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ABSTRACT 

A method i s  p r o p o s e d  whereby, u s i n g  e i g e n f u n c t i o n  expan- 

s ions  , the  complete three-d imens iona l  s t r e s s  and d isp lacement  

e x p r e s s i o n s  a r e  developed i n  s e r i e s  form f o r  the problem of  an 

i n f i n i t e  s o l i d  weakened by a p lane  o f  d i s c o n t i n u i t y  o r  c r a c k .  

A s u i t a b l e  c o o r d i n a t e  system i s  s e l e c t e d  s o  t h a t  t he  gene ra l  

s o l u t i o n  can b e  expres sed  independent ly  o f  u n c e r t a i n t i e s  o f  

both n a t u r e  o f  t h e  a p p l i e d  loads  and of the  s t r e s s  v a r i a t i o n s  

i n  t h e  d i r e c t i o n  p a r a l l e l  t o  t h e  c rack  edge.  The unbounded 

c o n t r i b u t i o n s  t o  t h e  s t r e s s e s  can be shown c l e a r l y  i n  a f i n i t e  

n u m b e r  of terms of  the  se r ies  s o J u t i o n ,  and they  a r e  f o u n d  t o  

vary a s  t h e  i n v e r s e  squa re  r o o t  o f  t h e  d i s t a n c e  from t h e  c rack  

f r o n t .  I n s i d e  a small  reg ion  around the  c rack  edge ,  t h e  s t a t e  

of a f f a i r s  reduces  t o  t h a t  o f  p lane  s t r a i n  i n  t h e  two-dimen- 

s i o n a l  c a s e .  T h e  r e s u l t s  n o t  only p rov ide  an improved u n d e r -  

' T h e  r e su l t s  communicated i n  t h i s  paper  were o b t a i n e d  i n  t h e  
cour se  of a r e s e a r c h  program conducted under Grant NGR-39-007- 
025 w i t h  the  Nat ional  Aeronaut ics  and Space A d m i n i s t r a t i o n .  

' A s s i s t a n t  P r o f e s s o r  of Mechanics, Lehigh U n i v e r s i t y ,  Bethlehem, 
Pennsyl vani a .  

'P rofessor  of  Mechanics, Lehigh U n i v e r s i t y ,  Bethlehem, Pennsyl-  
van ia .  



s t a n d i n g  o f  t he  three-d imens iona l  a s p e c t s  o f  f r a c t u r e  b u t  a l s o  

g a i n  some i n s i g h t  i n t o  the  t r i a x i a l  c h a r a c t e r i s t i c s  o f  t h e  

crack-edge s t r e s s e s  i n t e r i o r  t o  a t h i c k  p l a t e .  

The proposed method can a l s o  be extended t o  problems con- 

cern ing  the  d i s t r i b u t i o n  o f  th ree-d imens iona l  s t r e s s e s  a r o u n d  

wedge-1 i ke d i s c o n t i n u i t i e s .  
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I NT RO D U C T  I O N  

Recent i n t e r e s t  on t h e  e x p l o r a t i o n  of  s t r e s s  d i s t r i b u t i o n  

i n  bodies  c o n t a i n i n g  f laws  o r  c racks  can be evidenced by t h e  

s i z a b l e  volume of l i t e r a t u r e  t h a t  has b u i l t  u p .  Most of t h e  

work on the  s u b j e c t  has been based on the  p lane  theory  of e l a s -  

t i c i t y .  I t  i s  t o  be expec ted ,  however, t h a t  i n  many i n s t a n c e s  

t he  d e v i a t i o n s  from the two-dimensional t h e o r y ,  d u e  t o  t h e  

three-d imens iona l  c h a r a c t e r  of the s t r e s s  d i s t r i b u t i o n  near  

the  c rack  boundary, can be of importance.  

Methods f o r  the  s o l u t i o n  of l i n e a r  e l a s t i c i t y  equa t ions  

a r e  g e n e r a l l y  d i c t a t e d  by the  topology of the  reg ion  under con- 

s i d e r a t i o n ,  and developed f o r  t h e i r  in tended  purposes .  For ex- 

ample, a l though t h e  symbolic method of Lur ' e  [ l I 4  and t h e  

Four ie r -Besse l  expansion technique  of Green [ Z ]  a r e  adequate  

f o r  handl ing  t h i c k  p l a t e  problems, they  a r e  n o t  s u i t a b l e  f o r  

s o l v i n g  three-d imens iona l  problems w i t h  geometr ica l ly- induced  

s i n g u l a r i t i e s .  Because of t h e  lack  of a s y s t e m a t i c  way of 

t r e a t i n g  c rack  problems i n  t h r e e  dimensions,  only a few e f f e c -  

t i v e  s o l u t i o n s  a r e  a v a i l a b l e  and t h e s e  have been r e s t r i c t e d  t o  

a p a r t i c u l a r  crack geometry under simple types  o f  l oad ing .  A 

n o n - t r i v i a l  c rack  geometry,  which has r ece ived  some a t t e n t i o n  

i n  the  p a s t ,  i s  t h a t  o f  an e l l i p s e  a s  a s u r f a c e  of  d i s c o n t i n u i t y ,  

the  penny-shaped crack problem o f  Sneddon [3 ]  being a s p e c i a l  

c a s e .  Based on known p r o p e r t i e s  of the  c l a s s i c a l  p o t e n t i a l  

4Numbers i n  b r a c k e t s  d e s i g n a t e  References a t  end of paper .  
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f u n c t i o n s ,  Green and Sneddon [a] d i s c u s s e d  t h e  problem of an 

e l l i p t i c a l  c rack  whose f a c e s  a r e  loaded normal ly ,  w h i l e  K a s s i r  

and S i h  [SI so lved  t h e  same problem w i t h  uniform s h e a r  l o a d s .  

T h e  complementary problem of a f l a t  c rack  cover ing  t h e  o u t s i d e  

o f  an e l l i p s e  was a l s o  i n v e s t i g a t e d  by Kassir and S i h  [SI. 

T h e  th ree-d imens iona l  c rack  problem t o  be cons idered  i n  

t h i s  paper  i s ,  i n  many ways, mot iva ted  by the  w o r k  o f  Will iams 

[7-91 and S i h  e t  a1 [lo-121. I t  was Williams [7] who f i r s t  

conceived t h e  i d e a  of e igen func t ion  expansions and employed i t  

t o  ana lyze  s e m i - i n f i n i t e  crack and wedge problems i n  two v a r i -  

a b l e s .  He e s t a b l i s h e d  a s e r i e s  s o l u t i o n  f o r  t h e  i n - p l a n e  

s t r e s s e s  

An-1 d 2  Fn  
= C r  mn+u F n  + T I ,  

n=o 'r 

03 A n - 1  Fn  
1 r .  'n - -  T -  

n=o re 

where 

F n ( e )  = a n  s i n ( x n + l ) e  + b n  c o s ( x n + l ) e  + c n  s i n ( x n - l ) e  

+ d n  c o s ( x n - l ) e ,  (2) 
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and t h e  e i g e n v a l u e s  In a r e  o b t a i n a b l e  f rom the  s t r e s s  a n d / o r  

d i sp lacement  c o n d i t i o n s  s p e c i f i e d  on t h e  edges of t h e  c rack  o r  

wedge. 

a n a l y s i s ,  however, were n o t  f o u n d  u n t i l  Sih a n d  Rice [ l O , l l ]  

recognized  t h a t  once the  genera l  form o f  t he  s o l u t i o n  i s  k n o w n  

The c o n s t a n t  c o e f f i c i e n t s  a n ,  b n ,  e t c .  i n  Wi l l iams '  

i n  r a n d  e ,  t h e  c o n s t a n t s  i n  equa t ion  ( 2 )  can be determined 

f rom t h e  Bouss inesq ' s  s o l u t i o n  in  two dimensions.  I n  t h i s  way, 

a number o f  d i s s i m i l a r  ( o r  s i m i l a r )  media problems invo lv ing  

c o n c e n t r a t e d  f o r c e s  a p p l i e d  t o  t h e  s u r f a c e s  o f  s e m i - i n f i n i  t e  

and f i n i t e  c r acks  were s o l v e d .  I n  f a c t ,  Loeber a n d  Sih [ 1 2 ]  

have e s t a b l i s h e d  t h e  equ iva lence  between the  method o f  e i g e n -  

f u n c t i o n  expans ions  a n d  t h e  well-known Riemann-Hilbert  fo rmu-  

l a t i o n  as  p re sen ted  by M u s k h e l i s h v i l i .  

I t  i s  t h e  c e n t r a l  purpose o f  t h i s  paper  t o  i n c o r p o r a t e  a 

t h i r d  dimension i n t o  th.e e i g e n f u n c t i o n  expansion method a n d  t o  

provide  a gene ra l  s o l u t i o n  o f  t h e  three-d imens iona l  s t r e s s  a n d  

d i sp lacement  f i e l d s  f o r  t he  case  o f  a plane crack embedded i n  

an e l a s t i c  s o l i d .  Unlike t h e  p l a n a r  problem, where homogeneous 

r e l a t i o n s  were ob ta ined  between the  independent  c o n s t a n t s  i n  

e q u a t i o n  ( 2 )  , t he  three-d imens iona l  a n a l y s i s  l e a d s  t o  r e c u r -  

rence r e l a t i o n s  between the  c o e f f i c i e n t s ,  which a r e  no  l onge r  

c o n s t a n t s ,  b u t  f u n c t i o n s  o f  t h e  t h i r d  v a r i a b l e .  Two i n d i v i d u a l  

s e t s  of  r e s u l t s  a r e  cons ide red .  The f i r s t  s e t  c o n t a i n s  i n t e g e r  

powers, say n ,  o f  r and the  second s e t  c o n t a i n s  n + 2 powers o f  1 

r ,  where r i s  t he  r a d i a l  d i s t a n c e  measured f rom the  l e a d i n g  

edge of t he  c rack .  These r e s u l t s  may be used t o  answer some 
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of the  press ing  q u e s t i o n s  concerning t h e  three-d imens iona l  

c h a r a c t e r  of t h e  s t r e s s  d i s t r i b u t i o n  i n  t h e  v i c i n i t y  of t h e  

c rack  f r o n t .  

PRELIMINARY CONSIDERATIONS 

S ince  t h e  c h i e f  i n t e r e s t  i n  the  s o l u t i o n  t o  t h e  c rack  prob- 

lem i s  c e n t e r e d  on t h e  d i s t u r b a n c e s  l o c a l  t o  t h e  l e a d i n g  edge 

of t h e  c r a c k ,  i t  i s  e s s e n t i a l  t o  s e l e c t  a c o o r d i n a t e  system 

t h a t  w i l l  e x h i b i t  t h e  s i n g u l a r  c h a r a c t e r  of  t he  s t r e s s e s  i n  a 

n a t u r a l  manner. To t h i s  end ,  t h e  c rack  problem w i l l  be formu- 

l a t e d  i n  c i r c u l a r  c y l i n d r i c a l  c o o r d i n a t e s  ( r , e , z )  , r e l a t e d  t o  

t he  C a r t e s i a n  system accord ing  t o  

x = r c o s e ,  y = r s i n e ,  z = z 

T h e  e l a s t i c  s o l i d  i s  assumed t o  be i n f i n i t e l y  extended i n  t h e  

x - ,  Y -  and z - d i r e c t i o n s ,  and c o n t a i n s  a c rack  i n  t he  form o f  a 

h a l f - p l a n e  w i t h  t h e  z - a x i s  a long t h e  c rack  e d g e .  T h e  s i d e s  of 

t h e  c rack  c o i n c i d e  w i t h  t h e  s u r f a c e s  e = * IT, where 

W i t h i n  t h e  framework of the  l i n e a r  t h e o r y  o f  e l a s t i c i t y ,  

t he  e q u a t i o n s  of e q u i l i b r i u m  i n  c y l i n d r i c a l  c o o r d i n a t e s  must 

b e  so lved  f o r  t h e  d isp lacement  components ( u r ,  v e ,  w z ) :  
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a u  
az - + ( 1 - 2 4  v 2 w z  = 0 .  

I n  e q u a t i o n s  ( 3 ) ,  v i s  P o i s s o n ' s  r a t i o ,  u i s  t h e  d i l a t a t i o n  

g i v e n  by 

a w Z  + -  u = - + - -  + -  'r 1 a v e  
ar r a e  r a z  ' 

and  the  L a p l a c e  o p e r a t o r  i s  d e f i n e d  a s  

The b o u n d a r y  c o n d i t i o n s  w i l l  be wr i t ten  i n  terms o f  t h e  s t r e s s e s ,  

w h i c h  a r e  r e l a t e d  t o  the d i s p l a c e m e n t s  t h r o u g h  the  H o o k e ' s  l aw  

f o r  an i s o t r o p i c  body:  

o r  = Au + z u  - ar ' 
1 a u r  

T -  r 

a w z  
(5 = A u + Z p - - -  z a z  ' + -). a W Z  

3 Z  T -  - ?+- z r  

T h e  Lami's c o e f f i c i e n t s  a r e  d e n o t e d  by A and  1.1. 

CONSTRUCTION OF SERIES SOLUTION 

F o r  the s o l u t i o n  o f  the h a l f - p l a n e  c r a c k  p r o b l e m ,  i t  turns 
- 7 -  



o u t  t o  be very  conven ien t  t o  expand the  d i sp lacemen t  components 

i n  the  double  s e r i e s  

T h e  e i g e n v a l u e s  A, (m=0,1,2,---) a s  powers of  r a r e  assumed t o  

be c o n s t a n t s ,  and U n  (m) , V n  ( m ) y  W;") a r e  f u n c t i o n s  o f  e and z 

only .  From e q u a t i o n s  ( 4 )  , t h e  co r re spond ing  s t r e s s  components 

f o l l o w  immediately.  They a r e  
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m m h,+n-l a V i m )  
1 ( m )  + 

a e  ( 1 - 2 ~ ) ~ ~  = 1 1 r Cv[(hm+n+I) U n  
m=o n=o  

where U:"), V i " ) ,  W A m )  a r e  z e r o  f o r  n < O .  

t i e s  of d i f f e r e n t i a b i l i t y  have been presumed throughout  the  

f o r e g o i n g  computa t ions .  

T h e  r e q u i r e d  proper -  

In o r d e r  t o  g a i n  some knowledge on t he  s t r u c t u r e  o f  t h e  

s o l u t i o n  i n  8 and z ,  e q u a t i o n s  ( 5 )  a r e  i n s e r t e d  i n t o  the  d i s -  

p lacement  e q u a t i o n s  of e q u i l i b r i u m  given by e q u a t i o n s  ( 3 ) .  

T h i s  y i e l d s  a sys tem o f  th ree  s imul t aneous  p a r t i a l  d i f f e r e n t i a l  

e q u a t i o n s  i n  t h r e e  unknown f u n c t i o n s  a s  
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where m > O  - and n > O .  - Equat ions ( 7 )  may a l s o  be r ega rded  a s  r e -  

cu r rence  r e l a t i o n s  e x p r e s s i n g  U:"), V i m )  and W A m )  i n  terms o f  

t h e i r  p rev ious  v a l u e s .  I t  i s  c l e a r  t h a t  f o r  each va lue  of  n ,  

a p roduc t  s o l u t i o n  i n  e and z can b e  f o u n d  f rom e q u a t i o n s  ( 7 ) .  

For n = O ,  t h e  s o l u t i o n  t a k e s  t h e  forms 

( m )  (m) ( m )  
"0 = B1(z)  cos(x,+l)e  + B2(z)  s in(X,+l)e  

(d ( m )  (d 
v O  = - B l ( z )  s i n ( x , + l ) e  + B2(z)  cos(x ,+ l )e  

-1 0 -  



(m) (m) (m) 
i n  w h i c h  A . ( z ) ,  B . ( z )  a n d  C . ( z )  ( j = 1 , 2 )  a r e  a r b i t r a r y  f u n c t i o n s  

o f  z .  S i m i l a r l y ,  s o l u t i o n s  c o r r e s p o n d i n g  t o  the r e m a i n i n g  

va lues  o f  n may be wr i t t en  down. These d e t a i l s  w i l l  be d e f e r r e d .  

J J J 

F o r  f u r t h e r  d e v e l o p m e n t  o f  t he  s o l u t i o n ,  i t  i s  c r u c i a l  t o  

a p p l y  t he  f r ee  c r a c k  s u r f a c e  c o n d i t i o n s  

0 e = T  er = T  B Z  = O , f o r e = * ~  ( 9 )  

s o  a s  t o  e v a l u a t e  t h e  e i g e n v a l u e s  A,. 

i t Y ,  A m  w i l l  b e  d e t e r m i n e d  f r o m  t h e  s o l u t i o n  o f  e q u a t i o n s  ( 7 )  

W i t h o u t  loss  i n  g e n e r a l -  

f o r  n = O ,  i . e . ,  e q u a t i o n s  ( 8 ) .  Making use o f  e q u a t i o n s  (6), 

( 8 )  a n d  (9), there  r e su l t s  i n  s i x  c o n d i t i o n s  

hm+l (m) (4  + A,- 3+4v [ C , ( z )  c o s ( x , - I ) ,  + C,(z)  s i n ( ~ , - I ) n ]  = 0, 

Am +  1 (m) (m) + A m -  3+4v [ C 1 ( z )  c o s ( x m - l ) n  - C,(z )  s i n ( ~ , - I ) n ]  = 0, 
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A m -  1 ( m )  ( m )  
+ A m -  3+4v [- C,(z) sin(h,-l)= + C,(z) c o s ( x , - J ) ~ ]  = 0, 

A m -  1 (m) ( m l  + A,- 3+4v [C1(z)  s i n ( A , - I ) T  + C2(z )  c o s ( x m - 1 ) ~ ]  = 0, 

(4 ( m )  
A1(z) s i n h m n  + A2(z) C O S A ~ T  = 0, 

(m) (m) (m) 
t o  so lve  f o r  the  s i x  unknown f u n c t i o n s  A.(z), B . ( z )  and C.(z) 

(j=1,2). F o r  a n o n - t r i v i a l  s o l u t i o n ,  t h e  de t e rminan t  of  t h e  
J J J 

c o e f f i c i e n t s  o f  t hese  f u n c t i o n s  m u s t  v a n i s h ,  a n d  hence A, a r e  

f o u n d  t o  be the  r o o t s  of the  c h a r a c t e r i s t i c - v a l u e  e q u a t i o n  

s i n  2nhm = 0 

which renders 

T h e  n e g a t i v e  va lues  of m have been exc luded  i n  equa t ion  ( 1 1 )  s o  

t h a t  the  boundedness c o n d i t i o n s  of t h e  d i sp lacemen t s  a r e  n o t  

v i o l a t e d  a s  r+O. 
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By v i r t u e  o f  e q u a t i o n  (11 )  , t h e  d o u b l e - s e r i e s  r e p r e s e n t a t i o n  

of each component of t h e  d isp lacement  v e c t o r  i n  e q u a t i o n s  ( 5 )  

can be reduced t o  a s i n g l e  power s e r i e s  i n  r ,  i . e . ,  5 

n 
211 w z  = " ' 2 -  1 r h n ( e , z ) .  

n = o  

For  t h e  same reason ,  t he  e x p r e s s i o n s  f o r  t he  s t r e s s e s  i n  equa- 

t i o n s  ( 6 )  may be s i m p l i f i e d  a n d  they  become 

n 
I > ,  m -- 1 a g n  a h n - 2  

a z  
( 1 - 2 - 0 ) ' ~ ~  = 1 r { [ p - ( ~ - l ) v l  f n  + -0 [K + 

n = o  

n -- 1 a h n - 2  ( 1 - 2 ~ ) ' ~ ~  = 1 r {++) f n  + 2 1  + ( 1 - 4  a z  I >  
n=o 

5Depending on the n a t u r e  o f  t h e  e i g e n v a l u e s  h m ,  t h e  double-  
s e r i e s  r e p r e s e n t a t i o n  of t h e  d isp lacement  v e c t o r  must ,  i n  
g e n e r a l ,  be r e t a i n e d .  T h i s  p o i n t  w i l l  become e v i d e n t  i n  t he  
a n a l y s i s  of t h e  wedge problem l a t e r  o n .  

-13- 



n 
“ 2  --1 a h n  a g n - 2 )  

= C r  (-a?s- + a z  ’ %z n = o  

The b a s i c  u n k n o w n s  f n ,  g n  a n d  h ,  on t h e  knowledge of which de- 

pends t h e  s o l u t i o n  of t h e  crack problem m u s t  now be f o u n d  from 

t h e  l i n e a r  equa t ions  i n  t h e  c l a s s i c a l  theory  of e l a s t i c i t y .  

This  i s  t h e  o b j e c t i v e  of t he  next  s e c t i o n .  

DETERMINATION OF DISPLACEMENT FUNCTIONS 

Consider now t h e  s u b s t i t u t i o n  o f  equa t ions  ( 1 2 )  i n t o  t h e  

t h r e e  equa t ions  of e q u i l i b r i u m  i n  terms of d i sp lacements .  

Assuming t h a t  t h e  r e s u l t i n g  e x p r e s s i o n s  w i l l  hold f o r  a r b i t r a r y  

va lues  of r ,  i t  i s  found t h a t  

-14 -  



T h i s  sys tem o f  t h r e e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  i s  s i m i l a r  

t o  t h a t  o f  e q u a t i o n s  ( 7 )  and can be so4ved f o r  t h e  f u n c t i o n s  

fn, gn and hn (n=O, l ,Z, - - - ) .  The s o l u t i o n  f o r  n=O i s  

( 2 )  
Bo cose + Bo s i n e  

( 1 )  - 
fo  - 

( 2 )  
c0 e c o s e l s  

( 1 )  
+ ( 3 - 4 ~ )  [ Co e s i n e  - 

w h i l e  f o r  n = Z ,  i t  t a k e s  t h e  form 

- 1 5 -  



e t c .  f o r  
( i  1 ( i  1 

In t h e  s e q u e l ,  t h e  q u a n t i t i e s  such a s  A4m , B 4 m 9  
i = 1 , 2  a r e  t o  be unders tood  as a r b i t r a r y  f u n c t i o n s  o f  z a n d  

primes ( e . g .  

t o  z. 

( i )  A i r n )  w i  11 denote  d i  f f e r e n t i  a t i  on w i th  r e s p e c t  

A t  t h i s  p o i n t ,  i t  i s  convenient  t o  s e p a r a t e  t h e  unknown 

f u n c t i o n s  i n t o  two g r o u p s  d i s t i n g u i s h e d  by s u b s c r i p t s  be ing  

even and odd i n t e g e r s  a s  fo l lows :  

(A) 

(B) 

f 4 m y  f4m+2’ e t c .  f o r  m=1,2, - - - .  

f4m+13 f4m+3y e t c .  f o r  m=0,1 , Z , - - - .  

The c a l c u l a t i o n s  f o r  f i n d i n g  t h e s e  f u n c t i o n s  invo lve  a con- 

s i d e r a b l e  a m o u n t  of w o r k  and w i l l  n o t  be dwelt  on h e r e .  Only  

t h e  f i n a l  r e s u l t s  w i l l  be g iven .  

G r o u p  ( A ) .  To s i m p l i f y  t h e  development o f  t h e  r e c u r r e n c e  

r e l a t i o n s  i n  subsequent  w o r k ,  t h e  problem w i l l  be f u r t h e r  s u b -  

d iv ided  i n t o  two p a r t s .  The f i r s t  p a r t  c o n t a i n s  t h o s e  f u n c t i o n s  

o f  z w i t h  s u b s c r i p t s  4m and t h e  second w i t h  4m+2 f o r  m > l .  - 

1 .  Even i n t e g e r s  of 4m. For  m > l ,  - i t  can be shown 

t h a t  

( 2 )  
C 4 m  s i n ( 2 m - l ) e l  

(1 )  
+ ( 2 m - 3 + 4 ~ )  [ C 4 m  cos (2m- l ) e  + 

( 2 )  
e cose 

0 )  + ct4,,, e s i n e  + 
-16 -  



m-1 ( 1 )  ( 2 )  
c o s ( 2 k + l ) e  + C L ~ ~  s i n ( 2 k + l ) e ] ,  

k 
+ C [ a4m 

k = o  k 

cos (2m- l ) e l  
(1  1 ( 2 )  

+ (2m+3-4v) [ -  C4,,, s in(2m-1)e  + '4m 

( 2 )  
s i n ( 2 k + l ) e  + B4,,, c o s ( 2 k + l ) e ] ,  

m- 1 ( 1 )  

k=o k $4rn k 
+ 1 c -  

T h e  a d d i t i o n a l  c o e f f i c i e n t s  

i n  equa t ions  (17)  f o r  t he  va r ious  va lues  of k a r e  a l s o  f u n c t i o n s  
(i) ( i  1 

e t c .  
2 P '  o f  z and they  can be expressed  i n  terms of A 2 p y  B 

a s  given by 

-17- 



and,  

The o t h e r  c o e f f i c i e n t s  may b e  ob ta ined  from t h e  r e c u r r e n c e  re- 

l a t i o n s ,  where f o r  m.2': - 

( i  1 
= [ 2 ( 1 - ~ ) ( 2 m - 3 ) ~  - (7-2v)(4m2- l ) ]  x "4m m-2 a 4m m-2 

6See P a r t  2 o f  t h i s  group ( A )  f o r  t he  terms w i t h  s u b s c r i p t s  o f  
t h e  form 4m+2. 

-18- 



= [ ( 1 - 2 ~ ) ( 4 m - 3 ) ~  - 2(1-v)(4m2-l)] x 
(1 )  

$4rn m-2 4m m-2 h 

(i) ] + [(2m+3-4~)(2m-3)] x + ( 1 - Z V )  ( 2 m + 1 - 4 ~ )  'im-4 
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a n d  

I n  a d d i t i o n ,  

01" 3 + [ 1 + 4 ( l - v ) ( 2 m 2 - 1 ) ]  x 
( i  1 
m- 1 4m-4 + ( 1 - 2 v )  
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i n  w h i c h ,  

= 3 2 ( 1 - ~ ) ( 1 - 2 ~ )  m2(m2-l). ma 4m 

F o r  k=O and m > 3 ,  - t h e  a d d i t i o n a l  c o e f f i c i e n t s  a r e  

(i 1 (i 1 
"4m + ( 2 m + 3 - 4 v )  

m ' 4m - [ 2 m - 3 + 4 v ]  [ 4 ( 1 - v )  
m 

- 2 1 -  



(i) 
- (1-V) Yim-4' 

0 

m-3 when m>4 are Moreover, the results for k=l ¶2¶--- - 

(i) 
kA4m k B4m = [(1-2~)(2k+J)~ - 2(1-v)(4m2-l)] x (23) 

(i) ( i )  (i) 
'4m-2 2(1-2v) [ ~ ~ - ( k + l ) ~ I  ~4~ - m  - - a' + (k+l) 

k 4m-2 k k 

-22- 



T h e  c o n t r a c t i o n  k A 4 m  s t a n d s  f o r  

= 2 ~ 1 - ~ ) ( 1 - 2 ~ )  [ ( 2 k + 1 ) 2  - ( 2 m + l ) 2 ] [ ( 2 k + l ) 2  - ( 2 m - 1 ) 2 1 y  kA4m 

where k = 0 , 1  , 2 , - - -  , m-2. 

2 .  Even i n t e g e r s  o f  4m+2. F o l l o w i n g  the  same p r o c e -  

e t c .  f o r  m > l  - a r e  o b t a i n e d :  94m+23 d u r e ,  t he  f u n c t i o n s  f4m+2,  

s i n 2 ( m + l ) e  
( 2 )  

c o s 2 ( m + l ) e  + B4m+2 B4m+2 
(1 )  - - 

f4m+2 

s i n 2 ( k + l ) e ] ,  
in-1 ( 1 )  ( 2 )  

c o s 2 ( k + l ) e  + "4m+2 k + 1 "4m+2 k=o  k 
( 2 4 )  

( 2 )  
s i n 2 ( m + l ) e  + B4m+2 c o s 2 ( m + l ) e  

( 1 )  - - -  
B4m+2 94rn+2 

C 4 m + 2  c o s 2 m e l  
( 2 )  

s i n 2 m e  + + 2(rn+2-2v) [ -  C 4 m + 2  
( 1 )  

c o s 2 ( k + l ) e ] ,  
( 2 )  

'4m+2 + 
k 
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s i  n(  2 m + l )  e 
( 2 )  

A4m+2 cos(2m+l)e + 
( 1 )  - - 

A4m+2 h4m+2 

m - 1  ( 1 )  ( 2 )  
cos(2k+l)e + s i n ( 2 k + l  ) e ] .  

k + 1 [ Y4m+2 k=o  k 

(i) ( 1 )  
e t c .  "4m+2' k '4m+2 ' When m = l  and k=0,1, t h e  c o e f f i c i e n t s  

a r e  g i v e n  by 
k 

and 

-24 -  



7 The f i r s t  few recu r rence  r e l a t i o n s  a r e  (m>2) - 

= [8(l-~)(m-l)~ - 4(1-2~) m(m+l)l x 
( i )  

a4m+2 m-2 m- 2'4m+2 

( i )  

m - 2  
a" 3 - [4(m-1+2v)(m-l)] x 4m-2 + ( 1 - 2 v )  

= [ 4 ( 1 - 2 ~ ) ( m - l ) ~  - ~(I-v) m(m+1)] x 
( i  1 

m-ZA4m+2 m-2 '4m+2 

( i )  
3 + [4(m+2-2v)(m-1)] x + ( 1 - 2 v )  '2,-2 m- 2 

7The terms w i t h  s u b s c r i p t s  o f  t he  f o r m  4 m  may be f o u n d  i n  P a r t  
1 o f  t h i s  g r o u p  ( A ) .  
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and  

- - -  
a4m+2 ' m- 1 '4m+2 m- 1 

a n d  

= 0, m '4rn+2 
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( 3 )  
+ 2 ( 1 - v )  Y;/m-21' 

m-  1 

F o r  m13, t h e  terms i n v o l v f n g  k=O can b e  w r i t t e n  a s  

= [ 8 ( 1 - v )  - 4 ( 1 - 2 ~ )  m ( m + l ) ]  x 
( 1  3 

OA4m+2 "4m+2 

(i) ( $ 1  (i) 
= [ 4 ( m + 2 - 2 ~ ) ] [ 2 m  + ( J - 2 ~ )  a 4m- 'I 2 3 

OA4m+2 '4m+2 0 0 

-27- 



and t h e  remaining terms f o r  k=1,2,--- , m - 3  when m>4 - a r e  o b t a i n -  

a b l e  from 

(i) 
= [ 8 ( l - ~ ) ( k + l ) ~  - 4 ( 1 - 2 ~ )  m(m+ l ) ]  x 

kn4m+2 k "4m+2 

3 + [ 4 ( 1 - 2 ~ ) ( k + l ) ~  - 8 ( 1 - v )  m ( m + 7 ) ]  x 
( i )  

4m- 2 + ( 1 - 2 4  
k 

where 

= 3 2 ( 1 - v ) ( l - 2 ~ )  [ ( m + 1 l 2  - ( k + l > 2 1 [ m 2  - ( k + 1 l 2 1  kA4m+2 

- 28- 



and k=0,1 ,2,--- y m-2. 

T h i s  completes  t h e  s o l u t i o n  of f n ,  g n ,  h n  f o r  va lues  

of n=0 ,2 ,4 ,  e t c .  T h e  forms o f  these f u n c t i o n s  f o r  n=1 ,3 ,5 ,  e t c .  

remain t o  be found. 

Group ( B ) .  Now, l e t  the  f u n c t i o n s  f n ,  g n ,  h n  w i t h  n = l , 5 , 9 ,  

e t c .  and n=3,7 ,11 ,  e t c .  be t r e a t e d  s e p a r a t e l y .  

1: Odd in t ege r s  of  4m+l. T h e  s a t i s f a c t i o n  o f  e q u a t i o n s  

( 1 4 )  f o r  m > O  - r e q u i r e s  

1 cos(2m - 3 ) e  + ( 4 m - 5 + 8 ~ )  [ C 4 m + l  
( 1 )  

1 s i n ( 2 k  - Z ) e ] ,  
( 2 )  

"4m+l + 
k 
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1 s i n ( 2 m  + 7 ) e  
1 ( 2 )  

cos (2m + ? ) e  + *4m+l A4m+ 1 
( 1 )  - - 

4m+ 1 

1 s i n ( 2 k  + ~ ) e ] ,  
(2) 

Y4m+l 4- 

a n d  t h a t  

8 The c o e f f i c i e n t s  c o r r e s p o n d i n g  t o  m2l a r e  f o u n d  a s  

( i )  1 - [$4m-5+8v)(2m 1 - 2 ) ]  5 x 
'im- 3 + ( 1 - 2 ~ ) ( 4 m - 9 + 8 ~ )  

8The terms w i t h  s u b s c r i p t s  o f  the  f o r m  4m+3 a r e  g i v e n  i n  P a r t  
2 of  t h i s  g r o u p  ( B ) .  
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(i 1 = [~(4m+7-8~)(2m 1 - ;)I x 
m-lA4m+l m-l 4m+ 1 

(i) C;ime3] - [2(1-v)(2m + z)(2m 3 - 2)  1 + (1-2~)(4rn-9+8~) 

(i 1 
a '  4m- 1 - ( 4 m + l )  

0) 
Aim-3 m- 1 

- 4 ( 1 - V )  

- 3 1 -  



and 

(i) 

rn 
= 0. Y4m+l 

When m>2, - t h e  a d d i t i o n a l  r e c u r r e n c e  e q u a t i o n s  may b e  e s t a b l i s h e d :  

1 1 (i) - 1 - - 2 ( 4 m - 5 + 8 ~ ) ( 2 k  - 7)  [ ( Z k  - 2 )  
(i 1 

kA4m+1 a4m+l k 
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01' 
2 1 2  ( 1 )  1 ( 4  1 

4m- 1 = - (2m + s) 
k k '4m+l ( 1 - 2 v )  [ ( 2 m  + i) - ( 2 k  + T )  ] 

which, a r e  v a l i d  f o r  k=0,1 ,2,---  , m-2,  whi le  t h e  expres s ion  

3 2  2 
kA4m+1 = 2 ( 1 - v ) ( 1 - 2 v )  [(em + 7) - ( 2 k  - i) 3 x 

a p p l i e s  f o r  k = 0 , 1  , 2 , - - -  , m-1. 

2 .  Odd i n t e g e r s  of 4m+3. As b e f o r e ,  i t  can be v e r i f i e d  

t h a t  

5 sin(2m + s ) e  
5 (2) 

cos(2m + $ e  + B4m+3 B4m+3 
( 1 )  - - 

f4m+3 

1 cos(2m + $ e  + ( 4 m - 3 + 8 ~ )  [ C 4 m + 3  
( 1 )  

(1 )  1 c o s ( 2 k  + $ e  1 
s i n ( 2 m  + 2 ) e ]  + 1 [ '4m+3 

( 2 )  

C4m+3 k = o  k 
+ 

(2) s i n ( 2 k  + $?J], 1 
014m+3 + 

k 

-33- 



( 1 )  s i n ( 2 m  + 2)e 1 + ( 4 m + 9 - 8 ~ )  [ -  C 4 m + 3  

( 2 )  cos(2k + $ e ] ,  1 
@4m+3 + 

k 

s a t i s f y  e q u a t i o n s  ( 1 4 )  provided  

9 O m i t t i n g  t h e  d e t a i l s ,  t h e  r e su l t s  f o r  m i l  a r e  

( 1  1 5 1 m-lA4m+3 m-l “4m+3 = - [(1-2v)(Zm + T)(Zrn + 7 )  

’The terms w i t h  s u b s c r i p t s  o f  t h e  form 4m+l a r e  given i n  P a r t  
1 o f  t h e  group ( B ) .  
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and 

Finally, those terms for k=0,1 ,2,--- , m - 2  when m > 2  - are deter- 

mined: 
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where 

5 2  2 
kA4m+3 = 2(1-~)(1-2~) [(Zm + 5) - ( 2 k  + t )  ] x 

2 l 2  x [(Zm + i) - ( 2 k  + 3)  1, 

f o r  k=0,1 , 2 y - - -  m-1. 

Equat ions  ( 1 7 )  t h r o u g h  ( 4 0 )  c o n s t i t u t e  a gene ra l  

s o l u t i o n  of t he  three-d imens iona l  e q u a t i o n s  o f  l i n e a r  e l a s t i c -  

i t y  f o r  the  h a l f - p l a n e  c rack  p r o b l e m .  The f u n c t i o n s  f n ,  g n y  

h n  ( n = 0 , 1 , 2 , - - - )  may be p u t  i n t o  e q u a t i o n s  (12) and (13)  f o r  

t h e  d e t e r m i n a t i o n  o f  d i sp lacements  and s t r e s s e s  a t  a l l  i n t e r -  

e s t i n g  p o i n t s  b o t h  n e a r  t o  and f a r  f rom t h e  edge o f  t h e  c rack .  

THREE-DIMENSIONAL STRESS DISTRIBUTION 

Having e s t a b l i s h e d  the  r e c u r r e n c e  r e l a t i o n s  f o r  the  d i s -  

placement f u n c t i o n s ,  i t  i s  i n  o r d e r  t o  c a l c u l a t e  t h e  t h ree -  

dimensional  s t r e s ses  f o r  each va lue  o f  n i n  e q u a t i o n s  ( 1 3 ) .  

The fo l lowing  n o t a t i o n  w i l l  be adopted:  

m m 

F i r s t ,  c o n s i d e r  t h e  case  o f  n = O ,  where f o y  g o  and h o  a r e  g iven  

by e q u a t i o n s  ( 1 5 ) .  Upon s u b s t i t u t i o n  o f  t h e  a p p r o p r i a t e  s t r e s s  

components i n t o  t h e  f r e e  c rack  s u r f a c e  boundary c o n d i t i o n s  i n  

-38-  



e q u a t i o n  (9), t h e r e  r e su l t s  

( i )  - C o  = 0 ,  i = 1 , 2  
(2) 

A. - 

and hence e q u a t i o n s  ( 1 5 )  a r e  s i m p l i f i e d  a c c o r d i n g l y .  These 

c o n s i d e r a t i o n s  l e a d  t o  t he  van i sh ing  of a l l  s t r e s s e s  f o r  n = O ,  

i . e . ,  

For the  purpose o f  i l l u s t r a t i n g  the use o f  t h e  r e c u r r e n c e  f o r -  

mulas ,  s t r e s s  s o l u t i o n s  f o r  n = l , 2 , 3 , 4  w i l l  be worked o u t .  

Even i n t e g e r s  o f  n .  

1 .  - n = 2 .  From e q u a t i o n  (9), i t  i s  n o t  d i f f i c u l t  t o  show 

t h a t  

and t h u s  



I t  i s  appa ren t  from e q u a t i o n s  (13) t h a t  f o r  n=2,  the  s t resses  

a r e  independent  o f  r:  

2 .  - n=4. Now, apply ing  equa t ions  ( 4 1 )  and ( 4 3 ) ,  t h e  

q u a n t i t i e s  i n  equa t ions  (18)  become 
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and 

These c o e f f i c i e n t s  determine f q Y  g4 a n d  h 4  i n  e q u a t i o n s  ( 1 7 )  

which i n  t u r n  g ive  ( a e ) 4 r  ( r r e ) 4  a n d  ( T ~ ~ ) ~ .  The c o n d i t i o n s  

i n  equa t ion  ( 9 )  a r e  thus  s a t i s f i e d  by t a k i n g  

T h i s  l e a d s  t o  

( 1 )  1 B 4  [cos3e + ( 1 - 4 ~ )   COS^] - 
f 4  - 

( 1 )  
A h  1 B 4  [ s i n 3 e  + ( 1 - 4 ~ )  s i n e ]  - g [ ( 1 + 2 v )  

(2) + 

B 6  s i n e ,  
1 (2) 

B6] cos8 + v 
( 1  1 

+ ( 1 - v )  

1 B 4  Csin3e - 3 (5-4v) s i n e ]  
( 1  1 - 94 - - 
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B; cose ,  
1 ( 2 )  

B;] s i n e  - 7 v 
( 1 )  

+ ( l + v )  

A;]. 
1 ( 2 )  1 ( 1  1 ( 1 )  

C; s i n 2 0  - [ B; + A4 c o s 2 e  - ( 1  1 - 
h 4  - 

a n d  t h e r e f o r e  

B;] c o s e ,  
1 ( 1 )  ( 3 )  

B4 ( s i n 3 e  + s i n e )  - 3 [ A; + 
( 2 )  

+ 2  

B4 (Cos30  - c o s e )  
- 1  (1  1 

r ( o ~ ) ~  = - 2 

B4 ( s i n 3 0  - 3 s i n e ) ,  
( 2 )  

- 2  

- 4 2 -  



I t  i s  c l e a r  t h a t  a l l  terms c o n t a i n i n g  p o s i t i v e  i n t e g e r  powers 

o f  r remain f i n i t e  as  r+O. 

Odd i n t e g e r s  o f  n .  

1. - n = l .  T h i s  p o r t i o n  o f  t h e  s o l u t i o n  w i l l  g ive  r i s e  t o  

s i n g u l a r i t i e s  i n  t h e  s t r e s s e s .  The v a n i s h i n g  o f  t h e  s t r e s s e s  

a t  e = * IT r ende r s  

from which i t  can be deduced t h a t  
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6 B 1  [COS 2 3 6  - ( 5 - 8 ~ )  cos 23 ( 1  1 - 
f l  - 

3e ( 5 - 8 ~ )  s i n  21. 9 
3 B 1  [ s i n  2 - ( 2 )  + 

B 1  [ s i n  2 3 9  - (7-8u) s i n  $1 
( 1 )  - 91 - - 

e A l  s i n  
( 2 )  - 

h l  - 

The s t r e s s e s ,  which become unbounded at r=O, a r e  f o u n d  t o  be 

1 ( 2 )  3 9  - 5 s i n  2 ) .  e + B 1  ( s i n  2 - 3 

1 (2) 39 9 - 2 B1 ( s i n  2 + s i n  7)y 
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1 ( 2 )  1 8 3 e  + 7j- cos z), + 7 B 1  ( C O S  2 

2.  c. The r e l a t i o n s  necessary t o  meet the condit ions  in 

equation ( 9 )  are 

which may be used t o  g i v e  

58 8 B 3  [ C O S  2' + ( 3 - 8 ~ )  C O S  71 
( 1 )  - 

f 3  - 
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B 3  [ s i n  - 58 - (9-8v) s i n  $1 ( 1 )  - 
2 93 - - 

58 
2 5 B 3  [ C O S  - - (9-8v) C O S  $1 (2) + 

8 A i  C O S  ~3 

( 2 )  - -  ;5 ( 1 - 2 v )  

1 38 8 B; [- 3 (7-8~) C O S  2 + COS 21 
(11 

h 3  = 2 

(2) 0 3e B i  s i n  7 ,  A 3  s i n  2 + 3  
(2) + 

and t h e  s t r e s s e s  become 

r - 1 / 2 ( " r ) 3  = 7 ( 1  1 B 3  ( cos  2 58  + 3 cos 9) 

8 Ai s i n  7,  
3 (2) 3 1 (2) 

+ - B 3  ( s i n  - 5 e  + s i n  $1 - 2 2 

r -1/2("8)3 = - '2- 3 ( 1 )  58 
2 B 3  ( cos  - - 5 cos $) 

8 58 s i n  71, B~ ( s i n  - - (2) 
- 7  2 
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8 B 3  s i n  71 
(1) e 1  ( 2 )  

r - 1 / 2 ( 0 z ) 3  = 12v  [ B 3  cos + 5 

8 A i  s in  7, 
1 ( 2 )  

+ 5 ( 5 + 4 v )  

3 ( 2 )  58 1 8 B 3  ( C O S  2 - 5 cos y) + - 2 

1 ( 2 )  38 2 8 5 ( 3 - 4 v )  cos 71, + 2 B i  [ C O S  2 - 

38 Bi [ ( 3 - 4 ~ )  C O S  2 + ( 1 - 4 ~ )  C O S  $1 
( 1 )  - 1 / 2  - r ( 4 3  - - 

3 ( 2 )  3 8  1 ( 2 )  3 8  
+ T  2 1 2 + B '  [ s i n  - A 3  s i n  - 

2 8 - 3 ( 1 - 4 v )  s in  71. 

The same procedure be fol lowed f o r  t h e  develop- 

ment o f  t h e  r ecu r rence  r e l a t i o n s ' '  f o r  t h e  s t r e s s  components. 

"Because o f  space l i m i t a t i o n ,  t h e s e  r e l a t i o n s h i p s  w i l l  n o t  be 
given h e r e ,  b u t  w i l l  be r epor t ed  i n  a subsequent  communication. 
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T h e  c o e f f i c i e n t s  

B n ,  i = l  ,2; n=l  ,2,---  
( i )  ( i  1 

A n  9 

i n  equa t ions  ( 4 4 ) ,  (47), ( 4 9 )  a n d  ( 5 1 )  depend on t h e  v a r i a b l e  

z and they  a r e  t o  be determined from t h e  l o a d i n g  c o n d i t i o n s  

o f  t h e  problem under cons idera t i ,on .  

O f  p a r t i c u l a r  i n t e r e s t  i s  t h e  behavior  o f  t h e  s t r e s s  

s o l u t i o n  i n  t h e  l i m i t  as t he  d i s t a n c e  r tends  t o  ze ro .  The 

terms t h a t  approach h igh ,  mathemat ica l ly  i n f i n i t e ,  va lues  a t  

r=O a r e  t h o s e  shown in  equa t ions  ( 4 9 ) .  In c o n t r a s t  t o  t h e  two- 

dimensional s o l u t i o n ,  a l l  s i x  components of t h e  s t r e s s  t e n s o r  

a r e  p r e s e n t  i n  t h e  immediate v i c i n i t y  o f  t he  crack f r o n t ,  a n d  

they a l l  vary as t h e  i n v e r s e  squa re  r o o t  o f  t he  r a d i a l  d i s t a n c e  

B1  ( i = 1 , 2 ) 9  which vary a long  t h e  r.  The c o e f f i c i e n t s  

l ead ing  edge o f  t h e  c r a c k ,  may be p h y s i c a l l y  i n t e r p r e t a t e d  as 

q u a n t i t i e s  t h a t  r e f l e c t  t h e  r e d i s t r i b u t i o n  o f  t h e  three-dimen- 

s i o n a l  s t r e s s e s  i n  a s o l i d  due t o  t h e  i n t r o d u c t i o n  o f  a p lane  

c rack .  In f a c t ,  equa t ions  ( 4 9 )  r e p r e s e n t  t he  most gene ra l  

s t r e s s  s t a t e  near  t h e  crack border  a n d  i nc lude  t h e  two-dimen- 

s i o n a l  problems o f  plane ex tens ion  [SI a n d  l o n g i t u d i n a l  s h e a r  

[ 1 3 ]  as  s p e c i a l  c a s e s :  

( 1 )  0 )  
A1 ’ 

1 .  Plane e x t e n s i o n .  

I f  t h e  c o e f f i c i e n t s  i n  equa t ions  ( 4 9 )  a r e  inde -  

pendent o f  z a n d  such t h a t  
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- 3 k ~  - cons t .  
( 2 )  

- c o n s t . ,  Bl -2r/z.- ( 1 )  - k l  
A 1  = 0, B 1 - - - -  

(2) 

2 J z -  

then the  two-dimensional problem of  p lane  s t r a i n  i s  recovered .  

T h e  parameters  k l  and k 2  [14] a r e  known, r e s p e c t i v e l y ,  a s  t h e  

c r a c k - t i p  s t r e s s - i n t e n s i t y  f a c t o r s  f o r  l oads  a p p l i e d  symmetri- 

c a l l y  and skew-symmetrically w i t h  r e s p e c t  t o  t h e  l i n e  c rack .  

2 .  Longi tudina l  Shear .  

On the  o t h e r  hand, i f  

( i )  
A1 = 2 a  k g  = c o n s t . ,  B l  = 0 ,  i = 1 , 2  

the  s t r e s s  s t a t e  i n  e q u a t i o n s  (49 )  r e p r e s e n t  t h a t  of a c rack  

u n d e r  a n t i - p l a n e  s h e a r  deformation and k g  i s  t h e  corresponding 

c r a c k - t i p  s t r e s s - i n t e n s i  t y  f a c t o r .  

I t  should  be noted i n  pas s ing  t h a t  equa t ions  

(49)  a l s o  d i s p l a y  t h e  three-d imens iona l  c h a r a c t e r  of t h e  s i n -  

g u l a r  s t r e s ses  i n t e r i o r  t o  a t h i c k  p l a t e  con ta in ing  a through 

c rack .  On the  s u r f a c e  l a y e r s ,  where the  crack p e n e t r a t e s  

through t h e  p l a t e ,  s i n g u l a r i t i e s  of o r d e r  d i f f e r e n t  from r -l/Z 

may e x i s t .  Neve r the l e s s ,  t h e  p r e s e n t  a n a l y s i s  does i n d i c a t e  

t h a t  t h e  c rack  problem s o l u t i o n  of H a r t r a n f t  and S i h  [15], 

based on t h e . R e i s s n e r ' s  t heo ry  of p l a t e  bending, indeed pos -  

sesses  the  c o r r e c t  f u n c t i o n a l  r e l a t i o n s h i p  of t he  in -p lane  
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s t r e s s e s  t o  r and e f o r  va lues  o f  l z l < h / 2 ,  where z i s  t h e  

t h i c k n e s s  c o o r d i n a t e  a n d  h t h e  p l a t e  t h i c k n e s s .  For  f u r t h e r  

d i s c u s s i o n  o f  t h e  thickne 'ss  problem, t h e  r e a d e r  may r e f e r  t o  

t h e  work o f  S i h  e t  a1 [16]. 

W E D G E  P R O B L E M S  I N  T H R E E - D I M E N S I O N S  

A s  mentioned e a r l i e r ,  t h e  e i g e n f u n c t i o n  expansion method 

o u t l i n e d  here  may a l s o  be used f o r  examining t h e  three-dimen- 

s i o n a l  s t r e s s  d i s t r i b u t i o n  nea r  a V-shaped notch i n  a n  i n f i n i t e  

s o l i d .  S i m i l a r  t o  t h e  two-dimensional ca se  [7], unbounded 

s t r e s s e s  may occur  f o r  c e r t a i n  notch ang le s  depending o n  t h e  

boundary c o n d i t i o n s  s p e c i f i e d  on t h e  r a d i a l  edges o f  t h e  no tch .  

The t h r e e  p o s s i b l e  combinat ions o f  boundary c o n d i t i o n s  a r e  

1 .  Free-Free .  

2. C l  amped- C 1  amped. 

- u r  - v e  = w z  = 0 ,  a t  e = f 

3 .  Clamped-Free. 

(53) 

- - u r  - v 0  - w z  = 0 ,  a t  e = - a 
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T h e  boundaries  o f  t h e  notch o r  wedge a r e  desc r ibed  by 

To f i x  i d e a s ,  cons ide r  t h e  case o f  f r e e - f r e e  edges .  The 

s i x  boundary c o n d i t i o n s  i n  equa t ions  ( 5 2 )  y i e l d  t h e  same ex- 

p r e s s i o n s  a s  those i n  equa t ions  ( 1 0 )  provided T i s  r ep laced  by 

a. However, t h e r e  r e s u l t s  f o u r  s e t s  o f  e igenva lues  x ( i = 1 ,  

2 , - - -  Y 4): 

( i )  

m 

s i n  201, 
( 2 )  x s in  2x cc = - ( 2 )  

m m 

where m=0,1 ,2,--- . Note t h a t  t he  f i r s t  two e igenequa t ions  i n  

equa t ions  ( 5 5 )  co inc ide  w i t h  those  o b t a i n e d  by Williams [7 ]  f o r  
( 3 )  (4) 

t h e  p l a n a r  a n a l y s i s ,  while  t h e  e igenva lues  x a n d  x c o r r e -  

s p o n d  t o  t hose  found by S i h  [13; f o r  t h e  problem of a s e c t o r  

c y l i n d e r  under l o n g i t u d i n a l  s h e a r .  I n  t h e  three-d imens iona l  

c a s e ,  t h e  f o u r  s e t s  of  A occur s imul t aneous ly .  I t  fo l lows  

m m 

( $ 1  
m 
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t h a t  t he  components o f  t h e  d isp lacement  v e c t o r  a r e  given by 

F o r  t h i s  problem, t h e  s t r e s s  components i n  e q u a t i o n s  ( 6 )  f o r  

each of  t h e  f o u r  e igenva lues  A ( i )  must be summed i n  i from one 

t o  f o u r  a s  i t  was done  i n  e q u a t i o n s  (56 )  f o r  t h e  d i sp lacemen t s .  

The cases  of clamped-clamped and clamped-free edges w a r r a n t  

no fu r the r  comments, s i n c e  they  may be t r e a t e d  i n  the  same way. 

CONCLUSIONS 

T h e  e i g e n f u n c t i o n  expansion t e c h n i q u e ,  used p r e v i o u s l y  f o r  

ana lyz ing  two-dimensional c r ack  and wedge problems, has been 

ex tended  t o  t he  th ree -d imens iona l  ca se .  The t h r e e  d i sp lacemen t  

components v a l i d  everywhere i n  the  i n f i n i t e  s o l i d  weakened by 

a h a l f - p l a n e  c rack  a r e  d e r i v e d  i n  c l o s e d  form. The p e r t i n e n t  

s t eps  f o r  f i n d i n g  t h e  r e c u r r e n c e  r e l a t i o n s  of  t h e  s t ress  com- 

ponents  a r e  a l s o  l a i d  o u t  i n  d e t a i l .  In p a r t i c u l a r ,  the  s i n g u -  
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l a r  behav io r  o f  t he  three-d imens iona l  s t r e s s  f i e l d  n e a r  a 

s t r a i g h t - e d g e d  c rack  i s  e x h i b i t e d  f o r  the  f i r s t  t ime.  

I t  i s  a n t i c i p a t e d  t h a t  f u r t h e r  e x p l o i t a t i o n  of t h e  present 

i n v e s t i g a t i o n  w i l l  p rov ide  a knowledge of  t h e  s t r u c t u r e  of  t h e  

s t r e s s  coe f f  i c i  en t s  B n  f o r  problems of h a l f - p l a n e  

c r a c k s  opened by c o n c e n t r a t e d  normal and s h e a r  f o r c e s .  

( i )  ( $ 1  
A n  and 
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