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bstracts: The. charactorls 1c function, 'wob b:..z.lty density i\mcmon, and

i

or ooao lx,cy d:..,tr:\.butlon funct:.on are demved for the random varisble z
where = 2N : ' T :
' y (s-+n)\r +m)
J=l

Tag 5. and rJ are sk mry numbers and the n, and m. are gaussian randcmh
: e J

variadles. The probability Proo;z < 0] is poltted ;or selected values of .-
paraneters.
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Correlation devection is an oguamhm strategy for detectingzsignals in noise
Tor various combinations of criteria of goodne 5 and aS““ﬂ tions concerning

the observed deta {1-3]. Consider, for example, the mnort nt.case where The

criterion of goodness is taken to be minimum probability of error; then

correlation detection is an optimum stratezy provided only that the probebiiity

govééning ne observed date satisfles certain symmetry co:alt;ons,{&]. »
*moré;lbecause they are casy to imnlement, correlation detectors are ;ften
wsed in sx:uut ons where they are mowa to bc subcptimal, but azpesr ﬁo be.
excelle;+ woproximations to the optimua deLec tors. {5-8].
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_imput waveform: x L) = s(t) + n(t; -~ frtearator - z(T) =

LRl :
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. { ,
reference waveforn: y(t) = r{x) + n(t)

Fig. 1.
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sizmple cortelator is showa in Fig. 1. The input waveform x(t) consists of
a Ceterminlstic signal s{t) of T scconds Turgtion plus a random periturvaiion
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ait; called nois Tae reference wavefora y(t) alsc congsists of a deterrinist

Y o PR N o S kg - ~
signad r(t) of ¥ seconds cduration plus a random cox Qonent n{t) also called

e~ ) -

RO BT Ny 8 el va f Y . ey R [ -
noioe. rdinerily, both a(%) end n{t) are assumed to be gaussian randonm pro-
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cesses.  The oubtput of the integrator z(t) is sampled at t = T and the
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stetistic z{?) used in the decision process. ience, the average pery

of the correlation detector depends on the statistics of the vax 1ate z(7).

<0 dotewalne the probubiliity law governing z(T) directly from
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leads Lo severc wathemstical \*;*1cuLt;es. However, by eﬁo¢oy ng &an appro-
priate set of orthonormsl basis functions {yi (t)), the required waveforms ca

be approximated by finite Giménsional veetors, i.e.,
; ; -

5. A X, = ' X(Tx)\‘
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The provlem of ¢ etcrmlnlng the probabili%y law .governing z(T) and/or z has

clroady been investigated for some speclal cases. Tor example, Kac and

r(t) + n(t) (the square law
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detector).  Creenilll ac rived an expression for the Signal-to~noisc‘raﬁio of’

the output of the corxrelation detector., Lempard [12] (See al Wisnart angd;




ility density function for the COfre_aio3

V=1r{t) =0 ﬂnoise iny in both,channels}= Roe and ¥hite {14%]

btained the &Tobabllltj aon31»y functlon for the correlator out puu for- znc

=0 (noise only in both channels); (i) = 0

2 : 2y
=m (t) (the same signsl componenns in both

charnels with eguel signel-to-noise ratios in both channels;. Finally,‘

X

Cooper -{15] computed the probability density function for the correlator cut-

il

nut forfiﬁe following cases: s{(t) + n() r(t)r+_m(t},'s(t) = coS ab

(quadra%;é.detector); s{t) = cos wt, r(t) =0 (sine wave plus noise in one

channel, n01se only in cother channel 3 s(t) =x{t) = cos b, n°(t) = (%)

(identical sine weve signals and ecusl signal-to-noise ratios in both channels).

Ko resulis for the case of unequal signal- to—no se, ratios in the irput and
reference channels have been reported in the published literature. The

statisties of 2z(T) and/or z for this case are imporiant since

preciical situations, it is. possible to obtain a reference weveform of

Another
important case; nov ngVthulV onsidered, is.that of non-identical signais in

the two chaznels, i.e., r{t) # s(t). This s;tuatloa may arise due to imperfect
time synchronization, e.g., r{t) = s(t=7); or, when it is necessery to estimate

o

s(t) {rom previously received dat

&
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and-an unbiased estimate is not avalleble.

In this peper the characteristic function, probability density functica, wnd’

the probability distribution function for the random variable
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Ccomputed for the general case; subject only to the following restrictions:
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the random veriebles n., j=l, ..., 2N form 2 set of 2K mutuaily independent
u .
R U P R . T 2 & PR W 2 .
seussian random varisbles of identical verlances, i.c. Due A jid-0 ;=0 B
& . el 2 3 PN -7 TV ES7A
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the randdm varigbles . Torm & set of 2N mutuelly independent gaussian randon.
. 4 .

variavles of identical variances, l.p-; (m.- mj)(m?— R

<221 PR
St that both uaa n, al el

however; that no loss of generality results from ascunmdng

heve zero mean and unit veriance. Ve shell first assume thet the two noise

veetors "“e Samgle functions from two 1na»§eraent random.processes, i.e., njmk = C.

3
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In a later- 'ct;oh, the results are exbended to the case of correlated noise

vectors;-iée;, a.m, = p0., -+ Finally, gravhical results are presented for selected
. o B o Y ) . : R Lo

“velues of the pertinent parameters.
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where ihe £ ,.and v, are known numubrs and the . n. Y m comp 1se a set of kW
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¥ill e to compute the folloving,-in the order listed:

¥,{%) = characteristic Tuaction of z,
% : oJ
¥(t) = characteristic function of z
p{z) = probebility density funciion of z
B .
P(8) "= | v{z) dz = probability d iStr*buulOﬁ function for z.
aotation we gizo define t the ;ol*OWLng syrtools
ooEN .
. g A % 2 2\ N P s Y _A__;\A
E =X (.7 + r") = everage of the energies of s(¥) and »(%).
< Ly P d .
J=1
ZN
- N . . L -\ P \
B, = ) s, r, = cross energy of s(t) snd r(t).
< s o .
J=1

-

7} = fodified Bessel function of the second kind

X \ e J- bi 4 +
O WSO = binow ;al cocfficien
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The integrals can be evaluated in either order to obteln: -

Y - l/ 2 - = (S _‘2 + 1 2 L i s - : + .
1+t7) = Lewm i S 2 — b (2)
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To Teciliiteve Luter computations we prefer 1o express the cnaracber;st¢c

fuactoon in the ccu;va*bub formn;
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1A PROBABILITY DSNSITY FUNCTION
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vy functien for z is given by the inverse Fourier
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expansion -of the Tirst two exporential funciions- of the integrand:
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THE PROSABILITY DISTRIEUTION FUNCTION

The probadility dlstrd bu“blo”l fvmcin on for z is given by
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case, the choracteristic function for z. is etill given by Zo. (1), bus SO
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“an wiblased detect Loris employved. TFor an
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ot

probability'of a decision error

that the correlavor output does ﬂOu exceed zero, i.e.,

) . 2N . )

S = ) . . .

B, = 2(0) = Prob | > (5. +n)r, +m.) <0 | (18)
; : o d 3o J d ey

Combining Egs. (14) and (16) we ﬁavé
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funcbion, probability density .

function, eand Lon function for “he outpub of the correla-
tion delector “ﬂrb ccnputca end found to depend on:
~¢emensionality of the vectors representinglthe input-and

reference waveforms;

gies of the & gnul corponcnts. of
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signal co%oonent vbctoﬂs,
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< the normelized crosscorre lation coefficient of the like coordinabtes

of the nolse componeats of the input ana re:breﬁce!wavexorms.

The dependence of the average aexformance of the correlation detector on the’

PR . fe L . o o - . . - b
firgh thres perameters is illustrated in Fig. 2. These curves are aisc Valld

parameters E Ec, and k indicated in the figures are now more complicated
ﬂ*unc“‘01s of the four parameter~ listed above. -A more detalled investigstiion

of tﬁe,iepe;dence of P_ on p was not investigoted since, i mouu applicatiyps,

unequal signel-to-noise ratios,
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Here the Sig gnal-to-noise ratio in one channel is B while the signal-to-noise

)

Also unc *arca during the course of this investigation was the identity

m
i . nim
e n*mj) E B
Lo \\ n 2

=0

whick is proved in Appendix B and used in F“3°ﬁd1f A. To the author's know-

de

ledes, tn s identivy hes not been note p viously,
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in Eq. ‘V(Awﬁ-) we have
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