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ABSTRACT

A study is made of the effects on optical satellite observations of image
motion resulting from microturbulence in the troposphere. A formulation,
based on theoretical and heuristic considerations as well as on limited obser-
vational data, enables the magnitude of the image motion to be estimated as

a function of lens aperture, exposure time, and zenith distance.

RESUME

Une étude est faite des effets sur les observations optiques de
satellites du mouvement de 1'image résultant de la micro-turbulence
dans la troposphére. Une formulation basée autant sur des considéra-
tions théoriques et heuristiques que sur un nombre limité de données
experimentales permet d'estimer 1'ordre de grandeur du mouvement de
l'image en fonction de l'ouverture de l'objectif, du temps d'exposi-

tion et de la distance zénithale.

KOHCIIEKT

[lponz3BOIUTCA H3yUEeHHE BIMAHKH IBUXEHMA W300pa¥eHnA NPOUCXOLI-
mero B peayibTaTe MUKPOTYPOYJIEHTHOCTH B Tpomocthepe Ha ONTHUECKUE
HabOJoIeHNA CIOyTHUKOB. POpMyInpoBKa, OCHOBaHHAA HA TEOPETHUECKHX K
HCCHEeNIOBATENbCKUX COOOpaxeHUAX a TaKke W Ha OTPaHMUEHHBX ITaHHBIX
HabJoIeHu, IO3BOJAET OlEeHKy BeJWUMHB JIBUXEHNMA U300pakeHuAa Kak

OYyHKLI WU anepTypH JKH3b, BpeMeHN 3KCIO3UIIWH U 3€HUTHOI'O pacCcTOAHUSA.
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EFFECT OF RANDOM ATMOSPHERIC REFRACTION
ON OPTICAL SATELLITE OBSERVATIONS

K. Lambeck
1. INTRODUCTION

An electromagnetic wave traversing the atmosphere will undergo several
changes, of which the bending of the ray path and the change in velocity of
the wave are of greatest importance for satellite tracking. Extinction and
polarization also occur, but these are generally of lesser importance. For
precise observations, the variations in the velocity and curvature of the ray
path cannot be ignored, and these effects on the observed quantities must be
estimated, usually by an approximation of the physical atmosphere by

mathematical models.

The perturbations from the ideal vacuum conditions are caused by the
departure of the refractive index of the earth's atmosphere from unity and
by the variability of this index with both space and time. These departures
and variations are partly systematic; they can be predicted and the observed
quantities corrected to varying degrees of reliability. But random variations
from these predictions remain and are often at least as important as the
systematic parts. At optical frequencies, the distinction is quite clear and
the two can be treated independently; the systematic parts are inferred when
the terms optical, astronomical, or parallactic refraction and absorption
are used, and the random parts are usually referred to as scintillation,
seeing, or image motion. The former can be adequately predicted by use of
simple models that are a function of space and only indirectly of time, while
the latter tend to defy such descriptions and are probably best treated by
statistical methods; it is this aspect of atmospheric refraction that will be

considered here.

This work was supported in part by Grant NsG 87-60 from the National
Aeronautics and Space Administration.




2. GENERAL DISCUSSION ON IMAGE MOTION

A distant object, when viewed through a telescope, will appear to
""dance'' about a mean position as well as to exhibit fluctuations in intensity.
The former phenomenon is usually referred to as image motion and the latter
as scintillation, although the terminology used in the literature is often varied
and confusing. Some authors use scintillation to refer to all the erratic
behavior characteristics of the image, whereas in the strict sense, it refers
to the rapid intensity fluctuations only and is independent of the size or
motion of the image. Scintillation, therefore, does not influence the accuracy
of spatial position determination to nearly the same extent as the actual image

motion or dancing does.

The term seeing describes the image characteristics, referring to the
continually changing position, shape, and size of the image, but again some
authors include in its meaning pulsation, focus drift, and scintillation as
well. This confusion is all the more important when it is realized that there

appears to be little correlation between many of the different phenomena.

In this paper, only the effect of image motion on the precision of direction
observations of extraterrestrial objects and, more specifically, artificial
earth satellites will be discussed. A detailed study of scintillation is given
by Nettleblad (1953), and a useful literature survey of scintillation and image

motion is given by Meyer-Arendt and Emmanuel (1965).

Image motion arises from atmospheric turbulences, which produce random
fluctuations in the refractivity. Consequently, the ray path deviates randomly
" and continuously from its mean position. The motion is irregular in both
amplitude and frequency, but observations of the phenomena indicate that
there are two broad categories into which the periods fall: those with a slow

oscillatory motion, and those with a high frequency.



The different periods of the motion are essentially a function of the size
of the irregular air masses or ''blobs'' intercepting the ray path. The long-
period fluctuations or "wandering'' are due to large air masses, perhaps of
the order of 50 m, while the rapid motions have their origin in air masses

of sizes down to about 10 cm.

Schlesinger (1916) and Hudson (1929) have indicated that the wandering
has a period of about 1 min and deviates from the mean position by about
0.5 arcsec. More recent observations by Land (1954) verify these orders

of magnitude.

The rapid image motion, or dancing, has periods very much shorter than
a second of time and amplitudes up to several seconds of arc (see for example,
Hansson, Kristensen, Nettleblad, and Reiz, 1950; Hosfield, 1954). Little
seems to be known about these high frequencies, apart from the fact that they
do exist. But more observational evidence is available for the short-period
intensity fluctuations, and although there is little evidence to suggest that
there is any correlation between image motion and scintillation, it is feasible
that the periods and amplitudes of the two phenomena behave in similar pat-

terns; namely, that (Nettleblad, 1953)

1. The frequencies reach values up to some hundred cycles per second

and the most rapid variations are of smaller amplitudes.

2. The observed frequencies and amplitudes decrease with increésing

aperture.

3. The period and amplitude also increase with increasing zenith

distance.

Refraction anomalies exist in all regions of the atmosphere, but certain
areas may be of greater importance than others. Menzel (1962) distinguishes
three regions that may be of significance. The first is the turbulence of the
air in the telescope itself. Differences in internal and external temperatures
may give rise to complicated patterns of convection inside the telescope and
may result in deterioration of the image. The simplest way to suppress

these eddies, at least partially, is to allow the instrument to ""acclimatize"



before the commencement of observation and to allow the air to circulate
freely through it. This should ensure as nearly a uniform temperature as
possible, both internally and externally to the telescope. More sophisticated
ways are to evacuate the telescope tube of all gas or to replace the air by a
gas of lower refractive index, such as helium, but these methods have obvious

disadvantages for cameras used in satellite tracking.

The second source of atmospheric turbulence lies in the air layers
immediately outside the objective lens. The camera housing, the instrument
itself, or the surrounding ground and vegetation may possess different heat
capacities than does the surrounding air, and consequently, they may act as
heat sources or sinks. Partial remedies are the removal of the camera
housing from the instrument during observations and the positioning of the
camera away from likely sources of temperature anomalies, as well as at
some distance above the ground. Results quoted by Meyer-Arendt and
Emmanuel (1965) indicate that an elevation of the instrument to about 7 to

10 m above the ground level is desirable.

The third zone is in the higher atmosphere, from about 100 m upward.
Turbulence in this region cannot be controlled in the way it can be in the
other two regions, but it would appear that this third zone is of lesser
importance than the others, partly owing to the fact that the size of the air
masses will tend to increase with increasing height and partly because the
refractive power of the atmosphere decreases rapidly with increasing

elevation.

In optical satellite tracking, the total exposure time during which the
satellite is observed against the star background is often considerably less
than a minute, and slow period fluctuations will affect the satellite and star
images alike, provided they lie within close proximity. When the stars lie
farther apart — as may often be the case — there may be a differential dis-
placement of the reference points. If n such points are used to determine
the satellite position, the positional error introduced by the wandering would

be roughly 1 /N'n times the displacement of a single position. In the case of



Baker-Nunn camera observations, the exposure time of a single frame is
seldom more than a few seconds, and from six to eight reference stars are
used to determine the satellite position. Assuming an amplitude of 0.5 arcsec
for the wandering, as suggested by Schlesinger and Hudson, the satellite
positional error caused by stellar wandering would be of the order of

0.3 arcsec — an amount that at present is considerably less than the other

error sources.

With ballistic cameras, the total exposure time is generally longer,
owing to the necessity of taking calibration exposures before and after the
passage of the satellite across the field of view. Typical calibration exposure
cycles for the Wild BC-4 are of the order of 10 sec repeated six or more
times. The total calibration exposure is therefore of the same order as the
period of the wandering, and the image displacement will generally be aver-

aged out when each star image in the calibration sequence is used.

Thus, while wandering would appear to have little effect on the stellar
positions, it could displace the satellite trail image systematically during
the short time interval that this object is in the field of view. Similarly,
while the short-period deviations will generally be time averaged out for the
slow-moving stellar images, displacements in the satellite image — both
along track and across track — may occur because of the much faster velocity

of this object.

The above and subsequent discussions make it quite clear that any for-
mulation of the image motion must, of necessity, be based on some simpli-
fying assumptions and that correction of individual positions for the image
displacements will be impossible. However, what will be of interest is the
approximate knowledge of the image-motion behavior with certain camera
characteristics, particularly the aperture and exposure time, and of the
orders of magnitude of the displacements that could be expected under
"average' or ''typical' conditions. It is on these factors that the emphasis

will be placed in the following analysis.



3. MATHEMATICAL FORMULATION OF THE IMAGE MOTION

Various theories have been proposed to explain the erratic image
characteristics. Refraction theory offers the simplest explanation; starting
with irregular refractions caused by density anomalies, the ray path deviates
from the normals to these blobs, according to the laws of geometric optics.
As these blobs change size or position with time, so does the ray-path direc-
tion vary. Diffraction theory offers an alternate explanation: plane-wave
fronts entering a turbulent medium are distorted, and adjacent parts of the
wave leaving the layer will be randomly out of phase. Yet another approach,
based on statistical theory, has been developed by Chandrasekhar (1952).
Making the assumptions that variations in the refractive index are small and
that the conditions in the disturbed layer can be approximated by those in
homogeneous isotropic turbulence, Chandrasekhar derives the following ex-

pression for the standard deviation of the image motion:

% = 0.55 X 106<—S—>1/2 T, (1)

I‘O n

where s is the distance the ray path travels through the disturbed medium,

r, is the micro scale (that is, the size of the blobs) of the turbulence, and

o is the standard deviation of the refractive-index fluctuations. It may be
desirable to express the fluctuations in refractivity as temperature variations.
To a first approximation, the refractive index is given by

n-1-=109210°

where n is the refractive index, p the pressure in mm Hg, and T in degrees

absolute. Differentiation of this yields

2

dn = 109 (%l?- - £ 8T> 107 .
T




But from the equation of state for adiabatic processes in a perfect gas

poT _y-1
T 9p Y ’

where y, the adiabatic lapse rate, for air is equal to about 1. 4. Hence,

dn = 109 x 10°° —P—Y—l— dT

and for 760 mm Hg and 10° C,

-6
0'n—2.6><10 O'T

The standard deviation of the image motion as a function of temperature

fluctuations is, therefore,

s \1/2
d¢:1.45<;6> or - (2)

Equations (1) and (2) give the deviation of a ray path through an infinitely
small aperture. If an objective of aperture D is used to form the image, a
number of such rays will combine to form an average or space-integrated
image whose motion will be somewhat less than that of a single ray. Assum-
ing that the blobs of air have an average diameter of Ty there will be
(D/rO)2 such air masses in front of the objective; assuming further that these
blobs will move independently of each other — in other words, that there is
no correlation between the deviations of rays passing through adjacent air

masses — the image motion will be the average of (D/ro)2 single rays. That

2
0

o ol Y . (3)

v (DZ>

Obviously, the relationship is valid only for D = Ty for D < Ty the displace-

is,

ment will be that for a single ray.




The relationship (3) is very much simplified from what can be expected
to exist in reality, for in the first place it assumes that all the blobs are of
equal size, and in the second place it assumes that adjacent air masses move
independently. In actual fact, there may be a whole spectrum of blob sizes
or of refractivity anomalies, and their movement may follow a more or less
regular pattern. A more sophisticated attempt to establish the relation
between image motion and aperture would therefore be to assume a spectrum
of eddy sizes that oscillate according to some pattern — for example, a sinu-
soidal law, as can be expected if the blobs move past the objective at a con-
stant velocity due to wind — and to integrate over both the lens aperture and
the adopted spectrum. Such an approach, however, has not been developed
here, because the detailed knowledge of the properties of atmospheric turbu-
lence required for such an analysis still appears to be lacking. The spectra
of the refractive index fluctuations with time or height are as yet unavailable,
and there is a shortage of reliable image-motion observations from which such
information could be deduced. Furthermore, the chief interest in the study
of the image motion for the astronomer and the satellite observer is to deter-
mine the magnitude of the displacement rather than to derive models for the
atmospheric turbulence. For these reasons, a single blob size that moves
at random in a turbulent region up to a height h will be considered, and a

simple relation of the form

IA

O—LPC[Lm ;o m
D

will be sought instead.

The relation between image motion and zenith distance z is equally
obscure. The path length s is approximately related to z according to
s = h sec z, suggesting that

1/2

o, & sec z |,

\?




but the fact that T, may also be a function of the zenith distance will com-
plicate the relationship, and in general, it would be expected that

GqJOC secn/Z , n=0.5 .

The observed image motion will also be a function of the exposure time,
for if this interval is greater than the period of a particular oscillation,
there will be a time integration of the resulting image. To a first approxi-
mation, this time integration can be deduced by the assumption that the air
is a "frozen'' layer of blebs moving past the objective at a constant ;.relocity
V. The number of blobs f passing any point in time 8t will then be

f=Y 5t

%o

3

and the resultant time-averaged image motion will be proportional to

1/2

r r 1/2 1
)] st

AT

where AT is the exposure interval in seconds and K is the integration con-
stant. As before, the variations in the size and velocity of the air masses

moving across the objective will be irregular, so that generally

oy = (K-=naT)? , p=o.5

The complete formulation of the image motion will now be of the form

1/2 m =
ol - 45 (x oh) sec’s (_) (K - 1n AT)? o, 3:1 = (1). 5 (4)
\ p =

A limited amount of observational evidence is available to suggest pos-
sible values for the parameters inherent in the above equation; this will be
used in the following section to derive estimates of the orders of magnitude

that can be expected for the image motion.



The fluctuations in the refractive index could conceivably also cause

variations in range observations measured at optical frequencies using, for

example, lasers.
3

Chandrasekhar (1952) gives the following expression for the standard
deviation o of range measurements, at optical frequencies, due to turbulence:
o= 1. 34 (hro)ll2 secllzz v

E)

n

where h, Ty and L have the same meaning as before; if the former two

quantities are measured in centimeters, T will also be in centimeters.

10




4. OBSERVATIONAL DATA

The only systematic attempt at establishing a relationship between image
motion and aperture, based on actual observations, appears to have been by
R&sch (1957, 1958a, 1958b). His 1958 results are given in Figure 1; they

indicate that, at least between the aperture limits of 10 and 50 cm,

o

¢~ L2

o~
N
L

These results also indicate that for apertures greater than about 20 cm, the
relationship
o,

1
v D

is almost equally valid, suggesting that air turbulences separated by about

this order of magnitude are correlation free.

o OF IMAGE MOTION

] | | | | ]
10 20 30 40 50 60

APERTURE (cm.)

Figure 1. Results of image motion as a function of aperture. The
symbols A are the values observed by R&sch (1958b).
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Measurements to determine experimentally the relationship between
image motion and zenith distance have been made by several investigators,
but the interpretation of the results is conflicting. Strdmgren (Nettleblad,
1953, p. 27) indicates a seCl /2 z law, while Kolchinsky (Nettleblad, 1953,

p. 34) also concludes that in most cases this is so and that in no circum-
stances is the exponent as high as unity. Hansson et al. (1950), on the other
hand, indicate a sec z variation. Their results are presented in Table 1.

1/2

However, their limited data indicate that the sec z law is just as valid.

Boutet (1950) found that the general law was a sec z one, but that sometimes

1/2 2 .
c z Or to sec z cxisted.

a proportionality to se
Further observations of image motion have been made by Barocas and

Withers (1948), Couder (1936), Hosfield (1954), and Hynek (1963). Their

results, together with those of Hansson et al., Stromgren, and Rosch are

listed in Table 2. All observations are for night conditions.

Barocas and Withers measured the oscillations in star trails of Talcott
pairs. Measurements of stellar positions were made at 0. 1 -mm intervals,
which correspond approximately to exposure intervals of about 0.1 sec. All
observations were made near zenith, and the average deviations from the
mean of each trail ranged from about 0.3 to 0.6 arcsec. The value given in

Table 3 is the standard deviation of all their measurements.

Couder obtained his results by forming four images of a star onto a
moving film. He achieved these images by placing a disk, containing four
circular openings along a diameter, in front of the telescope lens such that
the four openings were normal to the direction of the film motion. In each
opening a slightly deviating prism was placed so that a star in the field of
view yields four separated image trails, the relative positions of which are
free of any instrument vibrations. No direct exposure time is given by
Couder, but it appears that the parts of the traces measured correspond to
about 0. 035 sec. His results also indicated that trails formed by openings
separated by 17 cm showed almost no correlation, suggesting that the blob

size must be of this order or less.

12




Table 1. Results of image-motion measurements by Hansson et al.

(1950) reduced to the zenith according to sec z and sec 2z

§ 0“\‘p reduced to 0"q‘J reduced to
0_41 zenith according zenith according
(observed) Sec z to sec z to secl/2 z
0!'50 1. 09 0" 46 0.'47
0.52 1.15 0. 45 0.49
0.53 1.16 0. 46 0. 49
0.53 1.18 0. 45 0. 48
0.53 1.21 0. 44 0. 48
0.56 1.12 0.50 0.53
0.59 1.16 0.51 0. 55
0.60 1.23 0. 49 0. 54
0.63 1.16 0.54 0. 58
0.60 1.50 0. 40 0. 49
0. 61 1.55 0. 39 0. 49
0.63 1.75 0. 36 0. 48
0. 68 1.77 0. 38 0.51
0. 69 1.70 0. 41 0.53
0.71 2,20 0.32 0. 48
0.76 2,15 0. 35 0.52
0.72 2. 40 0. 30 0. 46
0. 80 2.50 0.32 0. 51
Mean 0.420 0. 505
Standard de- 0.07 0.03
viation from
mean

13
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Table 3. Results of slow-period image-motion observations

Period Standard deviation of Aperture
Observer (min) image motion (arcsec) (inch)

Schlesinger (1916) 1 40.0
Schlesinger (1916) 1 0.3 22.0
Hudson (1929) 1 7.5
Land (1954) 1 0.3 25.0

Strémgren improved upon Couder's method by introducing a rotating

o

shutter between the lens and the film. Hansson et al. and Hosfield used

similar techniques.

RdOsch obtained his results from an analysis of the edge functions given
by stars as they occult a sharply defined edge. The image motion will result
in a displacement of the edge function in the image space. Intensity scintil-
lation and the spread functions of the optics will also cause deterioration of
the edge function from the expected theoretical shape, but by studying dif-

ferent parts of this curve, ROsch has been able to isolate the various effects.

Hynek made his observations by photographing star images in the focal

plane, by use of rapid-sequence photographs.

Schmid (1965) also gives results that are indicative of image motion.
The characteristics of satellite motion are generally such that the orbit over
a short arc can be approximated by a smooth curve. Rapid successive ob-
servations, however, made of the rapidly moving object will indicate devia-
tions from the smooth curve, and at least part of these discrepancies can be

attributed to image motion.

The standard deviation of the residuals obtained by Schmid are of the
order 3.0 p across track and 3.5 p along track. The plate measurements
contribute about 2. 0 i, and emulsion creep possibly a further micron, so

that the image motion can be expected to be about 2 and 2. 7 u across and

15




along track, respectively. For the 300-mm lens, these values are equivalent
to about 1.3 and 1. 8 arcsec. It is tempting to assume that the measuring
accuracy is equal in both the across- and along-track components, since the
exposure intervals differ in these two directions, and provide additional
information at very short exposures. The timing accuracy of consecutive
breaks in the satellite trail is of the order of 40 to 60 psec and is consider-
ably smaller than are the other error sources. For the across-track com-
ponent, the exposure time is 1 /60 sec, while that for the along-track com-

ponent is less than 1 msec.

Some recent estimates of high-frequency image motions have been ob-
tained by Abbey and Tavenner (1967) from an analysis of Geos-A flash
observations. The cameras used are the PC 1000, which have an aperture
of about 20 cm, and the duration of the observed flash is about 1 msec.

Abbey and Tavenner's estimated average displacements of the images from
their mean position due to atmospheric turbulence is of the order of 1.0 arc-
sec. These results must, however, be considered with caution, for not only
may there be other factors that contribute in part to the total displacements,
but plates that show large deviations from the mean positions are not included

in their analysis.

The variety of methods used to obtain the estimates of image motion
makes the results in Table 2 rather difficult to interpret, particularly when
long focal-length instruments have been used. Long-focus telescopes mean
that the contribution of errors in plate measurements and emulsion shifts
are of lesser importance than in short-focus cameras, but they are more
prone to image motion caused by turbulence inside the telescope than are the
smaller instruments. Results obtained with long focal-length telescopes may

therefore not necessarily be valid for short-focus cameras, and vice versa.

Columns 3, 4, and 5 of Table 2 give the aperture (in centimeters), the
exposure time (in fractions of a second), and the zenith distance at which the
observations have been made. Column 6 gives the observed one-dimensional

image motion. The next column reduces the observed amount for the aperture

16




integration according to equation (5). Column 8 reduces the data to the zenith
according to the sec1 z law, and the only remaining variable is now the
exposure interval. The image motion reduced for aperture and for zenith
distance is plotted against exposure time At (in milliseconds) in Figure 2 and

indicates an approximate logarithmic relationship according to

Coy,® (1 -0.38 log At) .

Column 9 gives the image motion reduced according to this relation; the

average value of this motion is 4. 5. The image motion can then be written

as
secl/2
of =4.5(1 - 0.38 log Af) 2= 2 (6)
ND
s'o
913
4’0 |~
30
b%-
2’0
"o |~
100 m.s. 10 m.s. 1.0 ms.
i [ |

EXPOSURE TIME (in milli— seconds)

Figure 2. Relationship between image motion (reduced for aperture and
zenith distance) and exposure time, based on data presented
in Table 3.
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Expression (6) is one-dimensional. For image motion in a two-dimensional

space, this value must be multiplied by a factor of N 2.

Obviously, because of the variety of data used in obtaining the above
value of 4. 5, equation (6) must be considered as being representative of
""average'' seeing conditions. The differences between this mean value and
the various reduced values should furnish some idea of the range of the image
motion. Thus, the standard deviation of k = 4.5 is 1.3, or about 25% of the

value of k.

Figure 3 gives 0’llJ as a function of exposure time At and of aperture D

for observations made near the zenith.

~

\\ A1 =100m s

———
——.

| L £ J - J
10 20 30 40 50

APERTURE {(cm.)

Figure 3. Average one-dimensional image motion as a function of
aperture and exposure time for observations in the zenith.
The broken line indicates the formulation by Brown (1960).

Observational data for the slow-period motion is given in Table 3. All
investigators obtained similar results for both the period and the amplitude
of the wandering, which suggested that the air masses causing the motion
are larger than the largest apertures used. The studies of Schlesinger (1916),
Hudson (1929), and Land (1954) also indicate that images separated by up to
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a degree will appear to move in similar and simultaneous patterns. Further-
more, Hudson makes the observation that simultaneous observations to the
same star from two stations separated by about 55 m will exhibit fluctuations

that will have little in common.

The observations listed in Table 3 have generally been made over short
time intervals, so that the observed displacements do not include the effects

of wandering. The total one-dimensional image displacement, therefore, is

1/2 11/2

1
(") total = {(o. 3)% + [4. 5 Se_i/____%_ (1 - 0.38 log At)]Z} :

D

Equation (6) is the formulation of the image motion based on observational
evidence, while equation (4) is the formulation in terms of the parameters
defining the actual atmospheric turbulence. A comparison of the two will
therefore make an estimate of these parameters possible and will indicate the

validity of the two approaches.
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5. ATMOSPHERIC-TURBULENCE CHARACTERISTICS

As already indicated, the results of Rosch and Couder indicate an aver-
age eddy size of about 20 cm. In equation (4) there are, however, three
further parameters: the height of the turbulent layer, the velocity of the air
mass moving past the objective, and the magnitude of the temperature or
refractivity fluctuations. With the limited data available, it is not possible
to solve for all three unknowns, and furthermore, the V and oo are not
necessarily independent parameters. As is evident from the discussion
above, if care is taken to reduce the air turbulence in the telescope, most

of the image motion will be caused by turbulence in the first 100 m of the

atmosphere.

The image-motion expression derived from the observed data can be

rewritten in the form
0'&: = 0.74 (-0.85 - In AT) ,
where AT is in seconds.

Equating this expression with equation (4) yields

r 1/2
)
1.45(r0h) .a O = 0.74
or
‘T __ 0.74
vi72 ) asx rohlfz
and if we use the above values for r, and h,
o
T _ -4, 1/2
VTE— 2.5 x 10 C/(cm/sec)
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Table 4 indicates the values of Tpasa function of the velocity of the air
blobs past the objective that are required to satisfy the above equality. The
corresponding refractive-index anomalies required are also indicated; they
are of a magnitude that is reasonable to expect (see, e.g., Megaw, 1954;

Chandrasekhar, 1952).

Table 4. Temperature and refractive index fluctuations as a function
of wind velocity required to explain the image motion.

V V o g
(mph) (cm/sec) T N
1 45 0. 002 0. 005 X 10'6
5 225 0. 004 0.01 X 10'6
10 550 0.006 0.02 X 10'6

The observations of Hudson (1929) enable estimates to be made of the
upper limits both to the eddy size and to the height at which these blobs can
be expected to exist, for his observations indicate that an air mass subtends
an angle of about 1° at the observer, and that at a separation of 55 m simul-

taneous image-motion observations of the same object show no correlation.

Thus, the maximum height up to which the turbulence would be expected

to occur is about 3000 m, and the maximum blob size is about 55 m.

Substituting these values into equation (2) together with the observed

image-motion value of 0'LIJ = 0. 3 arcsec gives o_, = 004 C, with a period of

T
the order of 1 min. Such fluctuations would again not be unreasonable to

expect.

Substitution of the above values for h and T, into the expression for the

range fluctuations, and use of the refractive index anomalies suggested in

Table 4, means that the magnitude of o is only of the order

5/2 8

o =1.34 %10 X 2X10 =8.2><10'6cm
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6. CONCLUSIONS

From theoretical and heuristic considerations, the rapid-image motion

has been formulated as

1.45((r h) sec
o, = = (-) (K - 1In AT)P or

while the experimental formulation leads to the expression

1/2
secC
vy :4.5?2—2- (1 - 0.38 log At)

The experimental data also lead to a postulation of an eddy size of about

20 cm, which would be expected to be confined to the first 100 m of the
atmosphere. The above two models are compatible if temperature fluctuations
of the order of 0.01° C with periods of small fractions of seconds can be

expected.

Wandering can be expressed theoretically by

1/2

o1 = 0.145 (—) ,

and the experimental data lead to
o!' =03

The air masses causing the wandering appear to have a size of the order of
approximately 50 m and could occur up to heights of 3 ksn. The period of

this slow oscillatory motion is of the order of 1 min. The experimental and
theoretical formulations are in agreement if slow temperature variations of

about 0. 4° C can be assumed to exist at heights up to 3 km.
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It must be remembered that the experimental data are limited and varied,
and that it is not always certain as to what region of turbulence the results
refer to, or indeed that the measured quantities are not the result of some
other phenomenon, and the above conclusion must be taken with caution.

The fact, however, that the motion, as specified above, can be postulated
without any outlandish assumptions of the air turbulence being required, as
well as the fact that there are no obviously gross discrepancies between the
different investigators is comforting. Certainly the conclusion can be made
that, even for large-aperture cameras, image motion exists and can be sig-
nificant., For example, observations with the Baker-Nunn camera of a
flashing satellite can be expected to have an average image motion of about
0.7 arcsec. For the 200 mm aperture K-50 camera, the average image

motion will be about 1. 2 arcsec for a flashing satellite.

Brown (1960) has also deduced a formulation of image motion, which for

"very short exposures'' is given by

!
ah;:%secllzz 1LO<K <6.0 .
. . . " ’ 1/2
This function, for average seeing conditions of k¥’ - 3.5 and sec z =1,

is evaluated in Figure 3 and indicates that Brown's estimates are consider-
ably more optimistic than are those derived here. For example, his expres-
sion applied to the Baker-Nunn camera and a flashing satellite gives an
average motion of only about 0.1 arcsec and a maximum of 0. 2 arcsec, and
for the K-50, the average image motion according to Brown's expression is

about 0.3 arcsec.

Further controlled experiments of immage-motion observations are ob-
viously required. During such observations, measurements of the rapid
temperature variations as well as of wind velocity would be of value. More
experience concerning the relationship of image motion with site and meteor-

ological conditions will also be welcomed.

23



The observational technique of Couder, coupled with a fast shutter, is
probably one of the best methods, as it removes the errors that could be
contributed by instrumental vibrations. The method, however, is limited
to rather small apertures because of the necessity of having two or more
apertures, separated by distances greater than the air-mass size, placed
in front of the objective. An alternative method, suitable for larger aper-
tures, has been suggested by Meinel (1960) and is illustrated in Figure 4.
The Baker-Nunn camera operated in a stationary mode could also be used to

provide further observational data.

- MIRRORS
Y \

y

MIRROR

OBJECTIVE

SHUTTER

FOCAL PLANE
MOVING FILM

Figure 4. Possible method for observing image motion. The center mir-
- rors deviate slightly from 45° to form the two separated images.
The film moves in a direction at right angles to the line joining
the two images. The shutter chops the resulting trails into
segments corresponding to the exposure interval investigated.
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