13 03934 sin 2A13]

+ .7554a£a§ - .002231 agz} - {.005394&{ + .008208&5
int

+ 026850 cos [.05878t + 208! +29.4° + 2¢* - 2e] + .004193a;}
ext

(51)

where
_ ’ no_ Y
A13 = wl(t + al) - (t+ 33) = -.,04541t + wlsl - 33

The first bracket contains all the internal terms, while the sec-
ond bracket includes all the external (solar) terms. The long period
contributions to the coplanar (a{,d{) terms resulting from the periodic
parts of the indirect p(t) and p(t) terms in H’ were found to cancel
exactly the indirect periodic terms generated by the linear forced re-
sponse io and ?o of Eq. (38). The external terms displayed in Eq. (51),
which are left after the above cancellations, stem from the contribu-
tion of the indirect constant component -.00093 in p, from the direct
(m2) terms in H, and from the forced responses X 7 and § 2 of the

m m
linear system.
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Equation (51) shows that the dependence of K’ on time t comes
about through the presence of three distinct slowly varying trigomo-
metric terms with frequencies .06086, .09082 and .05878, all of which
are of o(m). Since the same trigonometric functions also depend on
various combinations of the three angular variables ei'(i = 1,2,3),
the possibility suggests itself to eliminate the explicit presence of
t by means of a suitable redefinition of the Bi, so as to absorb the
time dependent terms. Such a transformation would result in a new
Hamiltonian K* which would not depend explicitly om t.

This absorption of the time terms is accomplished by means of a
coordinate transformation to a mew canonical set of variables o* and
g* as indicated below.

We define B’l‘ via

* ) o ’
231 = ,05878t + 2m151 + 29,4 - 2€ + 2¢
or
= .02939t + w 8’ + 14.7° - € + €’ (52)
By = - w8 + 14
*
The conjugate momentum oy is obtained by the introduction of a
generating function Jl defined as
3, = *[ 02939t + w B’ + 14.7° - €+€'] (53)
1 - A “18 .
so that
Y
aJ * . O
q{ = _._}.'. = u)lql or 0'1 = _!'. (54)
38, !

%*
For the definition of Bz we use the trigonometric argument

.06086t + “‘151’ + 3«:252’ + 14.2°
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and substitute for 8{ from Eq. (52). This leads to the expression

[.03146: + 3u,8) +€ - € - .5°] + é:

*
which suggests that 82 be taken as

* ’ ’ o
By = 03146t + 3w,B, + € - € - .5 (55)
Use of a second generating function
3, = | 03146t + 3uyB) + ‘- 50 56
2 = Q. w,B, + € - € - . (56)
*
gives for the conjugate momentum @,
4
*
% = 3a, 1)

2

* *
The expressions for B3 and o4 can be obtained in a similar fashion

with the aid of A13. Combining first the cosine and sine terms
.08608 cos 2A , - .03934 sin 24,4 = .09464 cos [2A13 + 24.56°]

we find that

e; = ,074801t + w -e+e€’ +2.42° (58)

'
383
and after introducing a generating function J3 we obtain

(59)
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Letting J = Jl + J2 + J3 and noting that J = J(B',0*,t) we de-
*
termine the transformed time independent Hamiltonia K from the re-

lation

=K (5 E(_Bs_éa_ﬁ (60)

* %
Substitution for o’,p’ in terms of o 8 in Eq. (51) and use of

*
Eq. (60) results in the desired expression for K :

*
= {.1154077 - 5.lo]ey + 3.0595° - 23.970; /205372 ¢ a0
' e %2 T,

*
+ 09035(:11 3 2(3; B3) + 088930!103 + 675101 2%3

- .0022310°2 1+ .029390" + 031460 + .074801d*}
3 1 2 3, .

+ {.00419307 -

* *
3 - -007336c, - al[.005149 + -°2563C251]}

ext

(61)

where the notation Cx = cos x has again been used for convenience,



-38-
X. ANALYSIS OF THE INTERNAL COPLANAR MOTION

1. SIMPLIFICATION OF THE HAMILTONIAN

The analysis of the motion governed by the Hamiltonian K* of
Eq. (61) is made easier, and a greater amount of physical insight is
gained, if we treat at first separately the internal terms contained
in the first bracket. The modifications required by the presence of
the second, external, bracket are then taken up later.

Let us write for convenience

+* * *
K =K, +K (62)
i e
where
*
Ki = all the internal terms
*
Ke = all the external terms

and confine our attention in this and the next section to the Hamil-
tonian K*.

It would help matters appreciably if we could eliminate also for
the time being the coupling which exists between the out-of-plane and
coplanar terms.

This elimination can be accomplished by a suitable choice of ini-
tial conditions which result in a§ ~ 0, provided we have reason to be -

*
lieve that a physical motion in which o

3 does not depart much from its

initial small value can in fact exist.

The resultant coplanar type of motion can be maintained as long
as the nonlinear coupling with the out-of-plane terms does not lead
to an appreciable tramsfer of energy from one mode of motion to the
other.

In the next section, where we consider the out-of-plane motion,
this situation will be shown to hold true.

On the basis of the foregoing we shall neglect here all the a3
terms in K , which leaves us with the 2-dimensional Hamiltonian K12
given by
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* %2 * % *2 *1/2 *3/2
* *
+ .02939011 + .03146a2 (63)

*
Since t is not explicitly present in Ki2’ the latter can also be

treated as a constant of the motion.

* *
2. INVARIANCE OF THE DIFFERENCE o) - AND BOUNDED MOTIONS

* * *
The presence of 81 and BZ in Ki2 occurs only through the combi-

* *
nation 81 + 82. From this one readily sees that

* *
XKy XKy
3 * %
which implies that
ok k 64
@ =a, (64)

and after integration results in the additional coplanar integral of

the motion

*
@ - @, =D =2 |n1| (65)

Unfortunately, this last integral does not provide any bounds on
the magnitude of the coplanar displacements, inasmuch as ai and a;
are not prohibited by Eq. (65) from growing individually as long as
their difference remains unchanged.

On the other hand it is clear that the validity of the present
fourth order theery weuld cease to hold long before the o's have grown
to very large size, and that additienal higher order terms in H weuld

have to be included in the analysis. Equations (64) and (65) are of
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* *
great use in those cases when o, and @, do not grow without limit,

*
Let us consider now the question of boundaries of o . From
Eq. (64) we have

% 2
2 oK
ok i2 2  x %3 2
(Q' ) = - x = 23,97 o0, S &, ~k
2 aBz 17172 BI+B2

2 % %3 * *2 * *
23,97 o0, - [Kiz - .1154&1 + 5.10102

2

- 3.0590:; - .02939071‘ - .03146a"2‘]2 (66)

We now introduce the new variable

£ = TBIT (67)

and Eq. (65) into Eq. (66), which can then be writtem in the form

2
2 2
(?§j§7ﬁz) = £7(&) - n(E) (68)
where
1/2
[+ 1| for D, >0
‘- (69)
1/2
s [£ - D | for D <0
and

7

- (.2028 - '°°25‘)g - .0801 £ + constant D, >0
(70)

o

‘n =
(.2028 + -0023 )5 - .0801 £2 + constant D, <0
1

:
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The constants in Eq. (70) denote the value of M(o) and are re-
lated to the value of the Hamiltonian K:Z'
The points at which the 7 curve intersects the + or - branch of

the f curve
n==+§f (71)

correspond to points at which &: = 0 and, by Eq. (65), also &: = 0.
Reality of the particle motions requires that f2 2> nz.

The gradual changes of the motion of the physical particle in
the xy space can be described by observing the motion of a representa-
tive mathematical point along a given curve T in a plane in which f
and 7 are plotted as functions of £.

If the 7 curve intersects both branches of the f curve or inter-

* *
sects the same branch at two different points, then &, and &, will

have finite values at intermediate points omn 1, whichltend tiward Zero
as the representative point approaches the f curve. The sense of mo-
tion of the point is reversed every time one of the branches of f is
reached, so that the point continues to travel back and forth on a
given 7} curve between its points of intersection with f. The turning
or extremal values of the momenta &* are thus fixed by the values which
£ assumes at the points of intersection of T with % £.

The geometry in the £(£) and T(£) plane is shown schematically
in Fig. 6.

The curves Ty in Figs. 6(a) and (b) represent bounded particle

trajectories in the xy plane. The tangency points P2,P at which

3
Fn==e
and (72)
.*_Q*_
@) =& =0

* *
are equilibrium points in the (al,az) plane, and with the aid of
Eq. (66) can be shown to correspond to coplanar periodic particle
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* *
orbits., Equation (66) requires that 31 + B2 = nW, which can also be

written in the form
u&Bl + 3w 52 + .06086t - nm + 14, 2° =0

Reference to Eq. (51) shows that this condition eliminates the
detuning term due to coplanar coupling and indicates coumenSurability
of the 1nternally perturbed coplanar normal frequencies ui wl w131
and u& uh ubBZ The periodicity of the coplanar particle orbits
follows from here.

The equilibrium is stable at point P2 and unstable at point P3,
where small disturbances may cause a displacement to a neighboring curve
such as T, which causes divergence of the physical motion.

Transition from stability to instability occurs at points where
"=z £ (73)

When D1 > 0, £ does not change sign as can be seen in Fig. 6(a),
and from this follows that all the periodic particle orbits for which
a: > d; would be of the unstable kind, For the case D; <0, £” does
change sign at some value £ > 1 and we note accordingly the presence
of one stable and one unstable equilibrium point along the +f branch

in Fig. 6(b).

3. THE PERIODIC MOTIONS

When one solves the tangency Eq. (72) for the value of £ which
corresponds to ezery choic: of Dl’ one can obtain an a: for every a;
found., In the @, versus a, plane this solution curve represents the
so called "tangency locus'" of equilibrium values of dl and 02 which
designate periodic particle orbits. This curve is presented in Fig. 7,
where we have chosen as coordinates the quantities 10 oy and 10 3a
Qx and 302
curve we have set the angular variables A12

are in fact the associated action variables'). On this



A

* * * °
A12 = Bl + B, = {or (74)
L4

This plot is seen to consist of two distinct branches which con-
nect at the point (1.12,0). The left hand branch consists of a seg-
ment of stable periodic orbits which is followed by a segment of un-
stable periodic orbits. On both segments A;z =*0. The unstable branch
on the right hand side of (1.12,0) requires a A12 = 1,

Two more curves passing through (1.12,0) and consisting of left
hand and right hand branches are also shown in this figure. The lower
3 of n3 with the
second f branch. (For added clarification small inserts of the appro-

(solid) curve denotes the loci of intersection points P

priate geometrical situation described by Fig. 6 are also displayed
here in connmection with specific segments of the curves.)

The dashed curve lying close to the 53 loc:s represents the inter-
section of T3 with the £ axis. On this curve &g = 7/2. The values
of A12 which allow stable motions to exist in each one of the domains
I - IV which are separated by the above curves are indicated in the
figure, and also by shaded regions in the small inserts from Fig. (6).

The axis a; = 0 represents the locus of stable periodic particle
orbits which are traversed with a mean angular frequency differing but
slightly frem W, . The stable periodic segments along which 10J€;§->>
10j;§-marks those particle orbits which are traversed with a mean fre-
quency close to w, .

Curves of D1 = constant, intersecting all the above curves are
also displayed for a few selected values of Dl'
4. FREQUENCIES OF THE PERIODIC MOTIONS

In the present nonlinear treatment, except for the special periodic
motions mentioned above which are described only by one single normal
mode, all the other periodic particle orbits are generated by a super-
position of both normal modes. Periodicity here is achieved as the

result of an adjustment of the natural frequencies via the nonlinear
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coupling which occurs between the two modes and which makes them exactly
commensurable. The resultant frequency shifts Aml and pw, in the orig-
inal undisturbed frequencies w, and @ lead to normal modes with modi-

1

fied commensurable (3:1) frequencies w! and w’

1 2

of = w + My = 3w = 3w, ¥ M) (75)

This point was also raised earlier in the discussion following Eq. (72).

The orbital period T is determined by the slower mode

(76)

]
]
Nes | g

During this time T three cycles of the faster mode are completed.

E. Evaluation of the Frequency Shifts for Periodicity

For every point on the '"periodic motion" curve of Fig. 7 there
* *
exists a unique set of equilibrium values g and g+

The shifts bwy and Av, can be estimated by writing

o (1 + é{)c = 3w, (1 - éz’)t an

and solving for wié{ and mhéé from the relatioms

*
X
ok i2 _ 7
B = oy = .02939 + mlel
1
* (78)
K
6 = —12 _ 03146 + 3w, P’
2 * 272
o,

* *
evaluated at oy and Upp+ From here one finds

E
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W o= &l = * * *.1/2 *3/2
A¢1 = w8y .230801E - S.IQZE F %p %p
(79)
_ <r * * *1/2 *1/2
Am2 = - w282 = 1.7011E - 2.039&2E + %gp %g

* *
where the upper sign corresponds to A12 = 0 and the lower to A12 = 1.

*
F. Variation of « 's Near Equilibrium Points

For small disturbances from the equilibrium points P, and P. the

2 3
time dependence of £ can be approximated by means of a Taylor series
expansion of f and T, around the equilibrium points.

Letting

h
I

1 2”
£, + (€ - gE)fé + g (6 - ETEL + ..l
and 2 (80)

N=Tg+ (6 - EDT + g (B - EDTML+ ..

and recalling that 7, = £, Té = fé, we can combine Eqs. (68) and (80)

to obtain (after approximating 23.97 by 24 for convenience)

1 d 2 2 " ”
24[%1}" 7o, T 3 & - &8 ~ St = v/le|(fE - ) (€ - £

(83)

whence

24D £ ](£2 - 7o) ¢ (84)
£ty -e | 1|v/ gl g - g

For a stable point such as P, in Fig. 6(b), we have fﬁ < Té-
This makes the exponent in Eq. (84) imaginary of the form i%yt and
indicates a slow oscillatory variation in . For an unstable periodic
point such as P3, fé > né which leads to an exponential growth of o with
time.
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A few representative values of the period Ta = 2ﬂ/ua are indi-

cated alongside the stable periodic segment in Fig. 7.

The developments of the present section can now be summarized by

means of the following general conclusions:

1.

On the assumption that the out of plane terms do not couple
strongly with the in-plane terms (which will be proven later)
it is possible to reduce the problem to an essentially 2-di-
mensional one,

Initial conditions which lie on an 7 curve located to the
left of the limiting curve of type ﬂ3 will lead to bounded
motions of the particle in the xy plane.

Depending on whether the T curve is tangent to the f curve
at a point such as P3 or Pz, periodic particle motions of

an unstable or a stable type, respectively, may exist,

The periodic orbits generally result from a superposition

of the two normal modes of vibration in which the nonlinear
coupling has brought about commensurability of the basic
frequencies by means of appropriate frequency shifts. For
special initial conditions, periodic particle motions con-
sisting of only the faster normal mode may exist.

In the neighb:rhood :f stable equilibrium points of type P2,
the momenta oy and o, perform low frequency bounded oscilla-
tions*in time. Near unstable equilibrium points of type P3,
the o 's will tend to grow exponentially with time, which
results in a large growth of the particle's motion in the

physical xy plane.
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XI. ANALYSIS OF THE INTERNAL OUT OF PLANE MOTION

The analysis of the out of plane motion is rather simple and

straightforward compared to the coplanar analysis of Section X. We
* *
shall investigate the coupling of g and oy in the region where a; =0,
*

by neglecting the @, terms in Eq. (61).

The reason for this particular decision is the result of hind-
sight, based on a prior preliminary study of the external effects on the
coplanar motion which disclosed the presence of a stable equilibrium

* %
point o #0, @, = 0, for the Sun perturbed problem. This will be dis-
cussed in more detail in Section XII.
*

Let us denote by F the internal terms left in the Hamiltonian
* *
K of Eq. (61) when all o, terms are dropped. We have then

F o= 115402 + 090350 ' C + .08893.
(85)
*9 * *
- .002231013 + .07480103 + .02939a1
Le * % *
E 3= 8 - B3
From Hamilton's equations we then obtain

Y 2.,09035¢, .S

(86)

L]

"

]
N
)
D
=
3
R
»

@ + a4 = D, (87)

with D2 > 0.

.
As we did before for ¥

*
we can now write for &12
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2

*\" 2 %2 *2 * *2 * %
Q&l) = 4.(.09035) oy oy - A[F - .115401 - .08893&103
* * 2
2 % *
+ .002231013 - .029390!1 - .07480103]
We introduce the auxilliary variable §3
*
(.3
3 D2
and end up again with the equation
2 2
—_g.l— =f2_'n2
.1807D2
where this time
f=4= §3(1 - 53)
and
f'0) =+ 1
F* 2 2
N=s——7 - 1.277(1 - 53) - .9843§3(1 - §3) + .0246953
.09035D2
.32534 .50259 £
- D D 3

2 2

At the origin, the first and second T derivatives are

.502
1/(0) = 1.5703 - —S-gz-ﬁ >0 depending on D,

(88)

(89)

(90)

(91)

(92)

(93)

(94)
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1" (0) = 1*(£;) = -.5366 < 0 (95)
n'¢) <0 if D, < .3201 (96)

and
) = -1 if D, < .1955 (97)

The magnitude of the slope ﬂ' will determine the time history of
623. In particular, if n' < - 1 then 8:3 will exhibit a circulatory
behavior, while a value of -1 < 1/ < 0 would lead to a librational
behavior.

An upper bound on n' can be established by making a reasonable
estimate for an upper value of DZ' Such an estimate can be furnished
from some of the mathematical and physical considerations which underlie
the present analysis,

From a mathematical standpoint it is clear that in the binominal
expansions and truncations used to obtain the expression for the Ham-
iltonian H(x,y,z,t) of Eq. (21) it was assumed that x,y,z were small
compared to unity.

From a physical point of view it is not clear that relatively
large displacements away from the Moon would necessarily invalidate
the conclusions of the present analysis, but the large accelerations
resulting from large displacements towards the Moon or Earth could not
be tolerated.

If we assume that the displacements should be limited to values
X,¥,Z2 < «5 (say) then for the excitation mode w we can obtain from
Eqs. (36)

*

.5_
dl <—2'— 25

*
i.e., oy < 0625
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and also

a3 < ,0625
so that for these limits

D2 < .1250 < ,1955

The slopes of all 7 curves are thus steeper than f'(§3) from
which follows that every T curve will intersect both + f branches,

*
giving rise to a circulatory motion in by5 as indicated in Fig. 8.

'
]
i
[}
- t0
t

Fig. 8: Geometry in (f,§3) and (823,53) space.
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Since |7’|>|£| no equilibrium points with QZ # 0 can exist,
and consequently no periodic orbits in Xyz space result from the non-
linear coupling of modes 1 and 3.

The actual slope of any T, curve would depend of course on the
value chosen for DZ’ subject to the limits mentioned earlier.

We may choose for example a representative value of ai = .006
(say) and assume a§ to be of the same magnitude (this aj is very close
to the actual coplanar equilibrium value of a? in the externally per-

turbed case discussed in Section XII). Then we have

D, = 2a§ = .012 (98)
This results in a slope
' .5026 _ S |
N = 1,57 - 012 - -40.3 = tan @
or (99)
6 = 90°

In other words the 7 curve intersects the 53 axis nearly vertically,
from which one concludes that §3 = consta:t; thu:, there is hardly any
energy interchange taking place between oy and @, which shows that
the out of plane coupling is not very important in this problem, and
that the motion is dominated by the coplanar coupling.,

That the out of plane coupling does not introduce any instabili-
ties when ag << and aq is close to its equilibrium value a: 3-.206
could also have been deduced directly from the expression for F in
Eq. (85). For very small a§ it is sufficient to consider only the
terms linear in a;, and to evaluate the :oefficients at a: = ,006.

The resultant Mathieu type Hamiltonian F indicates a parametrically
excited motion. Such Hamiltonians are discussed more fully in Appendix F,
(in connection with the solar effects on the coplanar motion examined in

* *
Section XII) but under the assumption that the values of oy and o, are
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to remain very small (i.e., coplanar particle motions for very small
perturbations from rest at LA)'

If one applies the results of Appendix F to the present situation,
a:d notes that the coefficient of Q§C2(B?-B§) is smaller than that of
ay one readily concludes that the parametric resonance present in the

out of plane motion does not lead to instability.
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XII. ANALYSIS OF EXTERNAL EFFECTS

1. DETERMINATION OF EQUILIBRIUM POINTS

For a complete analysis of the motion in the presence of the ex-

ternal solar effects, one must retain the complete expression for K

given in Eq. (61).

x %

From the discussion of Section XI it was seen that the oy 50y in-
ternal coupling did not lead to any measurable transfer of energy from
the out-of-plane mode to the coplanar mode of motion, while from Sec-
tion X we have established the existence of an appreciable coplanar
coupling effect.

The major long term solar effect causes mainly an excitation of
the ai mode. The a; mode does not experience any external excitation
to the order of magnitude of the terms retained. This latter state-
ment follows from the developments presented in Section XIII.

1f a stable motion in the presence of the Sun is possible in which
q:,&; and ag remain small, it would suffice to retain only linear terms
in X*¥ in order to determine long term effects. To linear terms we have

the simpler Hamiltonian

* * *
024250F + 024120, + .07899 - .02563c, “C. (100)
1 2 3 17287

which is of the Mathieu type, as indicated in Appendix F, and leads to
parametric resonance in the ai motion.

Since .02563 > .02425, the stability criteria of Appendix F indi-
cate that the motion falls into the unstable region of the Mathieu
plane, and that therefore to linear terms no motion can exist for which
a: remains very small.

From a physical point of view this means that the libration point
L4 is not stable with respect to small perturbatioms, when the solar
force field is included, and that the higher order terms in K2 must be
retained in any analysis.

The lack of stability exhibited by the linearized Hamiltonian does
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*
not preclude the existence of equilibrium points in the o space for

*
the complete Hamiltonian. In view of the negligible effect of oq

the coplanar motion, it is of interest to look for equilibrium points

on

% * ok
for oy = 0. Such points in the (al,az) plane are determined by look-
o

ing for solutions to Hamilton's equations of the form &i =y = 0.
Once such points are located, it is then necessary to investigate
the type of equilibrium which exists there, and to identify the stable
ones.,
This search is more easily carried out if one switches over to a

% %k
set of normal canonical coordinates (Q,P ) defined by

¥ S2oy 0 0 0 s
Ql oy Bi

* *
Q2 0 \/2a2 0 0 SB;
= (101)
*
/ *
P1 0 0 201 0] CB
1
* 0 0 0 S | \c
P2 oy S;
¢ k3
After setting ag = 0, the two dimensional part of K , which we
*
denote here by K2, becomes
* _ 1154 *2 5.1 ( *2 *2)( *2 2) 3.059 059 ( *2 )
X Py ) S B T B T Py +Q
23.97 (-* * ( *2 ) 02425 ( *2 )
- 221 (s - (B + q RS+ Q
* * *
+ .02;12 ( 22 ) 02563 (P 2 le) (102)

* % .
The equilibrium points (Qe,Pe) are obtained from the solution of

the equations

2



Qe KZP T
= %
B 1« =0 (103)
e Rog*
From Eq. (103) we have
&3 B dof %9 %9 ( *7 DN
K, W = .1 ( -
2% 154p) (P)% + Q ) - 2 P1\P2 + Q")
23,97 *( *2 *2 %
- S By R,T 4 Q, ) - .001379P] (104a)
o B 5.1 *( %9 *2> *( *2 *2
KZP; =0 = - S=P, P "+ Q7))+ 3.0598, (P, + Q, >
23 97 ( * *z * k2 GO
- 32, P,° +BQ," - ZPZQ ) + 02412?
(104b)
I %[ %2 42> 5.1 f(fz )
Kaq 0= '1154Q1(?1 - Q) - 50 QR + q
2 x
. _3 97 (P + Qz) + 04988Q1 (104¢)
£ o _ é;i *( *2 ) */ %2 *2)
KZQ; 0= - 5= Q,\p, Q1 + 3.059Q2KP2 +Q,
23.97 ( * k% *x k72 *n*2> v
- = 2Q,P P, - QP," - 3Q,0,% )+ .02412¢,
(1044

Equations (104c) and (104d) are identically satisfied if we chose

* *
Ql.e - Q2e - Oo
to those equilibrium points for which

For convenience we shall therefore restrict our search

(10%)
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¥
For the above Q 's Eqs. (104a) and (104b) give

* * k *
1154p°3 - 2.55p"P 2 _ 5.810P"3 - .001379P, = O (106a)
1 172 2 1
*) * * 3 * %2 %
- 2.55B) P, + 3.059P,> - 17.43P F," + .02412P, = O (106b)

*
One equilibrium point can be obtained by setting Pze = 0 (which

%
automatically satisfies Eq. (106b) and then solving for Ple from the

relation
*2 .
.1154P1 - .001379 = 0O (107)

cr

P* = ,1093

le - .

which corresponds to (108)

%*

¥ = .005975

*

The above value of oy is the oue which was used in earlier sec-
tions when representative numerical values were used.

The first equilibrium point, which we denote by EI, is thus speca

fied by the coordinates

* * * * * *
EI‘ Ql = Q2 = Q3 = P2 = P3 =0 o = .005975
+* *
Pl = ,1093 aQ =0 (l{)())
*
oy = 0

*
Another equilibrium point can be found for which P, # 0, all othe:
homogeneous coordinates remaining the same as for point EI. The values

* * .
of P1 and P2 result from the solution 9f the algebraic equations (106:
*

and (106b), after P2 is factored out from the latter. The coordinates

of the second equilibrium point ETI were found to be
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e * &k k&
11 Ql‘Qz‘Q3'P3‘°
% *
P, = .1106 @, = -006116 (110)
F 3 * ‘6
P, = -.003675 @, = 6.753 X 10

The two points EI and EII were the only ones readily found for
the present simplified conditions. A machine search of the complete
set of Eqs. (103) might reveal the existence of additional roots. The
periodic elliptic particle motion of mode close to Wy corresponding
to conditions at EI has a semimajor axis of about 60,000 mi and a
semiminor axis of half this value. These values were determined by
computing r = [§2 + ;Q]iai where the wy /
were used, and the maximum determined with respect to w151' It can

modes of x and y of Eq. (36)

be shown that this requires that 8'42282w15f + 4'42352w18f+247.14° =0
and results in a value Ol 15.62°. The dimensionless expression
*
for r then becomes r > 3.2a'1/2, and at y, > ,006 amounts to
max X 1 1
roughly 3.2 M.955:006 X 2.4 X 10° = 58,128 > 60,000 in round numbers.
In a similar manner one finds for the maximum dimensionless dis-
placement in mode w, the semimajor axis r .4 a;Q.lMaé and in miles
=9.1 /3u>2a2 X 2.4 x 10 = 9.L/.BI3T/VZ Py, * 2.4 X 105 miles.

It is of interest to observe that this result indicates the par-

Tmax

ticles mean motion is synchronized with that of the Sun such that
their angular positions coincide closely whenever the particle crosses
one of the axes of the ellipse.

We recall that at equilibrium Qi = 0 and hence B: = n with

n=0,l"*. For n = 0, Eq. (52) gives

* ? 4
= = . - +
Bl 0 .02939t + w131 + 14.7 € + €

and from here

£ . 02939t - 14.7 4+ € - €’
w151 = wlt . .
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When the particle crosses the major axis we had ¢1: = 15.02,

and from the commensurability of angular velocities at E_, (ml - .02939)

-

= 1 - m. Substitution above gives

as defined by Eq. (B-9). Equation (17) then shows the Sun to be lo-
cated 30.32° below the x axis, and therefore closely aligned with the

major axis of the particle's orbit.

2. STABILITY OF THE EQUILIBRIUM POINTS

The stability of the slow variations around the above periodic
equilibrium motions in the xy plane can be determined by setting up
the expression for the variation BK* which results from taking small
displacements 6Q* and 5P* around the equilibrium values Q:e = 0 and

*
Pe' Clearly, since EI and EII are equilibrium points, the coefficients

e
of the linear terms in 6P must vanish, and on then obtains in three

dimensions

ol
<

o *2 %*2 *2 *2( *2 *2>
K = .ozsssple[eapl +25Q)° + - 1 - 1.275[?1e 5852 + 6Q,

* %k * % *2( %9 *2>
t AR By 8P 8Py + By 0Py + 8Q ) "']

%2 *2 *2 oo *2( %2 *9
+ .7648P2e[65P2 + 26Q2 + W - .00039[?1e 5P3 + 5Q3 )

* ok Kk _k *2( *2 *2>]
+ 4P| P, P 6Py + Py OBy + Q)

* * %

2 *x2 %2 * ( IR >—\
+2v] vy (26976P, + 60,305 ) |

04958 P* 2572 + ProsP
T [P1e6P3 + Pi 8k

*
3

*2( %2 *2 * * %
+ .2113[P2e(§P3 + 8Q, ) + 4P, P, 6P, 8P
*2( _*2 *2 ’ *2( *2 *2)1
+ P3e(5P2 + 8Q, )] - .0005578[P3e 667, + 26Q;" ) |

*2 *2 *x _k ( *2 *2>
+.0395[ 68} + 8Q; ] - s.810[ 7y 2) (367, + 60,
(con't on next page)
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*2 * % * *) %9 *2
Pze\36P16P2 - 6Q16Q2 + .012126[51’1 + 6Q1 ]
% %
+ .012062[6P22 + 6Q221 - .012815[6P§2 - éQiz] (111D)

Applying expression (111) to point E; results in

* * * *
K = .oo13soa1>12 + .025636Q12 - .0031745P22 , .0031746Q§2
* *
+ .040086P32 + .039495Q32 (112)

Since for every value of i = 1,2 3 the coeff1c1ents of 6P have
the same sign as the coefficients of GQ (i €., 5K 1s e1ther p031t1ve
or negative definite irrespective of the signs of 5P or 5Q ) we can
conclude that point EI is stable for small disturbances in all princi-
pal directions. The period of the slow variations in 6P1,5Q1 is approx-
imately 83 months.

It is more convenient to retain only coplanar terms in GK* for
the determination of stability at EII' We then obtain the expression
*2

* *2 *
8K = .00141181’1 + .025636Q1 + .0018385P

* *
[6B, + .0036525P 2

2

-5 % * *2
+ 7.847 x 10 6Q16Q2 - .0011506Q2 (113)

If we now assume P1 and Q1 to remain unchanged while we intro-
*
duce variations GP and 5Q1 we have

* *
5K = .0014115r12 + .025636Q12 (114)

* *
where 6Q2 = 6P2

=0,

Thus GKf is positive definite for variations in the first set of
coordinates and hence 6Q1 and sP remain bounded

Repeating the same steps for 6P2 and 5Q2 while keeping P and

*
Ql fixed gives
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* *2
8K = .00365251’2

*2
- .0011505Q, (115)
* *
where 5P1 5Q1 = 0.
Since 6K is not definite for arbitrary ch01ces of 5P2 and 5Q2

%
we conclude that point E is not stable in 6P2 and 5Q2, and hence is

11
an unstable equilibrium point. The equilibrium for variations 6P

and 5Q§ was found to be stable, which is in agreement with the f13d-
ings of the last section.

The above conclusion could have been reached also more rigorously
in a somewhat lengthier fashion by writing down the complete system
of first order linear differential equations for 66* and 5f* obtained
from SK# of Eq. (113), and examining the roots of the appropriate char-

acteristic equation. We would find that

ok
/qu 0 0 .002822 .001838 aqi
ok *
8Q, 0 0 .001838 .007304f 5Q,
ok = -5 *
88, -.05126 -7.85-10 0 0 8,
ok -5 *
\spz -7.85+107° -.0023 0 0 5P,

(116)

A trial solution of the form est would lead to the characteristic
equation

S4 + 1.282-10_452 - 2.031'10_8 =0 (117)

which has one positive root because of the negative constant term.
Equation (117) thus bears out the conclusions reached from Eq. (115).
A simple geemetrical description of the stable and unstable re-
gions in the 6 dimensional P*,Q* space is of course not feasible. On
the other hand it is possible to take advantage of the fact that the

stable point EI is noticed to lie very close to the unstable point EII'
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It is thus of particular interest to determine the extent of the stable
* * *
region around EI’ by expanding K up to cubic powers in 8P and §Q
around E_.
1 * %k
The intersection of surfaces of constant K with the (PZ’QZ)
*
plane, for a value of P1 = .11, is shown in Fig. (9). The dashed

curve shows the separatrix which passes through EI and separates the

stable from the unstable regions. '
In the physical xy plane, a point in the stable region gives rise
to slow variations of the elements of the periodic particle orbit cor-
responding to EI’ A point in the unstable region of the (P;,Q;) plane
would lead to large particle departures from the equilibrium orbit,

and thus indicate a possible divergence.



MAXIMUM PERMISSIBLE
VARIATION 3P} OR 3Q 2450 M.

(CORRESPONDS TO MAYIMUM
SEMEMAJOR AXIS OF
@, MODE)

C:C(KRe, Be )

CONVERSION SCALE:
10 1450 M.

PERIODIC VARIATIONS

* &
Fig. 9: Stability Regions in the (PZ’QZ) Plane Near The
Coplanar Equilibrium Points.
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XIII. EVALUATION OF THE EFFECT OF THE RESONANCE CAUSED
BY THE FORCED SOLUTION Z

We had alluded on page 23 to the fact that no forced solutioms
in z, i.e., Z, had been retained since they are of o(m;) and would
thus give rise to terms of o(m5) or higher in H when one went on to
derive the long period contributions.

A closer second look at the external z terms in H(o) disclosed
the existence of a very closely tuned forcing term in the linearized
out of plane z motion which could introduce perhaps small divisors
in the solution for Z and thus depress the order of magnitude of that
solution. This would introduce another important long period term
into the Hamiltonian K. The resonance in question arises for example

from a term such as

2
Xz = -r

1 . .
%5 13° i—sin i sin [1.0040212t + €]

which would lead to a detuning of magnitude
1.0040212 - 1 = ,0040212 (118)

This value would introduce a much slower term in K than any of
the terms previously retained, and might conceivably require a redefi-
nition of the angular variable B: introduced earlier,

The developments indicated briefly below disclosed that the z
resonance terms cancel each other exactly, and consequently do not
contribute a term slower than the one already considered. No further
modifications to the analysis of the out-of-plane motion of Section XI
were thus required. The steps leading to the above mentioned cancel-
lation were nevertheless found interesting enough to justify their
inclusion here.

The z portion of the external part of H(o) of Eq, (21) was

(o)
Dl e o] o i 3 o -
r
13 (119)



-66-

For a coordinate system with its x axis pointing at the instan-
taneous position of the Moon, the angular velocity components Vo and

Uy are given by

i cos n+ Q sin i sin m
. . (120)
QQsinicosN-1sinn

<
L]

v
]

These are the same as Eqs. (B-3) except that To has now been re-
placed by n = gnt + € - Q and g = 1.0040212.

The angular velocities Q and i can be expressed in terms of 7,i
and the solar acceleration component W normal to the Earth-Moon plane
at the Moon's position, by means of the variational equations on page

404 of Ref. 9, in which a corresponds to (rlz) here

., Y., sinT
na sin i

(121)
. Tr., cos 7
i-= -13—7T——-w
na
By our nondimensionalization convention na2 = 1, so that
T
vy = —%E-W[sin 7 cos M - cos M sin “1 =0 (122)

and the angular velocity ® has thus no component in the y direction.

One can also write for v

T
- 12 W[sinzT] + coszn] = (1L+ PV (123)
Dna

.
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A suitable expression for W can be obtained by differentiation
from the potential energy Vs near the Moon. If we let x,y,z denote

small displacements from the instantaneous position of the Moon, we have

we o Js N L RO I
oz X,¥2=0 oz 21%3 13 14 2 14
X,¥,2=0
2
_d )2} 3 ( )
R 2—2— Xs(1+ p+x)+ysy+zsz
r
13
-%((1+ p+x)2+y2+z2)
X,¥,2=0
_ 2.2 5% 5, _ a2 . . . p
= 3m 2+o(m)—3m sin i cos £ sin (Q - v") (124)
13
To sufficient accuracy then
v, = W= 3m2 sin i0 cos £ sin (Q - v’ (125)
(o)

To check if H(z) would in fact lead to the presenge of small di-
o
visors in the solution for Z it suffices to check if ng) contains
slowly varying terms of frequency .0040212 when we replace in it z

and Pz by the homogeneous solutions z and Fz.

H(z) = oo sin io ,,/503 cos B3 sin (1.0040212t + €)

+ /3 cos (1.0040212t + e} + % v «/7a3 cos 37; + /3 sin Bi]

(126)
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Since
Q- v’ - £=-1.0040212t - € (127)

we may retain in Vo only the dominant resonance term

v = - 3u’ sin i sin (1.0040212¢ + €) (128)

When Eq. (128) is substituted into H%:g of Eq. (126) and all the
terms combined it is found that all the long period terms cancel each
other exactly and only fast terms remain. From this one can conclude
that the forcing function of the linearized z equation does not con-
tain a resonance term which is close enough to introduce small divisors
into the forced response Z and thereby lower its order of magnitude
from o(m3) to o(mz) or less.

Based on the foregoing we can conclude that the neglect of the
contribution of Z to the long period terms ?SE7S;;§ was consistent
with our convention of neglecting terms of order higher than o(mé).

This analysis shows that although the Sun has an appreciable long
term effect on the changes in inclination of the lunar orbital plane,
it has the same effect also on the orbital plane of the librating
particle, with the net result that any relative long term out-of-plane
responses vanish, Short period, fast, relative terms do not cancel

out though.
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XIV. SUMMARY AND CONCLUSIONS

In the present dissertation, the 3-dimensional stability of the
motion of a particle near the equilateral libration points of the Earth-
Moon system, in the presence of the Sun, has been investigated.

Because the inclusion of lunar eccentricity would have introduced
into the problem a larger number of internal and external resonances
than could have becen handled by the present method of approach, it was
found necessary to restrict the stability analysis to a lunar orbit
perturbed by the Sun but without eccentricity.

Four major conclusions emerge from the present study. First,
small coplanar motions near L4 or L5 will grow large because of para-
metric excitation by the Sun, as a result of nonlinear resomance. In
fact, the growth of the energy in the faster normal mode of the linear-
ized theory is found to be govermed by a Mathieu equation.

Second, the out-of-plane motion is not seriously excited by the
Sun, and has a negligible effect on the coplanar motion, which is the
dominant factor as far as stability is concermed.

Third, a stable periodic coplanar orbit can exist in the presence
of the Sun. It consists of a clockwise motion along the 1:2 ellipse
corresponding to the first (or faster) normal mode, and has a semimajor
axis of approximately 60,000 mi. The external nonlinear excitationm
causes the mean angular motion of the particle to become synchronized
with that of the Sun. Thus to an observer located at L4 and looking
continuously in the direction of the Sun, the particle would appear to
move back and forth across his line of sight in the manner of a simplc
harmonic oscillator. The times of crossing of the line of sight coir-
cide closely with the times at which the line of sight is aligned with
the major or minor axis of the ellipse.

Fourth, the presence of the internal resonmant excitation, result
ing from the near commensurability (3:1) of the two coplanar normal
models makes the stability somewhat delicate. As a consequence, the

semimajor axis of the second mode is l1imited to magnitudes less than
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approximately 2450 mi. For larger values the motion becomes unstable
and may result in very large displacements which would exceed the range

of applicability of the present theory.
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Appendix A

SOLAR GRAVITATIONAL GRADIENT CONTRIBUTION

Consider the term

1 F13° Ty
- (A-1)
T34 r3
13
of Eq. (7), and decompose ;54 into
;34 = ;31 + ;i4 = A (for simplicity) (A-2)

For (r14/r31) << 1 we can expand 1/r34 into a Taylor series around r

31
as shown:
1 _ 1 = + r - Vv
o= = oty 172
T3 r34] [ =
14
(A-3)
3
1 - 1 14
3 \T1 r14)V2__T2‘ ‘”’(:1—3)*
[A : x] _
T147°
where
-9 T =_F
vV = arT—- and r31 r13
31

(A-4)

A-vA _

1 1
v [A_ . I:,112' [A . AJs 7 [K . x]s 3
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and
r T
- 1 I Y
Yy, VT A =T 3 (A-5)
[A - & ~ 13
y,=°
where
l = unit diadic
Similarly
1( ) 1= 31\, =
ARG 7% VT3] T
[ Y31
1 .. - ..\
=1z . U P S ¥ b LS} % IR R
2 14 T 31 31 ) 14" 3 2 Ty, 2 14
T3 31 31
T.. « 5.\
- L |33 14y 1o r
ris ) T, 2 F14 14 (A-6)

Combining (A-1), (A-3), (A-5) and (A-6) and neglecting the first
term of the series, 1/r13, which makes no contribution to the equations
of motion, we end up with the last term of Eq. (8) which is the expres-

sion of (A-6), and represents the solar gradient force near the Earth.
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Appendix B

THE EXPRESSIONS FOR p(t) AND v(t) FROM LUNAR THEORY

The expression for p(t) is readily obtained from Eq. (1), p. 281
of Ref. 7, after computing (a/r)-1 =1+ p(t) = T, and retaining only
terms of o(mz) or lower. The term -.00093 of our Eq. (15) corresponds
to - %-mz in the series for (a/r)-l. The semimajor axis a is set equal
to the reference length D in our notation.

Derivation of the expression for v(t) requires a few more alge-
braic manipulations. We shall make use for this of Fig. 2 (p. 13) and
Fig. 4 (p. 38) of Ref. 8, which are combined for convenience in Fig.
B-1, and also Fig. B-2 which shows the lunar orbital plane as viewed
from above (i.e., looking in the direction of the negative Z axis).

In order to facilitate the derivation we shall retain (in this Appendix
only) the notation and symbols of Ref. 8 irrespective of the use to
which some of the letters have been put in the main body of the present
report. Where necessary, the corresponding letters in our notation
will be pointed out.

In dimensional symbols we now have

s=(n+v)T, +if +asini (T, xT)

iN = CcoSs noixe - sin Tbiye

(B-1)
iz X iN = 8in noix + cos Tbly
e e
TB =nt +e¢ -0
so that
w = (n + uz) ize + [i cos no + QQ 8in i sin TB] ixe
(B-2)

-

+ [ﬁ sin i cos 1 - i sin TBJ I&
e
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The dimensionless form of w results if we set n = 1 in (B-2).
Noting that I& s T& R {; are parallel respective to the unit vectors
e e e

ix’ iy, iz of our L4 centered coorindate frame, we have

0 sin i sin no + i cos no

<
L]

(8-3)

Yy

Q sin cos no - { 8sin no
both of which are of o(m3) or higher. The expression for v, can be
obtained by taking the time derivative of the true anomaly v in either
one of the expressions on p. 110 of Ref. 8 or Eq. (2), p. 28l of Ref. 7.
This results in the coefficient of Ié of our expression (16).

With the aid of Fig. (B-1) it is also relatively straightforward
to determine the components of ;13 in the I;, I& and I; directions.

We refer the reader to pp. 38, 41, and 79 of Ref. 8 for a more de-
tailed presentation of the relations summarized here. For convenience
the following explanatory relations for the various angular arcs are

summarized below.

Ex or Ey
Q m'(t)
T=xQ+ QA (measured in two planes) = yEA

fixed reference line in ecliptic

v’ - Q where x Q = ¥ Q = arc of nodal regression

€ =Y EMb(o) i.e., at t =o0

s = tan M'M

v=xM= ecliptic projection of xM
i=M' QoM

y = tan i = sin i
T]O=QM°=nt+e—Q
e’ Y Em’(o) at t = o if e #o

One can then show that

2

cos Mn’ = cos (v - v') cos MM = (1 - % s+ 364 . ...) cos (v - v’

ool w

(B-4)
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LUNAR ORBIT

/
<\
g L
Fes
m' = SUN
Y M = Moon
A M, = Mean Lunar Posimion
T y | U-xM- Lunar LoneiTude
’ S V' = SOLAR LONGITUDE
. / ECLIPTIC A = Psition of PERILUNE
—_— y N = DesicNATES Nooar (RossING
EQUINOX (USED BY US T0 DESIGNATE
ANGLE ¥ TEN)
Fig. B-1: Lunar Motion Geometry in 3-Dimension. [ UNIT VECTOR FRom ETon

Fig. B-2: Planar view of lunar orbital plane
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and since

s = (1 - e2 - % y2> Y sin Ty * v sin ... + ezy sin ... + ...

(8-5)

(from p. 41 of Ref. 8).
while

s2 < Yz = sm2 i= sin2 i = sin2 (5°8743") >~ .008 << 1 (B-6)

we can approximate to sufficient accuracy

cos Mn’ =cos (v - v/) = cos [nt + ¢ - n't - ¢’

4

+ e, e’ times periodic terms]

2= cos [(1 - m)t + € - €’] + higher order terms

(we have divided by n = 1) (B-7)
sin Mm’ = - sin [(1 - m)t + ¢ - ¢’] + H.O.T. (B-8)
Define: E =& Mn’ = (1 - m)t + ¢ - ¢’ (8-9)
and note that
sin m'T = sin i sin O m’ = sin i sin (v' - Q) (B-10)

With the above relations we can now obtain Eqs. (17) of the text

Xy, = Tyq cos E
E—— B-ll
ys r13 sin E ( )
- ’ - . -
zZ = - T, sin i sin (v' - () i3 sin i sin (Q - v7)
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Appendix C

TAYLOR SERIES EXPANSION AROUND L,

The steps needed in the expansion of the various terms in the La-
grangian L of Eq. (8) up to fourth order terms [i.e., o(m4)] are indi-

cated below. In dimensionless notation we have

+r where T

o 1L

_1 + .3 <
14 —i-(1+p)ix+2(1+p)1y

and thus

2
ri4=|}(1+0)+"] +[’g(1+p)+y]2+z2= ... algebra

1+p(2+x+ﬁy)+(x+ﬁy+x2+y2+z2)

1+ (a+b)=1+1I (c-1)

where a and b refer to the two terms following 1.
This enables us to write riz in the form

M2y lpadq? l-5-I3+2—-%I + ...

_]__
ry, = [1+ 1] 7 581 - 78 1%

(c-2)

A similar expression applies also to rgz after replacing x by -x
in Eq. (C-1).

Evaluate now the various terms in (C-2).

o(ms)
[12]: _ 2+ 2ab + b2

2
202 +x+.3y) (x+./§y+x2+y2+z)

2ab
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2 2 2 2 5
bplx + By + x" + ¥y +z)+29(x+ﬁy) + o(m”)

29[2(x + J3y) + 3x2 + Sy2 + 222 + 2/3 xy]

Terms independent of x, y, or z have been dropped since they don't con-
tribute to the final D.E.

b2

x2+ 2/3 xy + 3y2+ 2(x+ﬁy)(x2+y2 + z2)

2
+(x2+y2) +2x2+y2)22+z4

/{+ 7121, + 3ab® + b

neglect as H.O.T.

)

3ab” < 6p(x + ﬁy)z + o(m5)

b” =+ (x + ,\/§y)3 + 3(x + ﬁy)z x2 + y2 + z2> + o(mS)
[14]: only b4 contributes

(x + I + o)

o
0

Combining the above terms and neglecting noncontributing factors

gives

ri}}=-%[p(x+ﬁy)+(x+ﬁy+x2+y2+z2)]

+ % {Zp[Z(x + f3y) + 3% + Sy2 + 222 + 23 xy]

+ [(x + ﬁy)z + 2(x + ﬁy)(xz + y2 + 22) + (x2 + y2>2
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+ 2(x2 + yz) 2 + 24} - ?1,% {6p(x + /3 + x+ o)

2 2
+ 3(x + ./3y) (x + y2 + zz)} + %%ﬁ (x + v@})a (c-3)
Furthermore
r,, -, =(1+ )[% (1 +p) + ] sla+pl+ra-+
12 ° T P P +x|=3 p 1 +p)x
3 3

Thus
T T
12 14 1 - -
—— =3 1+ p) 1 + (1 + p) 2, X - 2px + noncontributing terms

r

12

(c-4)

The Lagragian L in Eq. (8) is made dimensionless by multiplying
it by D/(;.l.1 + ”‘2)' Let us multiply Eq. (8) by this factor and then

set

1
-

L)
D

il
o

and introduce the dimensionless quantity

o |

TR “

By ©

while from before we had defined already the quantity p

by Eq. (12).
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It then follows that
p,l + 0= 1 (C'6)

Consider the contribution VEM of Earth and Moon to the potential

energy term in L of Eq. (8)

m T
Viy = - rl + r” + i 12 3 (C-7)
14 24 r

We recall that only the x coordinate changes sign when we use the ex-

1 . .
24 A convenient expression for Vpy can

pression for r , to obtain T,
be obtained by making in rgi the following substitution for all odd

powers of x

230 W% L I

When use is made of Eq. (C-6) and the lengthy algebraic manipula-

tions are carried out, one ends up with a VEM given by

v 1 2

5 2 1 2 3
M- 8% "§8Y T7° “%é:(l'z‘*)xy

(o)
-p(X+ﬁy)} +{-7-1—i—6%*ﬁx3+51£2y3

- - éé 2
+ l—ngE - 33 xy2 - l—ngE « 12 xz2 + é%% x2y - 11 3 yz }3

37 4 123 2 2 3 2 2 33 2 2 3 4 3
+igs X "@g ¥*Y *tig*z tig¥?: "138Y "8°

- J s - ZH 2
+ 28 - 2u) x3y _45Q1 - 2u)y3 xy3 ple ) xyz }
32 32 8 4
r 3 2 15 2 3 2 9 )
-2 =2 -2 2 - -8
+p i 3% *t3 >z +7 (1 - 2y xy (c-8)
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The solar contribution Vs to the potential energy term in L is

found below.

2]
|
™
S
+
<
Pl
<+
N

13~ Tsx s’y s’z

1 5
13 14 [f (1 +p) Xs + xsx] + [ 2 (1 +p) Vs + ysy} + 242

,1
.
[a}
l

Now

2
_ 23 (- = ) 1.2
Vg=-m o2 \13 " Tia) T 7T (c-9)

13

2
so that only terms of o(m) or lower must be retained inside the bracket.
After dropping all terms which do not contain the particle's coordinates

we get

2 2
<r13 ) r14) - (XSX + ySy + Sz> + (XS + ﬁ ys)(xsx + ySy + ZSZ)

will lead to o(ms) terms (c-10)
and
2
ria -x+ . B3y +x + y2 + 22 (c-11)
Substitution of (C-10) and (C-11) into (C-9) results in
21 3 2
- 2 (e ) o (oo B, ) 9+ 2]

13

- % [(x +.3y) + (xz + y2 + zz)]‘ (c-12)
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The Hamiltonian H is defined by the relation

= p o-:- = T....
H= P, T - L = P.r L (c-13)
where
- 3L . _; . _;
P == = T1g i-— 14 (C-14)
T,

I denotes the identity tensor. The equality P= ;14 is a consequence
of the linear dependence of ;ih on the velocity components i,&,é, in

the rotating coordinate frame. Writing ;i4 as

14 rlL + r1r +wxXTrT

H'c
I

1

1w - Tttt e x T

2]
Il

ri_=xi_ + yi + zi
r x y z

we get

M.
|

%= algebra ...

1 - 3 . <+
[-z—p-ﬁg(1+uz>(l+p)+x+zvy-y(1+vz) i

+[ﬁg6+%—(1+p)(1+vz)+§v+x(1+uz)-zvx:lfy

3 1 . ] -
+[5§(1+p) ux--2-(1+p) uy+z+yux-xvy i

(C-15)

We now introduce the momenta P via Eq. (19), solve for r from (C-14)

and obtain the expressions
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x 3 4 [ 3 +p) 4+ y](l + Uz) - %-5 - zvg

e
I

1 3 f
+5 - i; Li'(l + p) + x](l + “z) + zy_

Ne
]

Pz + [% 1+ p) + x} vy - Elg 1+ p) + y] vy (C-16)

Also from Eq. (C-14) and Eq. (19) we can write L in the form

L= % (Px - i§>2

2
l( l) 152
5) t3 Py + +5P - Voo, - V (c-17)

2 EM s

If we now substitute (C-17) into (C-13), make use of (C-14) and
(C-16) , and neglect all the terms which do not depend on the momenta
P or the particle's position ¥ we end up after a lot of algebra with

the expression for the Hamiltonian H presented in Eq. (21) of the text.,
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Appendix D

CANONICAL TRANSFORMATION TO SLOW VARIABLES

We shall outline here the steps which underlie the canonical trans-
formation from the variables o,B, to the slow set a’,B'. These variables
are analogous to polar coordinates where @ corresponds to an amplitude
and B to a phase shift. We shall find it convenient to use also a car-
tesian set of generalized coordinates q,p in terms of which the trans-
formation relations will be developed.

Let

S =5S(q,p") =5 +5, (p-1)

be a generating function from the set q,p to a second slowly varying

set q',p' where S1 will be selected to remove from H the 3rd order

terms (all of which are short period) and 52 to remove all 4th order

short period, and define

S = %E—, gg—, %E— = (1 X 3) row matrix of partial
9 9 q3 derivatives of S

S p= (3 X1) colum matrix of partial derivatives
q
Then
p=p" +5S ¢(q,p")
9 (0-2)
a=4q" -5 .(ap"
P
Let
I 4
=q-4q
(D-3)
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and expand S T and S T in a Taylor series around the values of q',p'.
To second orger in Ag and Ap

3
S p(a,p”) = = [SGa’sp") + S _ssa+ 3 8d"S o, 0q + oo
< 3q 1 1"q

(0-4)

The expressions for q = q(q',p') and p = p(q’,p') can then be de-
veloped via (D-2) and (D-4)

& _ 1 0O r 2 1, T ...
q—q-S,T(q.p)—q-a—’—T-|:S(q,p)+SqlAq+5Aqufrquq+ ]
P
~q' -8 qa’p") -s@,pYm+ - (D-5)
P pTq’

In.order to prevent carrying unnecessary terms along let us esti-
mate the order of magnitude of the above terms. Since S will be used
to perform a transformation of variables in H’ which contains terms of
o(m3) and o(mé) then the lowest terms in S will be of o(m3). We might
also use the notation o(x3) since the x,y,z coordinates are the ones
to be transformed.

Let us view q as equivalent to B and p as equivalent to «.

Then the derivatives result in the following orders of magnitude

S = o(H3) = o(x3) = 0(03/2)
1/2
S +S =o(x ") = o(x)
L (D-6)
Sq - SB = 0(03/2) = o(x3)

Squ - O(Sp) = o(x)

We assume also that
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Mg = o(x) + higher order terms (D-7)
We thus note that the term Aq S ﬁr ¢ 0q = o(xs) and after operating

on it with a/ap, it becomes o(x

Equation (D-5) can then be written as

M=-S -5 ,0%+ o(x3) --- (D-8)
P P q

and terms of o(x3) are not carried along. Thus to o(xz) we can write

the following relation

[I+S ]Aqa‘-s
prrqz prr

which can be inverted to solve for Aq

-1

3
[I + S ,] S ~-8 + S S + o(x")
pT p’T pT  TpTq’ pT
(D-9)
where I is the identity matrix.
From Eq. (D-2) we also note that
3
~ o(S T) = o(x”) + H.O0.T.
q
Expanding for Ap as was done in (D-9) for Aq we find
ApaS‘T-S,T,S,T+o(x5) (D-10)
q qq P

The partial derivatives of H can also be treated similarly to the
partials of S. Thus



For a scleronomic generating

relation for Hamiltonians

K(q’,p) =

87-

o(H)

(D-11)

function S we have the transformation

H(q,p) (p-12)

and expanding H in a Taylor series around q',p' gives

K(q',p") = H(qg',p)) + Hye Mg+ H

ME S— 4+ 5
aq’T

1

T o
*aT

+ ME

q

Ap + ApTH

Y 4
Tp p

T

H(q',p") + H , [- ]
q p

1
+-2— -Spl+SpIS

N =

r 2 1
H(q",p") + Hq'Aq + HPIA'P t3 [Aqtﬂq’r

¢ Ap +

2

——] H(q',p") + ---

5 T
P

;b
q

T

, ba+ tpH o, tp| + oo
q PP

+H.ds _ -s s
'Tl P [q'T qTq’ p'T]B

H -S .. +S .. S
q'Tq'[ pT pTq’ p"]

+ S

S
p'T

’
qQ P

Nf =

N -
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The subscript letters A,B,C,D have been introduced merely for

ease of subsequent identification of the respective brackets [ J.
We recall that

()
H=H + n3 + HA (D-14)

o(xz) o(x3) o(xa)

where Hj contains x3 terms and H& denotes the 4th order terms like x4,

mzxz,px2 etc. This breakdown into H3 and li.4 will be made use of in
choosing the relations defining Sl(q',p') and Sz(q',p').

We shall assume S, to contain only o(x3) terms and S, only terms
of o(x4), because we shall select S2 80 as to remove all 4th order

short period terms from the Hamiltonian K.

-+ - 18 + S - [S + S S + S
[] PRLIRE PRI )]
A [ pT pT p'Tq’ p T/ \ p™T pT

4
--s _s +s S +s S +8 S + o(x™)
1 2 1 1 1 2 2 1
pT pT pTq’ pT pTq’ pT p'Tq’ pT
o(x) o(x2) o(xz) o(x3) o(x3)
(D-15)

Thus to o(x4), which is the highest order retained in all terms,

H,[]-on(°)[-s -s +S S +H, |-s

q’t ‘A ’ 1 2 1 1 3 ¢ %1

q p’T pT pTq’ p'T q p’T
(D-16)

Similarly, the following expressions can be derived

| ; -17
[]B 45, +8, 5 s, +H.O.T (p-17)
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+ H.O0.T.

(D-18)
1 1 (o)
= 1. H [ ], +5s, H S (D-19)
2 C "qTq’ AT 2 1p, q'Tq’ 1p,T
1 1 (o)
[ 1. 18 [ 1L +-558, H ] (D-20)
2 C g Tp’ ]B y) 1p, q'Tp’ 1q,1,
1 1 (o)
=T H [ +-=S. H S (D-21)
2 31) »Tq’ A 2 1q, p'Tq’ lp'T
1 1 (o)
= [ H [ 1,+%5S, H S (D-22)
) pTp’ B 7 1q, p'Tp’ lq'r

Substituting (D-16) and (D-18) through (D-22) into (D-13) results

in the expression
K = 1{® +n3+n4+n(?)[- S, -85, +8 5
a pT  pT pTq¢’ pT

(o)[

-H, § + H S + S -8 S +H, S

3 ¥ 4 1 ! 1 2 1 1 3 ¥ 4 1 ¥
q’ T P q'T qT qTq’ p'T p’ q'T

1 (o) 1 (o) 1 (o)
4+ =8 H S - =S, H S - S H S
1 2 T "1
AR RN R b RN LreTa

1 (o)
+%=S. H S (D-23)
2 1q, pTp’ 1q e



-90-

Recalling the definition of the Poisson bracket

(H,s]=HS . -HS (D-24)
qpf P qT

and applying it to the terms of Eq. (D-23) one can obtain after a
lengthy series of manipulations and combinations of terms the expres-

sion

<=1+ Hy + H, - [H(O)’SJ - [H(o)’sz] - [H3’51]

+ 3 [}1(0)’31 51 rr] + %[[H(O)’Sl]’ Sl] (b-25)

a p

in terms of q' and p' only.

Let us choose for the definition of S1 the relation
(o) ] -
[H S| -Hy =0 (D-26)

and thereby remove H3 which contains only short period terms.
Then

() 1 | (o) 1
O T [H 5 'T] v L5,] - (05,
9 p
q P

-5 (B, - [H(O)’Sz] (0-27)

The third and fifth final terms in Eq. (D-27) can be combined

into the one bracket
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(o) 1
- [H Sy - 78 5 ] (D-28)
pT

We now define 82 such as to remove all remaining 4th order short
period terms from K. Now both H, and [H3,Sl] will contain both long
period ( ) and short period (s-p) terms, which can all be eliminated
by letting S2 be defined via

1 [ _.(0) 1
H - 5 |H,,S ] - |d 33, - 5 S S =0 (D-29)
4s-p 2 371 s-p [ 2 2 lq, lprJ

This leaves the long period form of the Hamiltonian K as

g = 1$° + H, - -;- [HB,SI] (D-30)

and if o’ and B' are selected as the canonical variables, rather than
o’ and (t + B’), the long period perturbation Hamiltonian K’ is obtained

as

r_x _ 1
R'=H, - 3 [HB,Sl] (D-31)

To this expression one must still add the contribution from the
linear forced solutions X,y due to H(o) as indicated in Eq. (49) which
then finally leads to the relation presented in Eq. (48).

Comparison of the K from Eq. (D-31) with the K presented on p. 63
of Ref, 6 shows that the two Hamiltonians are not alike, This differ-
ence can be traced to the particular way in which the time dependent
generating function Sl(q,p',t) of Ref. 6 was defined there by means of
an equation in the mixed variables q,p’, instead of first carrying out
the transformation to the new set of coordinates q',p' shown in this
appendix in Eqs. (D-9) to (D-13).

As a consequence of the use of mixed variables, some of the terms

which would have appeared from the additional Taylor series expansion
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over q were thus missing and only one half of the terms of the Poisson
bracket [H3,Sl] of Eq. (D-31) showed up in the function & introduced
in Ref. 6. The absence of these additional terms prevented the cancel-
lation of nonpolynomial terms (i.e., terms which do not arise from

binomial expansions such as (x + y)n, where n is some finite integer)
13/2 ,1/2

and led to the presence of an extraneous term such as the o7 Ty

term in Eq. (10) of Ref. 6.

The source of the incorrect results, which can arise when one oper-
ates with mixed variables anytime terms higher than of first order are
retained in the Hamiltonian, were recognized by Prof. Breakwell, who
then suggested that the correct procedure in choosing the function S1
would be to transform first to the new set of coordinates q',p'. The
implementation of this suggestion led to the developments presented in
this appendix, and avoided here the presence of the inadmissible non-
polynomial terms.

The derivation of the Mathieu type Hamiltonian in Appendix F does
make use of mixed variables. However, the results obtained there are
correct since only linear terms were retained in H.

A last comment should be made regarding the slow variables q',p',
or a',B'. It turns out that it is impossible to prevent the presence
of some higher order long period terms in 52 which arise because the
term Squsl sp WAY contain also long period parts. From this it fol-

lows that in the expression for, say, q

q=4q' -5 +S S -s (D-32)

the last two terms may also make some long period contributions to q,
which would tend to contradict the assertion that q’ (and also p’) are
the only long period variables. This situation is unfortunately un-
avoidable and cannot be circumvented by redefining S1 or SZ’ since the
elimination of the extra long period terms in q' or p/ via S would
automatically result in the introduction of unwanted higher order short

period terms into K that S would be incapable of suppressing simultaneously.
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Fortunately this impasse is not too serious since the bothersome
long period terms in Eq. (D-32) are of o(ma) or higher and may be
safely disregarded within the extent of the present theory inasmuch
as q’ does not appear in a linear manner in H. They would pose a prob-
lem however if the present approach were to be extended to encompass

some of the higher order terms currently neglected.
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Appendix E

SOME ILLUSTRATIVE STEPS IN THE DERIVATION OF
LONG PERIOD TERMS IN K’

The steps leading from Eq. (48) to Eq. (50) required by far the
most time consuming, tedious and exacting manipulations and computa-
tions of the whole investigation. We shall indicate here only briefly
as an example a few representative intermediate steps so as to pro-
vide the reader with a feeling for what is involved here.

First a general remark concerning the Poisson bracket Tﬁ;:gIT.

In the expanded form, and using the polar canonical variables o and

g, this becomes

[H,S]=H /Sy ¢ - Hy 48,2 (E-1)
3271 38" 1o 30718]

where the tensor notation for summation over i = 1,2,3 has been used.
The same bracket, when H3 and S1 are expressed in cartesian coordinates
x,y,z,Px,Py,Pz, can also be written as

[H3’51] =Hy Spp *HyS)p + ocor mHyp Sy - 00r - Hy 5y,
x y X z

(E-2)

which indicates that the bracket will give rise only to pélynomial
terms of the form szi, XSPy’ ya, etc.

From this it follows that when one evaluates the long period terms
in the polar coordinates used in Eq. (E-1) one must be careful to ob-
serve that only polynomial type terms should be retained. Thus, one
can obtain secular terms like Saiz, 7052 .es etc., Or slowly varying
{a; cos [(w1 - w3)t + seejor (°°°) 0{1/2a£3/2X

cos [(u)1 - BQ&)t + e+-], but not terms such as (*°°) 0{3/20'%/2 X

terms like (++:) o

cos [(w1 - Bu&)t + <++] because such a term could not arise from products
of the form xlyg or ylxg which are the only kind that could give rise

to long period trigonometric terms with a frequency w - 3u&. The
quantities DY etc. represent the w, term in x and the Wy term in

y of Eq. (36), respectively.
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This polynomial requirement is not satisfied in Eq. (10) of
Ref. (6) which contains the term 16,207/ 2at/? cos 7.0609¢ + w3/
+ 3u,B) - 4.48°7.

We shall indicate now a few steps in the evaluation of one of

the long period terms in the Poisson bracket. For convenience we let

Hy = Hyp + Hy, (E-3)

where
H32 = coplanar (x,y) terms in H3
H33 = out-of-plane (z) terms in H3
Similarly
S1 = 812 4+ 813 (E-4)
where
t
5, = - jn3dt (E-5)
from Appendix D. (We recall that [H,S] = - 35/3t when H is treated

as the momentum conjugate to the coordinate t.)
Then

[H3’S1j = [Hsz + Hyqy Syp S13] =

= [H32’S12] + [332’513] + Lﬂas’sn] + [H33’S13] (E-6)

let us take the first bracket in Eq. (E-6), and consider for example
only the component Halslsl in it. It can be shown that it arises from

the product of the two parts
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_1/2 43 3
H32a1 o) {2 M(a, + a,) + > N(33a, - 7s14)}A

+

) ¢
“;/ {M(bl + by) + N(33by - 7b4)}B

-1/2 241 1
+ o {E-M(cl + c2) + -2—-N(33c3 - 7c4)}C (E-6)

and

3/2

wn
"
1

{M(a + a ) + N(33a 704)}5

1/2{M(b + b)) + N(33bS - b )}

/ { : ’ : !
o, M(c1 + c2) + N(33c3 - 7c4)}F

where we have dropped for convenience the primes on the o's and R's.

The quantities a; ot oa,, b1 eee b,, «eo c! «eo ¢ are defined

4’ 1 4
in terms of x = (1) + AZC(Z) and y = 1 (1)+6, + AZC(2)+6 , where
() =w Bl’ (2) = B§ and A A see 61,5 are obtained from Eq. (36).

M and N are two constants deflned as M = 3/3/16 and N = (1 - 2u)/16.
In terms of the above constants one can obtain the following ex-

pressions

4

L2l L1 L
13173 1( (1)+5, +3 C3(1)+51 t3 C(1)-51)

Y]
1]

w. Ww.
r _ ? 1
by = AAL [2_ Ty C20)+@+s, T Zo - w 02(1)_(2)+51]

1
ml
1,21 4 “1
74N [Zu)l T, C2()+@)+s, T 20 - o 02(1)-(2)-52]

. (E-7)
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and similar expressions for all the other quantities inside the ( )
brackets.

We observe from Eq. (E-6) that in the Poisson bracket, the coef-
ficient of 02 would arise from the product of brackets { }A with { }D’

1
and in the same manner we note that the

coefficient of o, -+ results from { }A'{ }F; { }B.{ }E; { }C'{ }D

" 01/203/2 -+ results from { }B-{ }F; { }C-{ }E

2
@, < results from { }C-{ }F (E-8)

Products of brackets { } as indicated in Eq. (E-8) arise in all
the partial derivative products of H3 with Sl’ and must be summed up
for every combination a?a? to obtain the final value of the coefficient
for that particular combination of o's.

. . . y
For example, to obtain the coefficient of @; in H320181251 we
have

ai: - { }A { }D = - %-{ﬁ(al +a,) + N(33a, - 7a4)}

. {?(a{ + aé) + N(3Ba; - 734)} , (E-9)

where the following relations among the a's apply here

= a? _ a7

al = al 83 83
(E-10)

= a7 = a?

a, = a, a4, =3

Expanding and using the appropriate relations for the a's (not

shown here) gives
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2. i3 2 3 2
oy {2 H?(al + az) + 3MN(a1 + a2)(33a3 - 7a4) + §-N2(3Ba3 - 734) }

(E-11)
3 2 3 2 2
E-M?(al + a2) = E'M?(al + 2ala2 + a2)
) 3 23,1 1 2. 4(3 1 6
MZ A (4 3 Czal) + 7 M (5+ Czal) t1g A 3
(E-12)
_ 1,3,:3(9 1 1, /5. 10
:mn(a1 + az) (33a3 - 7a4) = IMN |33 A AlA1 (8 c61 + 3 c361 + 3 A1A1 T 061
1 .5.,10 1 .3, .3[0
- Tig AA 7 G, * T MM (% Cy * 3 Css
1 1 1
(E-13)
3 2 _3 1),2, 43, 1 14,23
-2--N2(33a3 - 78)% = 3 N hoso Lla2as (; +5 0251) - 462|g ATAS (% C251>
1,6 . 5|
+ a9{lz A3 - 5 (E-14)

When the numerical values for Al’A{’AZ’Aé’Csl’Czsl’ etc, are sub-
stituted into Eqs. (E-12) through (E-14) and all the terms added, one

obtains the result

-92.87La§ (E-15)

This same, or a similar, procedure must be repeated for every
combination of o's which arises from all the terms of the Poisson

bracket.
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Appendix F

MATHIEU TYPE HAMILTONIANS

Consider the near-resonant Mathieu equation

X+ uﬁ[l + T cos Zwbt 1+ ()]X =0 (F-1)

where T, €, << 1. The effect of the trigonometric coefficient is to
introduce a parametric excitation term into the simple harmonic oscil-
lator model,

It is easily seen that as € % 0 a resonant forcing term will arise

in case a perturbation solution is attempted, after the X(o) solution
to the equation

. 2

X + on =0 (F-2)

is substituted back into Eq. (F-1) to provide the next higher term.

The Hamiltonian of system (F-1) is

=
]

% [pz + u?Xz] = H(o) + 1’

(F-3)

€
1

1/2
wo[l + 7 cos 2wot(1 + e)]

X,p = generalized coordinate and momentum, respectively

H(o) = Hamiltonian of simple harmonic oscillator of frequency W,

H’ = perturbation Hamiltonian (for 7 << 1)
The solution corresponding only to H(o) is
x(®) = 22 5in y (t + B) (F-4)

OS
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where o,8 are constants of integration.

When H’ is included, o and B become functions of time t. It is
useful to consider mainly the long period variations in « and 9, since
these basically tell us the most about the '"averaged" long term behavior
of the system.

The canonical transformations of variables shown next serve the
purpose of suppressing all short period terms in H. We assume that o
and £ can be decomposed into short period and long period (a',B') com-

ponents, i.e.,

?
oo +o
S.pP-

7
p—+pB + Bs.p.
Introducing X(°)~into the Hamiltonian H’

2

B! = u%ﬂx cos ZuBt (1 + ¢€) (F-5)

N =

and rearranging terms gives

' = %ﬂ {pos 2w°t(1 + €) - % cos [2wot(1 + €) + 2w°(t + B)]

- %-cos 2w (€t - B)} (F-6)

The last term with angular velocity 2wo€ << 2mo is of low frequency
and thus gives a contribution to the long period part of H’.
Let this term be designated by f’

7 =- of cos Zub(Gt - B) (F-7)

Note that o still contains s.p. terms so that H’ still is not the

final form of the desired long period Hamiltonian.
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To obtain the D.E. for o’ we introduce a generating function
SGy',B,t) of the Hamilton-Jacobi equation which, to first order terms

can be written in the form
s =o't + 18, (’,5,t) (F-8)

in terms of the new momenta o’ and the old coordinates 8. Thus

aS
=8 —L
o = 38 o + 7 36
aS

=S, -+ L (F-9)
foo

relate the old and new coordinates and momenta. a',B' form a canonical

set with respect to a long period Hamiltonian K', such that

o QE:
ap’ (F-10)
=7 _ K’
B f 4
where
R =8+ (F-11)

The Hamiltonian K’ of Eq. (F-11) is treated as a function of the
coordinates a',B' and t, after the transformation relations (F-9) are
substituted into the right hand side of (F-11),.

To linear terms only

H'(a,8,t) = B’ + TS, goBst) = B'(o’,B,t) + H.O.T. (F-12)

and thus



-102-

k! = Hs'p(a',s,t) + H(@’,8,t) + S, + H.O.T. (F-13)
t

The function S1 is chosen in such a way as to eliminate all s.p.

terms from (F-13). We thus require

TS, + H;p(a',B,t) =0 (F-14)

t

from which results

7 4

_ o . o . .
Sl = gu—)z-z—-_’_—e)— sin 2wo(2t + €t + B) - W sin Zuot(l + €)

(F-15)

Expanding 8 around g’ in H’ of Eq. (F-13) gives, again to first
order

7

K’ = ﬁw(a',B',t) = - gzﬂ cos 2mo(€t -89 (F-16)

with the aid of Eq. (F-7).
Equation (F-16) defines a long period, time dependent, Mathieu

type Hamiltonian.

Stability Analysis

The differential equations for o’ and 8’ are summarized by the

matrix equation

5t /s’
= Qo K (F-17)

o 3/’

Rather than solve Eq. (F-17) directly for o’ and B’ it is more

* %k
convenient to introduce a further generating functions S (o ,B",t)
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so as to eliminate the explicit dependence on time and thereby trans-
*
form K’ to a new Hamiltonian K which is a constant of the motion, i.e.,
* *
K = Ko = constant.

*
Let us define a variable § by the relation

B =B - €t (F-18)

*
and then take S to be given by

*
S

o (8 - et) (F-19)

Since

wn
*
]
w
~
1
m
(a3
]
™

and

* *
the two variables ¢ and B are canonically related to the new Hamil-

*
tonian K which becomes

*
* * *
K# =K'+ St =K' - € = - Qzﬂ cos ZwOB - €x (F-20)

* r 3 '3
That K is an integral constant of the motion is evident from the

fact that

&K ok X ok K ok
el S e JL
oo oB
x [ &\, ¥ [(x
= by Hamilton's equation = — (— *)+ = =] =0
o aB 3B \

* )
K = Ko = constant of the motion
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The stability or instability of systems governed by Hamiltonians
of the form (F-20) can readily be established based on a comparison
of the magnitude of the coefficients of a* and a* cos 2“56* in (F-20).

The relative magnitude required of these coefficients for insta-
bility or stability to exist can be determined as shown below, and the
conclusions then checked by referring to the known stability regioms

of the Mathieu plane.

From Eq. (F-20) we obtain the differential equations for a*

*
* W ‘n
ok *
o = - éE; = - 02 sin ZwOB (F-21)
oB
and squaring,
2 %2 2 2
Wwa M
*
& 2 =2 1 -[—4 K* + -—-—46 d{' (F-22)
4 * (o) *
a o T

%* *
after sin2 2“55 is replaced from Eq. (F-20) and the constancy of K
is made use of.
*
The condition necessary for ¢ to vanish is obtained by setting

the right hand side of (¥-22) equal to zero, i.e., at the intersection
of the two lines.

*
y=tao
and v (F-23)
%* *
y = E-K + ﬁs-a

This is shown in the next sketch, Fig. (F-1).

From this sketch we see that for d: > &:t and &Z > 0 the variation
of &* is bounded by the lines y = + &* if 4€/7 > 1, thus implying a
stable motion, while if 4€/N < 1, o« grows without limit.

Hence, if
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SLOPE
v! /
de 5, / y=a*
i /
/ _
_— T Newre e o
-
/I o) €05 24"
| 7/
0."“/' a: bq'

& = 0 AT POINTS®

Y~ ~o”

Fig. (F-1): Stability Conditions for Mathieu
Type Hamiltonians

,l\—:s > 1 -+ gtability exists

(i.e., x = bounded)

€ < 1 -+ instability exists

(i.e., x 9+ oas t + o

This leads to the conclusion that the motion is unstable if in the
Hamiltonian K* the coefficient of a* is smaller than the coefficient
of o:* cos ZwOB*.

The above conclusion is also borne out by considering the Mathieu
Equation in the standard form,

2
2-12’-+ (a - 2q cos 2z)v =0 (F-24)

dz

Referring to Eq. (F-1) and introducing a new time variable T
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, T
uot(l + €) + 5
and (F-25)

d

B
W

Tk

Equation (F-1) reduces to (F-24) if

a=—1 _
(1+e)2
and (F-26)
_ 1 _M
1= z2-2°
2(1 + ¢€)

The stability boundaries of the Mathieu plane (q,a) in the vicin-

ity of the region a = 1 are shown below (see for instance p. 114 of
Ref. 11).

4 SLOPE  2/1
N )
i
2 ¢0| "’a"#q-gq +...1
PERIODIC SOLUTION
| /) UNSTABLE RECION BOUNDARIES WHICH CAN
2 8E APPROXIMATED BY
B .—se, -a = | 12 o~ STRAIGHT LINES NEAR
/ 'n se, <4 -9-84d THE FOINT (0,1)

N V2 | 2 q

Fig. (F-2): Stability Boundaries in Mathieu Plane (q,a)

On se, the slope (dzat/dq)q_’o - -1,

The slope of line N - N’ is, from Eq. (F-26), (da/dq)y ¢ = 2/,
and q = 7)/2 for a = 1 (pt. 1).
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As the value of (a) changes from 1 to 1/(1 + €)2 =1 - 2¢ + 362,

point 1 translates along line N - N’ to either point 2 or 3, depending
on whether the solution remains unstable (pt. 2) or enters the stable
region (pt. 3).

Comparing the values of q on se. and N-N’ for the same change

1
M = - 2¢ + H,0.T. we have

onse, q = (da qu (-1) (-2¢€) = 2€

on N-N' g aﬂ+(g—q>m=3-ne
—_— N 2 a 2
N-N
H.O0.T.
Hence, if Ay > g i.e., if 7/2 -,Zé'> 2€, or 4€/m < 1, point 1

moves to point 2 and indicates an unstable solution. This is in agree-

ment with the conclusion reached earlier via the Hamiltonian approach.



10.

11.

-108-

REFERENCES

"New Natural Satellites of the Earth?", Sky and Telescope, Vol. XXII,
No. 2, July 1962, p. 10.

"More About the Earth's Cloud Satellites," Sky and Telescope, Vol.
XXII, No. 2, August 1962, p. 63.

Tapley, B. D., and J. M. Lewallen, '"Solar Influence on Satellite
Motion Near the Stable Earth-Moon Libration Points," AIAA J.
Vol. 2, No. 4, April 1964, pp. 728-732.

Schechter, H. B., and W. C. Hollis, Stability of the Trojan Points
in the Four Body Problem, The RAND Corporation, RM-3992-PR, Sep-
tember 1964.

Feldt, W. T., and Y. Shulman, '"More Results on Solar Influenced
Libration Point Motiom," AIAA J., August 1966, Technical Comments -
p. 1501.

Breakwell, J. V., and R. Pringle, Jr., '"Resonances Affecting Motion
Near the Earth-Moon Equilateral Libration Points," Preprint 65-683,
AJAA/ION Astroé%c_s_ﬁg.cialist Conference, Monterey, California,
September 16-17, 1965; 'Progress in Astronautics,' Vol. 17, Aca-
demic Press, Inc., New York, 1966, pp. 55-73.

Smart, W. M., "Celestial Mechanics,'" Longmans, Green and Company,
London, New York, Toromto, 1953.

Brown, E. W., "An Introductory Treatise on the Lunar Theory,' Dover
Publications, Inc., New York, 1960.

Moulton, F. R., "An Introduction to Celestial Mechanics,' Second
revised edition, tenth printing, 1958,

Goldstein, H., "Classical Mechanics,' Addison-Wesley Publication
Co., Reading, Massachusetts, London, June 1959.

McLachlan, N. W., 'Ordinary Non-linear Differential Equatioms in
Engineering and Physical Sciences,' 2nd Edition, Clarendon Press,
Oxford, 1956.



