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Abstract

The physics of planetary radiation fields has been re-examined to
derive formulae describing analytically the heating and cooling processes
of the Martian atmosphere in local thermodynamic equilibrium (LTE). The
computational algorithm required for the numerical solution of the radi-
ative heating and cooling in the Martian atmosphere has been outlined.
Spectral data for near and far IR co, bands have been provided.

A model was assumed for the Martian atmosphere in LTE, characterized
by 100%Z CO,, plane-parallel stratification, with no particulates embedded,
scattering by molecules excluded, and neglecting the reflection of solar
radiation at the ground. However, radiative equilibrium has not been
assumed, because this assumption would have made the heating and cooling
rates identically zero. Since mechanisms other than radiation are assumed
to transport heat in the atmosphere, the condition of radiative equilibrium
would be senseless.

A quasi-random model has been used to arrive at an appropriate analytic
form of the transmission function. This function is then inserted in the
mathematical expressions of the integrated upward and downward fluxes at
the parametric reference level. The downward flux formula includes solar
radiation and atmospheric long-wave radiation, whereas the upward flux
expression involves the Martian surface and atmospheric layer radiation.

The numerical values of Co, transmission in the spectral region from
1 - 20 micron have been calculated by Stull, Wyatt and Plass. The appro-

priate band parameters were obtained from Prabhakara and Hogan's investi-
gation.

The radiative transfer theory, its computational algorithm, and the
spectral data of CO, and solar radiation for the Martian atmosphere, as
presented in this paper, provide the means for computing the radiative
heating and cooling rates for the atmosphere of Mars at any latitude, once
the temperature sounding is given for the location.
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"I, Introduction

1 - The adopted model of the Martian atmosphere.

In order to formulate analytically the circulation of the Martian
atmosphere, the radiative processes must be considered. The physical
need for this consideration may be seen in the way an atmospheric system
receives and converts radiant energy, i. e., absorbing solar radiation
and truly emitting long-wave radiation by means of an intrinsic transfer
mechanism. Because of the complexity of the interaction between various
layers of the Martian atmosphere and the radiation quanta of numerous
frequencies and different directions, it is advisable to define an atmos-
pheric model. The one adopted here is described by means of the following

conditions:

1) the atmosphere is planetary and finite consisting of 100% COZ;
no other constituent considered;

2) no suspensoids in this model atmosphere; model "air" is clean;

3) no scattering present (for clean "air" it would be a Rayleigh
type of scattering);

4) 1local thermodynamic equilibrium (LTE) existent up to 50 km.;
5) Doppler broadening of the spectral lines negligible (this as-
sumption appears to be less critical than the one of LTE);

Doppler broadening might become important beyond 80 km. in the
Martian atmosphere;
6) the surface of Mars as the lower boundary of its atmosphere is

assumed not to reflect any solar radiation, although the ground

is represented by an infinitely large optical depth with respect



to IR radiation; the latter assumption is applied to terrestriél
conditions.
At this point, it is proposed to plan further study in this sector

in such a way that the set of assumptions is gradually diminished. Modifi-~
cations of the rather restricted model should be expected, if other com-
stituents are permitted or scattering is included, to give but two examples.
Since the computations of the heating and cooling rates will be carried out
from the ground level up to 50 km., no photochemical processes will be dis-
cussed in this report. Those processes become increasingly important beyond
65 km., where the molecules and atoms emit and absorb at a rate which is

determined by the incident radiation rather than by their temperature.
2 - The heating and cooling rate.

As known from the terrestrial atmosphere, there is a very essential
connection between radiative transfer and atmospheric fluid motion. If one
wants to obtain deeper insight into the nature of atmospheric motions,
specially those created in the convective troposphere, one must investigate
the distribution of the radiative fluxes and their connection with advective,
turbulent and molecular heat fluxes.

The heating or cooling rate in an atmospheric fluid system is given

by Goody (1964) as:

(1) h =-V+F ="V'(f_r_+f_g+f_t_+_F_)‘

where

F : total heat flux Ft: turbulent heat flux
Fr: radiative heat flux Fm: molecular heat flux
Fa: advective heat flux h = pc:BT(xzz,zzt)

— it




The concept "flux" used here actually means net flux. Thus, it is
realized that the radiative net fluxes should be considered in order to
obtain the radiative heating or cooling rates. These are given, as the
above formula shows, by means of the divergence of the radiative heat flux.
Since the assumption is generally made that a planetary atmosphere con-

sists of plane-parallel lavers of homogeneous and isotropic distribution

of matter, only the vertical divergence needs to be taken into account.

The computational details will be discussed in section III.



II. The derivation of the heating and cooling rates.
1 - Schwarzschild's equation of radiative transfer.

A critical review of the basic radiative transfer formulae and their
derivations is appropriate. The procedure chosen is related to the ana-
lytical development Kourganoff (1963) has presented.

The equation of radiative transfer according to Schwarzschild (1906)
is given by:

(2) w4 Ty, = Iy0u,v) Sfu(x,v)
p(x) *x, (x,v) dx
which is the analytical form referring to
1) a plane parallel atmosphere
and 2) radiation within the spectral interval (v,v+dv).
The symbols have the following meaning:

M = cosf® : with 6: zenith angle

p(x) : density of the radiatively active matter as a function of the
depth x

k,(x,v) ¢ mass absorption coefficient for radiation within the spectral
range (v,v+dv).

I, : spectral specific intensity of radiation

%-v ¢ source function

The underlying geometry is indicated by Figure 1.




X=E,

L,

7777 S

\

FIG |



2 - Kirchhoff's law.

The assumption is made that Kirchhoff's law is valid:

(3 Fv = vley" By(D

where jvis the spectral emission coefficient defined by:

(4) {y = dEv
v dvdwdtdm

with

dE,: differential of the spectral energy

dw : elementary solid angle (steradian)

dm : elementary mass

Uy, index of refraction (function of frequency v)

Ky ! spectral absorption coefficient defined by dIv = - Ivapds

Bv : spectral specific intensity of black radiation (or better enclosure

radiation).

It follows from the validity of Kirchhoff's law that molecular col-
lisions are of sufficient importance as a cause of molecular absorptions
and emissions. Collision battering happens at a large enough rate, so
that the molecules assume a state characteristic of thermodynamic equili-

brium at the temperature T.

3 - Local Thermodynamic Equilibrium (LTE)

The concept of Local Thermodynamic Equilibrium was defined by
Schwarzschild (1906). It is intimately comnected with Kirchhoff's law.
The circumstance under which Kirchhoff's law holds implies that each

elementary volume of an atmosphere can be understood to behave like an



" enclosure as defined by Kirchhoff. It represents a physical system to
which a temperature can be ascribed, so that the local properties of the
system are described by Planck's radiation law and Kirchhoff's law.
Chandrasekhar (1960) formulated the concept of local thermodynamic equili-
brium in the following way:

an atmosphere is said to be in LTE when it is possible

to define at each point in the atmosphere a temperature

T such that the coefficients of absorption and emission
are related according to the laws of Kirchhoff and Planck.

4 - The integral of the Schwarzschild equation with respect to the depth x.

Within the domain of validity of Kirchhoff's law, we find that the
source function?}v is identical to the Planck function of enclosure radi-

ation:
(5) Fo=do =5
Ko
If u,=1, Schwarzschild's equation assumes the form

(6) w0 é TI,(x,u,v) = I,(x,u,v) - B(T)
p (x)xy (x,v) dx
Keurganoff introduces at this point the optical depth
X
) Ty= T(x,V) =fo(e:)»<\, (€,v)dE
-00
We do not follow that course, but rather keep the geometric depth x

as the explicit independent variable. Depth rather than height has been
taken for convenience in order to keep the march of the optical and the
geometric variable parallel and of the same orientation. The origin of

the x-axis will be put at the altitude of 50 km. The Martian ground sur-



face is found at x = 50 km. The Schwarzschild equation, as given under
(6), describes the transfer of radiation of a specified frequency in a
given direction u, when the re-emission is defined by the Planck function
B, of the corresponding geometric depth x.

For a specified frequency, the complete "formal" solution is con-

sidered to be:

(8) 1 (XO9UaV) = X e
Xo
- eprB(a)n\,(s,v)gg] B, (E,v) . exp[-ﬁ(s*nv(a*,u)g_;*] o (E)k (E,v)dE
2 e H A e H H

In order to determine the constant of integration c, the distinction be-
tween the upward intensity Iv+’ and downward intensity Iv ,» is introduced.

Thus we have

9) Iv_(xo’u,\’) = x

Xo = * * * * * *
ﬁv@’\’) exp[—ﬁ(a Yk, (€ ,v)dE +j§(a ), (€ ,v)_d_E:*]p(a)Kv(s,v)gg
° o ° U u

A -0
* * % 0 % * *
-l:/;\,(a,v) exp[‘ﬁ)(i Yy (€ ,v)dE +j?>(£ Yk, (8 ,V)HE |p(E)k (E,v)dE
c A v u (-w)

For convenience, the expression may be rewritten in the form

xD (-
(10) I\,_(XO,H,V) = Bv(gs\))ﬁ[ (xo_g) Y ,U]dg'{Bv(E,V)ﬁ[ (XO-E) s | ,V]dg
13 A 13
with
9: transmission function, where

(11) exp[;f§52+ffxo)] = fr[(xo-i),u,V]

u

and

(12) éﬁ[(xo-a),v,u] = exp|=£(O)+(xy) | £'(E) ;u< o for I,
3E n (-u) -



The analytical form of Iv-(xo’u’v) represents the downward intensity
at the level X in the direction u of the frequency v. The first term on
the right~hand side of the equation (10) represents contributions of radi-
ation from source functions corresponding to layers above X, up to the top
of the atmosphere. The second term describes contributions from sources
in outer space beyond 50 km. of altitude. This term is definitely negli-
gible for the far IR radiation, whereas the near IR radiation (1 - 5 micron)
contained in the solar spectrum must be considered for an evaluation of the
(spectral specific) downward intensity, as can be seen in Figure 2 with
respect to CO, absorption bands,

Similarly, we find as the anmalytical expression for the upward intensity

(13) I\H_(Xo,u s\’) =
LS

* * * * * * *
va(E,v) eXP[-ﬁ’(E )k, (€ ,v)dE -t[p(i Yey (& ,v)de ]-p(& )k, (€,v)dE
X, ® ¢ o M H
This is conveniently rewritten as
X

(14) I\,+(xo,u,v) = Bv(s,v)_g%’[(s-xo),v,u]dg

Taking into account that for practical purposes the ground is a black

body within the IR range, we may split the right-hand integral and obtain

(15) Iv+(xo,u,v)= .

Xs o
‘/‘BV(E,\))?}T_[ (g-—xo) ,u,v]di*ﬁv(i,v)ﬁ[(ﬁ—xo) ,LU\)]dE
9L 9k

xg
or better
’.
(16) I\)+(x0’u’\)) =B\)(xs’vﬂ[(xs-x0) :Us\’] +va(€,v)é__ﬁﬂ£'[(E-Xo),u,v]d€
g
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"It can easily be seen that the part of the radiation which is emitted
from the ground surface, is included here by having the integration ex-

tended to infinity. The underlying geometry is shown in Figure 3.

5 - The integral of the Schwarzschild equation with respect to the zenith

and the dzimuth angles.

So far, only "monochromatic beams'" were considered. In order to
arrive at fluxes, an integration over the hemispheres must be carried
out. Conveniently, the spherical coordinates (zenith distance and azimuth)
may be taken.

First, the spectral (monochromatic) downward intensity is considered.
Elsasser (1960) has shown that under the condition of independence from
the azimuth angle (isotropy condition as stipulated earlier), the downward

flux may be written as
L
(17) Fy_ = 27 Iv(e) cosBsindde
e
For the upward flux we find
*/2
(18) F\)+ = 2% Iv(e)cosesinede

°
For black body radiation, the spectral flux, under the restrictions in-

dicated before, is related to the Planck function by
(19) F = 7B

where F, b is the spectral net flux for black body radiation. If an atmos-
?

pheric layer of thickness (x2 - xl) is considered, one finds for a beam

(20) I\’ = Iv;y[ (Xz-xl)su ’V]

11
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" Integrating over the hemisphere, yields

w
(21) Fv— = 2(7l o) ?T(xz—xl),v,u]cosesinede
Y
w2
and
/2
(22) F\)+ = 2("Iv o) ﬁI(xZ-xl),u,v]cosesinede
3

0

These two equations may be rewritten, using F B,, yielding

=T
v,b

(23) F,_= F;’o?;[(xz—xl),u,v]; <o

with
w

(24) 3’F[(x2—x1),v,u] = 2 7[ (xz-xl),\),u]cosesinede

wa

as the flux transmissivity;

correspondingly:
=5 o .
(25) F\H" = F\’,O F[(xz_xl)’V’U]: >0

Due to Elsasser (1960), the shape of the‘?; ~ function is in all
practical cases very similar to that of the beam transmissivity; there

is only a slight shift on the x-scale:
(26) Tl (x,x1),0] =T11.60(xy-x,) ]

The factor 1.6 is to be entered into the implicit function of depth.

13




6 - The integral with respect to the frequency: total flux.

The integration over the frequency may be carried out in two steps:
(1) expanding from an infinitesimal dv to a finite Av by means of

27y TI=_1 fIvdv=_Lexp[—K\i/;>dx]dv
I,Av Av

a
(2) then, the full integration may be performed.

Thus, the integration over the frequency and zenith plus azimuth
angles simply calls for the replacement of the intensity I,, by the flux

F and frby 7. Doing this, we have finally

F
w© X,
(28) F_(x) = gd\fnv(g,v)g_a;[ (x_-E) ,v]dE+
© -] E
+(flux term of depleted solar near-IR rad.)
and
d
29) P Gxp) = 7B, 0y s IT,LGx e ) wlav
°
© Ko
+n dvf B, (6, [ (6x,) ) e
s - JXg €

Before we reformulate these two expressions, to have them in a more

convenient form for the numerical evaluation, we need to discuss the

transmission function further.

7 - The transmission function.

Prabhakara and Hogan (1965) have suggested a "statistical" model
transmission function of CO2 for which the line intensity is uniform within
a given interval of a band, but varies from interval to interval. The

ratio of line half-width, a, to line spacing, d, is held constant for a

particular band.

14



"In its general form the transmission function reads

(30) = exp—[éxe—x[lo(x)+11(x)ﬂ
with x = Sw
Zyo
and B = 2ra
d
S: integrated line intensity a: half-width
w: radiational path length d: spacing

For the numerical evaluation of (Io + Il) as a function of x, see for
instance Jahnke & Emde, (1945, who named the Bessel functions of im-—
aginary argument Jo(ix) and —iJl(ix)).

Prabhakara & Hogan (1965) provide a table in which the band para-
meters X, and Bo (STP condition) are listed for the near IR absorption
of 002 as well as 15 micron far IR band. The listing has been based on
a thorough investigation of the CO2 transmission in the region from 1 - 20
micron. The pressure range considered runs from'l atm to 0.0l atm. (The
investigation has been carried out by Stull, Wyatt and Plass, 1963.)

The present author checked very carefully all the formulae offered
by Prabhakara & Hogan (1965) as well as those published by Elsasser (1960)
and removed minor inconsistencies. The radiational path-length through
the absorbing gas has been reduced to standard temperature and pressure

(STP) conditions and is given by

o

(31) w= g:_zg sec6de,
P° T
Xo
where secf<o for Iv-

and sec6>0 for I\,+

15




Since the self-broadening of the CO2 spectral lines is very efficient,~
a factor 1.3 to the pressure is appropriate, as indicated by Robinson

(1966). The effective pressure is, therefore,

P* = 1.3p

instead of p.

By means of the band parameters at STP

(32) S.Po
210, = C1
and
(33) 2m0g _ c
p.d 2

and the actual values of the atmospheric pressure and the radiational path-
length, the actual band parameters x and B can easily be computed.

As Prabhakara & Hogan (1965) mention, Hanel and Barko (1964) found
that the temperature dependence of the integrated line intensity S is neg-
ligible for the near IR bands up to 5 micron. However, it must be taken
into account for the 15 micron band. The present author has made numerical
computations for various cases in the far IR range and has come to the con-
clusion that neglecting this dependence would introduce essential error.
The analytical expression for the integrated line intensity as a function

of temperature is given by

(34) S = So-exp[}(%r.’ %ﬂ
o

16



" where
S ¢ the line intensity at temperature T
Sy the line intensity at temperature T, (273°K)
I' ¢ coefficient of temperature dependence of the line intensity.
To put more emphasis on this matter, an example is given for the 825 em L
spectral line:
= o = 0 3
suppose T = 1507K, To = 273K, and T = 3 x 107,

By applying formula (34), we obtain
S = §,(1.2 x 1074).

This remarkable result shows how strongly the integrated line inten-
sity depends on the temperature. The result is, however, not surprising
if one remembers that in the kinetic gas theory the temperature is interpreted
as the average kinetic energy of the molecules, i.e. the very collision
activity which is so crucial for the existence of LTE.

The present author has carried out a series of computations to establish
consistency between his results and those presented by Prabhakara & Hogan
(1965). The agreement is very satisfactory. One of the questions checked
was whether or not the strong line approximation is good enough for the
weak lines of the near IR absorption bands of CO,. Although there was a
difference in the resulting numerical value of the transmission function
in its general form and the one in the form for strong lines, the difference
is judged to be of minor importance, because the transmission for the weak
lines is very large, that is to say, the absorption is very small. Therefore,

in the present model of the Martian atmosphere of 100%Z CO_, with the con-

2

centration of the gas gradually but continuously decreasing in the vertical,

17




the difference between the general form and the strong

line approximation of the transmission function is as-~

suned to be immaterial. (First approximation)
Finally, the special form of the transmission function is obtained

incorporating all the specifications discussed in this section:

/4 2 V2 /2
35 T = exp- 0.8C2(;9) (;ﬁ%g) %xp F(%&-' %ﬂ]-[w(l.3p)]
° )

Taking as the average temperature between O and 50 km. T = 180°K, we find
(TO/T¥+= (273/180¥z= 1.11. 1If the total range of the temperature in the
Martian troposphere and stratosphere is assumed to run from 150°K to 234°K,
an inaccuracy of %67 is introduced by taking the average temperature in-
stead of the actual level temperature (maximum deviation).

Multiplying through all numerical factors, i.e., 0.8, 1.11, (1.3?1,
we obtain 1.01 which is taken as 1.

Thus, we have for the transmission function

(36) T= exp—[fc_l'C exp I‘(%_o = E)']/?V‘w;]

_ 1V
The expression (exp F[l— %]) assumes the numerical value 1.0 in the case

To

of the near IR bands, as mentioned above. However, for the far IR bands
about 15 micron, the numerical value of T varies by more than one order of
magnitude. A listing of the numerical values of this quantity is included
in the table of the band parameters at the end of this report. Imn order

to test the deviations from the value of the transmission function obtained
by using the full form of the formula, computations were carried out for
which T was varied within its listed range. The deviations are considered

to be substantial, since the numerical value of the transmission function

- 18



" may vary by 50%.

In equation (36), the radiational path length w should be multiplied
by the factor 1.6 (as indicated on page 13 of this report), if we go from
the beam transmission to the flux transmissivity. Furthermore, equation
(31) requires that the path length integral include the pressure which is

to be multiplied by 1.3 to account for the intense self-broadening of CO

2
Incorporating these factors and replacing (p/po)*(Ty,/T) by (p/po), we

arrive at the form of the transmission function to be used for the numerical

evaluation:

& /2
BN T = exv—[clcg‘[exp 1‘(%_ - _%_) ]p(2.1)|[(L)dEﬂ
o X, Po

with pO: the density of the absorbing gas at STP.
8 - Direct absorption of incoming solar radiation by C02.

An analytical form must be found for that part of the solar radiation
which penetrates the Martian atmosphere and is absorbed by carbon dioxide
in well-defined near IR bands (Prabhakara & Hogan, 1965, citing Stull,
Wyatt and Plass, 1963).

F. Bates presents his temperature curves as mean annual, subsolar

meridian-soundings at various latitudes. It is assumed that not only the
noon sun but also the solar radiation before and after noon will have an
important bearing on the modification of the thermal stratification of

the Martian atmosphere at the subsolar meridian. It is proposed, therefore,
to consider a sufficiently long time-period rather than a well-determined
instant. As a matter of fact, there is no such thing as the direct ab-

sorption of near IR solar radiation at an isolated instant followed by an

19




immediate spread of the generated radiant heat at the same instant.

Therefore, an adequate time interval should be taken within which
radiative heating (or cooling) may effectively be produced in an atmos-
pheric scale. It would be plausible to split a 24-hour period into two
equal halfs, since a mean annual sun is assumed. This assumption implies
that the solar orbit be in the equatorial plane.

The equipartition of the diurnal time period, however, does not
really take into account the enhanced solar incidence about the noon
hour. It is for this reason that the interval

from 9 a.m. to 3 p.m.

is chosen centered at the reference meridian. (The same time interval
should be taken for the heating and cooling rates.)

The various latitudes introduce the cos—function for the mean annual
sun as Figure 4 shows. The effective cross section of normal incidence
for the noon sun can be visualized to be fixed with Mars as the planet
rotates about its axis completing a (27)-radian in 24 hours and 37 minutes.
The sin-function of the azimuth angle describes analytically the exposure
of the effective cross section to the sun at any instant of Mars' rotation.

In order to obtain the solar incidence totaling over 6 hours (9 a.m. -
3 p.m.) as a first approximation, an average is computed for the sin-function

with o being the azimuth:
/4 N

(38) 2 sinado = %(-—cosoc) = %[—Eg + E} s — ZE

m 2|’ sino ™

xJY x/d

Thus, the solar incidence at the top of the atmosphere and for a
latitude of ¢ degrees averaged over the 6-hour interval, may be formulated

in the following way:
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(39) Ez (9) = ziz‘Es(v)COs¢dv = Z%Z cosd Ez(v)dv
near IR n °

v, v,
where Eg(v) is the solar emergy within the frequency interval (v,vtdv) of

normal incidence per unit area and per unit time at the top of the atmos-
phere at the equator.

The near IR solar flux density at the depth X, will depend on the

spectral transmissivities of the specific absorption bands of CO2 in the
near IR for the atmospheric layer between the top and the depth X - There-

fore, Eg(v;¢) is multiplied by the appropriate transmission function, i.e.

the beam-transmission function which equals the flux transmissivity whose

argument was divided by the factor 1.6, and then integrated over the fre-

quency:
V.
(40 A
E%(x43¢) = “cos¢[ES(v;9= 0)T[(x,-0),v1dv
m (o]
near IR )

This is the formula used in the numerical evaluation.
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“III. " The computational procedure.
1 - The analytical expression of the heating and cooling rates.

As shown in section #2 of the introdunction, the heating or cooling

rate is given by

(£} ($§)

3T _ 1 (Fnet - Fret)
(41) 3¢ = - pe, AX

with the net flux appropriately defined as
(42) net = " down up

in the new coordinate system with x as depth from 50 km of elevation

downward. Formula (41) indicates that the net flux difference has to
be considered. Designating by Fss) the upward flux at the depth x

2

which is deeper than X1 etc., the net flux difference can be formulated

by
_ (2 L) )
(43) AFInet Fdown Fup Fdown +Fup
(2) ) _[.(2 (1)
= Fiown _den{-ﬁup _Fup]

As can be seen from this expression, the downward as well as the upward
fluxes at the depths X, and X have to be computed, then their differences
formed, in order to obtain the net flux difference between the levels Xy

and Xy. By applying (41), we would arrive at the numerical value of the

heating or cooling rate.

23



2 - The computational form of the flux expressions.

Looking at the formulae of the downward and upward fluxes, as given
by (28) and (29), we realize that double integrals with integrands con-
taining a derivative with respect to the depth x must be quantitatively
evaluated.

Furthermore, the data for the CO,_ band parameters refer to wave-

2
number n (cm_l) instead of frequency v(sec—l). The relation between

these two quantities is very simple:
(44) v = cn; dv = cdn

with

10 -1 .
¢ =3 x 107" (cm.sec 7) as the speed of light.
Considering the relation

3 3.3
(45) B (T)dv = 2h __vidv _ 2h c"n7(edn) = B (T)dn
.2 h\)/KT_l c2 ehcn/KT_l

we see that we simply replace Bv-dv by Bndn in agreement with Elsasser
(1960) .

We apply these relationships to (28) and (29) and obtain:

o X,
(46)  F_(x,) = 1:/'dri[Bn(g,n)§:[[l.6(xo-g) ,nlde+
(-] ] aE

n§7775 em~1
+ QEZposf[ﬁo(n;¢=0)?T(xo—O),n]dn
m
n = 1900 cm”1

for the downward flux, and

0 X
(47) F+(xo) = Ti/;nan(E,n)%%[lﬁO(E-xo),n]d£+
L] xs

+T/%n(xs,nf7[l.6(xs—xo),n]dn
for the upward flux.
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The explicit form of Bn’ the Planck function, is

3

2
(48) Bn = iﬁ%§7%%— (ergs.cm_z.sec—l.cm.sterad.1)
e -1

Additionally, the relationship

F _
(49) B, = an

was used, where

an T
F
(50) Bn =-ji[£ncosesined6d¢,
)

assuming that Bn is not a function of the zenith angle 6 and the azimuth ¢.
This is generally done (see Elsasser, 1960), although it is not exactly

true. However, it is certainly sufficient as a first approximation and

in the light of all the other assumptions made.
The flux formulae (46) and (47) are rewritten for an easier numerical
calculation. First, the wave-number integral is replaced by a sum using

the finite-difference method; in the case of the downward flux, we have:

N K
(1) F_(x) = NZAnJBn(E,ni)%[(XO—E) o lde+
i=1

™M
+ Q%Z?cos¢zﬁi[nk; ¢= O]QH(XO‘O),nk]Ank
k=1

with
N: number of spectral intervals given by the table of the band para-
meters, excluding the interval (1900 cm_1 to 7775 cm-l);
M: number of spectral intervals of only the near IR bands excluding

the far IR bands (15 micron).

25




At this point, strong emphasis is put on the fact that the long-wave

radiation spectra of the Martian atmosphere with mean temperatures T<285°K

and maximum intensities due to Wien's displacement law at wave lengths larger
than 10 micron (or wave-numbers less than 1000 cm-l) do not contain an

energy amount worth mentioning (less than 1% of the total flux density)

below 4.5 micron. Therefore, the first right-hand sum strictly refers to

the 15 micron bands of COZ’ and the second sum refers uniquely to the near

IR bands from 1.3 to 4.3 micron. This fact makes the numerical computation
much easier.

We have mentioned before, that there are tabulations of the Planck

function available. (Jahnke & Emde, 1945: 1In relation to this table book,
a warning must be given. The numerical values are good for plane-polarized
radiation; in order to obtain the appropriate unpolarized radiation data,
the factor 2 must be applied.)

With respect to formula (51), attention is called to the fact that ?;

is the flux-transmissivity, see formula (37), whereas in the second right-

hand sum is the beam-transmissivity which may be obtained from 3; by divid-

ing the argument of this function by the factor 1.6:

(52) ‘O’Féglz_d =T

A tabulation of the solar irradiance is presented in the appendix of this

report. The table values must be multiplied by the factor 0.432 to adjust
to the condition at the top of the Martian atmosphere.
Additionally, a transformation of the units is needed. The irradiance

—2 - _1 -
is given in (watts.cm .micron 1). The units used are (ergs.sec .cm .cm 1).
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" Analogously, we proceed with the upward flux and arrive at

X
N °
(53) F+(xo) =nZAnijBn(E,ni)_@Q§[(€-xo) sn]dE+
i=1 ) g
s

N
+wi§§niBn(xs,ni)9;[(xs—xo),ni]

Since the upward flux stems in part from the Martian surface and in part
from the atmospheric layers below the reference level X, (atmospheric
depth), the temperatures involved here are less or equal to 285°K (atmos-
pheric temperature at the surface as given by F. Bates). The corresponding
Planck Function Bn(x,n) have the characteristics discussed in conjunction
with formula (51).

As a next step of adjusting the expressions (46) and (47) for com-
putational purposes, the depth integrals are rewritten as sums applying
again the method of finite differences. Thus formula (51) for the down-

ward flux reads

N L
(54) F_ (xo) =T XAni[ EBni (:ﬁn,ni)A_‘?’F[ (xo-xm) ,ni]Axm]+
i=1l  m=1 Ax

M
s
fg%z,cos¢é§an(nk;¢= O)QT(XO'O)snk]Ank

As can be seen, we have replaced the differential df by Axm. For a first-

approach computation, it seems to be sufficient to assume
(55) Axm = 5 km.,

beginning at the latitude of 50 km which corresponds to x = 0 km of depth:
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Ax, =5 -0 =5kn

1l
Ax2 =10-5 =35km
etc.
A = 50 - = 5 km
xlO 45 5

We obtain through this procedure 10 layers each 5 km thick. The
troposphere of the midlatitudinal Martian atmosphere consists of 4 of
those layers and the stratosphere up to 50 km of altitude is made up of
6 layers. Since the computation of the downward flux F_(xo) should be
performed with respect to the reference level X only those 5 km -~
layers will contribute to F_(xo), which are above xo, e.g., if x =x
= 15 km, only the layers Axl, sz, and Ax3 will be considered. Thus,

L is a function of the reference level. From here, it follows that

(56) A ‘D;,[(xo-xm) ,ni]Axm =

Ax
m

%(xo-xj),ni]—gg,[(xo—xj_l,ni] with j = 1,2...L

means the difference of the two flux transmission functions, see formula

(37), where X is the atmospheric depth at which we wish to obtain the

downward flux, and n, marks the center of the spectral interval chosen.

The geometric detail and the computation method are presented in Figure 5.

The two braces in Figure 5 indicate to which layer each transmission function
belongs. However, one must carefully avoid the conclusion, that the difference
of the two functions represents the transmission between X and xl. That

this conclusion cannot be drawn, becomes clear from (37) which presents

an exponential function of pressure p, the temperature T and the radiational

depth.

28



'SNOILD3YIg H108 NI
S3SVY3¥O3Q ANV X=X 13A37 3ON3IY¥3IIIY 3HL
LV ALINN 40 3NTVA WNNIXYWN V SYH £

96 913

3A¥ND

1

3AILVYLIAVYND

v

S —

PR

-

TX-X) YIAV
3JA1 40 NOILONNJ NOISSINSNYHL
IHL SI ALIAISSINSNYNL XN14 IHL

AL

|m2.~4.~lu-m& ——

On'ix-r]) R.L

29



Therefore, for a fixed spectral interval with respect to F(xo) thé

method outlined below should. be followed:

first, determine the reference level X3

second, establish numerically the flux transmission function for all the
layers (x° - xm), running m from 1 to L, where X, =X is the last
level included;

third, form all the differences after formula (56);

fourth, determine the Planck functions corresponding to the depths Xn
(which in effect means a temperature T (OK) from the given sounding);

fifth, multiply those Planck functions Bni(xm,ni) with the appropriate
transmission functions difference;

sixth, add all those products to obtain the sum included in the brackets
of the first right-hand term of formula (54);

seventh, multiply this sum with the numerical value of the spectral in-
terval Ani.
Now follows the variation of the wave number n, (as the central value

of the spectral interval given by the table of the band parameters in the

Appendix) .

For the next spectral interval chosen, one proceeds to the eighth step,

i.e., repeating the first to seventh step. Upon completion of the variation

of the wave-number n, the frequency sum (first right-hand term of (54))

is numerically established;

ninth, multiply by 7, determining thereby the complete first right-hand term.
In a similar fashion, we proceed to numerically evaluate the second

right-hand term which is easier since only the frequency sum has to be de-

termined. The numerical values of the solar irradiance Ei(nk;¢=0) are

given in the Appendix.
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Turning to the upward flux in (53), we again express the depth

integral by means of a sum:

f% L
(57) F (x ) =m) An,[3B
+00 2y ™
7 AniBni(xS,ni)fT%[(xs—xo),ni]
it

The procedure is analogous to the nine steps discussed above. The second

(x m,ni) A°J;,[ (xm-xo) »n, ]+

right-hand term of (57) which is the radiation coming from the ground and
partially depleted by the interfering layer (xg - xo), represents only the
frequency or better the wave-number sum. Therefore, it is easier to evaluate.

Once more, it is emphasized that the flux transmission function given by

expression (37) is an exponential function for which the functional argument
is a square root; among other factors within that argument, we find the
atmosphéric pressure and the radiational depth in form of an integral.

This integral is numerically caléulated by replacing it with a finite-
difference sum taking as the depth increment dx a thickness of 5 km. Since
the layer is eventually 50 km of depth, the pressure p is to be taken as

the mean pressure of the layer. This approach to the flux transmission
function and its numerical evaluation may be extended to the transmissivities

in the other terms of the upward and the downward fluxes.
3 -~ The computation of the heating or cooling rate.

Once we have determined the upward and the downward fluxes not only
for one specific reference level X, but for all possible reference levels,
i.e. for X being equal to 0, 5, 10, 15, 20, 25, 30, 35, 40, 45, and 50 km

of depth (11 depth levels), then we proceed to numerically calculate the

net flux difference as indicated in formula (43).
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It is recommended to have a close look at Figure 6 to keep pro-
cedures in order.

Upon completion of the numerical evaluation of the net flux dif-
ferences, these must be divided by the negative product of the density

times the specific heat at constant pressure of CO, times the depth

2
increment of 5 km. This will immediately present the numerical figure
of the rate of heating or cooling, after the appropriate adjustment of
the time increment has been made. Since the tabulations of the Planck
function as well as those of the solar irradiance are commonly given
per second, we would receive values of the heating or cooling rates in
degrees Kelvin per second. However, since a six~hour average was ap-
plied for the solar radiation incident at the top of the Martian atmos-
phere, a heating rate in °K-—sec-1 averaged over six-hours is obtained.
See our discussion of the matter on page 20 of this report.

It is evident that those values of the heating or cooling rates
refer to the centers of the 5 km - layers, in other words, if the net
flux difference had been computed between 10 and 15 km of depth as an

example, the rate would refer to 12.5 km.

Thus, the complete computation yields 10 data points for the heat-

ing or cooling rates over a depth of 50 km. ‘A profile curve of the

six-hourly heating or cooling may be drawn.
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Appendix I.

TABLE OF THE CO_, BAND PARAMETERS

2
bands k interval C1 C2
(micron) (cm_l) (atm.cm—l) (atm—l)
1.3 1 7775-7725 5.0 x 1074 0.30
2 7725-76175 1.2 x 1074 0.30
3 7675-7625 1.5 x 107 0.30
4 7625-7575 2.0 x 107 0.30
5 7575-7525 1.3 x 1074 0.30
6 7525-7475 2.0 x 107 0.30
7 7475-7425 7.2 x 107 0.30
8 7425-7375 1.8 x 10 0.30
1.4 9 7025-6975 9.2 x 1074 0.30
10 6975-6925 2.0 x 1073 0.30
11 6925-6875 1.2 x 1073 0.30
1.6 12 6575-6525 2.9 x 1070 0.30
13 6525-6475 9.0 x 107> 0.30
14 6475-6425 2.9 x 10°° 0.30
15 6425-6375 6.4 x 10°° 0.30
16 6375-6325 7.0 x 10 0.30
17 6325-6275 2.5 x 10 0.30
18 6275-6225 3.5 x 10°% 0.30
19 6225-6175 2.3x 10 0.30
20 6175-6125 1.0 x 1072 0.30
21 6125-6075 5.5 x 1077 0.30

.
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Appendix I,

TABLE OF THE €O, BAND PARAMETERS

2

bands k interval Cy C2

(micron) (cm_l) (atm.cm_ ) (atm-l)
22 6075-6025 LOx 107° 0.30

2.0 23 5200-5150 3.9 x 1070 0.33
24 5150-5100 3.5 x 1072 0.33
25 5100-5050 3.0 x 1072 0.33
26 5050-5000 7.5 x 10> 0.33
27 5000-4950 5.3 x 1071 0.33
28 4950-4900 2.0 x 1072 0.33
29 4900-4850 1.0 x 1071 0.33
30 4850-4800 6.0 x 1072 0.33
31 4800-4750 1.3 x 1073 0.33
32 4750-4700 3.0 x 1074 0.33

2.7 33 3850-3800 1.0 x 10°% 0.36
34 3800-3750 2.0 x 1073 0.36
35 3750-3700 2.7 x 10t 0.36
36 3700-3650 5.0 x 10° 0.36
37 3650-3600 1.7 x 10" 0.36
38 3600-3550 6.0 x 100 0.36
39 3550-3500 2.1 x 100 0.36
40 3500-3450 5.0 x 1073 0.36
41 3450-3425 2.0 x 107° 0.36
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Appendix I.

TABLE OF THE CO, BAND PARAMETERS

2
bands k interval Cl C2 Gamma
(micron) (cm—l) (atm.cm—l) (atm—l) (°x)
4.3 42 2470-2450 2.2 x 107 0.86
43 2450-2430 2.0 x 107° 0.86
44 2430-2410 5.0 x 0 0.86
45 2410-2390 3.2 % 10> 0.86
46 2390-2370 1.6 x 10° 0.86
47 2370-2350 7.0 x 10! 0.86
48 2350-2300 2.0 x 107 0.86
49 2300-2250 7.0 x 1072 0.86
50 2250-2200 6.0 x 107> 0.86
51 2200-2150 6.6 x 10 0.86
52 2150-2100 1.0 x 1073 0.35
53 2100-2050 2.0 x 1072 0.35
54 2050-2000 1.0 x 1073 0.35
55 2000-1950 5.0 x 10 ° 0.35
56 1950-1900 2.0 x 10> 0.35
far IR absorption band of 002
i
15 1 850-800 2,5 x 107> 0.24 3.0 x 103
2 800-750 2.0 x 1073 0.24 2.0 x 10°
3 750-700 5.0 x 107t 0.24 1.3 x 103




far IR absorption band of CO2 cont.
4 700-650
5 650-600
6 600-550

4.5 % 101
2.5 x 100

1.0 x 1072

37

0.24

0024

0.24

4.0 x 10

2

1.0 x 103

2.0 x 103



Appendix II.

SOLAR SPECTRAL IRRADIANCE DATA
(after Robinson, N.; data from J.S. Johnson)

2 -1
The mean zero air mass spectral irradiance He is in (watts.cm .microm 7);

wave-number wave-length H,
(cm"l) (micron)
k
1 7750 1.29 0.0415
2 7700 1.30 .0406
3 7650 1.31 .0398
4 7600 1.32 .0390
5 7550 1.325 .0386
6 7500 1.335 .0378
7 7450 1.34 .0373
8 7400 1.35 .0367
9 7000 1.43 .0310
10 6950 1.44 .0304
11 6900 1.45 .0297
12 6550 1.53 .0253
13 6500 1.54 .0248
14 6450 1.55 .0243
15 6400 1.56 .0238
16 6350 1.57 .0232
17 6300 1.59 .0226
18 6250 1.6 .0220
19 6200 1.61 .0216
20 6150 1.63 .0209
21 6100 1.64 .0204
22 6050 1.655 .0199
23 5175 1.93 .01214
24 5125 1.95 01177
25 5075 1.97 .01139
26 5025 1.99 .01100
27 4975 2.01 .01063
28 4925 2,03 .01031
29 4875 2.05 .01000
30 4825 2.07 .00965

38 -



Appendix cont,

wave-number wave-length Ha
(cm~1) (micron)
k
31 4775 2.09 .00947
32 4725 2,12 00887
33 3825 2.62 .00434
34 3775 2.65 .00417
45 3725 2.69
36 3675 2,72 .00380
37 3625 2.76 .00362
38 3575 2.80 .00343
39 3525 2.84 .00327
40 3475 2.875 .00313
41 3438 2.91 200300
42 2460 4.06 .00090
43 2440 4.1 .00087
44 2420 4.14 .00084
45 2400 4.17 .00082
46 2380 4.20 .00080
47 2360 4.24 .00077
48 2325 4.3 .00073
49 2275 4.4 .00067
50 2225 4.5 .00061
51 2175 4.6 .00056
52 2125 4.7 .00051
53 2075 4.8 00048
54 2025 4.95 .00043
55 1975 5.05 .00041
56 1925 5.2 .00037
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