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A NEW METHOD OF DETERMINING THE MEAN MOLECULAR MASS 

Kenneth M o e  
Space Sciences Department 
Douglas Aircraf t  Company 

Santa  Monica, Cal i forn ia  90406 

1. INTRODUCTION 

It is w e l l  known t h a t  t h e  mean molecular mass is very n e a r l y  constant  i n  t h e  lower atmosphere, because 
turbulence overcomes t h e  tendency f o r  d i f f u s i v e  separa t ion .  

above 100 km, so above t h i s  a l t i t u d e  each gas  h a s  its own v e r t i c a l  d i s t r i b u t i o n  with i ts  own scale 
he ight .  The l i g h t e r  gases  have l a r g e r  scale heights ,  so t h e  mean molecular mass cont inua l ly  decreases  
as t h e  a l t i t u d e  increases  above 100 km. ( l )  
does not  n e c e s s a r i l y  e x i s t ,  because t h e  d issoc ia t ion  and recombination of oxygen are important processes  
between 70 and 200 km.(2) 

A t  t h i s  p o i n t ,  t h e  reader  may w e l l  ask: 
mass? 

A s  t h e  a l t i t u d e  i n c r e a s e s ,  t h e  mean f r e e  
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Although d i f f u s i v e  s e p a r a t i o n  occurs ,  d i f f u s i v e  equi l ibr ium 

"Why do we need a new method of determining t h e  mean molecular 
What i s  wrong with t h e  o ld  ones?" This quest ion w i l l  be  answered i n  t h e  next  s e c t i o n .  

2. LIMITATIONS OF PRESENT MEASUREMENTS OF THE MEAN MOLECULAR MASS 
- 

The t w o  main methods of ,determining t h e  mean molecular mass, m ,  are mass-spectrometric measure- 
ments (3-9) and e x t i n c t  i o n  measurements (10) . Uncert a i n t i e s  i n  t h e  i n t e r p r e t  a t  ion  of mass-spect rome t r ic 
measurements are r e l a t e d  t o  the processes  of c a l i b r a t i o n ( l l , l * ) ,  r e ~ o m b i n a t i o n ( l 3 ) ~  and adsorpt ion(14) .  
D i f f e r e n t  mass s ectrometers  on t h e  same rocket  sometimes y i e l d  number d e n s i t i e s  d i f f e r i n g  by a f a c t o r  
of 2 o r  more.(15y The l a r g e s t  source of e r r o r  i n  e x t i n c t i o n  measu ements i s  uncer ta in ty  i n  t h e  
absorpt ion c r o s s  s e c t i o n s ,  which may be  as l a r g e  as a f a c t o r  of  2.f1°) Er rors  i n  the  measured con- 
c e n t r a t i o n s  of t h e  ind iv idua l  c o n s t i t u e n t s  w i l l  be r e f l e c t e d  i n  i, which is computed from t h e  
equat ion 

iii - Znimi/(Zni), (1) 

where n i  i s  t h e  number dens i ty  of t h e  i - t h  cons t i tuent ,  and m i  i s  i ts  molecular mass. 
has  been developed i n  order  t o  reduce the  e r r o r  which is caused by t h e  above sources. 

The new method 

3. THE NEW METHOD 

The d e n s i t y  s c a l e  h e i g h t ,  Hp, is  defined by t h e  expression,  

~p = -p/(aP/az), (2 1 

Hp - H/(1+8), ( 3) 

where p is  t h e  dens i ty  and Z is t h e  a l t i t u d e .  
approximated by t h e  equation 

It has been shown by N i c o l e t ( l )  t h a t  Hp can be  c l o s e l y  

where H is  t h e  pressure  scale h e i g h t ,  and 
i s  g iven  i n  the  appendix. 

I s  i t s  v e r t i c a l  g rad ien t .  The d e r i v a t i o n  of Equation (3) 
The r e l a t i o n s h i p  between H and T is contained i n  t h e  expression 

H - H / ( z g ) ,  (4)  

i n  which k is Boltzmann's cons tan t ,  T is t h e  absolute  temperature, and g is t h e  l o c a l  a c c e l e r a t i o n  o f  
g r a v i t y . ( l )  Equation (4) gives  E, t h e  mass i n  grams o f  a s i n g l e  molecule. 
mass, 8, of  a mole of  molecules by 

It is  converted t o  t h e  

R - 6.02 x 1023 ii. (5) 

I n  t h e  new method, Hp and B are measured by means of t h e  o r b i t a l  decay of conventional s a t e l l i t e s ( 1 6 )  
and the s p i n  decay of  paddlewheel satellites i n  highly e c c e n t r i c  o r b i t s ( l 7 ) .  
i n s e r t e d  i n  equat ion  (3) t o  o b t a i n  H. Temperatures measured by s e v e r a l  d i f f e r e n t  methods (18-'0) are 
used w i t h  H i n  equat ions (4) and (5) t o  deduce M. 

These q u a n t i t i e s  are 

4. THE TEMPERATURE MEASUREMENTS 

Many of  t h e  temperature measurements i n  re ferences  (18) t o  (20) were taken a t  sunspot minimum a t  an 
a l t i t u d e  of  225 km under n e a r l y  i d e n t i c a l  condi t ions of s o l a r  and corpuscular  heat ing.  
ments are presented  i n  Table 1. 
atmospheres are a l s o  tabula ted .  
Hodel Atmosphere ( r e p r i n t e d  i n  CIRA 1965) t o  ad jus t  a l l  t h e  d a t a  t o  t h e  condi t ions  of Model 2 of  
CIRA 1965, which corresponds t o  average condi t ions a t  sunspot minimum. 
than t h e  s tandard  devia t ion  of t h e  measurements. 

These measure- 
The relevant s o l a r  and corpuscular  hea t ing  parameters used i n  model 
These parameters have been used with t h e  Harris and P r i e s t e r  1964 

The adjustments were smaller 
The column headings i n  Table 1 are: 8 = l o c a l  time, 
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F - 10 an f l u x ,  
12-hour per iod  before the  measurement, Tm - measured temperature,  Ta - adjus ted  temperature.  
2 corresponds t o  F = F - 75, and Xp - 2 .  

= 5-month average s o l a r  f l u x ,  ZP - average geomagnetic p lane tary  amplitude f o r  t h e  
CIRA Model 

Table 1 

Temperature Measurements a t  225 km Near Sunspot Minimum 

Observer Date 

D / W Y  

Authier 11 Apr i l  64 

13 Apr i l  64 

H a l l  (19) 2 March 65 

3 March 65 

4 March 65 

Spencer ('O) 28 Jan  64 

20 March 65 

19  March 65 

I 1  

II 

I 1  

11 

11 

- - 
Tm T a  e F I F  aP 

W 
H r  /Min 10-22 2y "K 

1900 73 72 14 580 5 40 549 

0520 73 72 5 545 40 548 

1709 76 74 12 750 7 36 

0 715 75 74 20 620 585 

1711 75 74 5 750 766 

2209 78 75 9 660 660 

0042 74 75 4 680 t 30 6 89 

1309 76 75 5 775 _t 20 7 74 
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of s o l a r  a c t i v i t y ,  suggesting l a r g e  e r r o r s  i n  some of t h e  temperatures.  
measurements by these  techniques a t  such high a l t i t u d e s ,  t h i s  is no t  s u r p r i s i n g .  

Since these  were t h e  f i r s t  

Table 2 

Experimenter Date L.T. Alt 

D/M/Y hr/min km 

Rlamont 10 Dec 1960 1746 370 

Pokhunkov 1 5  Nov 1961 1600 325 

200 

II 200 2 3  Sept 1960 0056 

Average a t  sunspot m i n i m u  225 

-430 
II I 1  11 

CIRA 1965 Model Temperatures vs.  Measured Temperatures 

Temperature (OK) 

Meas. CIRA 

1450 2 75 1260 

1470 2 150 1079 

1200 5 120 914 

895 2 90 913 

663 2 50 810 

BLAMONT 

Dec. 10, 1960 

3 70 

1450 2 75 

1260 

5 3 f  3 

0.10 2 .02 

58 2 3 

872 

24 2 3 

18 

67 

5 .  RESULTS 

In order  t o  compute the  mean molecular mass by means of Equations (3) t o  ( 5 ) ,  i t  is necessary t o  have 
measurements of scale height  and temperature which apply t o  t h e  same atmospheric condi t ions.  
t h e  scale he igh t  measurements i n  references (16) and (17) were not  made at t h e  same times as t h e  
temperature measurements, t h e  CIRA 1965 Model has  been used t o  transform t h e  scale height  measurements 
t o  the  cond i t ions  which p reva i l ed  when the  temperatures were measured. Because the  models imperfect ly  
r ep resen t  t h e  atmosphere , (32) t h i s  t ransformation causes the  e r r o r  i n  t h e  transformed scale he igh t s  
t o  be l a r g e r  than t h a t  of t he  scale height  measurements. 
Model and t h e  measurements of dens i ty  scale he igh t  i n  reference (17) ,  so they w i l l  no t  be repeated 
he re .  
a funct ion of t h e  a l t i t u d e  and the  exospheric temperature,  T-, of t h e  CIRA Model. 

The q u a n t i t i e s  which occur i n  t h e  c a l c u l a t i o n  of 
played i n  Table 3. 
measurement appear reasonable ,  and are within one standard deviat ion of t h e  C I R A  values .  
1961 measurement y i e l d s  an impossible r e s u l t ,  and Blamont's 1960 measurement l eads  t o  a highly 
un l ike ly  va lue  of B. 
of atmospheric temperature measurements, 

Since 

Comparisons have been made between t h e  CIRA 

The r e l a t i o n s h i p s  found i n  t h i s  reference have been used t o  make the  t ransformation,  which i s  

from t h e  measurements i n  Tables 1 and 2 are d i s -  
The mean molecular masses from the sunspot minim- d a t a  and from Pokhunkov's 1960 

Pokhunkov's 

Without intending t o ,  w e  have discovered a method of t e s t i n g  t h e  p l a u s i b i l i t y  

POKHUNKOV 

Nov. 15 ,  1961 Sept. 23, 1960 

3 70 200 200 

1470 2 150 1200 f 120 895 f 90 

10 79 10 79 1042 

50 2 3 27 t 2 27 f 2 

0.10 2 .02 0.14 f .02 0.14 f .02 

55 f 3 31 f 2 31 f 2 

872 920 920 

26 2 3 35 2 4 26 2 3 

1 7  2 3- 2 3  

59 3 7- 36 

AVERAGE 
SS. MIN 

1964-65 

225 

663 - + 50 

89 8 

30 f 2 

0.14 - + .02 
34 f 2 

9 10 

18 2 2 

20.5 

36 

i 
i 

r 
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6 .  ERROR DISCUSSION 

It is a consequence of Equations ( 3 )  t o  <5) and t h e  independence of t h e  methods of measurement of t h e  
parameters t h a t  t h e  f r a c t i o n a l  e r r o r  i n  M i s  given very nea r ly  by 

The e r r o r  i n  Hp cons i s t s  in t he  e r r o r  of measurement, t h e  e r r o r  i n  transforming % t o  t h e  s o l a r  hea t ing  
condi t ions corresponding t o  t h e  temperature measurements, and t h e  e r r o r  caused by a poss ib l e  v a r i a t i o n  
i n  t h e  drag coe f f i c i en t .  
computed E. 

The f r a c t i o n a l  e r r o r  caused by measuring and transforming 
case.  The e r r o r  caused by ignoring poss ib l e  v a r i a t i o n s  i n  Cd has  been est imated by assuming t h a t  t h e  
angular  d i s t r i b u t i o n  o f  t h e  re-emitted molecules was t h a t  found by Alcalay and Knuth a t  1 e.v.  f o r  an 
o l d  g l a s s  s u r f a c e ,  and t h a t  t h e  Cd va r i ed  from the  value found f o r  Ariel 2 t o  t h a t  f o r  Explorer 6 . ( 3 3 )  
These assumptions y i e ld  a f r a c t i o n a l  e r r o r  of 0.04 caused by t h e  poss ib l e  v a r i a t i o n  i n  drag c o e f f i -  
c i en  t . 
Only i n  t h e  case of the average temperature measurement a t  sunspot minimum was i t  poss ib l e  t o  make an 
e r r o r  estimate which w a s  independent of t h e  experimenter 's  estimate. 
average temperature a t  sunspot minimum w a s  0.08. 
experimenter was adopted. 
e r r o r  i n  temperature had been under-estimated by t h e  experimenter.  

The g rad ien t  o f  t he  s c a l e  height  con t r ibu te s  a n e g l i g i b l e  e r r o r  t o  t h e  

is  est imated t o  be 0.07 i n  t h e  p re sen t  

The f r a c t i o n a l  e r r o r  i n  t h e  
I n  t h e  o t h e r  cases, t h e  e r r o r  ass igned by t h e  

I f  t h e  der ived R seemed unreasonable,  t h i s  was taken t o  m e a n  t h a t  t h e  

7 .  CONCLUSIONS 

Although t h e  e a r l i e s t  temperature measurements made above 200 km by rocke t s  appear i n  some cases  t o  
have been i n  error by 20 t o  40%, t h e  d i sc repanc ie s  among temperature measurements had been reduced t o  
t h e  range of 10 t o  20% by t h e  t i m e  of sunspot minimum. 
s e v e r a l  methods under similar condi t ions o f  s o l a r  a c t i v i t y ,  i t  was poss ib l e  t o  reduce t h e  e r r o r  i n  
temperature measurements below 10%. The d i f f e r e n t  methods of measurement s t i l l  have b i a s e s  and 
d iu rna l  v a r i a t i o n s  which d i f f e r  by t h e  o rde r  o f  lo%,  but  i t  i s  hoped t h a t  t h e s e  w i l l  be  f u r t h e r  
improved i n  t h e  fu tu re .  

It has  been poss ib l e  i n  the  p re sen t  c a l c u l a t i o n s  t o  v e r i f y  t h e  average value o f  
a t  sunspot minimum with an accuracy of approximately 11%. It has  no t  been poss ib l e  t o  improve on the  
Model because of e r r o r s  i n  temperature measurements and u n c e r t a i n t i e s  i n  using t h e  model t o  t ransform 
scale height  measurements from one condi t ion of s o l a r  a c t i v i t y  t o  another .  However, i t  is  hoped t h a t  
t hese  d i f f i c u l t i e s  can be overcome i n  the  Marshall  Space F l i g h t  Center ' s  P r o j e c t  ODYSSEY, i n  which it 
is  proposed t o  measure t h e  temperature by s e v e r a l  d i f f e r e n t  methods, t h e  d e n s i t y  scale h e i g h t ,  and 
the  drag c o e f f i c i e n t  simultaneously.  

By t ak ing  t h e  average of measurements by 

i n  t h e  CIRA Model 

* 
APPENDIX. THE DERIVATION OF NICOLET'S EQUATION 

The p res su re  s c a l e  he igh t ,  H,  can be def ined by t h e  expression 

H -p/(ap/az) ,  

where p is pressure and z is  a l t i t u d e .  
can b e  very c l o s e l y  approximated by t h e  l i n e a r  expression 

Over a l t i t u d e  ranges of 20 o r  30 km, t h e  v a r i a t i o n  of H w i th  Z 

where B is t h e  v e r t i c a l  g rad ien t  of H. On t h e  o t h e r  hand, w e  have from t h e  h y d r o s t a t i c  approximation 

ap/az -pg -p/H, 

where p is  t h e  densi ty  and g t h e  l o c a l  a c c e l e r a t i o n  of g r a v i t y .  

We can use the  l i n e a r  v a r i a t i o n  o f  H t o  write 

D D 

By simple d i f f e r e n t i a t i o n ,  
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We are seeking an expression f o r  t h e  dens i ty  s c a l e  he ight ,  %, which is def ined  by t h e  expression 

S u b s t i t u t i n g  from t h e  above express ions ,  

The only assumptions contained i n  t h e  above der iva t ion  are t h e  h y d r o s t a t i c  l a w ,  t h e  i d e a l  
a l i n e a r  dependence of  H on Z i n  a l o c a l  region. These assumptions should be very near ly  
a l t i t u d e s  of 200 t o  400 km. 
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FIG 1 COMPARISON OF ClRA MODEL 2 WITH 
ADJUSTED TEMPERATURE MEASUREMENTS 
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