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THE RESTRICTED PROBLEM OF THREE BODIES (111) 

* 

Curt  i s  A .  Wagner 

Department of Physics ,  Un ive r s i ty  of I l l i n o i s  
Urbana , I11 i n o  i s  

An exhaus t ive  numerical  s ea rch  f o r  symmetric s o l u t i o n s  t o  t h e  

r e s t r i c t e d  problem of t h r e e  bodies  qu ick ly  r e v e a l s  t h e  dominance of classes 

of s o l u t i o n s  a s s o c i a t e d  w i t h  t h e  so -ca l l ed  "per iodic-asymptot ic  l i m i t i n g  

o r b i t s "  of Str8mgren.- These o r b i t s  s p i r a l  a sympto t i ca l ly  i n t o  and out  1/ 

from t h e  two s t a b l e  t r i a n g u l a r  l i b r a t i o n  po in t s ,  L 

s tudy  t h e  o the r  asymptot ic  l i m i t i n g  o r b i t s  which approach the  t h r e e  uns t ab le  

and L5. (We w i l l  no t  4 

l i b r a t i o n  p o i n t s  on t h e  l i n e  through the  two f i n i t e  masses.) I f  w e  wish 

t o  understand t h e  p r o p e r t i e s  of t hese  per iodic-asymptot ic  l i m i t i n g  o r b i t s  

and t h e i r  a s s o c i a t e d  classes, we  must study. them over t h e  complete range 

of mass r a t i o  va lues .  I n  t h i s  paper we  s h a l l  r e p o r t  some r e s u l t s  of t h i s  

s tudy  . 
Although Strumgren only loca ted  a few asymptot ic  l i m i t i n g  o r b i t s  

which were symmetric wi th  r e s p e c t  t o  t h e  e-axis  o r  t h e  r)-axis, it i s  no t  

d i f f i c u l t  t o  f i n d  more e q u a l l y  s imple o r b i t s  u s ing  a d i g i t a l  computer. 

For Strumgren's case  of equal  f i n i t e  masses a p l o t  of 14 asymptot ic  

l i m i t i n g  o r b i t s  (symmetric wi th  r e s p e c t  t o  the  e-axis) i s  shown as 

Figure  10 i n  t h e  paper by Bartlett.Z1 

t a b l e  of i n i t i a l  and f i n a l  cond i t ions  p l u s  a l i s t i n g  of t h e  classes of 

p e r i o d i c  s o l u t i o n s  a s s o c i a t e d  wi th  each of t h e  l i m i t i n g  o r b i t s .  It w a s  

A l s o  included i n  t h a t  paper i s  a 

found t h a t  several s m a l l  classes of s o l u t i o n s ,  f o r  example t h e  (k) ,  (p), 

and (f3) c l a s s e s ,  both began and ended on one of t h e s e  14 l i m i t i n g  o r b i t s .  

The more ex tens ive  (g) class w a s  found t o  begin a t  one of t h e  masses and 
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terwinate on B hybr id  combination of asymptotic o r b i t s  V I 1  and V I I I .  This  

unexpected te rmina t ion  seemed t o  i n d i c a t e  t h e  p o s s i b i l i t y  of an i n f i n i t e  

number of per iodic-asymptot ic  hybr id  l i m i t i n g  o r b i t s  and t h e i r  a s s o c i a t e d  

r\ c l a s s e s  of p e r i o d i c  s o l u t i o n s .  

I n  s tudying  t h e  dependence of t h e  simple symmetric classes upon t h e  

r a t i o  of t h e  two f i n i t e  masses,q/ it w a s  found t h a t  many of t h e  classes 

changed t h e i r  t opo log ica l  s t r u c t u r e  above o r  below c e r t a i n  va lues  of 

y = (m,-m2)/(m Sm ), t h e  mass r a t i o  parameter.  For example t h e  (k) ,  (p), 

and (f3) c l a s s e s  changed from open c l a s s e s  t e rmina t ing  on s p i r a l  l i m i t i n g  

1 2  

o r b i t s  i n t o  c losed  c l a s s e s  t h a t  even tua l ly  shrank t o  p o i n t s  and vanished.  

The (g) class l o s t  i t s  s p i r a l  t e rmina t ions  on V I 1  and V I 1 1  and developed 

another  branch wi th  d i f f e r e n t  f i n a l  symmetry p r o p e r t i e s .  These behaviors  

suggested the  need t o  s tudy  t h e  per iodic-asymptot ic  l i m i t i n g  o r b i t s  them- 

se lves  as a func t ion  of t h e  mass r a t i o .  

The simple asymptot ic -per iodic  l i m i t i n g  o r b i t s  which w e  s tud ied  a l l  

s p i r a l  ou t  from t h e  l i b r a t i o n  p o i n t  L 

F = + s inh -% = + 1.316958), and s t r i k e  e i t h e r  t h e  E o r  F axes perpendic- 

u l a r l y .  I n  t h e  neighborhood of L (or  L ) t h e  equat ions  of motion can be 4 5 

s i m p l i f i e d  t o  y i e l d  t h e  s p i r a l  t r a j e c t o r i e s  when -y < y < y o ,  and c losed  

e l l i p t i c a l  motions when 12  (where y = \/23/27 = 0.922958 

i s  a c r i t i c a l  o r  l i m i t i n g  mass r a t i o ) .  R e s t r i c t i n g  ourse lves  t o  t h e  

s p i r a l  motions, i t  i s  then  easy  t o  calculate2’ 

l oca t ed  a t  (E = - d 2 ,  4’ 

0 

2 y 0 0 

t h e  s l o p e  of the  t r a j e c t o r y  

where it i n t e r c e p t s  t h e  q -ax i s  ( i . e .  t h e  l i n e  E = - rr/2 i n  t h e  T h i e l e  

coord ina te s ) .  S ince  t h e  s l o p e  a t  t h i s  i n t e r c e p t  i s  numerical ly  i d e n t i c a l  

i n  both coord ina te  systems, i . e .  

w e  can c a r r y  over t hese  Car t e s i an  r e s u l t s  immediately. 
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The equat ion  f o r  t h e  s lope  of t h e  outgoing s p i r a l  motion a t  t h e  

3 /  E = - rr/2 i n t e r c e p t  is- 

4 

dF e + 5 / 4 )  %(E = - n/2)  = p - ’(’ 
(e2 + 4q2) 

where 

e =  2 p + p  { p2 = 27y2/16 

and p,q are rea l  numbers s a t i s f y i n g  t h e  equat ions  

2 
P -  

and 4 P4 

7 2 g = - 1 / 2  

Knowing t h e  s lope  dF/dE = (f?/k) a t  E 

i n i t i a l  F coord ina te  near  L i 4’ 1 1 

the  energy i n t e g r a l  of t h e  motion. This  i n t e g r a l  i s  given by- 

= - n/2 and a r b i t r a r i l y  choosing an 
i 

w e  can  c a l c u l a t e  both k. and I?. by us ing  

3 /  

. 
T, 8 -- ii2+e2 - - 2 + D(chF - y cosE) 

D 

1 
4 + -(ch2F + cos2E) + y chF cosE 

where 

2 D  = ch2F - C O S ~ E  

2 T = K-y 

and K is  t h e  Jacob i  cons t an t  of t h e  motion. It has  been convenient t o  use  

t h e  parameter T as t h e  energy i n t e g r a l  f o r  t h e  fo l lowing  reason.  I f  we 
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2 eva lua te  t h e  Jacob i  cons t an t  a t  L w e  o b t a i n  K = 11 + y . Since  a l l  4 

periodic-asymptot ic  l i m i t i n g  o r b i t s  begin a t  L it  would be h e l p f u l  t o  

have a cons t an t  of t h e  motion which is  independent of y a t  L I f  w e  

t h e r e f o r e  set T = K-y 

cons tan t  va lue  of 11 a t  L Thus, f o r  va lues  of y our energy-pos i t ion  

p r o f i l e s  (T vs  E o r  T v s  F, where E and F r e f e r  t o  the  coord ina tes  on t h e  

4’ 

4‘  
x 2 w e  see t h a t  t h i s  parameter w i l l  always have t h e  

4’  

axis of symmetry) w i l l  have t h e  per iodic-asymptot ic  l i m i t i n g  o r b i t s  

l o c a t e d  along t h e  T = l l  l i n e .  Thei r  a s s o c i a t e d  c l a s s e s  w i l l  s p i r a l  i n t o  

them back and f o r t h  ac ross  t h i s  one This  f i x e d  energy a t  L i s  a 

d i s t i n c t  advantage when we  begin  t o  vary  t h e  mass r a t i o  y .  

4 

Having i n i t i a l  cond i t ions  f o r  t h e  14 per iodic-asymptot ic  l i m i t i n g  
- 2 /  

o r b i t s  when y=O, i t  i s  then  an easy  ma t t e r  t o  t r a c e  ou t  t hese  o r b i t s  as 

continuous func t ions  of y .  With a s p e c i a l  computer sub rou t ine  t o  c a l c u l a t e  

t he  i n i t i a l  s l o p e  of t h e  s p i r a l  a t  E = - rr/2 as a func t ion  of y, w e  can 
i 

o b t a i n  2. and I? f o r  any a r b i t r a r y  F va lue  (when T=ll). Choosing a f ixed  
1 i i 

va lue  of y c l o s e  t o  zero,  w e  can va ry  F from t h e  origi’nal va lue  u n t i l  

t h e  r e s u l t i n g  outgoing t r a j e c t o r y  e x a c t l y  m e e t s  t h e  d e s i r e d  f i n a l  boundary 

i 

cond i t ions .  This  process  can then be cont inued u n t i l  t h e  f u l l  range 

-yo < y  < y o  has been scanned. 

t h e  14 o r i g i n a l  l i m i t i n g  o r b i t s  a r e  p l o t t e d  i n  F igure  I. We f i n d  a 

t i g h t l y  nes ted  set of curves  whose F va lues  l i e  w i t h i n  a band of width 

Mi = 0.015 f o r  y=O bu t  which inc rease  r a p i d l y  and a sympto t i ca l ly  as 

y + 5 yo. 

because of t h e  d i f f i c u l t y  i n  ob ta in ing  a c c u r a t e  r e s u l t s .  It should a l s o  

b e  noted t h a t  w e  have p l o t t e d  a l l  t h e  l i m i t i n g  o r b i t s  w i th  t h e i r  va lues  

of F .  > 1.316958, whereas some of t h e  o r i g i n a l  t a b u l a t e d  valuesL’had 

Results of t h i s  y v s  F scan f o r  10 of i 

i 
N 

The p resen t  c a l c u l a t i o n s  w e r e  n o t  c a r r i e d  much beyond ]yI = 0.85 

1 
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F .  ~ 1 . 3 1 6 9 5 8 .  In t hose  cases our p l o t t e d  va lues  correspond t o  t h e  next  

i n t e r c e p t  of t h e  l i n e  E = - n/2 by t h e  outgoing s p i r a l  t r a j e c t o r i e s .  

1 

A key f e a t u r e  of F igu re  1 i s  t h e  smooth coa lescence  of a number of 

- pairs of t h e  o r i g i n a l  l i m i t i n g  o r b i t s  which were t o p o l o g i c a l l y  s imilar .  

For example, a t  y=O l i m i t i n g  o r b i t s  I and I1 a r e  both s i m i l a r  and c l o s e  t o  

one another  everywhere, even up t o  E = -TT.~’ They merge i n t o  one l i m i t i n g  

o r b i t  when y = -0,059. On t h e  same topo log ica l  b a s i s  w e  would expect  

coalescence of l i m i t i n g  o r b i t s  111 and I V ,  p lus  X I  and X I V  a s  w e l l .  This  

cv 

merging is  indeed what w e  do f i n d  from our y vs  F scans  shown i n  F igure  1. 

I n  a d d i t i o n  w e  d i scover  t h a t  l i m i t i n g  o r b i t  V I 1 1  reaches  an abso lu te  

minimum va lue  of y bu t  then cont inues  t o  exist  f o r  d i f f e r e n t  F va lues  a s  

y i s  increased  aga in .  A t  y=O w e  f i n d  t h a t  t h i s  new l i m i t i n g  o r b i t ,  c a l l e d  

V I 1 1  ( t h e  conjugate  o r b i t  of V I I I ) ,  has  a s l i g h t l y  l a r g e r  F va lue  than 

does t h e  o r i g i n a l  o r b i t  V I I I .  Thus V I 1 1  i s  t o t a l l y  equ iva len t  t o  o r b i t  

V I I I ,  and as such is  involved i n  t h e  evo lu t ion  of t h e  (g) c l a s s .  The o the r  

i 

i 

9; 

i 
Jr 

o r b i t s  (V, V I ,  and VII)  p l o t t e d  i n  F igure  1 are no t  t o p o l o g i c a l l y  equiva- 

. l e n t ,  and do no t  appear t o  j o i n  any conjugate  l i m i t i n g  o r b i t s .  However, 

t h e  scan has n o t  been run  c l o s e  enough t o  -y t o  completely prec lude  

t h e i r  a c t u a l  e x i s t e n c e .  

0 

I n  order  t o  g e t  a more complete p i c t u r e  of t h e  t o t a l i t y  of t h e  

per iodic-asymptot ic  o r b i t s  w e  make use  of t h e  e igensu r face  representa t ion . -  

S ince  T = l l  f o r  a l l  of t h e s e  l i m i t i n g  o r b i t s  w e  can  o b t a i n  t h e i r  complete 

r e p r e s e n t a t i o n  by p l o t t i n g  m a s s  r a t i o - p o s i t i o n  p r o f i l e s  (y v s  E o r  y vs  F) 

f o r  T = l l .  These two p r o f i l e s  a r e  shown r e s p e c t i v e l y  i n  F igu res  2 and 3 

f o r  some of t h e  o r i g i n a l  l i m i t i n g  o r b i t s .  I n  F igu re  2 w e  observe t h a t  

o r b i t s  111 and I V  coa lesce  a t  E = 0.75 when y = -0 .24.  This  coalescence 

3/ 

N N 
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coinc ides  wi th  the  c l o s i n g  o f f  of t h e  (/3) class, which begins  and te rmina tes  

only  on o r b i t s  111 and I V .  The mechanism f o r  t h i s  c l o s i n g  o f f  i s  t h e  

touching and merging of t h e  success ive  s p i r a l  loops i n  t h e  T vs E p r o f i l e  

of t h e  (B)  class as o r b i t s  I11 and I V  approach one another  (along t h e  

T = l l  l ine  as y 4 - 0 . 2 4 ) .  The r e s u l t  i s  an  i n f i n i t e  nes t ed  set  of s m a l l  

c lo sed  classes which g radua l ly  s h r i n k  t o  p o i n t s  and van i sh  as y i s  decreased 

f u r t h e r  (e .g .  t he  outermost member of t h e  nes ted  set f o r  t h e  (@) c l a s s  

d isappears  f i n a l l y  around y = - 0 . 8 3 ) .  I n  a s i m i l a r  f a sh ion  o r b i t s  I and I1 

coalesce  a t  y = -0.059. 

(k) and (p) classes, which begin and te rmina te  only on o r b i t s  I and 11. 

N 

N 

This  union co inc ides  w i t h  t h e  c l o s i n g  of f  of t h e  

The o t h e r  o r b i t s  p l o t t e d  i n  F igure  2 are t h e  conjugate  p a i r  of 

9; N N 

l i m i t i n g  o r b i t s  V I 1 1  and V I 1 1  . These o r b i t s  merge a t  E = -2.27 when y = -0 .70.  

S ince  t h e  ( 8 )  class  te rmina tes  on a hybr id  combination of o r b i t s  V I 1  and 

V I I I ,  b u t  i s  n o t  a s s o c i a t e d  wi th  V I 1 1  ( t h e  c l a s s  begins  around one of t h e  

masses), w e  now f i n d  t h a t  t h e  c l a s s  s t i l l  exists below y = -0.70 bu t  w i th  

d i f f e r e n t  te rmina t ion  p r o p e r t i e s .  I n  f a c t  another  branch of t h e  (g) c l a s s  

appears,  j o i n s  toge ther ,  and then b r e a k s - a p a r t  i n  another  mode wi th  ( f )  

9; 

-k 
class  The c l a s s  a s soc ia t ed  wi th  V I 1 1  has  not  been t r a c e d  ou t .  

I n  F igure  3 w e  see t h e  y vs F p r o f i l e s  of o r b i t s  V, V I ,  X I ,  and X I V .  

Orb i t s  V and V I  cover almost t he  f u l l  range of y ,  b u t  do not  j o i n  any 

conjugate  p a i r s  of s i m i l a r  o r b i t s  by y = - 0 . 8 5 .  However o r b i t s  X I  and X I V  

do coa lesce  a t  F E -0.35 when y 

a f f e c t e d  i n  a complicated way by t h i s  coalescence.  But a f t e r  t h e  breaking  

apa r t ,  touching and r e j o i n i n g  of po r t ions  of t h e  class i s  accomplished, 

t h e  class touches t h e  zero v e l o c i t y  s u r f a c e  and thereby acqui res  new t e r m i -  

n a t i o n  and symmetry p rope r t i e s . -  

N 

-0 .582 .  The a s s o c i a t e d  (a-6) class i s  

31 
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S O  f a r  w e  have been s tudying  per iodic-asymptot ic  l i m i t i n g  o r b i t s  which 

were symmetric w i th  r e s p e c t  t o  t h e  e-axis  ( i . e .  our E-  o r  F -ax i s ) .  But 

Strumgren a l s o  d isp layed  6 per iodic-asymptot ic  l i m i t i n g  o r b i t s  which w e r e  

symmetric wi th  r e s p e c t  t o  t h e  q-axis- 

coord ina te s ) .  

simple,  e n c i r c l i n g  only  t h e  L 

i n t o  L The mi r ro r  image of t h i s  o r b i t ,  s p i r a l i n g  i n t o  L in s t ead  of L 

i s  p l o t t e d  i n  F igure  4 as o r b i t  number 1. 

1/ ( i .e .  t h e  l i n e  E = +, rr/2 i n  our 

H i s  second o r b i t ,  wi th  qo= 1.7008 f o r  y=O, i s  small and 

l i b r a t i o n  p o i n t  be fo re  r e t u r n i n g  t o  s p i r a l  1 

4' 4' 5 

By s t a r t i n g  on t h e  l i n e  E = - rr/2 j u s t  below L and choosing a va lue  5 

of  Fi approximately equal  t o  t h e  minimum va lue  of F a t t a i n e d  by o r b i t  number 

1, w e  can vary  T about 11 u n t i l  w e  l o c a t e  a member of t h e  a s soc ia t ed  class. 

This  technique of l o c a t i n g  a member of a class from a l i m i t i n g  o r b i t  i s  

based on t h e  c o i l i n g  p rope r ty  of t h e  per iodic-asymptot ic  classes .2' 
c l a s s  can be t r a c e d  i n  t h e  usua l  manner, and i t s  T v s  F p r o f i l e  i s  p l o t t e d  

i n  F igure  5 .  Two "extreme o r b i t s "  from t h i s  p r o f i l e  are a l s o  p l o t t e d  i n  

F igure  4 as number 2 (T=11.00) and number 3 (T=9.486659, very  near  t h e  

minimum). The c l a s s  e igensur face  i s  thus  seen  t o  be compact and s imple.  

Because it  both begins and ends on t h e  same l i m i t i n g  o r b i t  ou t  of L w e  4' 

would p r e d i c t  t h a t  t h e  class e x i s t s  over most of t h e  range -y < y < y o .  

This  p r e d i c t i o n  has no t  been checked. 

The 

0 

It would be s t r a igh t fo rward  t o  trace out  s i m i l a r  classes as soc ia t ed  

wi th  Str8mgren's o the r  per iodic-asymptot ic  o r b i t s ,  o r  indeed l o c a t e  e n t i r e l y  

new classes and l i m i t i n g  o r b i t s .  But t h e  unusual hybr id  combinations of 

l i m i t i n g  o r b i t s  involved i n  t h e  (g) and (a-6) classes2/suggested t h a t  we  

t r y  t o  l o c a t e  a class a s s o c i a t e d  e x c l u s i v e l y  wi th  two or  more pe r iod ic -  

asymptot ic  l i m i t i n g  o r b i t s .  I n  p a r t i c u l a r  w e  t r i e d  t o  l o c a t e  a class 
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a s s o c i a t e d  w i t h  a hybr id  l i m i t i n g  o r b i t  c o n s i s t i n g  of S t r h g r e n ' s  f i r s t  

two o r b i t s  symmetric w i t h  r e s p e c t  t o  t h e  q-axis . l l  

w i th  qo= 1.7008, has a l r e a d y  been d iscussed;  h i s  f i r s t  o r b i t ,  w i th  

( H i s  second o r b i t ,  

I N 

= 1.72025, c ros ses  t h e  4-axis  o u t s i d e  t h e  masses and then  t u r n s  around q0 

t o  s t r ike t h e  q-ax is  pe rpend icu la r ly  w e l l  above L ) .  

c o i l i n g  technique quick ly  loca ted  t h e  d e s i r e d  hybr id  class, and i t s  

r e l a t i v e l y  s imple evo lu t ion  is  t r a c e d  out  i n  F igures  6 and 7 .  

Appl ica t ion  of t he  4 

I n  F igure  6 w e  see StrUmgren's second l i m i t i n g  o r b i t  p l o t t e d  as 

o r b i t  number 1 (T=11.0,  y=O). The o the r  h a l f  of t h e  hybr id  l i m i t i n g  o r b i t ,  

Strumgren's f i r s t  o r b i t ,  is  no t  p l o t t e d .  It s p i r a l s  ou t  from L t o  c ros s  

t h e  F a x i s  f i r s t  above F = -1.0 and then  above F = -2 .0 as it t u r n s  back 

t o  t h e  l i n e  E = - n/2 which it s t r i k e s  pe rpend icu la r ly  around F = -2.1. 

O r b i t  number 2, f o r  T = 10.7753, has  a l a r g e  loop around bo th  of the  

o r g i n a l  s p i r a l s  about L As T decreases  s l i g h t l y  and then  increases ,  t h e  

loop sh r inks  ( o r b i t s  3 and 4 ,  wi th  T = 10.57482 and T = 11.452921, passes  

through a cusp, and changes i n t o  a smooth curve wi thout  a loop ( o r b i t  5 

w i th  T = 12.45, very  near  t h e  maximum T v a l u e ) .  

5 

N 

5 '  

I n  F igure  7 we  see t h e  whole process  r eve r s ing  i t s e l f  as T decreases  

aga in .  Orb i t  6 a t  T = 12.373 is s i m i l a r  t o  o r b i t  number 5, wh i l e  o r b i t  

number 7 a t  T = 11.861 shows a cusp forming i n  t h e  same reg ion  as t h e  loop 

of o r b i t  number 4.  W e  a l s o  n o t i c e  a s m a l l  depress ion  appearing where o r b i t  

7 s t r i k e s  t h e  l i n e  E = - n/2 pe rpend icu la r ly .  By  o r b i t  number 8 (at  T=11.093) 

t h i s  depress ion  has  passed through a s i n g u l a r  cusp ( i n f i n i t e  s lope ) ,  formed 

a s m a l l  loop, and consequent ly  taken on new f i n a l  boundary cond i t ions .  A t  

t h e  same t i m e  t h e  o r i g i n a l  cusp near  (E = -1.2, F = -1.1) has s i m i l a r l y  

become a l a r g e  loop.  I n  o r b i t  number 9, a t  T = 10.77264, t h i s  loop has  
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continued t o  s w e l l  in  t h e  d i r e c t i o n  of L 

has  expanded t o  e n c i r c l e  L A s  T cont inues  t o  decrease  and then  inc rease  

again, t h e  o r i g i n a l  loop passes  and then  a l s o  e n c i r c l e s  L More and more 

cusps and loops develop w i t h i n  t h e s e  two e n c i r c l i n g  loops,  and t h e  c l a s s  

even tua l ly  te rmina tes  as it began, on the  hybr id  per iodic-asymptot ic  

l i m i t i n g  o r b i t .  

wh i l e  t h e  t i n y  loop a t  E = - n/2 
5' 

5 '  

5 '  
c 

Two T vs  F e igensur face  p r o f i l e s  of th is  hybrid class are shown i n  

F igure  8.  

corresponds t o  t h e  abso lu te  p o s i t i o n  of t he  lower po r t ions  of t he  o r b i t s  

The r ight-hand branch has  T p l o t t e d  ve r sus  IF1 a t  E = - n/2 and 

w e l l  below L The s p i r a l  c o i l s  suggest  

on t h e  s a m e  per iodic-asymptot ic  l i m i t i n g  

is  seen t o  be about 12.5.  The l e f t -hand  

t o  the  p o s i t i o n  of t h e  upper po r t ions  of 

5 '  t h a t  t h i s  class begins  and te rmina tes  

o r b i t s .  The maximum value  of T 

branch is  f o r  T vs F and corresponds 

t h e  o r b i t s  j u s t  below L The 4 '  

p r o f i l e  starts i n  a s p i r a l  around F = 1.0,  rises t o  t h e  maximum T va lue  

around 12.5,  and then sha rp ly  r e t r a c e s  i t s  earlier p r o f i l e  almost e x a c t l y .  

The d i f f e r e n c e  i s  too  s m a l l  t o  appear i n  t h e  f i g u r e .  The dependence of 

t h i s  two-membered hybr id  class on t h e  mass r a t i o  y would probably be similar 

t o  t h a t  of t he  s impler  class d iscussed ,  t h a t  i s ,  t h i s  hybr id  class would 

probably e x i s t  over a wide range of y va lues  ( s i n c e  t h e  c l a s s  aga in  begins  

and ends on t h e  same hybr id  l i m i t i n g  o r b i t ) .  This  p r e d i c t i o n  a l s o  remains 

t o  be checked. 

We have no t  searched f o r  t h ree -  o r  four-membered hybr id  classes, 

b u t  it would appear t h a t  t h e  sheer  number of combinations and permutations 

p o s s i b l e  f o r  multi-membered per iodic-asymptot ic  l i m i t i n g  o r b i t s  would be 

almost l imi t less .  This  p o s s i b i l i t y  should apply t o  hybr id  o r b i t s  symmetric 

w i t h  r e s p e c t  t o  e i t h e r  t h e  q -ax i s  o r  t h e  e-axis ,  o r  combinations of both . 
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s imultaneously and probably t o  a l l  of t h e  asymmetric l i m i t i n g  o r b i t s  as w e l l .  

e I f  t h e  a s s o c i a t e d  classes do indeed extend over l a r g e  ranges of y values ,  

t hey  would be by f a r  t h e  most abundant and important of a l l  t h e  classes of 
- 

s o l u t i o n s  t o  the  problem. The problem would then  be reduced t o  t h e  s tudy  

of t he  fundamental class gene ra to r s ,  which would be t h e  p o s s i b l e  hybr id  

combinations of per iodic-asymptot ic  l i m i t i n g  o r b i t s .  
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F IGURE C U T  IONS 

Figure  1: Dependence of i n i t i a l  p o s i t i o n  F on the  mass r a t i o  i 

parameter y, f o r  11 per iodic-asymptot ic  l i m i t i n g  

o r b i t s  symmetric wi th  r e s p e c t  t o  t h e  e-axis  (T=ll, 

Ei= - ~ / 2 ) .  

Figure  2 :  Dependence of f i n a l  p o s i t i o n  E on t h e  mass r a t i o  f 

parameter y, f o r  4 per iodic-asymptot ic  l i m i t i n g  

o r b i t s  symmetric wi th  r e s p e c t  t o  t h e  e-axis  ( T = l l ,  

Ei= - d 2 ) .  

Figure  3:  Dependence of f i n a l  p o s i t i o n  F on t h e  mass r a t i o  f 

parameter y, f o r  4 per iodic-asymptot ic  l i m i t i n g  

o r b i t s  symmetric wi th  r e s p e c t  t o  t h e  e -ax is  ( T = l l ,  

F igure  4 :  StrUmgren's second l i m i t i n g  o r b i t  symmetric wi th  

r e s p e c t  t o  the  q-ax is  (q = 1.7008, T = l l ,  y=O), 

and two "extreme o r b i t s "  of t h e  a s s o c i a t e d  class 

of p e r i o d i c  s o l u t i o n s .  

0 
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Figure  5: Energy-posi t ion p r o f i l e  of t h e  class as soc ia t ed  

wi th  Strumgren's second l i m i t i n g  o r b i t  symmetric 

wi th  r e s p e c t  t o  t h e  q -ax i s .  

F igu re  6: I n i t i a l  evo lu t ion  of a hybr id  class of p e r i o d i c  

s o l u t i o n s  a s s o c i a t e d  w i t h  a combination of 

Strumgren's f i r s t  and second l i m i t i n g  o r b i t s  

(symmetric wi th  r e s p e c t  t o  t h e  q - a x i s ) .  

F igure  7: F i n a l  evo lu t ion  of a hybr id  c l a s s  of pe r iod ic  

s o l u t i o n s  a s soc ia t ed  w i t h  a combination of 

Strbmgren's f i r s t  and second l i m i t i n g  o r b i t s  

(symmetric wi th  r e s p e c t  t o  t h e  q - a x i s ) .  

F igure  8: Energy-posi t ion p r o f i l e  of a hybr id  c l a s s  

a s soc ia t ed  wi th  a combination Qf Strumgren's 

f i r s t  and second l i m i t i n g  o r b i t s  (symmetric 

wi th  r e s p e c t  t o  t h e  q-axis). 
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FINAL REPORT 

NsG 280-63 

Research on p e r i o d i c  s o l u t i o n s  of t h e  r e s t r i c t e d  3-body problem has 

r e s u l t e d  i n  Technical  Reports  Nos. 1, 2 and 4 .  Research on s t a b i l i t y  of 

pe r iod ic  s o l u t i o n s  r e s u l t e d  i n  Technical  Report  N o .  3, which is  a sequel  

t o  o ther  work p a r t i a l l y  performed under t h e  g r a n t  and publ ished i n  t h e  

Communications of t h e  Danish Academy. 

Technical  Report  No. 1, a l s o  publ ished by t h e  Danish Academy (Mat. 

Fys.  Skr .  Dan. Vid. Se l sk .  2, 7 (1964)) surveyed most of t h e  important 

c l a s s e s  of p e r i o d i c  s o l u t i o n s  f o r  t h e  case  of equal  masses. 

Technical  Report  No. 2 ,  a l s o  publ ished by the  Danish Academy, 

co-author C .  A. Wagner, (Mat. Fys. Sk r .  Dan. Vid. Se l sk .  3, 1 (1965)) 

extended Report  No. 1 t o  t h e  case  of unequal masses, g e n e r a l l y  over most 

of t he  allowed range.  

Technical  Report  No. 4 shows how some l i m i t i n g  asymptbt ic  o r b i t s  

vary  wi th  m a s s  r a t i o .  

I n  order  t o  provide a b a s i s  f o r  d i scuss ion  of s t a b i l i t y  of so lu-  

t i o n s  of t h e  r e s t r i c t e d  3-body problem, motion under a p e r i o d l c  cubic  

f o r c e  w a s  s t u d i e d  i n  d e t a i l .  

Fys.  Medd. Dan. Vid. Se l sk .  36, 11 (1968)) and’general  comments on 

s t a b i l i t y  w e r e  made. This  has  been followed by work w i t h  C .  A. Wagner 

which is d e t a i l e d  i n  Technica l  Report  No. 3. f t  is  intended t o  recast 

t h i s  as a j o u r n a l  a r t i c l e  and t o  submit it f o r  p u b l i c a t i o n .  

The p e r i o d i c  s o l u t i o n s  w e r e  l oca t ed  ( M a t .  
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