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ABSTRACT

The objeet of this report is to summarize the results of a study performed on the ap-
plication of convolutional encoding-sequential decoding to spacecraft telemetry systems.
This report deals with the application of this coding technique to both near earth and deep
space telemetry missions,

The primary area of investigation for near earth missions involved a consideration of
the IMP PCM tclemetry system, This investigation resulted in the conclusion that there are
no apparent problem areas in the design of this system. In investigating the channel charac-
terizing the IMP telemetry systera it was noted that the tape recorder equipment may give
rise to burst type errors., However, the IMP sequential decoder can correct these errois at
the expense of computer time. In order to provide insight into the treatment of burst errors
simulation results are presented which demonstrate the effect of burst errors, of length
2-6, on a sequential decoder.

In considering the design of a coherent deep space telemetry link, using convolutional
encoding-sequential decoding, an important limitation is the ability to provide a suitable
phase reference. Errors |n the estimation of this phase reference will seriously degrade the
svstem performance. This degradation manifests itself as an inability to achieve the pre-
dicted energy per symbol per noise density ratio (Eg/N,) in the sequential decoder. The
techniques involved in determining the degradation and the means for maximizing the decoder
performance are presented in this report.

Several parameters are of particular importance in the design of a space telemetry
system which will utilize sequential decoding. In the encoder area some preliminary work is
presented which indicates that the use of a nonsystematic code can provide a better unde-
tected error rate (with shift register lengths about one half of that of a systematic code) than
the systematic code from which it was derived. In the area of code rate selection it was
found that a hasic limitation exists due to the spacecraft oscillator stability. The results of
this work imply that an optimum code rate exists for a specified oscillator stability, data
rate and carrier frequency. Sequential decoding using quantized channel outputs is analyzed;
theoretically optimum threshold settings are derived and practical implementation is dis-
cussed.

In the area of synchronization some preliminary work is presented which provides in-
sight into the following:

(a) the determination of mean-squared timing error given the structure of a symbol
synchronizer

(b) the structure and performance of an optimum or near-optimum symbol synchronizer
and

(c) the system parameters effect on a symbol synchronizer.
The techniques applicable to the digital implementation of a coherent receiver are pre-
sented. This analysis leads to the development of a ground station which can utilize a general

purpose computer for performing the functions of phase locked loops, bit synchronizers and
mixers. In this situation the parameters are binary words inserted into the permanent
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computer memory. Evidence indicates that a digitally implemented decision-directed feed-
back sequential decoder represents an effective approach to minimizing ine deterioration in
performance which is present in a system operating at high symbol error rates,

The potential advantages, in terms of equipment simplicity and cost, tousing threshold
decoding for near carth missions as a ""quick-look' device are presented. A simplified im-
plementation to determine feasibility was configured and evaluated, concurrent with computer
simulation, for systematic convolutional codes,

The concept of concatenation in conjunction with sequential decoding was reviewed as to
its applicability to spacecraft telemetry systems. Recommendations were made relative to
the possible advantages which might be obtained utilizing this coding technique and future
study areas which could result in a viable deep space telemetry system.

The techniques developed for simulating a sequential decoder on the IBM 1130 computer

are presented, In addition, the impulse method of computing parity checks for convolutional
codes is discussed along with the simplification which can be realized using this technique.
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Section 1

INTRODUCTION

The fundamental limit to the performance of a communication system is set by the
channel capacity theorem which states that, for a given signal-to-noise ratio, the probability
of error in a digital communication system can be made arbitrarily small providing the in-
formation rate is kept below a maximum rate called the channel capacity. In practice, it has
been difficult to develop implementable system that performs within 8 or 9 dB of channel
capacity,

With the advent of sequential decoding (Reference 2), it is possible to increase the in-
formation rate to within 3 or 4 dB of channel capacity. In the past the equipment necessary
to implement this technique has proved to be sufficiently complex so that its use in com-
munications systems has been limited. The rapid development of microminiature components
and integrated circuit technology during the past few years has resulted in the ability to con-
struct reasonably sized encoding and decoding equipments, With the corresponding improve-
ments in integrated circuit costs and reliability, convolutional encoding-sequential decoding
can now be used in space applications to provide dramatic improvements in communication
efficiency. Indeed, parallel developments in computer technology have brought the state-of-
the-art to the point where, in many applications, there exists a choice of either building spe-
cial purpose equipment or using small, third-generation, general purpose digital computers.

This report describes the work accoinplished in the performance of a ''Study of Se-
quential Decoding Techniques for Sprcesraft Telemetry Systems', under contract NAS5-11503,
The report presents the results of an advanced study effort and is not intended to provide the
basic principle of convolutional encoding-sequential decoding, For descriptions of this coding
technique, including the performance enchancement obtainable, the reader is referred to
References 1 through 4, :

' The major study tasks performed during this investigation were as follows:

a. An investigation of the IMP PCM Telemetry System was performed to determine the
channel characteristics effects on the sequential decoding system performance,

b. The design of sequential decoding systems for both near earth and deep space mis-
sions was investigated in order to provide basic information relative to the modulation method,
encoding technique, decoding considerations and synchronization.

c. A special study was performed regarding the digital implementation of ground sta-
tion receivers by utilizing state variable techniques to synthesize the digital equivalent of
analog devices,

d. The decision-directed feedback (DDF) method of sequential decoding was studied for
its potential application to deep space missions where high symbol error rates arc present.



e. The possibility of utilizing threshold decoding as boih a real time decoder and a
"quick look' device, when adequate E},/No margin is available, was investigated for telemetry
applications in near earth missions,

f. The application of algebraic codes to space telemetry missions was investigated.

Section 2 presents the summary and conclusions for the entire study, Section 3 sum-
marizes the recommendations resulting from the analytical and simulation analyses presented
in the main body of the report,

The analy sis of the IMP PCM telemetry system indicated that the system will perform
satisfactorily, In characterizing the channel it was noted that short burst errors might be
generated by the tape recording system, The effects of burst errors on the IMP telemetry
system performance is presented in Section 4,

Section 5 discusses the application of sequential decoding to both near earth and deep
space missions, Considerations in the choice of optimum modulation technique and the effects
of a noisy phase reference are discussed, To assist in the selection of coding system param-
eters the following topics are discussed:

a. Comparison of systematic and non-systematic codes

b. Selection of the code rate

¢, Choice of code constraint length

d. Quantization level and location

e, Synchronization with high symbol error rates

Section 6 presents a short discussion on the selection of earth terminal sequential de-
coding equipment,

Section 7 discusses several special topics which are applicable to the design of Space
Telemetry Systems which utilize coding techniques, This section presents the following study
areas:

a. Digitally inplemented ground terminal receivers using computer techniques.

b. Discision~directed fee‘dback sequential decoders

c. Threshold decoding

d. Corcatenated convolutional/algebraic codes

e. Simulation programming techniques for the IBM 1130 or 1800 computers.



Section 2

RESULTS AND CONCLUSIONS

2,1 IMP TELEMETRY SYSTEM

A review of the IMP system indicated that it would perform satisfactorily under all
conditions. It was noted that the communications channel contained a mechanism which could
cause short burst errors (on the order of 2 to 10 bits). Since the coding system design was
based on a random error channel the possibility of having dependence among received digits
which are in error would increase the sequential decoder computational time, This will not
measurably effect the IMP system performance. However, because of the possibility of
having burst errors in future systems this area was treated in depth, In considering the
operational aspects of the IMP system two major areas become apparent:

a. Much of the time available Eb/ No will be far in excess of that required for sequential
decoding.

b. The proposed "quick look' method of data reduction may not provide the user with
sufficiently reliable inférmation digits.

It, therefore, seems reasonable to consider the possibility of alternate and less ex-
pensive techniques for decoding the bulk of the received data and to reserve sequential de-
coding for data for which adequate margins do not exist. This leads to the consideration of
using a threshold decoder for the "quick look" capability, This type of decoder could provide
excellent performance, for this operational mode, as well as indicating when sequential de-~ -
coding is required, The use of threshold decoding can provide approximately a 4 dB ad-
vantage over decoding only data bits, at decoded error rates in the vicinity of 109,

In analyzing the effects of short burst errors on sequential decoders the following re-
sults were obtained: »

a. Burst errors of very short length (i.e., on the order of two to six) pausé an in-
crease in the computational load imposed upon the sequential decoder,

b. Theoretical considerations lead to the conclusion that for both the hypothesized
burst channeis and the binary symmetric channel, the computational behavior is bounded
by py, [c>L] ~ L P, Further, the Pareto exponent p, for the burst channel, was shown
to be greater than that for the corresponding random error channel, This leads to the
conclusion, in principle, sequential decoding over short bursts may not be as serious as
problem as the simulation results demonstrate if appropriate modifications were to be made.

¢. The simulation results were intentionally performed with parameters appropriate
to a random error channel. That is, use of the likelihood computation, code generating
polynomial, and Fano algorithm implementation all presupposed a random channel, The
modifications referred to in (b) would encompass changes in one or possibly all of these
factors. As presently envisioned the sequential decoder in no way uses the information that
errors tend to cluster if a burst channel is postulated. ‘ '
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d. The consideration of theoretical bounds and practical implementations, appropriate
to sequential decoding, on channels with memory represents an area about which relatively
little is known, The models used in this analysis are simple, but do provide certain insight
into the more general problem,

e. The analytical results presented tend to lead to the conclusion that scrambling is
not the best approach to burst channel decoding,

2.2 SEQUENTIAL DECODING FOR SPACE MISSIONS

The use of sequential decoding techniques for space telemetry missions requires careful
attention to all aspects of the entire system, This implies that the performance benefits in-
herent in the use of this powerful decoding technique can only be fully exploited through an
optimum integration of all the system parameters, This includes such parameters as data
rates, transmitter power, antenna gain, orbital parameters, required error performance,
real time data reduction needs, etc. The optimum use of this coding technique may actually
require some changes in the telemetry system design philosogphy presently employed by
GSFC, This is particularly evident in the degree to which the total communications channel
must be defined. The satisfactory application of sequential dacoding to future space missions
may take the form of optimizing the channel performance independent of the experimenters
needs with the resulting data capacity being apportioned to tlie various users on an adaptive
need basis,

For certain types of missions, particularly deep space applications, the performance
needs lead to the choice of binary phase reversal PSK as the most desirable modulaticn tech-
nique, This modulation technique is compatible with the encoder, provides high communica-
tion efficiency, and reduces the required received bit energy.

2.2,1 Encoding

Preliminary simulation resulis indicated that the nonsystematic codes (with shift register
length about one half that of the systematic codes) showed a better uncorrected error per-
formance than the systematic codes from which they were derived, The average computational
load for the non-systematic code was slightly higher than for the systematic codes-indicating
the non-systematic code essentially '"works harder' but does a superior job of correcting
errors, The same trend was noted for the non-systematic code derived from a length 32
systematic code which was suggested by GSFC for the IMP system. From this preliminary
work it appears that non-systematic codes offer some attractive features - especially at low
redundancies (e, g, , rate 1/2).

In the consideration of code rate, the analytical results indicated that an optimum code
rate exists for a specified oscillator stability, data rate, and carrier frequency. In a prac-
cal sense, data rates should exceed one bps in order to realize efficient phase coherent com-
municatmn Convolutional code rates of less than 1/4 offer a negligible reduction of E,/N,
with all but the mest stable oscillators, With a code rate of 1/3, Ep/Nop is increased by less
than 0, 2 dB compared with a code rate of 1/4, Operation near Eb/No = 2 5 dB is cons:dered
feasible, L ‘

* In considermg the choice of constraint length as L is increased while ons held fixed,
the decoded bit error probability diminishes while the average number of computatmns per
bit required to achieve this performance increases to an asymptotic value.k It would appear ,




from the limited study results that very long codes would require about 2, 4 and 4 computa-
tions per bit at & = 0,867 and 0, 956 respectively, Theoretically, when ¢ approaches one

ang L approaches infinity, the average number of computations per bit will also approach
infinity.

2,2,2 Decodigg

In considering the number of quantization levels and their locations, the following re-
sults were obtained:

a. A reduction in Ey/Ng or the order of 1.5 dB over the "hard decision" case may be
realized by using four-level quantization, Additional improvement on the order of 0.4 dB
may be achieved by using eight-level quantization,

b. Eight-level quantization approaches to within approximately 0. 2 dB of the theoretical
minimum Ej,/N,, for binary antipodal signailing with continuous output (i.e., infinite level

quantization). Hence, little justification exists to consider levels of quantization higher than
eight,

c. Because of the relatively constant behavior of threshold setting as a function of Vi-
deo SNR, nearly optimum performance may be obtained using preset level divisions, Per-
formance could not be greatly enhanced by using adaptive techniques, This result is most
useful when considering practical detector design.

d. A single counter can be used with three- and four-level quantization schemes to as-
certain whether the thresholds are set properly. The counter can be used to automatically
adjust the thresholds to compensate for AGC drift and similar phenomena,

2. 2.3 Symbol Synchronizer

A preliminary analysis was developed to provide insight into the following synchronizer
problem areas:

a. The determination of the mean-squared timing error of a given symbol synchronizer,

b, The determination of the structure of an optimum or near-optimum symbol syz.-
chronizer and its performance characteristics.

c. The influence of the systems parameters on an optimum symbol synchronizer,
2,3 EARTH TERMINAL SEQUENTIAL DECODING EQUIPMENTS

Using external parity checks and a third generation computer, having the following
parameters;

Memory Cycle: 1 Microsecond
Memory Size: 4096 words

Word Length: 18 bits



the possibility exists of achieving decoding rates on the order of a few Kilobits/sec. If, for
certain applications, channels with data rates of lesser magnitude are required then the
computer can be time shared and perform other functions simultaneously with sequential
decoding, For NASA sites which do not possess a computer, the question arises as to the
desirability of obtaining a general purpose computer. One function of the general purpose
computer would be to perform sequential decoding, or to obtain a specific device for se-
quential decoding. This question is related to the total system functions to be served by the
site. It is important to recognize that both possibilities exist.

2,4 DIGITALLY IMPLEMENTED COHERENT RECEIVER UTILIZING SEQUENTIAL
DECODING WITH DECISION-DIRECTED FEEDBACK

The advantages of digital implementation are substantial when the ground station is
used to process data for a variety of missions with different signaling characteristics, For
such an application the receiver circuits following the IF amplifier would be reduced to a
digitizer which converts the IF amplifier output to a binary bit stream followed by the digital
processing circuitry which can be either a general purpose computer or special digital
modules, These modules replace the customary receiver components, such as phase locked

loops, bit synchronizers and mixers. The parameters of the particular mission are binary
words inserted into a permanent memory,

Although analytical proof is not yet available, there is substantial evidence that the
DDF method of decoding represents an effective approach to eliminating the deterioration in
performance which is present in system operating at high symbol error rates. The difficulties
are particularly evident in systems utilizing sequential decoding since these have the lowest
energy/symbol/noise density ratio'of all binary signaling methods, Furthermore, as the
rate (information bits/symbol) is decreased the problem becomes more acute, because the
binary modulation on the received signal represents an uncertainty, which causes deterioration
in the tracking performance of the carrier tracking phase locked leop and the bit synchronizer.
Of course, the higher the uncertainty, i.e., the symbol error rate, the greater its negative
effect. This is reflected in increased mean-squared tracking errors and corresponding de-
terioration in performance. The degree of deterioration depends on the system data rate,
A high data rate system requires power which is far in excess of that required in the afore-
mentioned tracking circuits. In these systems substantial effective power loss caused by
symbol uncertainty can be aiforded without loss in tracking accuracy. In low data rate
systems the available power may barely be sufficient for tracking, aiii any uncertainty might
cause substantial tracking errors, From the above considerations it is clear that DDF is ef-
fective in low data rate systems, '

This area of the study treated five major topics, First, the DDF approach is explained
and contrasted with conventional sequential decoding, Next the basic concepts associated
with digital processing, such as state variables and optimum recursive filtering and predic-
tion, are presented. Subsequently a digital DDF sequentially decoding receiver is described,
and its major component blocks are developed in detail. Next a comparative analysis of DDF
versus conventional sequential decoder efficiency as a function of oscillator stability is given,
Finally, a digital coherent sequentially decoding receiver without DDF is briefly described.

2,5 THRESHOLD DECODING

It was illustrated that threshold decoding of convolutional codes can provide a real time
decoding capability relatively inexpensively with minimum equipment requirements. Although’
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the error correcting capability of a threshold decoder is not as great as that of a sequential
decoder, it was shown that two specific codes, one of length 7 and one of length 32, which
are optimum for use with a sequential decoder also perform well with a threshold decoder.
Specifically, it was found that the threshold decoding of both of these codes provides cor-

rection of all single and double error patterns and a sizeable fraction of the triple error
patterns,

Also, it was shown that the addition of a single modulo-two adder and a pulse counter to

a threshold decoder provides the capability of accurately estimating the probability of error of
the received symbols.

Based upon these resuits, the proposed use of a threshold decoder as a '"quick-look"
technique is firmly justified.

2.6 CONCATENATED CONVOLUTIONAL/ALGEBRAIC CODES

As liriefly outlined in this report, the work to date regarding concatenation of codes has
been largely theoretical in nature and oriented toward a fundamental understanding of the
properties and performance of these codes. The promising results favor further investigation
of the potential of this approach for space telemetry problems. The following problem areas,
applicable to telemetry using convolutional encoding/sequential decoding, are ameniable to
solution using this technique,

a. Capacity Limitations - For deep space misgions in particular, it is important to
utilize all available power to the maximum extent practicable, It is well known that such a
channel may be represented as an'additive white gaussian noise channel for which (Eb/Ng)nin=
-1,6 dB. For a single, convolutional encoder/sequential decoder the minimum the:oreticaiTl
Ep/N, for a rate 1/3 code and eight-ary output channel is about 2, 2 dB, When practical al-
lowances are made for noisy rhase references, resynchronization and other implementation
difficulties, another 1-2 dB loss may be incurred. The work of Falconer has shown an ap-
proach which is capable of considerably enhanced performance, Thus, the first area in
which the concatenation scheme might aid is that of increased capacity (or longer range in
the case of a deep space probe).

b. Decoder Overflow - A well recognized problem in conjunction with sequential de-
coding is that of decoder overflow, Concatenation could be used in a number of possible ways
tn reduce the effect of overflow, One such way is to increase the Pareto exponent which wiil
result in a decrease in the overflow probability,

An alternate approach would be to permit overflow to occur with some probability and
then treat blocks for which overflow occurred as erasures and employ burst correction codes
to correct these erasures, These could either be block or convolutional codes,

c. Implementation Simplification - A third area deserving attention is the question of
implementation, A prime motivation behind the whole concept of concaienation is that of less
difficult hardware implementation. Thus encoder reliability could be enhanced by some
concatenated approach and decoder complexity might be reduced. For example, it might be
reasonable to consider shortened constraint length convolutional encoders in conjunction with
algebraic and sequential decoding, While the undetected error rate of the sequential decoder
without algebraic decoding would be high, the outer (block) coder could reduce the error
probability, Allowing more undetected errors would significantly reduce computational re-
quirements,
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2,7 . SIMULATION PROGRAM FOR SEQUENTIAL DECODERS

To assist GSFC in the use of an IBM 1800 computer for simulating a sequential decoder
the techniques, developed by C&S for an IBM 1130 computer, are presented. It is C&S's
understanding that the main line program as well as the subroutines provided may be used
directly on the IBM 1800, with the possible requirement that they be recompiled, To this
end C&S has furnished the appropriate computer card decks,

An approach to more efficient programming, known as the impulse method of computing
parity checks for convolutional codes, was developed, This approach is particularly well
suited for digital computer applications, and may also be useful for some types of analytical
work,



Section 3
RECOMMENDATIONS

Based upon the study results presented in this report C&S recommends that the i‘ollowlng
courses of action be considered,

3.1 IMP TELEMETRY SYSTEM

a, A threshold decoder is recommended as a "quick look' technique, During those
periods of time when the system margin exceeds 7 dB, the output of the threshold decoder will
be essentially error-free (less than one bit error per year a¢ 400 bps),

b, The small additional circuitry required to estimate the channel error rate should be
added to the threshold decoder, This will provide a reliable measure of which tapes are suf-
ficiently noisy to require sequential decoding,

¢, Considering future telemetry systems, for channels on which short burst errors may
occur, this should be taken into account in the sequential decoder design, Tradeoff studies
should be made among the various possible corrective measures which could be taken, Such
measures might include: scrambling of the transmitted sequence, incorporation of burst error
correcting codes as part of the total channel coding problem and exploiting the nature of the
error dependenceé within the decoding algorithm,

d. Additional theoretical work is required to develop better and more meaningful,
representations of channels with memory. This work would have the objective of providing
direction for the most efficient practical implementation of sequential decodinz” on channels
with memory.

3.2 SEQUENTIAL DECODING FOR SPACE MISSIONS

a, In the area of nonsystematic codes further analytical and simulation work should be
undertaken to confirm the preliminary results obtained, This is particularly important for
long constraint length codes,

b. Future study effort should be devoted to computer simulation of lower rate codes,
in particular rate 1/3 and possibly rate 1/4,

c., The theoretical analysis of symbol synchronizers should be extended to determine

1, Detailed structure of the optimum synchronizer

2, Performance curves relating the mean square timing error to the carrier power-
to-noise density ratio, data rate, and oscillator stability.

3. Development of a systematic approach to the evaluation of typical symbol
synchronizers, ;



4, Derivation of curves as in (2) for the suboptimum synchronizers, and comparison
with the optimum curves,

Based upon the theoretical results an implementation program involving the use of a
computer should be initiated,

3.3 EARTH TERMINAL SEQUENTIAL DECODING EQUIPMENT

a, The computers presently installed at STADAN stations should be examined in detail
to estimate the sequential decoding capability,

b, NASA should take a general system oriented view of the receiving stations with re-
gard to coded telemetry, For example, it may be much more economical to use a decoding
technique less powerful than sequential decoding for on-line operation and reserve sequential
decoding as a completely off-line capability,

3.4 DIGITALLY IMPLEMENTED COHERENT RECEIVER UTILIZING SEQUENTIAL
DECODING WITH DECISION-DIRECTED FEEDBACK

Based upon the potential system improvement described in this report, a systematic
study effort involving the replacement of a ground station receiver, is recommended,

A suggested breakdown of the recommended activity into a number of tasks to be per-
formed in sequence, follows,

Step 1. Development of a Costas type phase-locked loop computer program, to be run
with simﬁated signals generated inside the computer, These signals will be generated under
the assumption of ideal symhol sync and nonencoded PSK modulation,

Step 2, Development of a symbol synchronizer program, The input signals will be
gimulated, i.e.,, generated inside the computer, but will be different from Step 1 in that ideal
symbol synchronlzation is not assumed, They will be of the type obtained when the received
PSK signal is asynchronously sampled at a rate on the order of ten samples per symbol, The
PSK signal is not encoded,

Step 3. Combining Step 1 and 2, a program is obtained which is capable of demodulating
PSK signals and which has as its output the demodulated binary bits, At this stage the input
signal to the program is still simulated inside the computer as described in Step 2,

Step 4. Design and construction of a sampling circuit which wlll operate with a noisy
PSK signal,

Step 5. Feed PSK signal to sampling circuit and feed digital output in real time to
computer, Run receiver program and evaluate performance (i,e., count errors), If the
noisy PSK signal is from a tape, this might create problems; if the noisy PSK signal is gen-
erated in a test set, the actual information bits may be fed to the computer and the symbol
errors can be counted, _

Sten 6. Combine the phase-locked loop/ synchronlzer program with an independently
developed sequential decoder program, No quantization should be included in the decoding;
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in this manner the program of Steps 1, 2 and 3 may be used with hardly any modificatione,
Run program and decode computer-simulated signals,

7. Modify the combined sequential decoder/digitized receiver program for DDF,
At thia t the signale are still generated internally (simulated in the computer),

8, Build test aet which generates noisy PSK convolutionally encoded signals,
Feed t ese to sampling circuit of Step 4,

Step 9. Inject in real time into computer, Run program and decode,

The activity outlined could be subjected to considerable modifications, For example
the computer simulation of PSK signals might be omitted and real time injection into the com-
puter might be implemented as the first step, Alternately it might be desirable to implement
a system without DDF,

3.5 THRESHOLD DECODER

a, The preliminary work on the potential use of a threshold decoder in conjunction with
a sequential decoder should be continued,

b, An implementation program should be initiated, in particular with regard to the IMP
telemetry system,

¢, A study effort should be initiated regarding the use of non-systematic codes with
threshold decoders,

3.6 CONCATENATED CONVOLUTIONAL/ALGEBRAIC CODES
The concept of concatenation of convolutional encoding/sequential decoding with algebraic
(or perhaps convolutional) codes should be investigated for space telemetry, The following
specific objectives should be considered:
a, Possible hardware simplification and/or increase in reliability

b. Improvement in performance in regard to overilows and undetected errors

¢. Decoding for deep space channels at rates in excess of the computational cutoff
rate,

11
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Section 4
IMP PCM TELEMETRY SYSTEM

4.1 DESCRIPTION

The Interplanetary Measurements Probe (IMP) telemetry system, as designed by GSFC,
utilizes a PCM-PM modulation system, The phase modulator operates with an index of =1
radian thus providing sufficient carrier power so that it may be tracked with a phase-lock
receiver, It is C&8's understanding that the original design provided a 6 to 7 dB margin for
a 400 bps data rate at the design range., The addition of a convolutional encoder-sequential
decoder to the IMP system was based upon two factors:

a. The requirement, by GSFC, to increase the telemetry data rate to 1600 bits/sec and
maintain the marg.n,

b. The desire to evaluate, under actual flight conditions, a convoiutional encoder-
sequential decoder system.

The use of a sequential decoder will provide a telemetry system which has an inherent capa-
bility of providing a near zero error rate, This will afford an excellent comparative evalua-
tion with the standard GSFC telemetry system during the IMP mission,

For this study C&S was asked to review the telemetry system design from the stand-
point of the coding system performance. A preliminary analysis revealed that there are no
major problem areas, As discussed in Paragraph 4, 2, a mechanism is present which can
resuit in short burst errors (defined as errors occurring in groups of from two to ten bits),
Since the design of coding systems is usually based upon a channel having random errors, an
analysis was performed to evaluate the effects of short burst errors on a sequential decoder,
This analysis is presented in Paragraph 4.4,

4.2 CODING SYSTEM

In reviewing the IMP telemetry system design a mechanism was defined in the com-
munications channel, which could cause burst errors, This is due to the possibility of having
a tape recorder dropout,

A typical tape dropout is on the order of 5 x 10~2 inches. The width probability distri-
bution and the dropout rate are not known, However, at a recording speed of 3-1/2 inches
per second and a data rate of 3,200 symbols per second (1600 bits per second at a rate 1/2
code) the number of symbols lost is approximately five (1. 09 x 10-3 inches/symbol}. At
800 symbols per second (4. 37 x 10-3 inches per symbol), the loss per dropout is one symbol,
Thus tape dropouis will cause errors to occur in groups at the high data rates,
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4,3 OPERATIONAL CONSIDERATIONS

The analysis of the proposed IMP telemetry system indicated that the incorporation of
sequential decoding involves ‘he {vliowing two, separate, but somewhat interrelated, areas:

a, Much of the time the available Ej/Ng will be far in excess of that required for se-
quential deccding

b, The proposed "quick look' method of data reduction may not provide the user with
sufficiently reliable information digits,

The NASA design concept is intended to provide a 6-7 dB margin in Ep/N,, over that
required for sequentia) decoding. During periods of operation in which such a margin actually
exists, it does not seem reasonable to insist upon sequentially decoding all blocks of data,
This would not aid in demonstrating sequential decoding but would still require large amounts
of computer time, (Regardless of the margin, sequential decoding cannot proceed with less
than one computation per decoded information bit.) It then seems reasonable to consider the
possibility of alternate, and less expensive, techniques for decoding the bulk of the received
data and reserve sequential decoding for that data for which adequate margin does not exist,

One possibility is to use the information digits directly and discard the parity digits,
This approach possesses two limitations in that it will not work with nonsystematic codes and
there is no way of determining if information digits are in error (except by examining data
which is already known prior to receptio=\,

With the increased interest in redundancy removal and on board data processing, future
systems will not be able to rely upon "known'' data as a means of verifying correct system
operation,

This leads to the second area, which involves the provision for an on-site '"quick look"
facility, The concept of using only information bits as a "quick look' capability makes
inefficient use of energy and provides the user with no indication of bit errsrs.; As an al-
ternate possibility, the use of a threshold decoder should be considered for use at the re-
ceiving stations, This would have the following significant advantages:

a. Threshold decoding, even with the convolutional code generators, used for se-
quential decoding, can provide good performance at low values of Ey/N,. For example,
the threshold decoder discussed in Paragraph 7.2 could provide an output error rate of 10~5
with Ep/Ng = 5.2 dB,- -

From the GSFC computed power budgets for the IMP at 400 bps the received Ej,/No
without margin is approximately 11,5 dB which, for a rate 1/2 code corresponds to an
Eh/No of 8.5 dB, TFor the proposed modulation scheme this corresponds to a symbol error
probability of approximately 8 x 10-5, This results in a calculated bit error probability for
the threshold decoder of approximately 5 x 10-11 which corresponds to less than one decoded
bit errer per year at 460 bps. Thus, threshold decoding of the total symbol data stream is
seen to provide essentially error-free data bits. The same value of Ej,/N,, decoding of only
the information bits by conventional "quick-look' means would only provide marginal results,

h. Threshold decoding could provide an excellent indicator of the presence of a high

input error rate, Hence, threshold decoding could be used to identify those blocks which
should be sequentially decoded,
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c. Such a decoder would be very inexpensive and should be capable of being easily
implemented into existing receiving stations.

d. Unlike sequential decoding, threshold decoding proceeds in real time,

e. Threshold decoding may be useful with non-systematic codes, This area needs
careful investigation to determine theoretical and practical performance limitations,

Two performance curves showing the potential of threshold decoding were computed,
The Figure 1 considers performance with a convolutional systematic code of length 7 and
Figure 2 shows performance with a code of length 32, (The reason for the choice of these
codes and specific tap connections are discussed in Paragraph 5,3.1), The curves il-
lustrated in Figures 1 and 2 provide performance data for the following case::

a. Decoding of data bits only

h. Transmission of uncoded information

c¢. Threshold decoding of the convolutional code

d. Sequential decoding (hard decision) of the convolutional code,

The first three represent computed results, and the sequential decoding curve repre-
sents simulated results, It is important to realize that the curves for threshold decoding ap-
ply to convolutional codes which were developed for sequential decoding,

Inspection of Figures 1 and 2 reveals that threshold decoding has approximately a 4 dB
advantage over decoding of only data bits at error rates in the vicinity of 10-5, Hence, it
may be reascnable to consider threshold decoding for much of the received data and reserve
sequential decoding for those times during which the available Eg/N, is less than about 8 dB,
(The threshold decoder could be a good indicator of the necessity for sequential decoding).

4,4 EFFECTS OF SHORT BURST ERRORS ON CHANNELS WITH MEMORY

The computational behavior of sequential decoders on random error channels is rela-
tively well known and has been extensively investigated. Additionally, it has been generally
rec~snized that any dependence among received digits which are in error will adversely affect
the sequential decoder. It is toward the consideration of this characteristic of sequential de-
coders that this section is directed,

The major purposes of this analysis were threefold:

a, To demonstrate by computer simulation the effect of short burst errors upon the
computational behavior of a sequential decoder. The particular source of these errors for
the IMP system is discussed in Paragraph 4, 2,

b, To present some theoretical arguments pertaining to capacity and computational

behavior for sequential decoding on the short burst channel and relate these results to the
computer simulations.
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c. To outline further effort necessary to investigate the effect of burst errors and the
possibility of taking corrective action for future telemetry systems,

Each of these objectives is discussed below, It is peritinent to emphasize that the aim
of this particular section is not to provide specific solutions to a particular channel but
rather to provide insight into the nature and magnitude of the problem,

4,4,1 Computer Simulation Results

The effect of short burst errors on the computational behavior of a sequential decoder
was simulated on an IBM 1130 digital computer. The purpose of these simulations was to
demonstrate the magnitude of the computational problem when error dependencies are intro-
duced; complete solutions to this problem constitute a considerable effort and are not a part
of this report.

A binary input channel using hard decisions was postulated, The input burst errors of
length B were simulated as follows: given that an input error occurred, the following B-1
received digits were in error with probability one half, A rate one half, systematic code
was used, The encoder was a 32-stage shift register with tap connection 35454506423 (octal),
The Fano algorithm was simulated and the metric was calculated as for a binary symmetric
channel,

Results were obtained for average probabilities of error of 0,01 and 0,03, (The con-
cept of average probability of error on burst channels is discussed in Paragraph 4.4.2, For
the binary symmetric channel with rate one half, these correspond to the ratio R/Rgomp of
0. 68 and 0, 87 respectively, The results of the simulations are plotted in Figures 3 andp 4
. Curves are shown for burst lengths of 1 (binary symmetric channel), 2, 4, and 6, In each
case, the curves are based upon 50,000% decoded information bits which were decoded in
blocke of length 250 information bits with a tail of length 32, The maximum number of com-
putations per bit was set at 100,

Figures 3 and 4 clearly demonstrate the nature of the computational problem with
dependent errors. Consider first, Figure 3. An average error probability of 0,01 cor-
responds to an R/Rcomp of about 0, 68 for the rate 1/2 code. For the random error channel,
computation proceeds rather smoothly with the probability of exceeding three computations
per bit becoming rather small, As the burst length increases, the computational load on the
sequential decoder is increased significantly, For example, the number of computations
required for the B=4 case is from one to two orders of magnitude worse than for the cor-
responding binary symmetric channel,

As the input error probability is increased, things become somewhat worse. For the
case of B=4, ten percent of the blocks now require more than about 60 computations per de-
coded digit, Also, as the rate approaches Rcomp, the effect of paired errors become highly
significant. (Note that paired errors would be worse than the case B=2 because for the burst
cases, the second digit is correct with probability one half. )

Finally, the somewhat peculiar shape of the curves deserves comment, In order to
keep the average error probability constant, the number of bursts per block "vill be a variable,

*12,500 for the case B =6, p =.03.
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Reflection upon this should convince the reader of the reasonableness of the "multi-slope"
behavior of the curves, Further, the probability of blocks possessing no errors becomes

significant, hence, the burst simulations tend to require less computations in the upper
percentiles,

4,4,2 Theoretical Considerations

The purpose of this paragraph is to present some theoretical results which pertain to
computational behavior and capacity of a sequential decoder when used on a channel with
memory, The general solution to sequential decoding performance on channels with memcry
is an unsolved problem, The objective ig to develop some insight into the nature of the per-
formance bounds.

Two general channel models were analyzed, The first represents the short burst chan-
nel with binary symbols as a discrete memoryless channel with an M-ary input and M-ary
output, The second approach uses 2 first order Markov model of the channel with memory.
This concept was first introduced by Savage, Reference 5.

The following paragraphs present calculations of the channel capacity, computational
cutoff rate (Ryomy) 2nd the error bound paramete: Eq (0) for these models, Relationships for
the dynamic computational behavior of a sequential decoder are also shown,

A Discrete Memoryless Channel

Consider the following channel:

00

01

10

11

where the dotted lines indicate a complete symmetry. This channel may be viewed as a
simple approximation to a burst channel where the bursts are of length two. That is, given
that an error occurred in the reception of the first digit, the second digit will be in error with
probability one half, The extension of this model to bursts of length B is straightforward.
The resulting channel will have M =2B inputs and M outputs as shown below,
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Such a model has some recognized shortcomings as a burst error model., For example,
bursts may begin only every B digits, However, for an inter-burst interval, much greater
than the burst length B, the channel model will still be instructive, particularly as regards
the decoder computational behavior. Also, an objection may be raised based upon the fact
that the burst length B is fixed,

Before presenting the results of the theoretical calculations it is important to derive
a basis of comparison with a “corresponding" binary symmetric channel, Two channels will

be congidered "corresponding" if the average probability of symbol error over both channels
is the same,

Let p be defined as the average probability of a symboi error, (For the binary sym-
metric channel, p is simply the transition probability.) Next, p may be relawd to the
parameters of the brrst channel model as follows:

P, (symbol error | burst error) = %"'—'1-3-1-

P, (harst error) =1-q= ZB'I-p'
Then,

p = (%%) 2Bl - 4B-2 (-;B%l)

With the basis for comparison defined, the first consideration is that of the channel
capacity for a channel described above compared to that for the "corresponding’ binary sym-
metric channel, Channel capacities for the binary symmetric channel and the burst channel
are plotted in Figure 5. Derivation of the equations used to plot this figure may be found in
Appendix I, From Figure 5 it is immediately apparent that the burst channel has a higher
capacity than the "equivalent' binary symmetric channel. This result could have been pre-
dicted since for the burst channel the ideal receiver possesses a greater knowledge of the
location of the errors hence, a higher capacity
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For sequential decoding considerations, channel capacity is not as significant as some

other parameters, Specifically, consider the following functions which were originally pre-
sented by Gallager (Reference 6):

(1+p)
. ¥ s
E, @, P) = -In 2 lél Py Pl o0<p<o (1)
E,0 = "§* E 0,8 @

where
P o=, Py e BY
K = input alphabet size
J = output alphabet size

Further, define ﬁ (o) as the concave hull of Eg (p). Using these definitions and the lower
bounds on error probability given by Shannon, Gallager, and Berlekamp (Reference 7), the

following lower bound relating computational behavior to the parameter p has been obtained
by Jaccbe and Berlekamp (Reference 8,)

Fyy @ 2 L7° exp { -0¢/TE)} @)

where

FN (L) = the probability that at least L computations are performed at a distance N
from the origin of the tree

0¢/InL)= a term which is of the order of ,/ InL
In their result, Jacobs and Berlekamp showed that p is lower bounded by the constraint that
R 2 Rg where |

R = the rate of the code (nats | symbol)

A,
R, = £ (0)/p

With these concepts in mind a lower bound to the distribution of the computational be-
havior (Pareto exponent) for any discrete memoryless channel may be calculated, The
function (Eo @ B) may be obtained by straightforward substitution of the channel tx;nsition
probabilities into Equation 1, For this channel it may be shown that all p, Eg (0, P)

naximizes at p; = 1/M and Eq (p) is itself concave; hence, ﬁ}o (p) = E, (p)s The function
Eo (0)/p was calculated for various burst lengths and average probabil?ties of error, p,
of 0,01 and 0.0, The results are plotted in Figures 6and?7, @
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In addition to calculating the more general bound parameter E, (p), calculations of
the parameter Reomp = Eo(1l) were performed, Results are shown in Figure 8 in which the
ratio of Roomp fOr the burst channel to that for the corresponding binary symmetric channel
is plotted as a function of the average probability of symbol error,

Figures 6 and 7 reveal several interesting phenomena, For short bursts, as defined
by this particular model, the Pareto exponent is greater than that of the corresponding binary
symmetric channel, For example, consider bursts of length four and rate one-half bits per X
symbol code ( = 0, 347 nats | symbol), For the binary symmetric channel, p~ 1,4, whereas
for the channel with B=4, p~ 2,8, This indicates that, in principle, the probability of ex-
ceeding some specified large number of computations per decoded digit on the short burst
channel should be less than that for the corresponding binary symmetric channel, This re-

sult is in contrast to the actial simulation results which were described in the previous sec-
tion,

Another method for considering the case of sequential decoding on channels with
memory is to introduce dependence by a Markov model and to review the simplest such model
which was first introduced by Savage (Reference 5), It must be recognized at the outset that
this particular model perhaps bears less resemblance to a physical channel than the discrete
memoryless approximation, However, it is important to consider the Markov approach for
two major reasons, First. the method suggested here may be subsequently generalized
and extended to more representative channels, Secondly, this approach, while completely

different from the discrete memoryless approximation, tends to substantiate the conclusions
derived from that approach,

A representation of the two state, Yirst order Markouv process is shown below, The two
states are defined as follows:
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81 is the noise free or errorless state (i, e., binary digits are received correctly) and & is
the error state (binary digits are received incorrectly), P31, Pz, Q1, and Q2 arc the state
transition probabilities, The stationary absolute probabilities may be shown to he:

P2

PE) = B7T, @
Py

PE) = 557,

For the Markov sequence, it may be shown, Appendix II that for arbitrarily large block
length:

5 )

QR +1/Q) +Qy - 28R, + WP P, ;
This result agrees with that stated by Savage, Using the definition that the average probability

of symbol error, p, is identical to the stationary probability of being in the error state
[ p(Sl)] Reomp Mmay be computed as a function of p, The results are plotted in Figure 9,

Consider the results shown in Figure 9, For a fixed transition probability from the
noiseless state to the error state, py, as p increases, the error bursts tend to become longer,
This follows from the unique relationship among p(Sg) = p, p1, and py as shown in Equation
(4), Notice, in general, Rcomp tends to increase as p becomes larger (i.e., longer bursts),
Again Rgoomp is observed to exceed that for the corresponding binary symmetric channel over
an important range, A note of caution should be inserted at this point, The bursts of this
model are different from those in the previous model in that digits are always received in
error during a burst as opposed to being in error with probability one half, Hence, any
physical interpretation of the curves for large p becomes somewhat obscure,

4,4,3 Discussion of Results

a, Burst errors of very short length (i,e,, on the order of two to six) cause a serious
increase in the computational load required of a sequential decoder, For example, using a
rate one half code and an average symbol error probability of 0,01, the probability of ex-
ceeding about 2,2 computations per bit is only 0,01 on a binary symmetric channel; on the
corresponding channel of burst leng - ‘our, the probability of exceeding 100 computations
per bit is in excess of 0,01,

b. Theoretical considerations lead to the conclusion that for both the hypothesized burst
channel and the binary symmetrie channel, the computational behavior is bounded by
[C >L |~ L~P, Further, the Pareto exponent p , for the burst channel, was shown to be
greater than that for the corresponding random error channel, This leads to the conclusion
that, in privciplc, sequential decoding over short bursts m:y not be as serious a problem as
the simulomon results demonstrate, if appropriate modifications were to be made.
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¢, The simulation results were intentionally performed with parameters appropriate
wa raﬁ‘dom error channel, That is, the likelihood computation, code generating polynomial,
and Fano algorithm lmplementation all presupposed a random channel, The modifications
referred to in (b) would encompass changes in one or posaibly all of these factors, As
presently implemented the sequential decoder in no way uses the information that errors tend
to cluster if a burst channel is postulated,

d. The consideration of theoretical bounds and practical implementations, appropriate
to sequential decoding, on channels with memory represents an aree about which relatively
little is known, The models used here are acknowledged to be simple, but do provide certain
insight into the more general problem,

e, The analytical results presented tend to lead to the conclusion that scrambling is
not the best approach to burst channel decoding, Additional theoretical effort is required as
discussed below to substantiate this,

4,4,4 Recommendations

a, For channels on which short burst errors may occur, it is imperative that this be
taken into account in the sequential decoder design, Tradeoff studies should be made among
the various possible corrective measures which could be taken, Such measures might include;

1, Scrambling of the transmitted sequence,

2, Incorporation of burst error correcting codes as part of the total channel coding
problem

3. Exploiting the nature of the error dependence within the decoding algorithm,

b, Additional theoretical work is required to develop beiter, and more meaningful,
representations of channels with memory, This work would have the objective of providing
direction for the most efficient practical implementation of sequential decoding on channels
with memory,
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Section 5
SEQUENTIAL DECODING FOR SPACE MISSIONS

5.1 REQUIREMENTS

In order to define the communications requirements for any particular mission, speci-
fic values of data rate, transmitter power, antenna gains, orbital parameters, required
error performance, and other system information must be available, Since much of the re-
quired information is not yet available for the anticipated missions, the following subsections
deal primarily with the important coding system parameters that should be considered in de-
signing a telemetry system, Ermphasis is placed upon ilie impact of various system param-
eters in so fa: as they influence the performance of sequential decoders,

The general philosophy, which led to some of the results presented in this section, is
baged upon recognition of the fact that the primary purpose of using sequential decoding in the
near future, for near earth missions, is to prove feasibility as to error correction capability
and to flight qualify the required encoding circuitry. Logically then, one should use relatively
long codes (relatively complex encoder) for very good error performance which, at the same
time, places a relatively large burden upon the encoder reliability in its spacebor > environ-
ment, Later near earth missions will probably be oriented towards obtaining larger quanti-
ties of data with acceptable rather than near-zero error rates, To accomplish this with a
minimum spacecraft effective radiated power (lower or nonexistant margin) and/or minimum
RF bandwidth will require that closer attention be paid to some of the "secondary' factors
that are involved in designing a system with sequential decoding; e, g, , number of demodulator
quantization levels and their spacings, improved carrier modulation (converting to = 7 rather
than * 1 radian PSK,) improved carrier tracking techniques, and methods for protecting
against clustered errors, It is expected that the acceptable error rate will remain rather
low (10" or less) due to the possible future use of on-board computers to perform data reduc-
tion such that only non-redundant data is available to the encoder prior to transmission,

For deep space missions, careful attention must be given to all aspects of the system
design, In addition to the factors menticued above, code rates less than 1/2 should be con-
sidered as a means of reducing the required bit energy by a few tenths of a dt, and some
care should be exercised in using highly (short-term) stable oscillators in order to more
fully realize the potential advantage of antipodal signals,

In the following subsections, general consideration is given to modulation, encoding,
and decoding, Where applicable, specific recommendations are provided for both near earth
and deep #pace missions based upon the broader philosophy of requirements discussed above,

5,2 MODULATION
Binary phase reversal PSK is suggested as the most desirable modulation technique for

use with sequential decoding of space telemetry signals, A number of considerations that
support this choice are briefly discussed below,
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a, Compatibm?_' with convolutional encoder - since the output of a convolutional en-
coder is a sequence of binary symbols, the transmission of some M-ary alphabet would re-
quirea binary-to-M=-ary conversion, This additional spaceborne system complexity is cir-
cumvented through the use of a direct binary modulation of the carrier by the encoder output,

b, Relatively high communication efficiency - The restriction of transmitted waveforms
to binary causes a negligible increase in the required Ep/No when operating at low values of
Eg/No (energy per symbol to noise density ratio), Justification for this statement (valid for
Es/No less than 2 or 3 dB) can be found in Figure 5, 18 of Wozencraft and Jacobs (Reference
9),

¢, Minimum Ep - Use of antipodal rather than oxthogonal binary transmission reduces
the required received bit energy by 3 dB, As discussed in paragraph 5,3, 2, practical car-
rier tracking techniques permit operation close to that predicted by theory,

5.2,1 Theoretical Performance Limits

It is frequently said that sequential decoding is 3 dB inferior than Shannon's limit, This
statement is iruc only in the limit of an infinite bandwidth channel, In this paragraph, sequen-
tial coding of antipodal (unquantized) signals is cor.pared with three theoretical limits:

e A binary input, binary output channel

e A binary input, continuous (unquantized) output channel

e A continuous input, continuous output channel,

" In all cases, a channel bandwidth of watts Hz is assumed and, when required, it is as-
sumed that the eceived carrier phase can be accurately estimated, The only source of dis-
turbance ie a flat Gaussion noise with one-sided spectral density No watts/Hz.

Binary Input/Binary Output channel.

The capacity of a B, 8, C, with symbol error probability p is C =[1 + p logp p +
(1-p) logg (1-p)] bits per symbol provided the received symbols are independently corrupted,
Since 2 TW independent, -bandlimited, symbols can be transmitted in time T, C = 2W [1 +
p logz p + (1p) logs (1-p)]bits per second, (6)

When transmiiting at R=C bps,
Es _ R Eb

- . 1]
No 2W N o

 The probability of symbol error is given by

p=-§- erfc -ﬁﬁ = % erfe «/5%- . -ﬁb- | (7)
L B o S e |
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where

Z
2 -t
erfcZ=1- — [ e dt,
N
1]

Using Equation (6) with R substituted in place of C and Equation (7) substituted in place of
p, there results a transcendental equation giving R/W as a function of both R/W and
Ep/No. Numerical solutions weve obtained on a computer and the results are shown in Fig-
ure 10, Curve 1, For the infinite bandwidth limit (R/W-0), Appendix IV shows that

z‘c_m

-.—.%—lu2=0.3695 dB; W - =, ®)
o

Binary Input/Continuous Output Channel

The mutual information for a continuous output channel can be expressed as

I(YV;X)=HX) - HX1Y) ©)

where H(X) is entropy (average uncertainty) of the channel output and H(X |Y) is the entropy
of the output after knowing the input, If tlie channel output is the sum of the input signal plus
a statistically independent Gaussian noire, then H(X | Y) is equal to the entropy of the additive
noise which is given by

HXIY) =n 2re o | (10)

Channel capacity is the maximum value of I(Y;X) when maximized with respect to the input
symbol probabilities, Since H (X|Y) is not a function of the input signal statistics, I(Y;X) will
maximize when H(X) is maximized, This occurs (because the noise is symetric) when the
binary input symbols are chosen with equal probability to be 1, Then,

+ o
HX) =~ [ p @) 4n b 0] dx | (11)
where
-1/2 | 2 2 |
p X) =% 2mo 2) exp{lzf’%l-)-}-l- exp {%‘L} (12)
{20 . 20 ) .
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and where

1 __b R
02 - No * W (13)
B, '8
The relation between N ami-w- (with R=C) is
0
R 21 (Y;
W~ I b.p. 8, /Hz (14)

. By combining Equatione (9) through (14) there results a transcendental equation giving R/W as

a function of both R/W and Eb/No. Numerical solutions were obtained on a computer and the
results are shown in Figure 10 Curve 2,

Continuous Input/ Continuous Output Channel

The capacity under an average signal power constraint is given by Shannon's equation,

C=W log2 (1+P/NoW) bits per second, (15)
where P is the average signal power, Setting C=R and %EbR, it follows immediutely from
Equation (15).

E ' .
R _ R Ep |
w - logp Uy . ¥ ) - (16

Upon solving for Eb/ N,» one obtains

E

; b
Ny R/W

_QR/W

-1 ~(17)

This result is shown in Figure 10 Curve 3,
For R/W<< 1;

1 2
R/W R 1 |R |
2 1+ 2+ [wznz]

‘and thus, from Equation (17)

" ool 1RVl R ;
§ N2 [“2("\5:)’(‘*‘ 2)-]: 5 west.
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In the infinite bandwidth limit,

E
Lim (-ﬁ-‘?-)a in 2 = -1,5917 dB, (18)
(o) °
W

It should b» noted that this is the lowest value of Ey /N, that could possibly be approached hy
any er‘rorlexis communication scheme when operating in the presence of additive white
Gaussian noise,

Antipodal 3ignals Continuous Output/Sequential Decoding

The quantity Reomp I8 that value of data rate in bits per binary symbol above which the
average number of sequential decoder computations per decoded bit tends to infinity as the
code constraint length is made infinite and below which the average numbxr of computations
per bit remains finite, Since the probability of decoded bit error approaches zero as the con-
straint length is made infinite, Rcomp can be conéidered the highest error free signaling rate
obtainable with sequential decoding, It is of interest, therefore, to compare Roomp With
channel capacity, Ae shown in paragraph 5.4, 1, it is possible to calculate Reomp With anti-
podal signals and an unquentized (continuous) demodulator output, The results for this case
are also shown on Figure 10, Curve 4, For the infinite bandwidth case, it is seen that se-
quential decoding r=quires exactly twice the energy per bit than do the ideal systems with a
o mtinuous output when operating at capacity (Curves 2 and 3), When congldering systems
operating at rate 1/2, the following results are obtained:

Sequential Decoding Eb/ N, = 2,45 dB
Idesal Binary Input/Continuous Output Eb/N0 = 0,18 dB
Ideal Continuous Input/Continuous Output Eb/ N, = 0,00 dB

It should be noted that the small (0, 18 dB) degradation caused by the restriction of ideal
binary transmission over ideal continuous transmission, vanishes at lower code rates.

From these results it should also be noted that sequential decoding is only 2, 45-0, 18=
2,27 dB inferior to the ideal binary input system when operating at rate 1/2, As discussed
earlier, this difference approaches (approximately) 3 dB at very low code rates (the infinite
bandwidth case), )

In this paragraph, consideration was given only to sequential decoding with an unquan-
tized demodulator output, The indicated performance can be closely approached (within 0,2
dB) with 8«level quaniization, L

5.2,2 Effects of Noisy Phase Reference

It is known that antipodal waveforms require 3 dB less energy per bit than do orthogonal

binary waveforms in order to achieve the same level of performance, ~a order to realize this

3 dB advantage, however, demodulation of antipodal waveforms must be done coherently with
a local oscillater which is precisely phase locked to the received carrier, In practice, such
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an ideal reference oscillator is not available, The degradation in performance when sequen-
tially deccding antipodal waveforms with a reference oscillator exhibiting phase jitter with
epect to the received carrler has been evalvuated in References 16 andasi,

Factors which contribute to phase jitter and design criteria for minimizing the effects
of phase jitter are discussed in detail in paragraph 5,3, 2 and in Appendix III,

5.3 ENCODING
5,3.1 Sysiematic and NonSystematic Codes

A systematic code is one in which the information sequence is transmitted unaltered
and the parity symbols are obtained from & linear combination of the information sequence,
In general, sequential decoding has been studicd in conjunction with systematic codes; par-
formance with non-systematic codes is not generally reported in the literature, Two major
advantages of systematic codes are often quoted:

a, For cases in which the signal to noise ratio is high, decoding may be accomplished
by observing only the information sequence and discarding the parity sequence,

b, For the same length shift register, the systematic code may be simpler to generate,

The purpose of this investigation was to take a sumewhat broader view of the problem
to determine if any significant advantage might be gained through the use of nonsystematic
codes,

The approach used was to take an optimum (in the maximum-minimum distance sense)
systematic code generator and derive from this nonsystematic generators with the same dis-
tance property, The performance of these codes was then simulaied on a digital computer and
the results compared, The parameters of interest in the simulations were probability of un-
detected error and computational behavior. The cbjective was to determine if the perform-
ance of a rate 1/2 systematic code of shift register length L was exceeded in any sense by a
rate 1/2 nonsystematic code with identical distance properties having shiff register length
approximately L/2,

Relatively short shift register lengilis were chosen for two reasons, First, the unde-
tected error probability is higher and hence, the number of simulations to achieve reasonably
indicative error statistics is reduced, Secondly, the maximum length optimum generator
tabulated by Bussgang (Reference 12) has length 16, In addition however, the code of length
32 reported by GF'SC was used to derive nonsystematic generators of length 15 and 17 and
results were also obtained for t..sse codes,

The following two paragraphs discuss the generation of nonsystematic codes and com-
parative computer simulations; : '

Determining Nonsystematic Code Subgenerators

_  The purpose of this paragraph is to describe an exact method of selecting nonsystematic
code subgenerators requiring shorter shift registers than equivalent systematic code genera~-
tors, Complete details are carried out for two rate 1/2 codes of constraint lengths 13 and 16,
which are best generators (in the maximum-minimum distance sence) determined by the ex~

haustive search procedure given by Bussgang (Reference 12), :




Let (I, P) be a canonical generator of rate 1/2, where P is an odd N-tuple, The
equivalent nonsystematic generator may be constructed in the following manner: Let (Q,R)
denote the equivalent nonsystematic code, where Q and R = Q*P are odd subgenerators,
Then, the entries a, (a 1=1) are determined by the ~vstem of equations,

rl;Ne Py -1 ... P3 Py, ] (9, ] r-pNe+;
PNe+1 pNe A Py 93 pNe+z
PNe+2 PN +1 ... Ps Py a |° Py +3
-1 PN-2 c oo PN-N 2 PN-N+1 | EARKE

TFor N odd, Ne = (N+1)/2, and the above matrix is square. A unique set of g's may be
found if the determinant of the matrix is not zero, For N even, Ng may be reduced further
by taking one more equation than there are unknowns, provided that the determinant of the
augmented matrix is zero, In this case Ny = N/2,

Optimum systematic generators have been found by Bussgang, using computer methods ,
up to N=16, The calculations leading to the equivalent nonsystematic generators of reduced
coding constraint length N =8 are ;'eproduced below,

Consider, first, the case (I, P)

=00

P""" i,3,1,0,1,1,0,1,0,1,0,0,1,0,0,0)

The augmented matrix of the system of equations is:

i 0o 1 1 0 f 1 o
o 1 0 1 1 0 1 1
1 0 1 0 1 1 0 0
o 1 o0 1 o0 1 1 0
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g the first row to the third and sixth, the determinant of this matrix may be

1

[~ 2 - -

0
1

0
0

1
0
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1

¥

1 0]
1 1
1 9
1 0
11
1 0
1 0
0 0

Erasing the first row and column, and adding the first row of the resulting seven-by-
seven determinant to the third and sixth rows respectively, we obtain the determinant,

1 0
0 0
0 0
0 1
0 1
0

0 1

1
1

-2~ A~

0

1
1

<@ (= =]

0
0

-0 o O

1
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Again, erasing the first row and columm, and adding the last row of the resulting six-
by-six determinant to the:third and fourth rows respectively, we obtain
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.- This process is repeated, yielding successively,

r~

1

0

1
1

0
1

1

0

0
1

L

P

0
1

0
1

Since the first two rows of the final determinant are zero, the determinant of the origi-
nal augmented matrix is zero,

The system of equations may be written,

g~

1
0

) g
2)

3

0

1

1

0

+q4

+0 4

1
1

0
1

1 1]
0o 1
1 0
1 1
0o 1
1 0
0 1
1 0
or,

+q7
g
+q¢ .

p— =

+q8

g

LO

Il

|

(20)

(21)




6). q2 "qs +q7 =

8) a,

e

Equations (1), (4), and (8)—e=q 4 =0
L 9n = 0 (Equartion 8)
4) and 6)—-«-q8 =0
.'.qz =q3 =q5 =q6 = 1
. .Q=(1,1,1,0,1,1,0,0,0.,..0)

R may be found from the convolution equation

T ?n {;1 Prjemer 0=Lo...8)
(=)
This gives, .
R =(1,0,1,0,1,001,0...0)
Summarizing,
I=(1,0,....0....0) |
P=(1,1,1,0,1,1,0,1,0,1,6,0,1,0,0,0)
Q=(1,1,1,0,1,1,0,0,.......0)

R=(1,0,1,0,1,0,0,1,0,......0)

(22)

Simulation Code #5

Simulation Code #1

The nonsystematic gode (Q, R) is equivalent to the systematic code (I, P).

Similarly, for Bussgang's 'best' generator (I, P), of length .6, where

P =(1,1,0,1,0,1,0,1,1,0,0,1,0,1,1,1)

the augmented matrix may be written,




o 1 1 o0 1 1

o 0 1 1 0 1 0 1

1-0 0 1 1 0 1 0

o 1.0 0:1 1 0 1 ‘
1 0 1 0 0 1 1 1 :

o

1 i 0 1 ¢ 0 1 1
e -

" The following sequence of determinants is obtained, as before, by row operations and
expansion of each determinant by the elements of the column containing the only 1.

0 0o 1 0 1 o0 1 1) 0 1 0 1 0 1 1

1 1.0 1 0 1 0 0 0 1 1 1 1 1 0

0 0 1 1 1 1 1 0 o 11 0 1 2 1

0o 0 1 1 0 1 0 1 0o 0 1 1 0 1

o 0 0 1 1 0 1 0 0o 0 1 1 1 1 0

0o 1 0 0 1 1 0 1 o 1 0 0 1 1 1

o 0 i o0 o0 1 1 .1 1 0 1 0 0 1 1)
o 1 0 1 0 0 1 1,
(1 0 1 o0 1 2] (1 6 1 0 1) [1 1 1 17

o ¢ 0 1 0 1] 1 1 1 1 0 1 1 0 2

0o 1 1 1 1 0 1 1 0 1 o! |1 1 1 1
o 112 0 1 o 1 1 1 1 0 o 1 1 o] ,
| o 1 1 1 1 0 0 1 1 0 of,

Since the final determinant is zero, the d‘eteaﬁniin&nt of the augmented matrix is also

zero,




The system of equiuiions may be written,

1)
2)
3)
%)
5)
6)
7)
8)

q, *
Uy *+
qg +
4 *
qy +
qq *+
q, +
qdp +

q *

e
a0
1l

o
=7
1

e
n.
il

qy =

9% =

1.0Q = (.‘i&,o’ 1’0’ 1,.0_,,0’(1"0?0’0.0 0.0Q) ’

UY
UG
4
%
95
9
9

93

%
0

+ Qg+ dg =1
+q5+q7=0

(=

+qg+qg =

|
i

+q7

”~

+q6+q8=

it
-

-4~q7
+q7+q8==1
+q5+q8=1

i

1 from 1) and 5)
from 4)
2) and 8)

=0 7)

1)

6)

3)

1)

. (any equation involving q5y

From the convolution equation

R = (1, 1’ 1,0,0’ 1; 1,'0.0’;9 LR no)

Summarizing,

I=.(_1"0900300'00000) o S
P=(1,1,0,1,0,1,0,1,1,0,0,1,0,1,1,1) i
Q=(1,0,1,0,1,0,0,1,0,......0) i

~ R=(L1,1;0,0,1,1,0,0,......0)

__Simulation Code #6

Simulation Code #2

(23)
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Computer Simulation of Systematic and NonSystematic Codes

Eight distinct codes were simulated on the IBM 1130, A binary symmetric channel was
used with transition probabilities of 0.03 and 0,04, For rate 1/2 codes these cecrrespond to
ratios of R/Rcomp of 0. 867 and 0, 956 respectively. 5(10)4 bits were decoded for each case
and no deletions were observed.

For convenience, the codes are summarized in Table 1. Codes 1 and 2 represent the
nonsystematic codes derived from codes 5 and 6 respectively., (As noted in the preceding
paragraph, codes 5 and 6 are the optimum generators of length 16 determined by Bussgang,
Codes 3 and 4 are the optimum systematic generators of length 8 reported by Bussgang,
Finally, code 7 is the nonsystematic code of equivalent maximum-minimum distance derived
from the length 32 systematic code shown as code 8,

The results of the simulations are presented in Table 2 and are discussed below, In
all cases, identical noise sequences were used to provide a better comparison,

TABLE 1. Systematic and Non-Systematic Codes Simulated

Code # | Structure
1 |Gg=111011
G,=10101001
2 G,=1110011
G,=10101001
3 lag=110111
4 |G =1110011
5 |G =1110110101001
¢ |l =1101010110010111
7 ~Gl=110110000011001
‘G2=1~01010001'0011\‘)111
8 |G =110101017601021100012210111101101}




TABLE 2, Simulation Results

P'3 = 0,03 Ps =0,04
o =0,867 o =0,956
Code # TYPE L; L2 B Pe B Pe
1 N 6,8 2,26 2, 0(-4) 3.14 9.8(-4)
2 N 7,8 2.36 1,0(=4) 3.52 5, 2(-4)
3 S i,6 1,99 2. 3(=3) 2,58 5,3(=3)
4 S 1,7 2.00 1, 5(-3) 2, 64 3. 6(-3)
5 ] 1,13 2,17 4, 8(=4) 3,06 1.4(~3)
6 S 1,16 2,30 1, 0(-4) 3.31 9.8(-4)
7 N 15. 17 2.33 N. A. 3.66 | N,A,
8 S 1,32 2.33 N. A, 3.66 1.0(~4)
N Non Systematic
S Systematic
Ll’ L2 Generator lengihs
B Average number of computations per decoded information bit
Pg Binary symmetric channel transition probability
Pe  Undetected error probability
o R/ Rcomp

N. A, No errors observed in 5(10) decoded bits

Discussion of Results

+. Perhaps the most significant observation from these results may be obtained by com-
parmg nonsystematic codes 1 and 2 which were derived from systematic codes 5 and 6, In
general, the nonsystematic codes (with shift register length about half of that of the syste-
matic code) showed a better undetected error performance than the systematic codes from .
which they were derived. The average computational load for the nonsystematic code was
slightly higher than that for the systematic codes - indicating that the nonsystematic code
essentially "works harder" but does a superior job of correcting errors, It might be con-
jectured that the increased structure of a rate 1/2 nonsystematic code limits the undetected
errors to a lower value than that possible with the systematic code. Additional simulations
as well as theoretical work would be required to substantiate this, *

This same trend, although on much weaker statxstical grounds, was obtained for the
nonsystematic code derived from a length 32 systematic code, Whereas no errors were ob-
served for the former, errors were observed for the latter (The same noise sequence was

‘used for both simulations)

*A recent investigation by Codex Corporation (High—Speed Sequential Decoder Study,

Contrant DAA:BO7- 68-C-~ 0093, 15 April 1968) was received after this work was periormed,

ole ad' untage of nonsystematic codes., ;



Finally, for the same shift register length, the nonsystematic code always showed
superior ervos rate performance. Thie result may not be too surprising, but the magni-
tude of the observed improvement may be of interest,

For certain missions, then, the choice of systematic vs., nonsystematic code may by
determined by encoder implementation considerations. For example, it is pertinent to con-
trast the reliability of a shift register of length L with one modula 2 adder to that of length
L/2 with two modulo 2 adders,

In summary, it appears that nonsystematic codes offer some attractive features, es-
pecially at low redundancies (e. g., rate 1/2,) C&8 suggests that some further investigation
be undertaken to confirm the ideas offered in this paragraph to further explore the proper-
ties and implementation of nonsystematic codes,

5.3.2 Code Rate

When using a convolutional code in which v binary digits are tremsmitted for each
data bit, the energy per data bit which is ideally required for successful operation diminishes
as v is increased, With antipodal transmission, a phase coherent reference oecillatnr is
required for demodulation, Due to imperfect oscillator stabilities, additive received
thermal noise and the presence of binary modulation on the received carriexr, the accuracy
with which the carrier phase can be estimated diminishes as V is increased, Thus, in prac-
tice, the demodulating reference oscillator will exhibit more phase jitter with respect to
the received carrier phase for larger values of ¥, The effect of phase jitter is to increase
the reqguired bit energv above that which would be required if a perfectly coherent reference
oscillator were available, : ,

Choice of a "best' code rate (1/v), therefore, is based upon trading off the reduced

. bit energy required of highly redundant codes (large v) against the increase in bit energy
which is required to overcome the effects of phase jitter. For a specified short term os-
cillator stability, S,, carrier frequency, f,, and transmitted data rate, R bits per second,
one can define an oscillator stability factor K = 84 (fo/R). It will ke shown that there exists
~ an "optimum" value of v for a specified value of K in the sense that the required energy per
data bit to noise density ratio is minimized, Results are obtained for two types of carrier
tracking circuits; theoretical optimum, and a second order loog with '"Costas" carrier re-
insertion, It is assumed that R = Ryomp Where Reomp i8 the sequential decoder computa-
tional cutoff rate, It is further assumed that the demodulator output is unquantized, If 8-
level quantization were used, the calculated values of Ep/N, presented here would have to
be increased hy about 0, 2 4B, |

" The criterion of minimizing required bit energy 18 considered to be the most meaning-
ful for relatively low data rate and relatively low signal level situations representative of
deep space telemetry systems, '

Interrelationships Among Ey/No, Reomp, Loop SNR, and RMS Phase Error,

" The probability density function of the phase error € has been derived by Viterbl
(Reference 10) and applied*by _Ten!d;off (Reference 11) to pbtain‘ Reomp for amemoryless*

e e



channel using antipodal modulation and a continuous output. Results were presented as re-

quired Ep/Ng (when operating at R = Rcomp) versug Reomp With the Joop 8/N as a param-
eter, As shown by Viterbi,

2_1 i
09 =S/N (24)

where ag is the rme phase error and 8/N is the signal to (oue-sided) noise power in the
carrier-tracking loop.,

Degradation of Loop Performance Caused by Binary Modulation,

It is possible to track the carrier phase by adding an unmodulated carrier to the trans-
mitted signal, This approach reduces the amount of energy available for the modulated sig--
nal, however, and it has been found advantageous (Reference 13) to utilize the modulated
signal directly for extracting carrier phase information, Frenkel, Appendix Ill, has gtown
that loops designed to track the carrier on a binary autipodal signal are equivalent to a phase-
locked loop which tracks an unmodulated, but phase disturbed, carrier which is imbedded in
white noise enhanced by a factor 8, Results which show 0 versus Eg/N, (energy per re-

ceived symbol to one-sided noise density ratio) for various types of tracking circuits are
shown in Appendix Ifl, . Note that

_ (28)
(Bg/N,) = (L/9)(E,/N,)

Frenkel also shows that

0'62 =0, 68 Sz/ 8 rad. 2. optimum tracking filter | (26)
2 2/3 2 | ‘
Opg = 1.46 8°/° rad, © - best second order tra.king filter 27)
where
27 N 6§,
§=—22 7 (28)

with P used to denote the total received signal power.
Method of Analysis

A sample calculation is performed here to illustrate the manner in which the final re-
sults were determined. Consider the use of second order '"Costas' loop with v =4, Since
R = 1/v bits per symbol, R = Rcomp at L = 4 provides Reomp = 1/4, Enter Figure 3 in
Reference i1 at Reomp = 0. 25. Usfng the curve labeled S/X\P =10 dB, read Ep/Ng = 2,3 dB.
From Equailon 24 is seen that 8/N = 10 = 10 dB corresponds to 0g2=9.1 radian2, From
Equation 27, calculate S = 0, 0179, and from Equation (25) calculate Eg/Ng = -3,7 dB. Fromi
Figure ITi~1, Appendix III read 6 = 3,4 dB for the "Costas" circuit, 'Now, define a normalized
oscillator istability factor ‘ R S e it R e




_ s B .
K= S,r(fo/R) = m ('ﬁ:)« (29)

Numerical values have previously been obtained for §, 6, and Eb/ No 80 one can calculate K
=0, 0022 from the right hand side of Equation 29, This procedure cun be repeated by chooring
other values of S/N on Figure 3 in Reference 11 to obtain a curve of Ep/Ng versus K for v = 4,
Similarly, a family of curves for different values of v can be obtained, Having obtained a
family of curves of Ej/N, versus v with K as a parameter, one can determine E},/N, versus
v with K as a parameter. The final results of this procedure are !llustrated and discussed
below,

'The results for a second order loop with a ""Costas' carrier reinsertion circuit are il-
lustrated in Figure 11 as Ej},/N, versus v with several different values of oscillator stability
factor, K, It can be seen that a "flicker-noise-free' system (characterized by K=0) permits
sequential decoding limit of Ey/N,=1, 419 dB to be approached as v is made large, With in-
creasing values of K, the require?i Ep/Ng ie seen the increase, Furthermore, with any non-
zero value of K, there exist an optimum value of v for which the required Ej/N, is minimum
for & +hosen value of K,

Himilar results are illustrated in Figure 12 for an "optimum' loop which contains a
Weisniar filter that minimizes og and an "optimum" carrier reinsertion circuit which mini-

mizes 5 for a given Eg/No,. The major difference between the results shown in Figures 11
‘and 1% is that the "optimum' tracking configuration can tolerate a value of S which is 3, 15
times as large than that required of the second order '"Costas'' configuration to achieve a
specified value of ¥}, /N, at the same value of ¥, A less noticeable difference is also present,
Close inspection of Figures 11 and 12 will reveal that if K is fixed, the optimum value of v,
call it Vo, is larger with the "optimum" configuration than with the '"Cogtas" configuration,
This phenomenon is clearly illustrated in Figure 13 where v, is plotted as a function of K for
both types of tracking circuits,

The minimum attainable Ej/Ng for a specified value of K s shown in Figure 14 for
both types of tracking circuits. With K = 0.01, for example, it can be seen that the "opti-
mum" circuit requires Ep/Ng = 2. 38 dB and the ""Costas' circuit requires Ey,/N, = 3. 11 dB.
To attain these levels of performance, Figure 13 shows that ¥, = 5.5 and 4. 6 respectively.
Owing to the fact that curves of E;O/NO versvs V for a fixed K are very flat in the vicinity of
their minfma, Figure 11 shows that with ¥ = 3 and 4 with the second order ""Costas' configu-
ration, Ej/N, 18 increased to 3.20 and 3, 12 dB respectively with K = 0,01,

Lowest Useable Data Rate

The presence of "flicker' noise on the transmitted signal imposes a lower limit on the
transmitted data rate that can be used efficiently with 2 phase coherent transmission link.
From Equation (29) it can be seen that

R=§, 'ﬁ"u /K
A value for short-term oscillator stability S, cannot be accurately specified (or measured).

However, the best quartz crystal oscillators have been found "flicker" limited to at least 3
parts in 1013 of instubility(14), A lower limit for spaceborn oscillators might be of the order
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10-12, For post 1970 missions, a carrier frequency in the vicinity of 2. 3 GHz is expected,
Choosing S¢ = 10-12 and f, = 2.3 x 109, R =0.0023/K bps. The value of K will be determined
by the choice of carrier tracking circuit and the penalty in Ej /N, that one is willing to accept
in return for an unstable oscillator., Assume a one db sacrifice in Ep/N, is acceptable,

Then, Figure 14 shows that for E},/Ng = 2. 42 dB (one dB above the lower limit for sequential
decoding), K =0,011 and.0, 0032 for the "optimum'' and ""Costas'' tracking loops, respectively.
Since these values of K ditfer only Ly a factor of about 3,5, the more conservative value of

K =0,0032 will be chosen since refined circuitry techniques cannot be expected to provide a
substantial improvement. Since a larger value of K implies a larger value of Ep/MN,, the
transmitted data rate can be bounded by

R >0.0023/.0032 ~ 1 bps
for

) oo y,

}sb/r,0 < 2.42 d3

Conclusions

It has been shown that an optimum code rate (1/v ) exists for a specified oscillator
stability, data rate and carrier frequency. In a practical sense, data rates should exceed 1
bps in order io realize efficient phase coherent communication, Convolutional code rates of
less than 1/4 offer a negligible reduction of Ep/Ng with all but the most stable oscillators.
With a code rate of 1/3, Eb/Ng it increased by less than 0. 2 dB compared with a code rate of
1/4. Operation near Ep/Ng = 2.5 dB is achievable,

Near Earth Missions

- -0
For R>1000 bps, fg = 2,3 GHz, and Sy = 10 12, Equation (29) shows that K < 2x10 %,

From Figure 11 and/or Figure 13 it can be seen that the corresponding vV, is impractically
large. With a second order loop and '"Costas'' carrier reinsertion, Figure 11 can be used

with K = O to estimate E},/N, for various values of v. A brief table of results is presented
below,

v | BN
2 2,45
3 2,03
4 1,84
7 1,63

Since the IMP mission anticipates about 7 dB of margin above Ep/No = 4.5 dB* at a
range of 150,000 miles (a rate 1/2 code is assumed), there is little reason to increase the
complexity by going to a rate 1/3 code. As the table above shows, the poteniial advantage
would be 2,45-2, 03 = 0,42 dB, This improvement might prove worthwhile, however, in
other near earth missions. 7> increase v beyond 3, however, provides very little potential
improvement,

* As provided by GSFC
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Deep Space Missions

For 1<R< 1000 bps, I, ~ 2.3 GHz, and Sy ~ 10"12, Equation 29 shows that '
2x10-6 <K <2x10-3, ¥From Figure 13 it can be scen that the optimum value of v with
K = 2x10-3 (corresponding to R = 1 bps) is about 7, 5 with a second order Costas loop. From
Figure 12, the following values are obtained at K = 2, 5x10-3 which approximates the per-
formance expected at R = 1 bps

v Eb/No
2 2.81
3 2,46
4 2,35
optimum ~ 7§ 2,32

Therefore, at low data rates, use of ¥ = 3 or 4 provides a reduction of Ep, of 0. 35 or 0,46 dB

respectively compared with use of ¥ = 2, With v = 3 the performance is only 0. 14 dB inferior
to that which is obtained with v =7, At very low data rates v = 3 is probably the best practi-

cal choice. In fact, it S.r>10‘11, V=3 represents (essentially) the optimum value for R~1 bps.
On the other hand, if R >100 bps and S, ~ 1012, K <2xi0-5 in which case the table of values
given under Near Earth Missions can be used with accuracy,

5.3.3 Code Constraint Length

When dealing with convolutional codes, there are several ways in which ""constraint
length'' can be defined. In this paragraph the encoder connection set descrited by
the generating polynominal 1101001 for example, will be considered to yield a systematic
code with a constraint length of L =7, In more generality, the constraint length will be de-
fined here as the length of the generating polynominal from the first binary one to the last
binary one, inclusive,

Although this simple definition is at variance with some other mathematical definitions
which have been used in the literature*, it provides a direct measure of the required length
of the encoder shift register. To generate a systematic code with constraint length L requires
a shift register with as few as (L-1) stages. The diagram below illustrates this point for the
1101001 generating polynominal mentioned above, When dealing with non-systematic ccdes,
two lengths are given, For example, consider the nonsysterniatic code generated by the

(), =

*For example, the generating polynominal 11010 is tabulated by Bussgang as an optimum
polynor.iinal for a mathematical constraint length of N = 5 even though the last stage of the en-
coder shift register is not used,
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sub-generators 11011 and 1010011, This code is herein defined by 1.7 =5 and Lg = 7, It can
be generated by a single shift register with [max {L;, Lo} -1] stages (7-1=6 stages in this
example) & sllustrated below: '

—_.-————-—--——-T—-.—-_.——_-—q

—0

The extension of this definition for constraint length to lower rate codes is obvious,

Choice of constraint length can be made on the basis of required decoded bit error pro-
bability, Results of simulations at C&S of five good systematic codes are illustrated in
Figure 15 as decoded hit exror probability versus constraint length, Details of the simula-
tion can be found in paragraph 7,4. As is well known, the decodea error probability is seen
to decay (approximately) exponentially with constraint length, Since each simulation point
was obtained with a single code rather than an average of many codes, the results for a fixed
value of o cannot be expected to “all exactly cn a straight line (exponential decay)., Also, it
is seen that operation close to Rcomp requires longer codes for a given level of performance,
Quantitatively, these results indicate that 1. must be increased about 1.8 fold in order to hold
the decoded bit error probability fixed while ¢ is increased from 0,867 to 0,956, This range
of o is equivalent to input symbol error probabilities ranging from 3 to 4 percent,

The improved error correcting capability that results from sequentially decoding long
codes as opposed to short c''es is paid for in two ways. First, and most obvious, is that a
longer spaceborne shift register is required to encode the data. Consequently, increased
weight, size, power consumption and unreliability are imposed upon the spaceborne encoder,
All or none of these factors, may be inconsequential when considering a choice of L hetween
32 and 48, These considerations have not been studied here.

Secondly, in order to correct more errors (with larger L) one should sxpect the de-
coder to do more work, This is illustrated in Figure 16 which shows the average number of
decoder computations per decoded bit versus constraint length. These results were deter-
mined from the same C&S simulations discussed earlier. As L is increased, « is held fixed.
Figure 15 showed that the decoded bit error probability diminishes whereas Figure 16 shows
that the average number of computations per bit required to achieve this performance in-
creases to an asymptotic value, It would appear from these limited results that very long
codes would require about 2.4 and 4 corapuiations per bit at o = 0,867 and 0. 956 respectively.
Note that these results were obtained with a zero detection rate. Theoretically, when o ap-
proaches 1 and L approaches infinity, the average number of computations per bit will also
approach infinity,
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5.4 DECODING

5.4.1 Introduction

Most detection techniques for binary modulation use some form of absolute decision on
each received bit (i.e., a decision that it is a ""0" or a "1'), This decision is made by ob-
serving some voltage and comparing it with a threshold setting. Such a detection method is
known as a "hard decision, " Among others, Jordan(15) realized that signaling efficiency
would be improved for birnary modulation if additional information regarding the received
signal was to be retained. One way of achieving this is through multilevel aimplitude quanti-
zation,

The purpose of this paragraph is to investigate amplitude quantization with binary anti-
podal signaling and s.qv.atial decoding, Binary antipodal signaling was chosen since this
represents the most efficient form of binary modulation. The measure of signaling efficiency
vsed here is Ep,/N, where Ep i& tlie received energy required for the transmission of one bit
of data and N, 18 the noise power density. Hence

b _ s
N0 N0

(30)

] Lo

where

Eg is the received energy per binary symbol
R is the data rate in bits per binary symbol.

There is a limit to how large R can be, This limit is imposed by the sequential de-
coder, since successful decoding can only be accomplished if the received waveform has suf-
ficient redundancy to allow the decoder to correct received errors. A high error rate will
require large redundancy (smal! R). Theoretical considerations have revealed that the aver-
age number of decoder computations per decoded data bit approaches infinity when R = Reomp
where the theoretical number Rgomp 18 called the computational cutoff rate. In practice,
computer simulation studies reveal that for R <0.8 Rcomp, decoding proceeds smoothly with
less than approximately two decoder computations per decoded data bit, At R = Rgomp this
number rises to about 15. At still higher values of R, the average number of computations
aontinues to rise very rapidly. In the following analysis, it will be assumed that R = Reomp:
since this represents both a practical and a theoretical limit on the largest value of R. The
overall system efficiency when R < Rcomp is discussed by Jordan, (16),

5.4.2 Bounds On Eb/No

Reiffen (Reference 17) has shown that for discrete, memoryless channels,

J K 2
Rcomp =1{;)ax} ’- log,, Z Z Py Vp(J k) | (31)
k J=1 k=1
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where

K ~ number of input levels

J = number of output levels

Py = a=-priori probabilities of channel input levels
p (i/k) = channe!l transition probabilities (= Pjk)

For the case of binary input channels with J outputs, Equation (31) reduces to

2
Roomp = 2 = 108 § [pml’i + pm2>] (32)

=1

and for the binary symmetric channel, Equation (32) further simplifies to

Rcomp =1 = log2 [1+2 ‘/p (l-p)] ' (33)

where
p is the channel probability of error,

For phase coherent channels with binary antipodal modulation,

«©
1 / 2
N -x°/2
ﬁ e dx (34)
,ZE
S ,
N
Using Equations (30), (33), and (34) curves relating E E, /N,, Eg/N,, and Rg comp may be
obtained for the case of a '"hard decision", These results were presented by Jordan and are
included in Figures 17, 18, and 19 for reference purposes. The 'hard decision'' curves,
then, represent an upper bound (on Ep/N,) against which the quantization results may be

cecmpared. Upper bound means that it is to be expected that quantization into J > 2 output
levels will result in an E},/N, less than that for a hard decision (J = 2),

|

o]

A lower bound for Ej,/N, was also derived by Jordan (Reference 18) by assuming a
continuous output, using Equation (31) and replacing the sum by an integral. The result is:

_ 2
comp 1°g2 1+ exp (-Eg /N')

R

Relations among Ep/No, Eg/Ng, and Bcom for the case of continuous output can then be ob-
tained using Equations 30 and 35. These are shown in Figures 17, 18 ¢ nd 19 by the curves
labeled '"continuous output, "
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Hence, the curves labeled 'hard decision' and 'continuous output' represent upper and
lower bounds to realizable values of Ej,/N, for binary antipodal signaling. Inspection of these
curves reveals that significant improvement over the hard decision case is possible, -

5.4.3 N Level Amplitude Quantization

The probability derisity functions at the detector output for phase reversal (binary anti-
podal) signaling are well known and are given by the expressions:

1 - (%_a)z
P (VX)) = — e
1 VZW
- (y+a)°
Tz (36)

1
p(yix,) = — e
2 Yer

where

a = ‘ZES/NO

The received signal space may be divided into N regions as shown in Figure 20.

1y , In/2 In-1

FIGURE 20. N Level Quantization
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Expressing the channel transition probabilities conditioned on x in terms of the quantization

levels and Eg/N, (or more conveniently the parameter a), N equations are obtained of the
form

1 9
1 j . "‘(x'a)“ i=14,2, ... N
Py =V—§: f € 2 dx N an even integer (37)
L
j=1

The symmetry of the density functions leads to the consideration of symmetrical quanti-
zation divisions and the following relationships holds

PG |1) = p(N=j+1]2) i=1,2,...N (38)

Using Equations (32) and (38), Reomn may now be determined for the channel with N lcvel
quantization, This will be done for &e specific cases of four- and eight-level quantization,

Four-Level Quantization

Using Equations (32) and (38) the expression for Rcomp for the case of four-level quan-
tization is

Rcomp =1- logz [“4[;; * W e J;; +@2] (39)

For notational convenience, the sécond index has been dropped from the channel transition
probabilities (i.e., py; = P42 =P3).
]

The symmetry préper’f:ies of the channel permit analysis using only one of the two pos-
sible conditional density functions, as shown in Figure 21, where T is the threshold seiting
(normalized to the rms noise). It can be seen that

Plyixq)

|
|
[
|
|
I
1L
T
FIGL'RE 21. Four-Level Quantization
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P, = f f(y)dy | |
¢] .

Py = / f(y)dy
T

Py = f f(y)dy
o

Py = f f(y)dy
T

where

.-
f(y) = —— e

Ver

The next step is to determine the value of T such that Reomp i§ maximized (i.e., Ep/No
minimized), The value of T which results will be called the optimum normalized threshold
setting, To. From Equation 39, define

LRI IR T R (41)

Since the logarithm is a monotonic function, maximizing Reomp is the same as minimizing Y.
Writing ¢ as a function of T and differentiating with respect to T yields

i dp dp,T]
v . 1 1 1 4
'd% = (yPy + VP ar * It | + (Ypy *+ yP3)
- -
d d
— @

67



VE;) 'f(_-_’_l‘_) +
\g

$ - (W

im |

Ve
) £(-1)

+ = 0
\& v,

| .
Equaticn (43) may now be solved for T =T .,

(43)

Inspection of Equation (43) shows that the unknown, T, appears both in the exponential
and the limits of integration of the normal variable. Hence, a closed form solution cannot be
obtained. Equation (43) was solved numerically using a computer, A plot of Ty vs. Eg/Ng is
shown in Figure 22, The important observaticn from Figure 22 is that T, is a slowly varying
function of Eg/Ny. This behavior is important when practical receiver implementation is
considered,

Using the solution obtained for T,, Rcomp Mmay now be computed as a function of
Eg/No and related to Ep/Ng. The results are showv in Figures 17, 18 and 19 by the curves
labeled ""Four Level Quantization. " Relations among Reomp, Ep/Ng and Eg/N, were also ob-
tained by setting T = 1,0. The results were essentially identical to those for T = T, the dif-

ference occurring only in the fourth or fifth significant digit of Rcomp.
results may be approached very closely with a fixed threshold design.

Eight-Level Quantization

Hence, the optimum

The eight-level case was analyzed to determine how much additional improvement in
performance might be achieved., The analysis parallels that for the four-level case with the
new expression for Rcomp being

_ 2
Rcomp =1 - log, Z (ﬂ * Vp9-i)

~ Now there are three threshold settings to be made as shown in Figure 23.

i

1

(44)

For this case, three independent': partial differential equations with three unknowns may be
written, After some simplifications these become:

1(~T.) £(T,)] [f(-T,) £(T,) 7
Q_‘P.. = - ‘ "_"L _1_ 1 1 =0
51, - - WPst\Pe (& MK B T8 ST Vs |
X H-Ty) KTy . 1Ty fTy) ] =0 (45
5T, = T WPV gty | T VYR |\ v | "
" H-T,) KTy H-T,) ATy
- - = . = — —| -
oT, =~ WrWPe) |y * g5 d t (WVRD [y \5
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Figure 23, Eight-Level Quantization

These simuitaneous equations were again solved utilizing a computer with the results shown
in Figure 22, As in the case of four-level quantization, the optimum normalized threshold
settings are slowly varyiag functions of Eg/N,. Using the optimum threshold values obtained
from Equation (45), (Ty)1, (To)2, (To)3, and Equations (30), (37), and (44), ielations among
Rcomps Es/No, and Ep/Ng were calculated, These same relations were calculated after
setting T1 =0.505, T2 = 1,060, and T3 = 1,780, Again, the results coincided to at least
three decimal places in Reomp With those for optimum (adaptive) threshold settings.

5.4.4 Practical Implementation Considerations

This paragraph discusses the practical aspects of multilevel quantization. Considera-
tion will be limited to three- and four-level quantization schemes which are most amenable to
implementation and subsequent adjustment, since only one independent threshold setting is
required. The results which are discussed below were obtained from minor alterations of
the analysis previously presented,

In a practical sense, it is most convenient to investigate the performance in terms of
baseband voltages which can readily be measured, This leads to the following definitions;
(a) YN is the rms baseband noise voltage (N is ihe total baseband noise power measured in a
one ohm resistor) and (b) +t is the threshold setting measured in volts. The video signal to
noise power ratio SNR = a2 = 2(Eg/Np) at the output of a filter which is matched to tiie re-
ceived binary symbols. The manner in which Ry, varies as t is changed is shown in
Figures 24 and 25 for three- and four~level quantization, respectively, With three-level
quantization (often referred to as null-zone reception), Figure 24 indicates that the optimum
threshold settings, t,, are near 0,6 N for any video SNR from -9 to +9 dB, As t approaches
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0 the performance degrades to that which is obtained with a "hard decision’. If t is made too
large, however, Rcomp 18 seen to diminish rapidly, This is to be expected since most of the
received symbols will ?all into the null zone and the dezoder is frequently asked to '"guess'
which symbol has been transmitted. With four-level quantization, Figure 25 indicates that
to is noar 1, 0VN for any SNR from -9 to +9 dB. In this case, t can vary from zero to a very
large value without catastrophic results; since in either case performance degrades to that
which is obtained with a ""hard decision', Practically speaking, optimized four-level quanti-

zation will be obtained when the quantization regions are -« to - VN, - VN to zero, zero to
+ VN, and + VN to +=,

An accurate determination of the optimum threshold settings can be made from Figures
26 and 27 with two- and four-level quantization, respectively. Figures 24 and 25 reveal that
the curves of Roomp versus t/VN become relatively flat when SNR is large. Thus, it is con-
cluded that if a fixed threshold setting is used (non-adaptive as SNR varies) t should be chosen
from Figure 26 or 27 to be optimum at or near the expected minimum SNR, Although the same
value of t will not be optimum at larger values of SNR, the performance degradation which re-
sults will be relatively small, By a fixed (non-adaptive) threshold it is meant that t/VN is
held, An adaptive threshold is defined as one in which t/VN is a function of the video SNR, as
illustrated by Figures 26 and 27, :

Since it would be difficult to accurately measure VN when signal plus noise is present,
the following method of threshold adjustment is suggested. Corresponding to an optimum
threshold setting with three-level quantization, there exists an optimum probability of quan-
tizing the received signal into each of the three levels. Call the three quantization regions

a, Reliable spaces
b. Null symbols
¢. Reliable marks.

Since the ''reliable marks'' and the ''reliable spaces' occur with the same probability, one
need only measure (oi estimate) the probability of quantizing the received signal into a "null
symbol" to determine ii t is properly set. Such a measurement is easily performed by
counting the number of '"null symbols' presented to the decoder, ¥or example, with a data
rate of 500 bps and a rate R = 1/2 code, the received symbols arrive at the rate of 1000 per
second. A counter at the null symbol point at the quantizer output, for example, indicates

92 pulses per second which provides the estimate of 0, 092 as the probability of "null symbol"
quantizer output, As shown in Figure 28, this probability is optimum for a SNR of +6 dB.

As mentioned previously, little will be sacrificed by setting t as the optimum for the lowest
expected SNR, If the counter reads too high, t should be decreased until the estimated pro-
bability is approximately correct for the value of minimum SNR which was chosen, In this
manner, the effects of AGC drift and associated anomalies can be minimized, As long as the
counter reads approximately the corrcct value, one is assured that the thresholds are set in
a near optimum fashion for any SNR,

A similar procedure can be used with four-level quantization where the quantized sym-
bols can be referred to as
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FIGURE 28. Probability of '"Near Zone' Symbol as a Function of Video SNR
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a. Reliable spaces
b, Unreliable spaces
c. Unreliable marks
d. Reliable marks,

Because of symmetries, it is only necessary to measure the probability of "unreliable' sym-
bols (cases b and ¢). The probability of quantizing into an "unreliable' symbol can be called
the proability of '""'near-zone' symbol reception since the sampled video voltage was nearer to
zero than t. The same applies to the case of three-level quantization, Thus, the ordinate in
Figure 28 is labelled '"Probability of Near Zone Symbol'" and the optimum value of this quan-
tity is plotted versus video SNR for both three- and four-level quantization schemes. For
example, suppose that four-level quantization is employed and the minimum video SNR for
which the system is designed is 4 dB. For this case, Figure 28 indicates that the optimum
probability of receiving a ''near zone'' symbol is about 0, 29. Thus, a counter which counts
the number of "unreliable marks'' and "unreliable spaces'' out of the quantizer should read
about 290 per second with a received binary symbol rate of 1,000 per second. If the count
tends to become significantly smaller than this value, t should be increased and vice versa,
As long as the count is maintained near 290, near optimum performance is assured for any
SNR near or above the selected minimum value for t.

Future work will more closely investigate the case of eight-level quantization if it is
deemed advisable, That case, however, will require the use of three counters, and optimum
threshold adjustment will be complicated by the interaction of the threshold settings,

Conclusions

a. A reduction in E/N, on the order of 1.5 dB over the 'hard decision' case may be
realized by using four-level quantization, Additional improvement on the order of 0.4 dB
may be achieved by using eight-level quantization,

b, Eight-level quantization approaches to within approximately 0. 2 dB of the theoreti-
cal minimum Ep/N,, for binary antipodal signaling with continuous output (i.e., infinite level
quantization). Hence, little justification exists to consider levels of quantization higher than
eight.

c. Because of the relatively constant behavior of threshold setting as a function of
Video SNR, nearly optimum performance may be obtained using preset level divisions. That
is, performance could not be greatly enhanced by using adaptive techniques. This result is
most useful when considering practical detector design,

d. A single counter can be used with three- and four-level quantization schemes to as-
certain whether the thresholds are set properly. The counter can be used to automatically ad-
just the thresholds to compensate for AGC drift and similar phenomena,

e. The work presented here provides insight into some theoretical and practical prob-
lems associated with sequential decoding used in conjunction with level amplitude quantiza-
tion. It should be noted that the criteria has been based upon maximizing the computational
cutoff rate, Recomp. The effect of non-optimum (i.e., non-adaptive) thresholds on the
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dynamic computational behavior of the sequential decoder has not been investigated, This
should be the subject of a separate study.

5.4.5 The Design and Performance of a PSK Symbol Synchronizer Operating at High Synibol
Error Rates

The timing sources, cominonly referred to as symbol synchronizers, utilized in de-
modulating binary signals, exhibit deterioration in timing accuracy with symbol error rate,
In systems operating at high symbol error rate, this can become a source of degradation,
The problem becomes particularly acute in convolutionally encoded signaling methods which
as a result of both encoding redundancy and signaling efficiency operate at very high symbol
error rates. These considerations lead to three areas of investigation as follows:

a. Determination of the mean-squared timing error of a given symbol synchronizer

b, Structure of an optimum or near-optimum symbol synchronizer and its performance
characteristics, and

c. Influence of the systems parameters on the aforementioned synchronizers,

The purpose of this paragraph is to suggest a systematic approach toward the solution
of these problems,

Structure and Major Components of Symbol Synchronizers

Figure 29 presents the block diagram of a symbol synchronizer. Although synchroni-
zers vary considerably in structure, most of them reduced to the equivalent structure of
Figure 29, having the following four major components:

a. An error detector whose output has a signal component proportional to the timing
error which is modulated by a waveform dependent on the binary modulation., A noise com-
ponent is also present,

b. A circuit which will be called a symbol decorrelator. Its role is to remove the
binary modulation from the timing error signal., Its two inputs are the error detector output
and the output of the integrate and dump circuit used for binary decisions. Its output is the
timing error signal corrupted by noise,

c. A filter which determines the closed-loop rosponse of the synchrorizer,
d. A timing source such as a voltage controlled square-wave generator,

Some factors to be considered in designing these four components and their effect on
the synchronizer performance are discussed in the following paragraphs.

In designing an error detector, a convenient point of view is to assume that the trans-
mitted binary sequence is kncwn exactly and to design the detector accordingly. The binary
errors will introduce some deterioration in the detector performance; however, as will be
shown in the next paragraph, the two problems; generate optimum error signals and mini-
mize the degradation due to equivocation, can be separated.
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In practice the closed loop bandwidth of symbol synchronizers is much smaller than the
symbol rate. As a result the error signal may be assumed constant during the symbol’
period, and the problem of generating a continuous error signal may be reduced to one which
is more tractable, namely that of generating a discrete sequence of errors, one for each time
segment of a duration equal to the symbol period. Depending on the approach used, the time
segment is chosen as either coincidental with the estimated symbol period or half a symbol
displaced,

In a practical system, which is limited to a bandwidth dictated by the symbol rate, the
binary symbol video wave form is a smooth function, (A typical example used in practice is
the raised cosine,) Under these conditions if the mean-squared ftiming error is not too large,
i.e., if a linearized model is applicable, an optimum error detector can be derived. Let the
timing error during a time segment T; coincidental with the ith symbol be €j. Let the error
detector output generated for this period be ¢; + m; where m; is a noise term, The optimum
error detector is the one for which the variance (::»t1 7 is smallest, It will be shown presently
that the optimum detector in this configuration of Figure 29 correlates the low-pass filter
output with the first derivative of the binary video waveform corresponding to a +1,

Referring to Figure 29, the receiver IF amplifier output is converted to video through
multiplication by the local carrier, generated in a phase-locked loop. For convenience the
loop phase error is assumed negligible, Ignoring the double frequency terms, the result of
the mixing process is the time function + s(t) imbedded in noise n'(t) which will be assumed
white and of power density No' watts/Hz. The + sign denotes the binary modulation; thus,
s(t) is the signal component if the transmitted binary sequence is all 1's. As mentioned
previously, the binary sequence is assumed known, and for simplicity will be assumed to
consist of all ones. This is equivalent to the assumption that the signal component is s(t).
Since there is a time uncertainty in the system, which is to be resolved, more accurately,
the multiplier output is s(t + €) + n'(t), where ¢ is to be estimated, Under assumptions of
small ¢, a linear model may be used and the known function s(t + €) expanded in a power
series with all but the first two terms neglected, yielding for the receives signal

y;'(t) = 8(t) + €(t) 5(t) + n'(t)

Taking the symbol period associated with the ith symbel as T; and subtracting the known wave
foxjm, s(t) from y.i'(t):

y;'(®) - s(t) = €8(t) + n'(t) teT, (46)

and the task is to get the best estimate of ¢; from the right hand side function over the time
period Tj. Under the assumption of nn change in ¢ over the symbol period, €; is a constant.
The continuous function on the right hind side may be replaced by a discrete set if Tj is
broken down into k small segments of duration T/k during each of which s(t) may be taken as
constant and over which the right hand side function is integrated, yielding the sequence

s T

_ T T
11 = € 82k

c+n gir + v v v Mg T BTy
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where §; is the value of 8(t) during the jth interval, n'(t) being white and of density N,'
the nii's are independent and of variance i{ No' where E is the integration time. ¢; is obtained
as a linear combination of the hji:

k
A -
§=2 4hy (47)
=1
where ﬁj is chosen to minimize 0’2 ¢ the mean-squared error in estimating g
k Z
2 - N\ - 2 . I ° - _
of =E(§-¢°=E y (g€ icBy + 4y - ¢ ) =
j=1
k k
2 T, _1 T o 2
% Zu‘jksj k +kNo°Z“j
j=1 j=1

Differentiating with respect to zr and setting equal to zero yields:

k

-j—zﬁ:ﬁ AP (zjgsj -%) CF B +ANL =0
j=1 |

or

zr = constant , 8 r

Increasing the number k of subintervals into which the symbol period was subdivided
yields in the limit as the summation in Equation (47) becomes an integration, and with the
constant taken as unity for convenience,

e = f [(yl'(t) - s(t))] & (t) dt
T
‘When the video pulse s(t) is symmetric around its midpoint (which is usually the case), its

product with 8(t) integrates to zero over the symbol period, and it is not necessary to sub-
tract s(t) from yj (t); hence:

e -= f y,'(t) 8(t) at
T,
1
€ is the minimum variance estimate of timing error extracted from the ith symbol

under the assumption that this symbol is +1, It may be shown that if this assumption is cor-
rect, ?i is an unbiased estimate of ¢;, i.e., the expectation of ?‘i is €, the timing error.
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If the symbol assumption is not correct, the signal component of y1'(t) is -s(t) instead
of 8(t) and the expectation of € is -€;. Thus a wrong guess at the binary symbol results in an
erior signal which will drive the loop away from a null,

An interesting rpecial application of this derivation is represented by s(t) being a sine
wave, S(t) is a cosine wave, i.e,, in quadrature and Equation (49) is the expression for the
phase detector. Thus, the phase-locked loop phase detector is a minimum mean-squared
error, timing error estimator and the quadrature signal is the best signal that can be used for
tracking.

There might be instances in which the assumptions of this derivation are not valid. For
example the linear approximation is not valid if S(t) is assumed to be a square wave, In such
a case other techniques must be used in deriving the optimum error detector. In any event
once an error detector is designed Equation (49) may be used to evaluate its performance,
Specifically, the error detector specified by Equation (49) estimates the timing error with a
variance which may be computed if S(t) and N, are known and Iinearity (small timing errors)
is assumed, The Cranner/- Rao theorem gives a lower bound to the variance of the estimate
of any parameter (in this case €) in terms of the likelihood function, When the Cramer’'-Rac
bound is computed, it may be shown analytically that it is identical to the variance of the error
detector given by equation (49) under the assumption of linearity., The ratio of the variance of
the error estimate in any other detector to the Cramer'~Rao bound gives the signal-to-noise
deterioration of that error detector. A ratio larger than one indicates a nonoptimum detector.

Symbol Decorrelator

It was shown in the previous paragraph that the output of the error detector is €' = + ¢,
where the + sign is associated with the +1 transmitted binary symbol respectively. If the
transmitted symbol were known, multiplying €' by it would remove the uncertainty. Since
this is not the case, the problem of degradation due to equivocation may be approached from
a nuinber of points of view. First, the question of minimizing the degradation due to equivo-
cation was solved in References 19 and 20 for the carrier tracking circuit, and there is every
indication that the same approach is effective in this case. Briefly, since the best estimator
of the timing error is its expectation, under symbol uncertainty this expectation is given by:

E(¢) = E(e/+1) p(+1) + E(e/-1)p (-1) (50)

where E(¢/+1) are the expectations of € derived under the hypothesis that +1 respectively was
transmitted. As shown in the previous paragraph E(¢/+1)=¢' and E(¢/-1) = - €' of Figure 29;
p(+1) is the a~-posteriori probability of +1 symbol and is obtained from the binary decision
circuit (in-phase correlator). Thus Equation (50) becoines

E(¢) = €'p(+1) - €'p(-1) = €' [p(+1) - p(-1)] (51)

It was shown in References 19 and 20 that the expression in the square bracket is the
hyperbolic tangent of the output of the integrator used for binary decision at the end of the
symbol period. If in order to avoid the function generator deriving the hyperbolic tangent, a
simpler structure is used, its performance may be compared to the one defined by Equation
(51) which being optimum serves as a convenient standard. In most cases a degradation
factor may be computed by using a spectral convolution technique which yields the noise gen-
erated by the equivocation,
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In a decision-directed feedback sequential decoder, all the unknown parameters, sym-
bol timing included, are computed as functions of the symbol sequence hypothesized by the
decoder. For such a system, the equivocation is removed, and the symbol decorrelator op-
erating in conjunction with the optimum error detector discussed previously will have as its
output:

§=b; 'i( y,'(t) 8(t) dt (52)
i

th

where 'bOi = +1 is the i~ symbol hypothesized by the sequential decoder,

Filter

The choice of the appropriate filter does not present any particular problem. Given the
spectrum of the instability of the oscillator used for symbol-timing in the transmitter, a
Wiener filter may be designed. If such a filter is too complex, one might compromise by
accepting one with fewer poles, The mean-squared error may be readily derived in either
case if the transfer characteristics of the error detector/symbol decorrelator combination is
known,

Evaluation of Symbol Synchronizer Performance

In the previous paragraph it was shown that the various building blocks of a symbol
synchronizer may be designed separately. When they are put together, the resultant per-
formance in terms of mean-squared timing error is readily derived as follows:

Referring to Figure 29, the error detector output may be shown in most cases to be
equivalent to a signal proportional to the timing error, imbedded in noise, The symbol de-
correlator enhances this noise by some factor 6 caused by the symbol errcr. The resultant
equivalent circuit is shown in Figure 30 and given the oscillator instability spectrum, the
mean-square timing error is readily d«~ived, It will depend on the following factors:

S,y = instability of the oscillator to be tracked

k = transfer characteristic of the error detector. The larger R, the better the error
detectors,

6 = noise enhancement caused by symbol decorrelator

H(w) = transfer function of the filter.

Various configurations defined by different values of k¢ and H(w) result in different
mean-squared timing errors, which may be used for comparison,

Recommendations

C&S recommends that the design and evaluation of symbol sychronizers be continued
from both a theoretical investigation and hardware implementation standpoints.
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Theoretical Investigation - Successful completion of this study should yield the following re-
sults:

a, Detailed struciure of the optimum synchronizer.

b. Performance curves relating the mean square timing error to the carrier-power-
to-noise density ratio, data rate and oscillator stability.

c. Development of a systematic approach to the evaluation of typical symbol synchro-
nizers,

d. Derivation of curves as in (b) for the nonoptimum synchronizers, and a comparison
with the optimum curves,

Implementation - Based on the findings in the theoretical studies, one or more of the follow-
ing devices should be implemented.

a, 'The optimum synchronizer,

b, One or two of the suboptimum synchronizers, depending on the complexity of the
optimum synchronizer and the dep2rture from optimality of the suboptimum structures,

c. A computer implementation of the optimum synchronizer, consisting of a romputer
program and real-time injection ar-.’ processing of digitized PSK signals.
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Section 6

EARTH TERMINAL SEQUENTIAL DECODING EQUIPMENT

The purpos: of this section is to discuss briefly, and in rather broad generality, earth
terminal sequential decoding equipment, This discussion is primarily intended for those
readers who are not familiar with sequential decoding but who may be interested in decoding
hardware,

Equipment to perform the sequential decoding function might be divided in two distinct
types: special devices and general purpose computers, The relative merit of each of these
deserves some attention,

It is C&S's understanding that certain of the STADAN sites presently include a third
generation general purpose computer, Some previous studies at C&S indicated that such a
computer is definitely suited to the task of sequential decoding, While investigation of the
specific computers existing at NASA sites is outside the scope of this report, some general
comments may be of interest,

To consider the applicability and potential of third generation corxiputers a survey was
made of existing models, Based upon this survey, the following parameters were chosen as
representative, '

Memory Cycle: 1 microsecond
Memory Size: 4096 words
Word Length: 16 bits

A logical first question of interest to those presently possessing a third generation com-
puter is, "Could this computer be used without additional hardware for sequential decoding ?"
The major problem area iz that of performing parity check calculations, The decoder con-
tains a replica of the convolutional encoder (i.e,, a shift register of length on the order of
30-50) with the output of n modulo-2 sums of a specified subset of the register contents,
De*>rmining the modulo-2 sum of two words in a digital computer generally requires a large
number of operations and severely restricts decoding speed, This becomes especially acute
when the encoder length exceeds the computer word size, For this reason it is advantageous
to perform parity checks externally, Assuming external parity checks and the parameters
shown above, a cursory examination indicated the possibilitv of achieving decoding rates on
the order of a few kilobits/sec,

An interesting possibility exists for channels with Jata rates of a lesser magnitude, The
computer could be time shared and perform other functions siriultaneously with sequential
decoding, Details of this would be dependent upon the particuiar computer presently in use,

For sites which do not possess a computer, the question arises as to the desirability
of obtaining a general purpose computer, one function of which would be to perform sequential
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decoding, or to obtain a specific device for sequential decoding, This question is related to
the total system functions to be served by the site,

Recommendations

a, The computers presently installed at STADAN stations should be examined in detail
to estimate their sequential decoding capability.

b. NASA should take a general system oriented view of their receiving stations with
regard to coded telemetry, For example, it may be much more economical to use a decoding
technique less powerful than sequential decoding for on-line operation and reserve sequential
decoding as a completely off-line capability.
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Section 7

SPECIAL TOPICS

7.1 DIGITALLY IMPLEMENTED COHERENT RECEIVER UTILIZING SEQUENTIAL
DECODING WITH DECISION-DIRECTED FEEDBACK

The two major subjects of this section are the methods whereby ground station receivers
can be implemented digitally and the decision-directed feedback (DDF) method of sequential
decoding,

The techniyues of digital implementation were investigated because they are a pre-

requisite 10 a DDF system, Howaver, during the study it became evident that digital imple-

mentation offers advantages even when considered by itself, These advantages are substantial
when the ground station is used to process a variety of missions with different signaling char-
acteristics., For such an application the receiver circuits following the IF amplifier would be
reduced to a digitizer which converts the IF amplifier output tc a binary bit stream followed
by the digital processing circuitry which can be either a general purpose computer or special
digital modules. These modules replace the customary receiver components, such as phase
locked loops, bit synchronizers and mixers, The parameters of the particular mission are
binary words insertea into a permanent memory,

Alfhough analytical proof is not yet available, there is substantial evidence (References
21 and 22) that the DDF method of decoding represencs an effective approach to eliminating
the deterioration in performance which is present in system operating at high symbol error
rates. The difficulties are particularly evident in systems utilizing sequential decoding since
these have the lowest energy/symbol/noise density ratio of all binary signaling methods.
Furthermore, as the rate (information bits/symbol) is decreased the problem becomes more
acute, because the binary modulation on the received signal represents an uncertainty, which
causes deterioration in the tracking performance of the carrier tracking phase locked loop and
the bit synchronizer. The higher the uncertainty, i.e., the symbol error rate, the greater its
negative effect. This is reflected in increased mean-squared tracking errors and correspond-
ing deterioration in performance. The degree of deterioration depends on the system data
rate, A high data rate system requires power which is far in excess of that required in the
aforementioned tracking circuits. In these systems substantial effective power loss caused
by symbol uncertainty can be afforded without loss in tracking accuracy. In low data rate
systems the available power may just barely be sufficient for tracking, and any uncertuinty
might cause substantial tracking errors. From the above considerations it is clear that DDF
is effective in low data rate systems, This is fortunate because the memory-size require-
ments in sequential decoders using DDF are about tenfold those of conventional methods. In
a low data rate system where the required core memory is small, this increase is ot too
troublesome,

While DDF dictates digital implementation, the converse is not true, Digitizing a se-
quential decoding receiver is worthwhile, even if DDF is not used. In this latter case the

‘core memory required is approximately twice that needed in an analog receiver.
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This paragraph is subdivided into five major topics. First, the DDF approach is ex-
plained and contrasted with conventional sequential decoding. Next the basic cornicepts as-
sociated with digital processing, such as state variables and optimum recursive filtering and
prediction, are presented. Subsequently a digital DDF sequentially decoding receiver is de-
scribed, and its major component blocks are developed in detail, Next a comparative
analysis of DDF versus conventional sequential decoder efficiency as a function of oscillator

stability is given, Finally, a digital coherent sequentially decoding receiver without DDF is
briefly described.

7.1.1 Sequential Decoder With Decision-Directed Feedback (DDF)

Figures 31 and 32 show a conventional and a DDF coherent sequentially decoding re-
ceiver respectively. It should be stressed that the implementation in actual decoders vary
considerably from the ones shown in Figures 31 and 32, In particular, holding operations
such as insertions into memory were omitted, However, the signals present in all imple-
mentations are substantially those indicated. The circuits are shown for illustrative purpose
and are not necessarily the best available techniques.

In Figure 31 in-phase and quadrature-phase references are derived in a ''Costas'' cir-
cuit. The output of the in-phase multiplier y;'(t) is used for symbol synchronization as well
as for deriving a metric, In order to derive an error signal € for symbol tracking yp (t) is
integrated for the second half of the symbol period, heid for half a period, and the absolute
value is subtracted from the absolute value of the integral over the first half of the next
symbol period. The result is the error signal associated with the particular transition. It
is held for the duration of one symbol until the next error signal is generated, and it is ap-
plied to the square-wave generator through a filter which determines the synchronizer closed-
loop response,

The signal yl' (t) is also integrated over one symbol period, and the resultant is applied
to a function generator, whose output depends on the method used for generating a metric
(hard decision or n-level quantization for example). The timing signals for the various inte-
grations are obtained from the symbo! synchronizer square-wave generator,

The salient feature of this implementation is that the carrier-tracking loop and the
symbol synchronizer operate indepzndently of the hypothesis. In the case of the carrier
tracking loop, it is shown in Reference 23 and Appendix III that the operation is equivalent to
a loop tracking the same carrier from which the binary modulation was removed, imbedded in
white noise enhanced by a factor 6, Factor 6 is an inverse function of the energy/symbol/
noise density ratio, hence a direct function of the symbol error rate and reflects the deteri-
oration in tracking ability caused by the symbol uncertainty,

In the case of the symbol synchronizer, the tracking mechanism is furdamentally the
same, No analysis is yet available but all considerations (See Paragraph 5. 4. 5) point to the
same results, namely a noise enhancement factor & which is a monotonic function of the
symbol eryor rate,

The operation of the DDF sequential decoder of Figure 32 is different in a number of
ways, It is important to realize that the operations are performed digitally in non-real time,
and the blocks shown in Figure 32 are merely equivalents of these computations, In particu-
lar, holding operations are not shown, and the sequence in which the computations are per-
formed is important.
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wy, and 8, represent the phase-locked loop estimates of frequency and phase at the be-
ginning of the nth symbol corresponding to a node. They were derived utilizing the received
signal R(t) up to that instant and are used to generate (cos wnt + 6)) during the time period
of the next branch, The phase-locked loop is '"coasting' on past information, and R(t) re-
ceived during the time associated with the branch does not enter into generating cos(wnt+ 6y).
This function is used to generate y1y' the digital equivalent of y'(t), and hence the metric
functions, One function per symbol is generated; the total number of functions equals the
number of symbols per branch., The decoder receives these functions and selects a path,
i.e.,, a sequence of symbols, The square-wave generator output is convolved with the hy-
pothesized symbols, The result is a signal which is the decoder hypothesis of the binary
antipodal modulation on R(t) for that branch, It multiplies ygy,' and the result is to remove
the binary modulation from the quadrature multiplier output, if the hypothesin is correct.
The signal yo,, thus obtained is used to update wy and 8y, to their value at the next node. The
hypothesis is also used in a similar manner to update the symbol synchronizer, The output
of the logic in the symbol synchronizer is a square wave of one symbol duration, centered
on the transitions, i.e., half a symbol out of phasz with the symbol sync signals. The
amplitude b of these waves equals +1 if the hypothesized symbols it straddles are +1 and
-1, -1 if they are -1 and +1, and the amplitude is zero if the two symbols are the same
bo(t) after some pulse shaping multiplies y1'(t). and the resultant is applied after filtering as
a control voltage to the square-wave generator. The signal bo(t) insures that if the hypothesis
is true, the expectation of the error signal € is of the proper polarity to redu.:e the syn-
chrorizer timing errors regardless of the transmitted sequence,

By contrast with the conventional receiver of Figure 31, the operation of the two track-
ing circuits of Figure 32 depends on the hypothesis, If the hypothesis is correct, it follows
from the foregoing that the degradation caused by the symbol error rate is absent, If the
hypothesis is incorrect, the circuits do rot track at all, The error voltages entering the
filters are uncorrelated with the actual errors (they are keyed by a random symbol stream of
+1) and the loops drift. It can be argued that when the hypothesis is wrong, small tracking
errors are not needed since the mean vaiue of the integrator output utilized for deriving the
metric is zero regardless of phase error or bit sync error,

According to References 21 and 22 there is substantial evidence that the performance of
the DDF svstem is identical to the performance of a "clairvoyant' system, i.e., one in which
the phase-tracking circuits knows the transmitted sequence of symbols,

Because a sequential decoder modifies its hypothesis in the process of search, the cir-
cuits of Figure 32 must be digital. They must be capable of retracing their steps to a ''state"
corresponding to the one they were in at some past node toward which the decoder is re-
tracing its steps. From there they can then proceed to operate in a fashion dictated by the
new hypothesis, The inputs R(t) must also be in a digital form so that inputs associated with
past branches will be available, The whole operation may be likened to trick films of the
silent era, e, g. the Keystone Cops chase the robbers (information bits)., At some point they
decide that at the previous intersection they took the wrong turn, In the haj )y never-never
land of DDF they can turn the frame back to the one in question and proceed with the im-
proved maneuver,

The following paragraphs describe how these circuits can be reduced to a set of digital
logic operations.
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7.1.2 Application of State Variable Techniques to the Synthesis of the Digital
Equivalent of Analog Devices

The performance of all linear networks may be characterized by linear diiferential
equations, The mathematician faced with the problem of determining the output of such a
network at a given time t1, must solve the associated differential equation. In order to do
so he needs two basic elements of information: the initial conditions at some previous time
to, and the forcing fanction or input f(t), defined at all times to = t < t;. The output or
result will have two components, the general solution caused by the initial conditions, and
the particular solution caused by f(t); to = t = t;. If the initial conditions and f(t) for
to = t = ty are known the output at time t] is uniquely defined, The number of initial
conditions associated with an electrical network equals the number of components - capacitors
and inductors—having memory, It also equals the number of poles of the transfer function,
Thus the set of initial conditions may be represented as a vector X, * In absence of further
inputs to the network, the vector X, associated with time i, unicuely defines the output at
any future time, Furthermore since any one of the components v Xy may be defined as the
output, the state of the network Xn+1 at time ty41 is uniquely detined by the state X,. The
vector Xn which is a function of time is called the state variable, It is convenient to take
as one of its components the output of the network, although this is not absolutely necessary,
since any other variable — which by necessity is a unique function of the state variable
vector — may be defined as the output,

In discrete implementations — ignoring for the moment the problem of the sampling rate
necessary to insure negligible deterioration in performance — it is converaent to replace input
signals, which in communication systems occupy a bandwidth much smaller than the carrier,
by a sequence of discrete vectors having the components y11, y21, Y12, ¥22 ... Y1ns Y2n at
times t1, ta ... t; respectively, With this redefinition of symbols, the performance of the
network may be expressed as:

X (X)) +X

Xnvi = Znet, g FEn) * Enei, 6V, nn1 ¥ ¥ Yy nHY

1,n+2’ "2,n+2° " "1,nH " 2,0+ (53)

S‘2,n+1’

where each component of Xp+i, g i8 the general solution of the differential equation expressing
that component considered as an output in terms of the initial conditions vector Xj. Similarly
the components of Xn+i, s are the special solutions of the same differential equations and are
functions of the discrete representation of the input or forcing function. For i =1, Equation
(53) becomes:

Y

X ., = (X)) + X Y

“n+l I’—{n+1, g£'*n =n+l1, s( (54)

1,n+1 2,n+1)

The networks being linear so are the differential equations as well as their solutions.

Denoting the components of the p-dimensional vector Xp+1 by X1, n+1, X2,n+1...Xp,n+1, the
vector Equation (54) is given by:

Ky = 211X 0 P12 %o oo P1p Xon * Y11 V1,1 * P12 Yo, m

*A dash under a symbol indicates a vector or matrix,
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Xoml = P21 X1 ntPop Xp nt oo op Xon + 851 Y0 ne1 * Y22 Yo na

X =@ X +@ Xz,n+°"‘p

p,ntl plyl,n "p2 ppxpn * wpl Y1.n+1 * ¢p2 \2,n+1
or in matrix notation

where X is a px1 vector, @ and ¥ are pxp and px2 matrices respectively, and Yp4q it a two-
component vector, If the filter is low pass instead of bandpass the same expression results
with ¥ and Y41, of order p and 1 respectively. The matrices @ and ¥ can be derived from
the transfer function of the network,

Equation (55) is a recursive equation which tells how the state of the network is updated
from the previous state and the next input. From a computational point of view it leads to
economy in computations because in order to obtain the updated state variable Xn+1 one need
only know the last state variable Xp and the next input sample Y,.;. This is to be contrasted
with computations based on the convolution integral;

t
X () = f Y (t-T) b (T) dT

-0

which yields the discrete equivalent

n

| - |
X 1 =L Y(t-T) R (T) (56
i=1

In Equation (56) one needs to know n samples of the iupiit in order to compute a given state
variable Xn+1, and n can be a large number, In Equation (55) all information about the past
and the effect of the past on future states resides in the siate variable X, having p com-
ponents, and past inputs Yp, Yp+1, ¥n-2, ... may be discarded without inpunity in com-
puting future states X471, Xp+o, etc, Herein resides the computational advantage as well as
the reduced memory requirements of the state variable approach,

7.1.3 Application of State Variable Concepts to Filtering

It is convenient to discuss the problem of optimum linear filtering in terms of sampled
representation:

Given a transmitted sequence of signals:

> SFD PRI S
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and the corresponding received sequence

Z‘}'-l”””' ..... Yn-‘...

where Y; = X; + nj, and the n, are assumed to be samples of a white normal process, an esti-
mate of X,, is sought as a linear combination of the received sequunce:

‘

o0
n 2. % Y1
i=0

such that the mean-squared error E 62 is minimized:

- -] (- -] (- -]
2 ) 2 2 | 2 : ‘
Ee = EX E ay ) = EX + z aEY, - Y ) s E(X Y )
i=0 i,j=0 i=9

The various variables are assumed to have zero mean, yielding;

-] (-]
2 _ 2 § : ' . z : -
E ¢ = O + aiaj cov(Yn-—i’Yn-j) + a cov(XnYn_i) (57)
n - .
i,j=0 i=0

The problem consists of determining the constants a; which minimize E 62. According
to Equation (57) these constants will be functions of the covariances associated with the various
variables Xj and Yj. It is noteworthy that regardless of what the joint distribution of the
variables is, as long as these distributions yield the same covariances between the variables,
they lead to the same mean-squared error and the same linenr filter, It is convenient to as-
sume that the variables stem from the multivariate normal distribution for a number of
reasons, First, since the only statistical parameters of interest are the convariances, and
since the covariances uniquely define the multivariate normal distribution, the distribution is
uniquely defined by the relevant parameters. Second, the multivariate normal distribution
was extensively studied and there are many results, which can be used to advantage. Third,
the majority of the processes to be fiitered, stem from the multivariate normal distribution,

The covariances associated with the transmitted sequence are given by:

Cov(X;, X)) = E(X; + X;) = E [x<ti) X(tj)] = @t - t)

J J

where the last equality is based on the assumption that the process is stationary and
@(tj - tj) is the autocorrelation function of the process X(t) whose samipled representation is
the seduence Xj, The Fourier transform of ¢(tj - tj) is the power spectrum of the process.
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A linear filter having the same power spectrum, excited by white noise, would have as its
output a process X(t) having the covariance @ (ti - tj). Since the filter is linear, it has a
state-variable vector X associated with it, as discussed in the previous section, and ac- .
cording to Equation (55) the sequence of state variable i8 given by:

Zne1 = an ¥ -‘p-Nn+1 (58)

where the sequence N;, Ny ..... Nn+ of uncorrelated normal variates with zero mean is the
discrete representation of the white noise input to the filtar, The first component of the state
variable vector will be taken as the transmitted sequenct, Expression (58) is the discrete
state-variable representation of the random process X(t). It follows from the foregoing, that
any normal random process may be expressed in this form. The matricies ¢ and § are ob-
tinable from the power-spectrum of the process (References 24 and 25). A continuous
representation of the form

X(t) = MX(t) + PN(t)

where M and P are pxp and 1xp matrices respectively (X is a p component vector) is also
cbtainable (Reference 26.)

The structure of the minimum mean-squared error lineay filter may be derived by the
application of the following property of mulidvariate normal distributions (Reference 27):

Given a sequence of variables zy, zg, ... z,, having the multivariate normal distribu-

tion, the function g(zg, 23, ... Zy) minimizing the variance of [zl - g(22, 23, ... zn)] is the
conditional expectation of z1, i.e. E(zy/22, 23, ... zn). Furthermore, :he conditional ex-
pectation is a linear combination of Zoy Zgy oo Zp.

A direct result of the above theorem is the minimum mean-squared error estimate
Xip of any one of the components Xjp at time ty of the state variable vector X, associated
with the transmitted signal (include:: its first component X1, which is the transmitted signa.
itself) is the conditional expectation orf that component given the received sequence

Yn’ Yn-l ’

e 0 b0

}Q“‘EX/YY
- (in n’

in iy i=1,2, ... p

n-1° )

where p is the number of components of X. These p equations may be expressed as a single
vector equation:

N
X = EX /Y, Y ;...) (59)

The expression for the optimum, filter given by Equation (59) may be extended to include
optimum predictors. Assuming that ﬁn in some configurations was obfajred at time ¢, from
Yy Yp-1s +.... as in Equation (59), the optimum filter would update Xp and obtain Xp+i on
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the basis of the next element of information Y41 obtained at time t,43. By contrast, the
optimea:n predictor would estimate Xp+1 before Yn+1 is obtained, at time t,,, Taking ex-
pectations of both sides of Equation (58):

EX /Y Y 1.:2) =0 E()_(n/Yn' Yo yeee) t ¥ E(Nn+1/Yn, Y --0) (60)

The conditional expectation of Nj4+1 is zero prior to the reception of Yj,;1 thus the
output of the optimum predictor is obtained by substituting (7):

N A
Xovi/m = E()_gnﬂ/Yn_'Yna_l...) = QX (61)

where the subscript denotes that X at time n+1 is estimated at time n. Repeated utilizations
of the procedure yields:

A
'x'n+l‘/n =¢34y, 62)

The optimum estimate of the state variable vector at some future time is obtained applying the
present estimate, as initial conditions to the filter matrix gi representing the signal process
and assuming that all future noise excitations are absent.

The estimates of the components Xj n+1 of X,,, 1 may be obtained by considering the
following equality in multivariate normal distribution (Reference 28):

% = ‘ A - A%

EX{ 41/ Yper Y o) = By w1/ Yo, Yoo ees) * o8y (Y 1= B(Y /Y Ypoge )
where the constant a, may be obtained from the covariances.

Since Yp41 = X1,n+1 + nyy) where the samples n4, nj44q, ..... are uncorrelated and have
zero mean and X1 p4] is the first component of the state-variable vector, or the signal:

/Y - EX, /Y., Y N 63

E(Y /Yy Ypep o) = By /Yoo Y1 o+0) = %y nii/m (63)

Equation (63) may be extended to all components of the state variable vector, hence
the vector equation:

EXp1/ Y1 Yo oo o) = E@pyy/Yy Yyog o) PALY Gy = BV /Y0, Y g0
where A is a p component vector obtainable from the covariance matricies. Substituting
Equations (63? and (%1):

N A N

X 2%, 4 [Yn+1 B Xl,n-t-l/n] (64)
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Equation (64) is the fundamental equation of the recursive or Kalman-Bucy filter (Reference
26) in its discrete form, The manner in which it operates is shown in Figure 33. The, state
variable vector is ipdated at each sampling time as follows: First, the last estimate ﬁ.l is
multiplied by the matrix ¢, yielding the first term in Equation (64) which is the optimum pre-
diction, The first component X1,n+1/n of this vector is the predicted value or expectation

of Yp.+1, the reccived signal, This value is subtracted from the received signal, yielding

the error in prediction, which when multiplied by A yields the second coniponent in Equation
(64). If the signal were turned off, the circuit would 'coast'', This is achieved by setting
the error equal to zero in Equation (64), yielding Equation (62) which is the best prediction

of Xp+1, Xp+2 etc, based on signals up to Y.

As the sampling speed is increased the implementation tends toward the continuous
shown in Figure 33 (b). In fact the discrete filter could have been obtained by deriving the
optimum filter as a Wiener filter, obtaining a feedback representation which has the saine
closed-loop response as in Figure 33, and deriving its discrete equivalent in the manner de-
scribed in Paragraph 7,1.2. The two approaches although different, yield the same result.

Noting that Xl’ n+1/n =¢1 _)gn where €, is the first row of ¥ Equation (64) becomes

A

X =le-ae X + Ay, (65)

which is identical in form with Equation (55). Similarly, the response of any filter may be ex-
pressed in a feedback form, Thus Equation (55) may be expressed as

. ‘ .
Xn+1 = [‘P-Ibcplj Xt ¥ | (66)

where 91X, is the predicted value of the first component of the state variable,

7.1,4 Analog-To-Digital Conversion

Figure 34 shows a typical network suitable for translating the received signal into
digital v ::¢'s, The signal, which is received from either the IF amplifier or from tape, is
at a nomina: zarrier frequency w,. For each time interval T the vector components of the
received signal are obtained at the end of the interval by correlating with the quadrature
outpute of the reference oscillator, These components are digitized; thus, the digital network
receives a continuous stream of pairs of words, Y!' YD) YV o Y ;Y Y

Y"y (m+2); --. Where 1L,m' “2,m’ " 1,(m+1)’ ~2,(m+1)’ "1, (m+2)’
Y"1,m = f R(t) Cos w _t dt; Yz,m = f R(t) Sin w _t dt (67)
(m-1)T (m-1)T

The rate at which these pairs of words are generated ~ which will e referred to as the
sampling rate — will depend on the subsequent digital circuitry, In the case of the sequential
decoding receiver, it is dictated by the bit synchronizer. A resolution of one tenth of a symbol
in the bit synchronizer results in 2 maximum loss of 10 log (1 - 1/20) =~ 0.2 dB which is
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is acceptable. Thus ten samples per symbol seem adequate. All other circuits have band-
widths which permit much smaller sampling rates. For example the phase locked loop if it

is designed to have a signal-to-noise ratio of 10 dB in the loop noise bandwidth, will have a
bandwidth given by:

E

_ b1
BL = Bit rate x No X io

yielding for Eb/ N, =4 dB for example and a rate 1/4 code

B, = Bit4rate - Sxmbi)é rate

resulting in a sampling rate which is 160 times the loop noise bandwidth,

7.1.5 Digitally Implemented Receiver Configuration

Figure 35 represents a block diagram of the digital DDF coherent sequentially decoding
receiver shown in Figure 31 and described in Paragraph 7. 1.1, This paragraph will merely
describe the function of each block of Figure 35 with the detailed analysis and operation of
these blocks discussed in Paragraph 7. 1, 6.

The sample vectors Yim'', Yo' are generated by the A/D converter (Paragraph 7. 1.4)
at a nominal rate of ten vectors/symbol, and are inserted intc the core memory. From there
they are extracted as a function of the decoder search operation, Each time the decoder se-
lects a branch (moving forward or backward) the corresponding sets of vectors are applied to
the mixer. Here two things hapnen: First, the mixer takes each vector Yipy', Yom' and
rotates Y1, '" Y2m'" so that Yiy," Yo, '" is expressed in terms of the phase-locked loop fre-
quency reference wp instead of the fixed-frequency oscillator. The resultant vectors Zim,
Zom are the ones that would have been obtained if the reference oscillator used for sampling
would have been the phase-locked loop VCO with in-phase and quadrature components used
as in Figure 34 to derive the vector components. The sets of vectors Zim, Z2m associated
with a symbol are supplied to the symbol synchronizer. Here the vectors are used to derive
the updated bit synchronization estimate consisting of the frequency estimate—how many
vectors/symbol—and a phase estim/.te—a grouping of vectors belonging to the same symbol,
The synchronizer is a tracking circv ' * based on the recursive filtering techniques of Para-
graph 7.4.1, The error signal for : pdating the estimate is derived from the input vector
sequence Z1m, Z2m, and is a function of the kypothesis, i, e., the assumed symbol sequence
hence of the assumed type of symbol transition (0 to 1 or 1 to 0, etc,). The vectors Zim,
Z2m, belonging to any given symbol are also summed, and the resuitant Y1n', Y2n' is ap-
plied to the correlator. This is a multiplier which takes each vector Yin', Y2on' associated
with a symbol and multiplies it with Hp = +1 or -1 for the hypothesis +1 or -1 for that symbol,
If the hypothesis is correct, this operation has the effect of removing the antipoda! modula-
tion, and the resultant vector Y1y, Yan is the one that would have been obtained if the t.ans-
mitted signal would have been an unmodulated carrier,

The phase-locked loop is a digital recursive filter updating its state variable estimate

once per binary symbol, Two components of this estimate are the carrier frequency wy and
phase 8 , '
n
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The sequential decoder selects a hypothesis on the basis of a set of metric functions
(one for each branch of a node). These are computed as functions of the sequence Y1, as-
sociated with that branch and of the sequences of binary symbols associated with each pos-
sible branch. The latter sequence is generated by the decoder, Having selected a branch
on the basis of the metric, the associated sequence Hy of binary symbols is fed to the tracking
circuits,

It is important to note a few salient features of the receive:':
a. For each possible branch the sequential decoder receives back a metric.

b. The selected branch "drives'' the symbol synchronizer and phase locked loop for-
ward or backward depending on the sense of the search oreration,

c. The symbol synchronizer and phase-locked ioop state variable estimates are func-
tions of the wypothesis,

7.1,6 The Digital Equivalent of Some Typical Components of a Coherent Receiver

In Paragraphs 7.1.3 and 7. 1, 4 it was shown that the response of networks may be com-
puted recursively in discrete form in terms of the state variable _)_{n, and the next input
Y through the expression:

n+l’
X4 “0X ] Yo i = 2 for bandpass
pxl pxp pxl' pxi ix1 i = 1 for low-pass

where @ and ¥ are matrices whose terms may be computed from the transfer function of the
network. In this paragraph it will be assumed that the transfer function and thus ¢ and Y
are known. It will be shown that the concepts developed previously yield relatively simple
digital implementations for the decision-directed feedback sequential decoder of Figure 35,
For convenience a definition of the key symbols as well as their analog counter parts is given
in Table 3.

Sine and Cosine Function Generator

In many networks such as correlators and phase detectors, the function sin 8 and
cos 6 are utilized, where 6 is itself the result of digital operations and is computed re-
cursively. Such a recursive operation would yield expressions of the form:

8, =6, _,+A0

In such an instance — since A0, is smali, cos 0, and sin 9i can also be computed re-
cursively, and thus the use of memorﬁr tables is avoidéd (Reference 6):

Cos Gi Cos [Gi_~1 + AGi] ~ Cos ei-l - AQ1 Sin 91_1

(68)

Siu 8 = Sin [ _, + A6] ~ 8in 8 _, + A6, Cos 6, ,
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One would begin by assuming some value for 6, e.g.,0 =0°, Cos 6 =1, Sin 6 =0, and updating
these values are more accurate estimates of 6 are made available,

The operation is shown in Figure 35, Cos 0 and Sin 6 are in a memory, They are
multiplied by the value of A6 and the results added to the memory content, thus updating
Cos 6 and Sin 6,

Mixer

In Paragraph 7.1, 7 it was shown that the sampling rate is dictated by the bit syn-
synchronizer resolution, and the remaining circuitry (e, g., the phase-locked loop) can
operate at a much lower sampling rate. In order to reduce the computation requirements, it
is convenient to combine the samples belonging to the same symbol, This is done in the
mixer (Figure 35), and the resultant is applied to the phase-locked loop in which the lower
sampling rate is acceptable. The components of the new sample vector associated with the
nth symbol may be expressed as in Equation (67) by:

nT k (n-r+1)T
Yln' = f R(t) cos (wnt + Bn)dt = Z / R(t) cos (W,nt + On‘)-dt
(n=-k)T r=1 m-r)T
(69)
nT k (n-r+1)T
Y2 n, = f R(t) sin(w rpt + 8 n)dt = Z f R(t) sin (wnt + On) dt
(n-k)T r=1 (n-r)T

At the beginning of each time segment of duration kT a frequency wy is available from
the digital loop. This frequency is used to derive Yj,' and Yg,'. If the frequency wy is not
derived from the phase-locked loop but is constant from period to period, the following de-
rivations are still valid and the operations are the digital equivalent of a mixer, translating
the sample vectors from a carrier frequency wo to a carrier frequency wy., For Yo, ' the
transformation Equation (69) may be expressed as:

k (n=-r+1)T k (n-r+1)T
Y2n' = Z f R(t) sin (w t + Gn)dt = Z f
r=1 (n-r)T r=1 (n-r)T

R(t) sin [(wn-wo+wo)t+9n]dt =

k (n-r+1)T
{R(t) sinw t cos [(wn-wo)t+9n)]

r=1 (n"'r)T + R(t) cos Wot sin [(wn—wo)t"' en]} dt
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TABLE 3, SIGNIFICANT DIGITAL PROCESSING PARAMETERS

Symbol

Analog Equivalent

Description

R(t)

H

[ R(t) cos w_tdt
.

-+ R(t) sin w t dt
J R(t) cos (w t+ 0 )dt
J p R(t) sin (w t + 6 )dt
jkTR(t) cos (W t+ 8 )dt
Yo R(t) sin (wnt + G_n')dt
H o+ Y

!
In

1]
Hn * Y2n

T x symbol rate

1/synibol rate

A/D converter outputs; sample vector
components generated at rate 1/T or k
vectors per binary symbol,

Components of sample vecior yi,,,", Yom
after transformation in order to express it
in terms of W instead of W,

Sample vector components generated at the
rate of one vector/binary symbol, Sum of
k vectors Z; asociated with a

binary symbcﬁl

Y1n's Y2n' modified by the hypothesis, 1If
hypothesis is correct this is the vector that
would exist if a string of all 1's were
transmitted.

Number of vectors out of A/D converter per
binary symbol

Reciprocal of rate at which A/D converter
generates vector samples,

Frequency of the fixed-frequency oscillator
used to generate the vector samples from
the received analog signal R(t).

Frequency and phase estimates out of digi-
tal phase-locked loop, They are updated
once per binary symbol,

Received signal at output of IF amplifier,
The noise is included,

A number equal to +1 or -1, The sequen-
tial decoder hypothesis that the n'th symbol
equals Hna
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Hfw_ - v, << 71,41- , COS (wn - wo)t may be assumed constant during the integration time,
vielding

k (n=-r+1)T
Yo ! - Z {cm Cow, =w,) in-r)T + 8_] f R(t)sin w t dt
r=1 (n-r)T
(n-r+1)T
+ sin | (wn - wo) (n=-r) T + Gn] f R(t)cos wot dt }
(n-r)T

Substituting Equation (67)

Yon' = Z {Y2,n-r+1 cos [(wn'wo) (n-r) T + en]

Y er sin L(wn-wo) (n-r) T + On]} (70)
Similarly
- |
oo 7 » -W - -
Y, Z {Ynl,n—r+1 cos [(wn W ) (n-r) T + Gn] Yz’n_ﬂlsin
r=1 .
(71)
[ (wn-wo) (n-r) T + Qn]}
Or

k
L "o |
¥in i Zl.n-r+1 » Yon 2 : Z2,n—r+1 (72)

r=1 r=1

where

=Y - - - '
Zl,yn--r+1 Y”1,n-r+1c°’5 [(Wn Wo) (a-r) T + en] Y'2,tx-r+1'Sin
' (73)
[(wn-wo (n-r) T + On]

Z cos [(wn-wo) (n=r) T + Gn] +y" sin

=Y"
2,n-r+l 2, n-r+1 1, n-r+l1

[(w LW, (@-r) T + en]
107



The trigonometric terms in Equation (73) may be generated rec . “sively, as previcusly de-
scribed,

Phase-Locked Loops

A number of authors (References 29 and 30) have pointed out that phase-locked loops
tracking ;-hase variations which are random processes, when operating in the linear regicn
may be regarded as filters having as their signal input the phase process, Thus the phase
modulation 8(t) o the transiaitted signel (be it deliberate, i, e, carrying information, or
caused by oscillator instabilities), may be regarded as originating from a network excited

by random noise in a manner deseribed in Paragraph 7, 1,3, and has a state-variable vector
6 associated with it:

9n+1 :':5‘3-911""ﬂ Nn
where the first component of 6 will be assumed to be the transmitted phase,

The phase-locked receiver regarded as a filter will have a state variable X associated
with it and a response similar to Equation (66):

Xn+1 - _QXn + De n+l

(74)
where C and D are pxp and px1 matricies, p is the number of poles of the closed-loop re-
sponse, and € 1 is the phase detector output,

Equation (74) is valid even if the loop response is not matched to the phase disturbance
If the loop is a matched filter, C and D are obtained from the process matrices ¢ and { .
(For details see Reference 24), In this latter case the phase-locked loop is an optimum
estimator and if the output is removed it is also an optimum predictor of all state variable
components (phase, trequency, etc).

In paragraph 7.1, 6, it is pointed out that the sample vector components Y1, Yo,
entering the digital phase-locked loop are expressed in terms of frequency estimate wp de-
rived in the loop. For the sake of generality and ease of presentation, i will be assumed
in the following discussion that the sample vector is expressed in terms of a carrier
frequency which is independent of the loop, such as the frequency w, of the fixed frequency
oscillator of Figure 24, The manner in which the operations are modified when the mixer
uses the phase-locked loop output frequency wyp to combine the samples of a symbol is
described at the end of this paragraph,

The operations to be performed on each sample vector Y3 n+1, Y2,n+1 are shown
in Figure 32, A permanent memory holds the p2 words of the C matrix and the p words
of the D matrix, These matrices uniquely determine the loop response. A temporary
memory holds the p words of the state variable X, The first componert of X is the phase
6. In addition it holds the two words of Sin 6 and Cos 6 and the two cumponents Yj and Yg
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of the next received signal vector. For each sample the following operations are per-
formed:

a, Utilizing the last value X =X

X s oo X ) from the temporary memory and
C from the permanent memozy: ©» nl’ “'n2’ np

i=1 i=1 i=1
U = cX,
9
is computed, The first component U1 = O i/
P 8 i ted; where §_is the first t of X
b, A mt1/n = On+l/n ~ 9y 18 computed; where 9, is the first component cf X .

A) N A TA)
C'. Sin en+1/n = Sin 6!1 + Aen+1/n e Cos 9n

’ G+ ab ;
Cos n+l/n Cos § + 4 n+l/n * Sin @)

, 4 .
where Sin €, and Cos ﬁn are cbtained from the temporary memory, The left-hand sides are
the sines and cosines at times tp+1 if there were no error voltage (predicted values),

Ay A
d Sine .~ €r1 = Sin en+1/n Yl.n+1+Cose

n+1l/n Y2,n+1 (75)

€41 is the sampled and quantized phase-detector output,
e, Utiliziug D = (Dl’ Dz. cee Dp) fromm the permanent memory:
Vi = @il Vo = uaPoee Yy = 641 D

or

Y = D'en+1

is ccmputed,

= . = = + 3
f, Xl,n+1 Uy +Vys x29n+1 U, +V, ... Xp,n+1 Up Vv
or
X1 © CXn * Dy

- is computed,
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This is the updated state variable, which is inserted into the temporary memory, the

first component is X].,n T 6n+1'

g. The phase increment is computed:
A A A

A 9n+1 1 6n+1 - 6'n

h, The associated new values of the sine and cosine are obtained:

A A A A

Sin 9n+1 = Sin Gn + Aen_.d Cos 8
8 . = Cos 8 +AB 8

Cos  +1 = Cos 8 + A 41 Sin On

and inserted into the temporary memory,

Since the vector input to the phase locked loop is relative to the phase of the reference
oscillator of frequency w,, used for quantization (See Paragraph 7,1, 1), the angle 6 is an
estimate of the signal phase relative to the phase of the same reference oscillator, Express-
ing the signal component of the receiver input prior to quantization in terms oi the reference
oscillator by:

s(t) = Scos [ wot+ (t))

where the reference oscillator outputs are Cos (wgt) and Sin (w,t), the sequence 6n, On +1°
is the sample representation of the estimate of 6(t),

From Equation (69) it is seen that when the mixer utilizes the phase-locked loop fre-
quency wn, in order to combine the samples of a symbol, Y2n' is the sampled phase-detector
output, and identical to €y+1. Under these conditions steps (c) and (d) become superfluous
and are replzced by the computation indicated by Equation (70),

Correlator

Referring to Equation (70) it is seen that the phase-locked loop error voltage is com-
puted from Y3 pn+1 and Yp p43. These are given by:

—_ ?
Yyl =~ Bpea¥ 1,00

(71)

- '
Yo m1 = Hne1¥ 2, ne1

where Hp41 = +1 is the hypothesis generated by the decoder, that the n+1'th gymbol is +1 or
-1, The operations in Equation (71) are the discrete equivalent of obtaining yoy from y'ay
in Figure 38 (b), . :
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Symbol Synchronizer

The method of designing a symbol synchronizer which performs well at high symbol-
error rates is discussed in Paragraph 5.4.5. This paragraph merely outlines how a symbhol
synchronizer is digitized once its structure is given,

Figure 38(a) shows a typical (nonoptimum) symbol synchronizer which has the salient.
elements of all such devices., The received signal is multiplied with the in-phase output of
the phase~locked loop VCO, The resultant is integrated for the first half of the symbol
period, held for half a period and the absolute value subtracted from the absolute value of the
integral over the second half of the symbol period, The result of the subtraction is the error
associated with the particular symbol, The timing gates for the intergration are derived from
the square-wave generator which generates two gates for each symbol perfod. An error volt-
age is developed at the end of each symbol period, as described, and is held for one symbol”
period. The sequence is applied to the square-wave generator through a filter,

The circuit is a closed-loop tracking system whose response is determined by the
filter response, As such it has a digital realization (Figure 38(b)) based on estimating the
associated state variables previously described,

A.ccording to equations (69) and (72) Z 1m is the sampled version of Y1' (t) and is gener-
.ated at the sampling rate,, which is of the order of ten samples/symbol, Two components of
the state variable vector ﬁn are frequency expressed as the number of samples,/symbol and
phase, expressed as a grouping of the Z1,,'s belonging to the same symbol, The group is
subdivided into two subgroups over which the summations of Figure 38(b) are performed.
These summations are the digital equivalents of the intergrations in Figure 38(a). The mat-
rices A and 0 are the digital equivalents of the filter, as discussed in Paragraph 7. 1,4,

The reason for taking absolute values in the two circuits of Figure 38 is that the se~
quence of binary symbols is not known, and this operation removes the ambiguity. In Section
5 it was shown that in a decision directed feedback system, the optimum error signal as-
sociated with a symbol is given by:

o €=bg J y,' (S (tdt (72)

where bg = 21 is the binary symbol hypothesized by the decoder, T is the symbol period, and
S (t) is the first derivative of the symbol video pulse shape.

The digital equivalent of this expression is

=o§“ . (73)

i=1
where the summation is over the samples derived from a particular symbol. Equation (73)

represents the computations replacing in a DDF system the circuits used in I'igure 38(b) for
generating e,
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7.1.7 Performance of the Digitally Implemented Coherent Receiver Utilizing DDF Decoding

The receiver implementation described in previous paragraph hae five major areas of
petential improvement relative to more conventional systems:

a, Reduction in phase and symbol timing errors through DDF

b, Reduction in phase and symbol timing errors through matched filter design of the
tracking circuits

c. The elimination of symbol ambiguity
d. Optimization through adaptive operation
&, Optimization of carrier-reinsertion circuits.

. Improvements (a) and (c) are a direct result of DDF implementation; the other three
are present in a digitally implemented system, even if DDF is not employed,

The problem of evaluating the effect of oscillator instabilities on efficiency was dis-
cussed in Appendix III, 'To recapitulate the salient findings, the effect of symbol error (or
symbol uncertainty) on the phase tracking circuit performance was obtained in terms of a
noise enhancement factor & as a function of Eg/N,, (energy per syinbol/ noise density) in
Reference 20, The resultant phase error c(pz was derived in Appendix III as a function of
factor S, which contains 6, given hy:

ST v, : ,
S = T ~ ., (74)
N 6
o
l where
S, = oscillator instability, A discussion of its causes and method of measurement is

given id Paragraph 7,1,9,

g

= carrier frequency associated with S (rad/sec)

o
P = carrier power, watts

N, = thermal noise density, watts/Hz, single-sided
6 =

-5, noise-enhancement factor

Factor o 2 was derived as a function of S for both a matched filter (optimum) loop and
a second order loop. Reference 11 derived the value of Rcorap for various Eg/Ng and o'gpz.
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Combiring these three sets of curves yields a plot of signal efficiency expressed in Ej,/N,
(energy/information bit/noise density ratio) as a function of

21'rw0 fo
K = ST = §_ = (75)

R, .7

where Rb = information bit rate,

The res it is shown as the two conventional curves of Figures 36 and 40, There are
two significant conclusions that can be drawn from these curves, First, the performance
deterioration can be substantially reduced through the use of higher-order loops. Second,
the effect of oscil'ator instabilities (high value of K) are more severe for the rate 1/4 code

“than for the rate 1/2 code, This may be attributed to higher symbol error rate as well as

lower signal power requirements associated with the rate 1/4 code,

As meutioned previously, there is experimental evidence (Heferences 21 and 22) that
DDF results in a mean-squared phase error equal to the one in a 'clairvoyant' system,
namely a system from which the symbol uncertainties were removed, The resultant per-
formance may be obtained by the procedure described previously, except that the deteriora-
tion factor 6 representing the symbol uncertainty is taken equal to 1 (no unceriainty), The
result is shown as the two DDF curves each of Figures 39 and 40,

It must be stressed that the evidence of References 21 and 22 on which these curves
are based is not conclusive, and these results should be verified experimentally, With this
reservation comparing the DDF and conventional implementations, it may be concluded that.
for rate 1/2 codes DDF is hardly worthwhile, For rate 1/4 codes (and bigher) DDF may
result in appreciable improvement for high values of K, It is also noteworthy that imple-
menting higher order loops results in more improvement than DDF implementation. If the
system parameters are such that they cause timing errors in the symbol synchronizer and
loss in efficiency, DDF will result in further improvement in this area, too, This is be-
cause the whole mechanism of synchronization as well as the effect of symbol uncertainties
is analogous for the phase end symbol tracking loops,

The curves showing the performance of the conventional systems assume that the car-
rier tracking loop is a Costas circuit, These circuits have a phase ambiguity of 180°; namely
the closed loup response has two stable points 180° apart, As a result even if the loop is at
the correct stable point, it can "flip over' as a result of thermal noise; and unless spcuial
measures are taken, a symbol is undistinguishable from its complement, All special meas-
ures result in loss of efficiency, and for some of these the loss would be particularly severe
for convoluticnally encoded signaling, For example, differentially coherent PSK is approxi-
mately 3 dB less efficient than PSK at Eg/No ~ (0 dB, DDF eleiminates the symbol ambi-
guity by eliminating the need for a carrier tracking circuit with two stable points. The need
for a carrier tracking circuit with two stable points, The resultant saving in power cepends
on the method that would have been used to remcve the ambiguity.

In addition to the sources of improvement just discussed, there are a number of areas

~ of potential improvement which are made possible by digital implementation, All these have

one feature in common, namely that analog implementation is possible on paper; but actual
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realization is either unattractive because of complexity or not feasible because of second
order effects, 'To name only a few:

a, The realization of loops with a large number of poles,

b, Adaptive features such as utilization of metrics which are functions of signal-to-
noise ratio estimates, ,

c. The elimination of intersymbol interference effects through wdaptive compensation,

d. Optimum bit synchronizer and carrier tracking loops based on nonlinear function
generators, An example is the s>ptimum carrier tracking loop for PSK which is based on
generating a hyperbolic tangent function,

In a receiver where the operations are performed digitally, many of the complex opera-
tions associated with (a) through (d) hecome realizable, More than the:, whereas implemen-
tations of a solution were often discouraged in the past by the comple:.ities of the proposed
approach, the digital approach implies merely a subroutine and the effectiveness of the
proposed implementation can be ascertained without additional hardware,

7.1.8 Oscillator Instability and Its Various Causes

The following is a summary of some cf the basic concepts associated with oscillator
instability, For a detailed discussion see Reference 31, The discussion must necessarily
be sketchy since the available literature leaves many questions unanswered, the whole field
being in a state of flux, The output of an oscillator may be represented by:

v(t) = A sin [wot + # (1))

where

w = basic frequency of the oscillator

# (t) = phase disturbance of zero mean causing the instability,
The normalized pbase disturbance accumulated during a time period T is given by

. _ g+ 1/2) - gt - 7/2) ‘
<> 6,7 = T (76)

It is a random variable having the variance

21 2 = ) 2
o [<1d> t,rJ —[E >, . ]
The instability of an oscillator over T seconds is defined by

T « : (77)
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When the experimenter is faced with the task of computing £y given by equation (77),
he must usually do so in a number of steps dictated by the fact that vy is not known exactly:

a, Measure the elapsed phase ¢ during a relatively long time interval T and esti-
mate the oscillator frequency by wo = ¢ /T,

b, Take a large number of small subintervals T during T und measuring the elapsed
phase @, during each of these, compute

d(t+T/2) -9(t-T1/2) ©, - w.T
where w, has the value obtained in step a.

c. From equation (76) obtain <¢>t r, through mean-squaxed averaging over all time
intervals 7, compute o [ <¢> ] and from (77) obtain S

It may be shown in reference 31 that the above-described averaging over T seconds has
the effect of a low-pass filter of bandwidth 2/T on the phase instability ¢ (t).

The oscillator instability, S, has three major sources:

a. _Additive noise, Caused by the iioise of the narrow band amnlifies utilized to boost
the output of the basic oscillator circuit to the proper power level,

b. Noise that perturbs the oscillation, A random walk in oscillator output phase
caused by thermal effect in the oscillator tank circuit,

c. _Flicker noise, Caused by frequency 1rifts, for which <¢ >t has a power spectral
density given by reference 31:

!
Heps = Tar (78)
According to reference 32, it was verified experimi.ntally that in narrow bandwidth
phase-locked loops the contribution of flicker noise predominates, The manner in which
oscillator stability measurements are yade requires that T be made large enough so that the
aforementioned equivalent filter bandwidth 2/T being small, its effect on the first two kinds
of oscillator noise becomes negligible., The flicker noise has effectively infinite phase

density at zero frequency and as shown in reference 31, the stability S is a function of the
ratio T/T given by

1

T
5 (104 + 1/2 log 57) (79)

7.1.9 Digitally Implemented Coherent Sequential Decoder Without
Decision-Directed Feedback

The performance curves of Figures 39 and 40 show that with the small values of K,
corresponding to stable oscillators or high data rates, DDF does not result in increased
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signaling efficiency through rsduction in phase error. In such a case, the increased memory-
size requirements of DDF systems make it unattractive. Digital implementation without

DDF does still present substantial advantages. The implementation, with some modifica-
tions, is quite similar to that described in Paragraphs 7, 1,5 through 7. 1. 7 and is shown in
Figure 41, :

The sample vectors Yim', Yo, ' are generated by the A/D converter as previously
at a nominal rate of the order of ten/symbol, They are applied to the mixer which is
identical to the one described in Paragraph 7.1, 7. The frequency and phase estimates are
obtained from the phase-locked loop where these estimates are, however, not a function of
the hynpothesis; rather they are derived in a digita) "Costas'' circuit, The tracking loop
design of such a circuit is based on the recursive filtering approach, The additional feature
of a "Costas'' loop which is an in-phase correlator and multiplier can be readily implemented
digitally, The input to the loop is a vector Yjn', Yon' which is the same as the one in
Figure 35; namely, it is generated at a rate of one vector per symbol, it is obtained as a
combination of those vectors Yim', Yoam' which the symbol synchronizer estimates to
belong to the same symbol. The symbol synchronization is obtained in a recursive imple-
mentation of which Figure 38(b) is a typical example.

As shown in Table 3, Yin' is the output of the correlator in which the signal is cor-
related with the VCO in-phase component, the correlation time being over one symbol,
This is precisely the signal used to generate the metric, and the resultant is inserted into
the core memory, It is to be noted that the words enter the core memory at the rate of one
per symbol; thus the core memory requirement is the same as for analog systems, This
reduction from the required DDF memory is achieved hecause the digital ""Costas' and
symbol synchronizer loops operate in real time and independently of the sequential decoder.

Recommendations

Based on the potential for improvement described in Paragraph 7. 1.8 a systematic
program aiming at replacing most of the ground-station receiver by a computer is recom-
mended, A suggested breakdown of the activity into a number of tasks to be performed in
sequence follows,

Step 1. Development of a Costas type phase~locked loop computer program, to be run
with simulated signals generated inside the computer, These signals will be generated under
the assumption of ideal symbol sync and nonencoded PSK modulation,

Step 2. Development of a symbol synchronizer program, The input signals will be
siralated, i.e., generated inside the computer, but will be different from Step 1 in that
ideal symbol synchronization is not assumed, They will be of the type obtained when the
received PSK signal is asynchronously sampled as in Figure 34 at a rate of the order of
10 samples per symbol. The PEK signal is not encoded,

Step 3. Combinin¢ Steps 1 and 2, a program is obtained which is capable of demodu-
fc#ne PSK sisnals and which has as its output the demodulated binary bits. At this stage
the input s:nal to the program is still simulated inside the computer as described in
Step 2,
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Step 4. Design and censtruction of a sampling eircuit, such as shown in Figure 34.
Generation of a noisy PSK sign=! either by building a simple test set or from a real signal
recorded from an operational system, if available,

Step 5. Feed PSK sigw:i to sampling circuit and feed digital output in reel time to
compufer.” Run receiver program and evaluate performance (i.e., count errors), If the
noisy PSK signal is from a tape, this might create problems; if it is generated in a test set,
the actua! information bits may be fed to the computer and the symbol errors can he counted,

Step 6. Combine the phase-locked loop/synchronizer program with an independently
clevelcpe& sequential decoder program, No quantization should be included in the deccding;
in this manner the program of Steps 1, 2 and 3 may be used with hardly any modifications,
Run program and decode computer-simulated signals.

Step 7. Modify the combined sequential decoder/digitized recuiver program for DDF.
At this point the signals are still generated internally (simulated in the computer).

Step 8. Build test set which generates noisy PSK convolutionally encoded signals,
Feed these to sampling circuit of Step 4.

Step 9. Inject in real time into computer. Run program and decode,

The activity outlined in Steps 1 through 9 can be subjected to considerable modifications.
For example the computer simulation of PSK signals m,ght be omitted and real time injection
into the computer might be implemented as the first siep, Alternately it might be desirable
to implement a system without DDF. Such a configurition would be much simpler, while
many of the benefits described in Paragraph 7, 1, 8 wauld be retained.
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7.2 THRESHOLD DECODING

Threshold decoding is a simple algebraic technique for decoding conolu.ional codes,
Its use as a "quick-look' device was suggested in Paragraph 4,3, The purpose of this
paragraph is to briefly familiarize the reader with the technique by means of a specific
example, Massey's treatment of this subject is complete and illuminating. Much of the
following material is derived from material in his book (Reference 33, )

Block diagrams of a convolutional encoder and a compatible threshold decoder are
shown in Figure 42, These circuits are designed to generate and decode the (shift register)
length seven code which has been referred to as code number four in Tables 1 ar ¢,

Each square box in the diagrams represents a unit (one information bit) delay and each +
represents a modulo two adder, Note that the box labelled '""Threshold Element" has four
inputs and one output. In general, its function is to generate an output which represents
the majority vote among its inputs, In this specific example, the threshold element con-
tains four inputs. If zero, one, or two of the inputs are ''ones', its output is a 'zero'", If
three or four of its inputs are 'ones'', its output is a ''one''. Note that this decoder
requires only 13 unit delays*, 8 modulo two adders, and one threshoid element, A
similar threshold decoder was recently built at C&S using available S, D, S, logic cards.

In fact, using only portions of 3 type FT-12 and 4 type IT-11 boards an encoder, decoder,
output error sensor, timing clock, and other associated circuitry were configured. The
total cost of the seven boards is about $675 and the encoder/decoder thus obtained is
capable of operating at a data rate above one megabit per second, It should be noted that
similar decoders can be built for other than rate 1/2 codes. Codes with greater constraint
lengths can also be threshold decoded using the same basic building blocks: ‘unit delays,
modulo two adders, and a threshold element. The total number of blocks required,
however is greater for longer codes,

With the addition of a single modulc .wo adder (assuming use of 4 rate 1/2 code)
to the basic threshold decoder, it becomes possible to obtain a reliable estimate of the
symbol error rate at the decoder input. Refer to the decoder shown in Figure 42 (b).
The quantity labeled S(D) is called the syndrome, When the syndrome is a binary 1, the
input information digit produces a parity digit which does not agree with tke received parity
digit, (This assumes that the previous six information digits were correctly received. )
The output of the threshold element is (with high probability) a 1 when the decoded in-
formation bit was received in error. As discussed by Massey, the modulo-two sum of
E(D) (a delayed and modified syndrome which accoints for corrected information bit
errors) and the threshold element output is (with high probability) a 1 when the parity bit
associated with the decoded information bit was received in error, Thus, the simple
additional circuitry shown below, serves to count the total number of received symbol
errors,

In the preceding discussion, 'with high probability' can be replaced by 'with
probability 1'" when only & single isolated symbol error is received, Such is the case when
adjacent symbol errors are spaced by at least twice the length of the encoder shift
register, For example, when considering a length 48, rate 1/2, systematic coavolutional

*Actually only 12 unit delays since the shift register needs only 6 stages and not 7 as
illustrated,
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code, symbol error rates of up to about one precent can be accurately measured in the
manner described above, '

The probability of decoded bit error can be calculated as a function of received
symbol error probability. Using the simple code illustrated in Table 1 (Code #4)

GD) = 1+D+D%+D°+0D° (80)

Following Massy's procedure for this code, one finds

Pl(e) = (l-po) CT + Py C+ (81)

where

P, = probability of symbol error on a binary symmetric channel = P, {eo1 =1} Py

Cp = PyPyPgPy + A PoPgPy + P1dsPgPy * P1PoAgPy * P1PoP5,

C, = Cp*9,4,P3Py +d;PyP4%5 * PydyPydy *+ 4;PyP30% * P1d5P3% * P1Polsdy
and

P © Py

py = 2p, D)



= ¢ - 2 3
3p o~ 6Pt Ap,

,__ 2 3 4
p, = 4po 12po + 16po -8p0

The quantity Py (e) is the probability of a decoded bit error when six previous bits are
correctly decoded, For low error probabilities, this is essentially the decoded bit error

probability, For 4ymbol error probabilities below 1 percent, the results can be simplified
to

50 3
p, (6) ¥85p_" ~p. (82)

The implication of this asymptotic performance is that the decoder corrects all single
and double symbol errors occuring within the effective constraint length* of 11 bits and
roughly half of the triplc error patterns, Numerical results of this analysis are shown in
Figure 43, Since primary interest lies in longe: codes to obtain negligible error rates
when sequentially decoded, the preceding analysis was repeated for a length 32, rate 1/2,
systematic convolutional code (previously referred to as Code #8, The calculated
threshold decoded performance of this code is illustrated in Figure 44. Fou this code,

it has been found that J=4 and ne=18, It corrects all single or double errors within 18
symbols and a sizeable fraction of the triple error patterns,

Although Massey's work was devoted only to the threshold decoding of systematic
convolutional codes, it is entirely reasonable to expect that comparable levels of per-
formance can be achieved with non-systematic codes. The implementation of threshold
decoders for use with non-systematic codes deserves future consideration since the
technique of threshold decoding offers advantages as a quick-look scheme and non-
systematic codes offer advantages over systematic codes when sequentially decoded.

7.3 CONCATENATED CONVOLUTIONAL/ALGEBRAIC CODES

The concept of concatenation, or linking tcgether, of codes was fivst set forth
by Forney (Reference 34.) He uses this approach to construct long codee out of shorter
ones, but reduces the required computation over that associated with a single long code
He further demonstrates that cocncatenation of a finite number of codes yields an error
exponent inferior to that of one single code but still remaining non zero for all rates
below capacity., While Forney dealt exclusively vsith block codes, the concept of con-
catenation could apply equally well to convolutional codes.

Falconer (Reference 35) investigated in detail the concatenation of algebraic ccdes
with convolutional encoding/sequential decoding. He analyzed and simulated a hybrid
algebraic/sequential scheme whereby information was transmitted over N parallel

*The effective constraint length, ng,, and the number of orthogonal parity check equations,
J, are bounded by

n, > 1/2 3% 4 1/2 J + 1; for rate 1/2 codes.

For the code discussed here, J has been found to equal 4 and ng = 11. Since the above
equality is satisfied, this code is relatively efficient,
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convolutionally encoded/sequentially decoded systems. Each of these streams was not
independent, however; an algebraic encoder formed code words of ieng:h Nand rate R
from a subset of the original information stream, 'This concept is outlined in Figure 45.
In his dissertation, Falconer considered both Reed Solomon and simple partiy check
codes for the algebraic portion of the concatenation scheme, Falconer's method
generally works as follows: Each of the N sequential decoders proceeds independently,
When a particular decoder (or deccders) encounters difficulty, the symbols in question
are treated as erasures and are correcied by the algebraic code. If the algebraic code
has minimum distance d, then up to d - 1 erased symhols may be corrected per block,

Analytical and simulation rasults presented by Falconer of greatest irterest are
that the hybrid scheme permits decoding at rates between Rcomp and capacity with a
finite mean number of computations per decoded bit, and the eﬁfgctive Pareto exponent
for the hybrid scheme is the product of the Pareto exponeiit for a single unaided sequential
decoder and the minimum distance of the algebraic code. For example, his simulation
results for a convolutional code of rate 1/7 concatenated with a simple parity check code
of rate 9/10 operating at Ep/No of 1,4 dB (3 dB from capacity for the infinite bandwidth
channel) showed a sample mean computation per bit of approximately 50 and a Pareto
exponent of 1,2, (A binary input, eight-ary output channel was simulated.) A rate 1/7
code for this channel is operating i. excess of Rcomp at Eb/Ng = 1.4 dB,

Potential Advantages

As briefly outlined, the work to date regarding concatenation of codes has been
largely theoretical in nature and oriented toward a fundamental understanding of the
properties and performance of these codes, The promising results favor further in-
vestigation of the potential of this approach for space telemetry problems, Counsider,
briefly, the following problem areas applicable to telemetry using convolutional encoding/
sequential decoding,

a, Capacity Limitations. For tGeep space missions in particular, it is important
to utilize all available power to the extent practicable, It is well known that such a chan-
nel may be represented as an additive white gaussian noise channel for which {Ep/Ny), min =
-1,6 dB, Trom Figure 19 it may be seen that for a single, convolutional ercoder/
seguential decoder the minimum theoretical Ep/Ng foi: a rate 1/3 code and eight-ary
output channel is about 2. 2 dB. When practical allowances are made for noisy phase
references, resynchronization and other implementation difficulties, another 12 dB loss
may be incurred, The work of Faiconer has shown an approach which is capable of
considerably enhanced performance. Thus, the first area in which the concatenation
scheme might aid is that of increased capacity (or longer range in the case of a deep
space probe).

b. Decoder Overflow, A well recognized problem in conjunction with sequential
decoding is that of decoder overflow. Concatenation could be used in a number of possible
ways to reduce the effect of overflow, One such way is that described above whereby the
Pareto exponent is increased and the overflow probability therefore reduced,

An alternate approach would be to permit overflow to occur with some probability
and then treat blocks for which overflow occurred as erasures and employ burst cor-
rection codes to correct these erasures. These could either be block or convolutional
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codes. For example, suppose decoding proceeds by blocks of length L, Assume, for
the present, that at least KL error free blocks follow an erasure of a single block.
Berlekamp (Reference 36) has proven for a model such as this that there exists a unique
convolutional code which is capable of correcting a burst of length E followed by a quiet
interval of length Q such that

Q% 2 R (83)
For the case described, then
K )
K+1* B (84)

But for rates of the form R =n/n+1, n an integer, Berlekamp has shown an algorithm for
finding a code which satisfies Equation (83) with equality.

Assuming that the overflow probability is p, then for p small, the probability of
more than one overflow in k blocks is approximately (Kp)2. For example, if K = 10
p = 10~9, the probability of 2 or more overflows in K blocks is 10-8, Hence, for most
overflows, the burst code could completely reconstruct the entire block (and thereby
also reduce to negligible proportions the effect of clustered errors within the block),
For the small events in which two overflews occur in less than the design quiet interval,
the incoming data could be presented to the user and the total probability of error or
erasure made extremely small, Convolutional burst codes of the type considered above
have been described by Massey (Reference 37.)

The approach suggested is included only for illustrative purposes to demonstrate
some of the extensive possibilities of concatenation applied to a problem other than increas-
ing capacity. It is not suggested that this represents a particularly good approach from
an implementation standpoint. This would require further investigation,

c. Implementation Simplification. A third area deserving attention is the question
of implementation. A motivation behind the whole concept of concatenation is that of less
difficult hardware implenetation. This notion should be explored to see if encoder
reliability could be enhanced by scme concatenated approach and b if decoder complexity
could be reduced. For example, it might be reasonable to consider shortened constraint
length convolutional encoders in conjunction with sequential and algebruic decoding.

While the undetected error rate of the sequential decoder without algebraic decoding
would be high, the outer (block) coder could reduce the error probability. Allowing more
undetected errors would significantly reduce computational requirements,

Recommendations

The concept of concatenation of convolutional encoding/sequential decoding with
algebraic {or pherhaps even other convolutional) codes should be investigatec for space
telemetry, The following specific objectives should be considered:

a. Possible hardware simplification and/or increase in reliability

b. Improvement in performance with regard to overflows and undetected errors
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c. Decoding for deep space channels at rates in excess of the computational cutoff
rate,

The major goal would be to consider the practical implementation of these theoretical
concepts,

7.4 SIMULATION PROGRAM FOR SEQUENTIAL DECODERS

A progra:n to simulate a sequential decoder on the IBM 1130 computer (8192 word
memory) was written for this contract, The program was bhased upon previous work by
C&S on other computers., Becauge of the restricted time available, the program was
written in FORTRAN IV with parity check calculations performed in an assembler language
subroutine,

The objective of this computer program was to provide a flexible tool to supplement
analytical effort in the area of convolutional encoding/sequential decoding for space
missions, No aitempt was made to optimize the program for maximum computer ef-
ficiency. Such an optimization would have been too time consuming. Optimization would
be required before extensive simulation work could be undertaken and would probably
require conversion of the entire program to IBM assembler language with the possible

addition «{ oxternal hardware,

Several types of channels were simulated, including the binary symmetric channel,
binary input/eight-ary output channel, and a discrete memoryless a;proximation to the
short burst channel (described in detail in Paragraph 4.4). For the jurposes of this
report, only the binary symmetric channel program is described; the others merely
involve appropriate changes in the generation of input data and the decoding metric.

Oyerall Description of the Program

Primarily for purposes of simplicity in programming, an all zero information
sequence is transmitted; hence all transmitted symbols (e. g. , information symb. ~ and
parity symbols for the case of systematic codes) are zero, Transmitted symbols are
received in error with probability p. This is achieved by using a random number
generator to simulate errors, For channels of greater complexity, the same gencral
approach is used. That is, the random number generator is used in conjunction witi: the
specified channel transition probabilities to characterize the received symbol.

An input sequence of length N information bits is thus generated, This sequence
is followed by a tail of zeroes of length L. Both N and L may be varied and, in general,
L <<N,

This input sequence is then sequentially decoded using the Fano algorithm, Since
this algorithm is asaumed known to the reader, it will not be discussed here. The
programming is relatively straightforward; a listing is included in Appendix I.

For this contract, systematic and nonsystematic codes of rate 1/2 were simulated,
Encoder constraint length was set at 32 for programming simplicity. (The IBM 1130
is a 16-bit word machine.) Extension to codes of greater redundancy and length could
be accomplished by relatively simple extension,
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While the programs are somewhat flexible, the following inputs are generally used:

a, Channel transition probabilities

b. Block length

¢. Number of bloci(s to be decoded

d. Maximum allowable computations per block

e. Length of block "tail"

f. Metric constant

g. Threshold separation

h. Code tap configuration,

The following outputs were specified:

a. Iaput errors per block

b. Output undetected errors

c. Number of computations per block

d. Number of computations per information digit for each block

e. Average number of computations for all blocks

The program simulated the channel and decodes at a rate of approximately 250,000
information bits per hour on the IBM 1130, (This particular installation has a 3. 2 micro-
second core memory cycle). Two of the major limitations to speed are the use of the
IBM furnished random number generator which is written in FORTRAN and is rather
slow and computation of parity checks. Each of these areas would require considerable

work to improve decoding speed,

Digital Computer Calculation of Parity Calculations for Convolutional Codes

The calculation of parity checks represents one of the most time consuming operations
for a digital compute)r, This arises because of the large number of operaiions required,
even when assembler language instructions are used, The contents of the encoder must
be added (exclusive or, EOR) to the tap configuration and the result checked for an odd or
even number of oxies, This latter check requires rotating the result of the EOR operation
in 32 discrete steps., While some programming shortcuts were used, the problems is
compunded by the short word length of the IBM 1130. Two solutions which might be
considered are calculation of parity digits in external hardware and use of software
methods which do not require the extensive number of operations as that previously
described. Because of the short duration of this contract, neither of these methods were
implemented for this contract. However, an approach to more efficient programming,
known as the impluse method, is suggested.
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Impulse Method

The impulse method is a simplified method of computing parity checks for convolutional
codes, This approach is particularly well suited for digital computer applii-stions, and may
also be useful for some types of analytical work,

A systematic, rate 1/2 convolutional encoder of length k = n + 1 is {llustrated below:

Py

Using the notation introduced by Reference 33, the input information sequence may be repre-
sented by the polynomial

D)=ty + 4D +L,D L, (85)

where i, is the information symbol enteriﬁ.g the encoder at time k and D is the unit delay
operator. For the rate 1/2 systematic code illustrated, the transmitted parity sequence,
P(D), may be expressed as

P(D) = G(D) I(D) (86)
where G(D) is the code generating polynomial (i.e., G(D) = g+ ng + gzD2 + .. GnDn).

The unit impulse information sequence can be defined as a binary "one" followed by an
infinite sequence of zeroes, In terms of the above notation, then,

ID)=1
Thus,
P(D) = G(D)



and the transmitted parity sequence is identical to the tap configuration (i, e,, the code
generating polynomial), From this observation and the analogy to linear circuits, the name
"impulse method''* follows., The parity sequence thus generated is known as the impulse
sequence,

The general transmitted parity sequence may be generated from the modulo 2 addition
of the shifted impulse sequences, From Equation 86, P(D) can be derived as follows:

P(D) = G(D) 1(D)
= iOgO + D(logl + ilgo)
2 .
+D (iOg2 + 11g1 + ing) |

n .
+ D (iogn + il';n-l + ,.. + 1ng0)

n+1

The parity digit at time j, for example, is
)
D DR LAY
k=j-n

where all operations are performed modulo 2, Hence p;, the parity check at time j, is the
shifted sum of a subset of the coefficients of the generator polynomials, The particular sub-
set is determined by the associated value of the information digit, iy.

The parity checks may be accomplished in a digital computer within a single register of
length equal to the convolutional encoder length, The required operations are noted below

(assuming some working register, R, is initialized to zero), Let G be defined as a computer
word with binary ""ones" in those locations in which the encoder taps are corrected (i.e.,

gk=1)-
Case I: Hypothesized digit is a "zero"
a, Test left most digit of R for zero or one, (this is the parity digit.)

b. Shift left one,

*This concept of an impulse approach to parity calculations was originally suggested by
Dr, Irwin Jacobs in a private communication,
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Case II: Hypothesized digit is a ''one"
a, R = R+G, where the addition is a modulo 2,
b, Performs steps (1) and (2) of Case I,

It should be appareht that this method is significantly faster for digital computer appli-
cations than the more conventional methods which require counting ones to determine even or
odd parity, This time saving is important for large scale simulations,

For example, consider the six~stage shift register shown above and assume the follow-
ing information sequence: ....... 10011001

f.e., D) =1+ D%+ D*+ D’

GD)=1+D+D°

then the following table may be constructed:

Hypothesized Initial State State of R at Final State
Digit of R Check for Parity of R
1 000000 110002 100010
01 100010 100010 0001090
001 000100 000100 001000
1001 001000 111001 110010
11001 110010 000011 000110

It can be easily verified that the left digit in column three is the correct parity digit.
Obviously, right shifts and testing of the right hand digit could be used equally well,
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Section 8
NEW TECHNOLOGY
In accordance with the New Technology clause in the contract, Communications &
Systems, Incorporated has undertaken the following activities:

a, The C&S Project Manager met periodically with the C&S Contracts Administrator
to discuss possible new technology which was developed under Contract NAS5-11503,

b. The C&S Project Manager was encouraged at all times to identify any new technology
by review of engineering notes, notebooks, documents and the various technical reports de-
veloped under Contract NAS5-11503,

c. At the completion of engineering activity under Contract NAS5-11503, a final new
technology meeting was held with all personnel concerned with the project for possible iden-
tification of any new technology,

None of these activities have resulted in the identification of any new technology under Con-
tract NAS5-11503,
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Appendix I
CHAINNEL CAPACI.Y CALCULATIONS

This appendix outlines the calcuiations for the capacity of a channel as illustrated in
Figure 5. The general procedure is shown for a model of burst length threc with extensions
to the general channel.

Consider the transition matrix P where the elements p ij represent the probability that
the jth output letter was received given that the ith input letter was transmitted.

-q o o o p' p' p p'T
o q o o p' p p p
o o q o p' p' p p
o o o gq p' p' p' p (I-1)
P=1pt p p p @ o o o
p' p' p' pP o q o o
p' p' p p' o o0 q o
p' p' p' p' o ¢ o (q
The mutual information of A and B may be expressed as
I(A;B) = H(B) - H(B|A) (1-2)
where
B 1
H(B|A) = Z P(a,b) 108 55T2)
A,B
- , 1
HB|A) = ) Pa) ) Pbia)lo 5370
A, B
Z P(b |ai) log 1 = q log Ly 4p logl

1 14 1 1
H(B|A) = EA: P(a,) [a log i 4p' log —p—,] = q log i 4p' log o7

I-1



P(b,) - Pla,) q + p' [Play) + Pag) + P(ay) + Plag) ]

P(bz) = P(az) q + p' [ P(as) + P(ae) + P(a7) + P(as) ]; etc. for P(ba) and P(b4)

P(b;) = P(ag) a + p' [ Pla)) + Pla,) + Plag) + Pla,) ]

P(bﬁ) = Plag)q + p' [ P(a,) + P(ag) + P(@a,) + P(a4)] ; etc. for P(by) and P(by).

Note that H(B|A) does not depend upon the P{a;) distribution. Thus, I(A;B) will be maximum
when H(B) is maximum w.r.t. the P(aj) distribution. We know that H(B) will be maximum
when

P(bi) = 1/8foralli =1,2, ..., 8.
Note that q + 4p' = 1; p' = (1-q)/4. Thus,
P(b,) = qP(a,) + (3D [P(a;) + P(ag) + Pla,) + P(ag)] ; ete
1 1 3 5 6 7 g') i ete.
P(b.) = qP@.) + (329) [P(,) + P(a,) + Pa,) + P(a,)] ; etc
3 5 3 1 2 3 gl i ete.
SupposeweletP(ai)==1/8foralli=1, 2, ..., 8.
Then, P(b,) = +q + =(l-q) = — = P(b,) = ... = F(b)
» 50y) =3 g™ =3 9) T .- g’

Then H(B) will maximizé when all input symbols are equipable. Max H(B) = log2 8 = 3 bits,’
input symbol = 1 bit/binary digit.

C = max I{A;B) = 3 + q log q + 4p' log p' = 3+q log q + (1-q) log (};ﬁ) P(.ai)

3 +qlogq+ (1-q) log (1-q) - 2 (1-q)

~C =1+ 2q - H@Q) (I-3)

For q = l; (no errors); C = 3 bits/input symbol. In genrral; C = %— [1 + 2q - H(q)]
bits/b.iuary digit. Notice that for ¢ = 1, C = 1/3 bit/binury digit and thus, the channel can
never become totally random. This might represent a weakness in the model.

In more generality, consider bursts of length b or less. The case treated above was for
b = 3. Following through the above analysis, it becomes clear that

C=b+qlogq+ (1-q)log(l-q) - (1-q)log 2b-1

C =b - (1-q) (b-1) - H(@@)



C = 14q(b-1) - H(q) bits | symbol * (1-4)
. : -
C=¢ [1+4q (b-1);- H(q)] bits|binary digit (I-5)
"inally,

the average probability of error, P, may be related to the transition probability, p.
p' = (1-q) /2%

prob. { binary error|burst error } = 9-2%'

Average binary error probability on a BSC is

b-1
_1l-q b+l _ 27 "p' b+l
p“z(b)"‘ 2 (b)

- b"zv‘p_’.ﬂ
= 2 p(b?

(I-6)

*Note: For any value of b, ¢ =1 bit |symbol for q =o. This result is correct since the ob-
servation of an output symbol specifiex which half of the input alphabet was used. 1
Also, note that forb = 1, C = 1 - H(q) which is the correct result for a BEC,




Appendix 1I
"ERROR BOUND FOR MARKOV CHANNELS
The procedure followed by Gallager (Reference 1) for memoryless channels is paral-
leled here for channels in which errors occur as a first order Markov process, As shown by

Gallager, the average probability of error can be upper bounded by a function containing the
sum

yeY € xN

Z [Z Pr(y!x)l/z]2
N X

X = (Xg + 00 X) (1-1)

Define,

X .
P<y1> =P, X)) @-2)

Let

pd)=ply-p, (L = "like")

p(d)=P(p) = P (U = "unlike")

Write,

Z=127 Z

1 o o 00 N
where

.0 1
Zi =U if (yi.} = {1) or (!

X,
2, = Lif (1) = (5) or ()

I1-1



The generation of the sequences is governed by the conditions for a simple Markov
Chain:

Pr(L'L) qu ’ Pr(U'L) =p1
Pr(L|U)=p2 , Pr(UIU)=q2
p1+q1=1 ’ P2+q2=1.

Since the sequences x are equally likely, it is sufficient to consider one fixed sequence
y since it is only the relationship of X to A that matters, i,e,, whether it is like or unlike,
Thus we may write,

2 2
2 (X pin¥21 =N X P (yin?] 3
yeYy x€Xy xeXy (1-3)

where y on the right is a fixed sequence,

In considering P(y x), we may distinguish two cases according as the initial state
Zy is Lor U, i.e., according as x,=y, or xl?é yq. Let Prob. (Z,=L)=p; Prob.
(Zl=U) = Py as above, ’

Consider the case Z1 = L first, Let,

> [Pr(ylx)1/2]=FN
xeXN

=L,Z,=L

Z N

1

2 [Pr(ylx)l/z

xeX N

Z.l:L’ZN:U

1= Gy

Then, the following pair of simultaneous difference equations is seen to hold:

1/2

Fae1 =%

1/2 :
Fy+Py Gy | ([I-4)

_ .. 1/2 1/2
One1=P1 Fy*d Gy @-5)

with "'initial" conditions,

1/2 /2

1



For the case Z,=U, we have the same pair of difference equations with different
"initial" conditions,

= oypp) 2, 6yt - yay

where now,

> [Pr(ylx)1/2]=F *

. xeXN N

1=U,ZN=L

Z
2 [P (y! x)1/2]= Gy*
xeXN

=U,Zy;=U

2,=U,2y

The simultaneous difference equations may be solved by the method of generating

functions,
- -]

Let, FX)= T F , GX) = Z G
N=2 N N=2 NX
where X is a "dummy" variable in this context,

Then,

N+l _ 1/2 §{ /2 3 N
2 Fxymr X =ay " nZ, FNX *Py  NZa OpX

g8

L
X N
or,

1/ /2

% [Feo -Fx%) = o} 2P0 + P}/ 2 G(%)

Similarly,

-—1,3 [GX) -G2X2]= pl/zF(X) + ql/z G(X)

Solving for F(X) and G(X) in the first and second equations respectively,

F2X2 1/2XG )

F@) =— %K 1"‘%72 -



2 1/2

G,X Py’ “XF(X)
6= —17;m, * /2%
1-q,’ “X 1-q, “X
Therefore,
F,x2(1-q) 2x) + G,ps 2
FE) = 72%) 1-at2%)- . p) Y 2%
G, x2(1-q"/%%) + F,p}/ 2%
GX) =
1-02/2%) (1-01/%%)-@,py /22
or,
o o /2 {4/ 2%% (1-0)%%) + (pypp) /%% )
TR (0,09 20,0y V21 - X (0} 24 q)/?) 41
o pL1/2 {pi/zxz (1-q}/2X) + ‘p;q1)1/zx3 }
X2 { (ay95) Y2 - (pyp) /2 } -X (/243?41
then,
0+ F0) le/z {[(plpz)l/z- (qlqz)l/2 ]X3+[pi/2+qi/2 1x2)
GX)+FX) = 11
% {(a,8) 2 - (pypy) Y 2 }-X (0} 24y 2) +1

/2 /2

Similarly, for the case Z;=U with "initial conditions Fz* = (pupz)1 GZ* = (puqz)1

bUI/Z {E(plpz)l/z- (gLQ_z)l/ZIX3+[p21/2+q21/2]X2}

%2 { a q2)1/2 1/2 1/2, 1/2

G’*O()"'F* (X):
}-X(q "+qy" ) + 1

"(plpz)
GX) + FX) +G*X) + F*X) =

/ 1/2 58 1 2upl/ 2y pl/? oY/ 24q}/ 20l oY 24ql/

o Y
1/ }-X(qi/‘+q;/ ) +1

xz{ (qqu) 1/2 - (plpz)



The denominator may be written,

1/ 1/2 . 1/2

%2 (3,802 = (pyp) /21 - X(a) 2+ a/?) # 1=

[(aa,)"2 - (ppy) Y% ] Kry) (-ry)

1/2  1/2 \[
4y “+dy "+ Yoy tag+4(pyPy)

1/2 )1/2}

) 1/2_2(21(12)1/2

r
! 2{(q,9,)

N

1/2 . 1/2 J
ql +q2 - q1+q2+4(p1p2)

1/2 )1/2}

1/2 1/2

-2 (qqu)

I'2-—

2{(a;9y)""" - (PyPy

z Pr (vl x)l/2 is the coefficient of xN in
xeXI\I

GX) + FX) + G*X) + F*X).

1 -1

-1 m+1
r

The coefficient of Xm in %

Therefore, the coefficient of X™ in

r m+1 r m+1 .
. W 1 "2 _ .. om+l_ m+l 1
X-or. ~ X-r, 8 1 = @, Ty ) Ll@9y)
1 2 (rlrz)

/

2_ b5, 1/2 ym+l

Furthermore,

1 _ 1 [ 1 _ 1 ]
(X-rl) (X-rz) r,-Ty X—r1

C(qlqz)l/z-mlpz)l/z]

1 1
172 7 (% " %)

1
J;ll+q2+4(p1p2) 'z(qlqz)

II-5




‘ N-1
[(plpz)l/z = (qlq2)1/2 ]

£ P yinY?-

1/2
xeXN Jq1+q2+4 (plpz)

1/2,. 1/2

R Y e e Al VT

1 "
Note thatlr1r2|> 1, ' r1'>1 ’ |1‘2‘< 1,

Thus for "arge N, er may be omitted,

1/2 2
[ T P (yI1X)”®] may be written

XeXN
1. 2N
D»o(g)] D
where
1/2 . 1/2 ‘/ |
1. 9 t9 Ay +0p - 240y Gy +44/P;P,
ko('ﬁ') =

2
and D is independent of N,
Finally,

1l+e
P =M-1° T [T P Pr('y|X)1/1+e]

em -
yeYy XeXy

NR

Let e=1 and upperbound M-1 by M=2"""", then, for large N,

om o~N [-R+1-2 log, {7\0 (%-) 1]

which is identical to a previously known result (Reference 2),

II-6

N-l
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Appendix III

THE EFFECT OF PHASE ERRORS ON COHERENT DEEP SPACE TELEMETRY
SYSTEMS UTILIZING SEQUENTIAL DECODING

ill,1, INTRODUCTION

In most coherent binary communication systems, the data rate and the required error
rate dictate a ratio of carrier power to thermal noise density which is sufficiently high to
allow the tracking of the carrier phase with negligible error. In low data rate communication
systems, usually required for deep-space missions, signal conditions are often less favor-
able and the loss of correlation may cause appreciable deterioration in performance, When
sequential decoding is used, the problem is aggravated for two reasons, First, since
sequentinl decoding is an extremely efficient binary signaling method, the received signal
power requirements are further reduced. Second, as will be shown subsequently, the various
circuits (such as the Costas and squaring loop used for carrier-tracking in PSK systems) ex-
hibit a noise enhancement which is inversely related to the received energy per symbol per
noise density ratio, Since this ratio is low in receivers using sequential decoders, the prob-
lem of obtaining small mean-squared phase errors is further aggravated,

The primary cause of the phase errors is the instability of the oscillators utilized in
the system, Thus, the problem reduces to one of a tradeoff between loss of system ef-
ficiency (or capacity) and increased oscillator stability requirements, This tradeoff is the
subject of this technical note,

MM,2, THE THERMAL NOISE ENHANCEMENT IN THE CARRIER-TRACKING CIRCU'T
CAUSED BY THE PSK MODULATION

Phase-shift keying is a suppressed carrier modulation technique which requires cir-
cuitry that will reinsert the carrier, in conjunction with the carrier-tracking phase-locked
loop generating the coherent reference. The four types of circuits which can be used for
this purpose are the '"Costas' loop (Reference 1), the squaring loop (Reference 2), the deci-
sion-directed-feedback loop (Reference 3), and the optimum loop (References 3 and 4),

It was shown in Reference 3 that all these loops are equivalent to a phase-locked loop
which tracks an unmodulated, but phase disturbed, carrier imbedded in white noise which is
enhanced by a factor 6, For the Costas loop and squaring loop, assuming a predetection
bandwidth equal to the bit rate, 6 is given by:

1

0

-1



where
Eg
N = Emergy/symbol/noise density ratio
o

For the delayed decision fecdback loop

6 = --—l—-z- (IM-2)
(1-2P)

where Pe = Binary error rate,

For the optimum loop, 6 was computed in (III-2), The value of 8 for the various loops is
shown in Figure 1, reproduced from Reference 3,

II.3, PHASE ERRORS IN CARRIER-TRACKING FILTERS
In most practical systems there are three sources of phase error:
a, The instability of the oscillators used to generate a carrier
b, The thermal noise of the receiver

c. The phase perturbations ‘assoclated with the Doppler effect caused by the relative
motion of the system nodes,

In many instances, the phase error caused by the Doppler effect is negligible, An example,
fairly common in practice, is the case in which the effects of all but a finite number of the
derivatives of transmitter motion are negligible, in which case a loop of sufficiently high
order will track the Doppler disturbance with a phase error, which, after the transients
have subsided, is negligible, Another example cccurs when the radial acceleration com-
ponent is small, or it is known in advance with sufficient accuracy to permit canceliation of
its effects, When this is the case, the phase error may be obtained in an extremely con-
venient form,

As pointed out irn Reference 5 it has been verified experimentally that in tracking fil-
ters the "'flicker' noise component of phase error predominates, The one-sided power
spectrum of flicker noise is given by Reference 6.

H gy W) = -; rad>/rad . m-3)

It is related to the oscillator stability S‘r by

2C
SZ 1

T 2
'rrwo

(1.04 + 1/2 log g,;) (I1-4)
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where

w, = Carrler frequency radians/sec
7 = Time over which the short term stability ST is specified
T = Long-term averaging used in frequency measurement

A valuve of% = 100 is typical in laboratory stavility measurements hence

2, 2
WO S'r

» ]

1,91 (T11-5)

The thermal noise causes a phase disturbance of one-sided power spectral density:

N 06 9 |
N' (W) = Z-p rad /rad (TI1-6)
where
P = Received signal power, watts
N, = One-sided noise power density, watts/Hz
8 = Noise enhancement described in the previous paragraph,

The problem of designing a matched filter to track the phase disturbance in the presence of
white phase noise given by Reference 6 is complicated by the fact that the flicker-noise
spectrum has an odd number of poles, which leads to a nonrealizable filter, However, it
may be approximated to a specified degree of accuracy with a realizable filter, and thus, at
least in principle, an optimum, i,e,, minimum mean-squared, error filter can be synthe-
sized, As shown in References 7 and 8, when the process to be estimated has the power
spectrum Sm(w) and is embedded in white noise of single-sided power density N', (watts/
rad), the minimum mean-squared error is given by:

9 ZSm(w) ‘
g ‘=N In |1+—5— | dw; watts II-7)
€ 3 N
Substituting Equations (III-3) (III-5) and (III-6) for S,m(w), 01 and N' respectively,
«®
( 2, 2
N6 = 8rw “S “P
2_ "0 o T 2 _
o‘ = InP oj In |1+ 3 dw, rad” =

1,91 Nob w|



Introducing the change of variables

1/3
1,91 N06

X=w 2 2

81rwo ST )

then

T
o £ TP \ 101 N_§

, NS swozszp 1/3 .
1n(1+-3-) dx,
X
(o]

Introducing the change of variables

1 .3 _1 1 -1/3
u=l+4-—r; x"=-— P X = ; dx=-1/3 u-1) du
3 u-1 w-1)1/3

then

1
1 1 Inu
Inl+=3) dx = Inu ° du = ;
x> [ @3 w-n/3

1
_ du
w113

From Reference 9, witha=u, b=1, v=1/3

- J
du T 2n
= -mCosec g == —
J. ~uu-1)1/3 > V3
1

hence

own
1 —u__ 27
In (1+4=5)dx = 1n + =
[ x3 (u--1) 1/3 \/_3-‘
2



for uo = worl

‘ d
lim 1nu _ lim du 1nu _ lim
UG -1 1/3 u-ug gﬁ- (u-1) 1/3 u-u

thus

[ ]

JavYa-om

o X
Substituting above

0, =0.68 s2/3 raq? (III-8)

where

wn

w
TO

K

0]

S = (IT1-9)

l.ﬁ’

Z

For the second order tracking filter of single-sided noise bandwidth: By, the mean-
squared phase error caused by flicker noise is given by (Reference 5)

_ 0. 88401

- ——1 (I11-10)
B
L

%2

and the mean-squared phase error caused by thermal noise of single-sided power density
N is
o

2 No P (111
% N 3P PL )
Defining
092 = 0, 2, 9y 2 | | (I1-12)
M N |

then substituting Equations (III-10) and (III-11) and solving for BL in



with C1 given by Equation (III-5) results in
0g° = 1. 468/ 3paq? (I1-13)

where S is defined in Equation (I11-9),

The mean-scuared phase error as a function of the parameter S for both the optimum
and second order trocking filter is shown in Figure 2. As seen from Equations (I[I-8) and

(I11-13) the potential reduction is mean-squared phase error from second order to more
complex filters is 3,4 dB.

o e S e, i

THE NOISY PHASE REFERENCE

The degradation caused by phase error on the sequential decodsr performance was
analyzed in Reference 10. The results obtained in this reference are directly applicable,
assuming that the derivations of the previous paragraph are estimates based on a lin-
earized phase-locked loop mcdel. Assuming that the phase errors are small and the

linear model is valid, the mean-squared phase error caused by thermal noise alone is
given by

% T, P (I11-14)

where N ]13) is the signal to noise ratio in the loop noise bandwidth, In Reference 10
o L

the degradation in performance caused by a noise reference is given in terms of the

signal to noise ratio in the loop noise bandwidth, Equation (III-14) permits the direct

utilization of the results of Equation (III-10) when 092 is computed.

Im-7
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Appendix IV

EVALUATION OF B.S.C. CAPACITY AT SMALL R/W

From Paragraph 5.2.1

R
w [2 1+ P log, p + (1-p) log, (l-p)]

where

E
21 R _b
p=3 erfc%ﬁ;ZW . No

Note that when R/W—-0, p-+1/2, Thus, define

1
P =5(1-¢)
1
1-p =5 (1+¢)

log, p=-1+ Un (1-¢)/f0 27
log, (1-p) = -1+ [n (i+é/in 2].

Use of

J&n(1+€)'=€-l€2+%€3-%e +..., ~1<es1

2
in the above provides

1 2.1 4
1 +plog, p+ (1-p) log, (1-p) ® 5y (€ +5€)

~ 62/(2 In 2)

after terms of order E4 and higher are dropped. From Equation (IV-2)

DO =

Z 2
p= erfcz=% 1-———2——I et dt
VT o

E
where Z = Jz—% . 1-\-,10- . For small values of Z (small R/W),

Q

iv-1

(IV-1)

(IV-1)

(IV=-3a)

(IV-3b)

(IV-4)



r

it
(18

Z
1 2 2 2
pr: 1--———-—!(1-t)dt 1-._.____..(..
2l v v\ 3

b

4
Do)

Compare this result with Equation (IV-2) and it is seen that

e._.z__z\/z_ R B
vio ¥7 W N

Combining Equations (IV-1)(IV-4) and (IV-3) yields

[\

€

Ey 1
2 N

* fn 2

Q
Q

2
=

=]k
gl

"o

Solving for Eb/ N,

Zlc_m

= 2 m2
o

which becomes an exact result in the limit as R/W=-0.

Iv-2

1

:l - (22/VT )]

(IV=5)

(IV-6)



- Appendix V

IBM 1130 DIGITAL COMPUTER SIMULA TION OF A SEQUENTIAL DECODER

V.1 IDENTIFICATION OF VARIABLES USED IN SIMULA TION PROGRAM

BSUM
CAVG
CSAVG
CSUM
I1,12,13
II
IIMUL
IMULT
INDEX
INFO
IRTHR
ISPAC
Ix
JPAR
JTAP
JX
KPOIN
KTEST
KTHET
LMBD

MET

)

Total number cf decoded information digits

Average number of computations per information bit per block

Average number of computations Aper information bit for N blocks

Total number of computations to decce all information bits in N blocks

Metric Values
Parameters to extend period of random number generator

Worst node indicator

Received information symbols
Value of running threshold
Threshold spacing

Initial value for random number generator
Received parity symbols

Code tap connection

Hypothesized information symbols
Pointer position in tree

Node currently being hypothesized
Parameter 8 in Fano algorithm
Incremental metric

Value of total metric




ME’I‘SB Value of metric at threshold comparison
NBLOC Number of information digits per block
NCOMP Running total of number of computations per block
NERR Number of undetected errors per block
NIN Number of input symbol errors per block
NMAX Maximum number of compixtations allowed per block
FPERR Binary symmetric channel probability of error
V.2 LISTING OF FORTRAN SEQUENTIAL DECODING PROGRAM

I'ollowing is a listing for the sequential dec«;ding program used for rate 1/2 systematic
codes on the binary symmetric channel. Extension to other channels, rates, and nonsystema-
tic codes is straight forward, Subroutines are listed in the following paragraphs.



| "REPRODUCIBILITY OF THE oRnciNALPAGE ‘i‘fOOR;

» AT GETTE e
NIVERSION INDEX(wr by LD ta 02 e DRI JEadie It [ T BT S T SV 3
1OJX(&:f')| TreLet3l) ;!'w«‘;’u;.?
FEAT (P2ei) PERTy [894C SELOEuwe
LA (297) Il 129 13 SLLvEL D
TEAD (290 ) AOLOCe LILTCe r AN IRe LTALL SECoEwve
TEAD (2023) Ivu SnevEvy”
REAS (202) JTER SEWOE.JE
WA1TE (Zel%) B JDELLS
h'{? {2s16) VEUUs LTALIL ISPACY, \1LOCe LHLTCe o AXe X StLokely
VRITE (34123 T wnbvea
91'327670*DE'Q?10 SCwoEvilc
IPERRBF] ' Sluwbele
LYSTsLBLOC-LTALL : KEAVIVI ASB N
LTCTEeT07+3] NPV
LRLKTe, RLOC+3] SLJM»MQL

CALL MSKDP¢ (JTAR) I
CSU'se SCawkEviat
REUMET . STucbiey
NN, S () St uvbev
NERRT S shuEv2l
[l=] ‘ SLevevdd
C INITLALIZE E WCOUCER 2ELLCEVES
DO 2CC Jmie3d2 YeLRETZe
200 JXxtJ)=C ] cEevtl2h
< GEnWERATL ENLCGUER TAL Stwobkids
DC 213 JELIALKFILTOTR SELDEC2TY
INFC(J 8D SELVEV2H
210 JPAR({J)=D SELCELR2Y
C REGIw oLCOOER JCERATICN Sturbvie
00 10 NuElehBL3C : 5CwCEV3L
C INITIALILZE FPARAVETERS , SEUWEL 3¢
‘MET=D SECUEC3
1THKk=C ' Stulelde
KTHE T=0 K SEIDELSY
RS dela=} 3¢ SELOEVES
NERR=D SELCESHT
NvehEl SrLavEL3Y
JEMVINE B RUEIRE S S| SECoELEY
KPOIN=3] SEWDEDLL
C GENFRATE LCOIVED EYV3CLS SELoETay
00 22C n=332LPLKP SLAVESHE
CALL RECS (IXelYelulT ‘ HELoETH:
IXsly . GELIECH
1F (IX=1PERR) 230922592470 SELSETAD
230 INFCU(W) =] SELCECLE
30T 28¢ CEL2ELST
2640 INFC(y) =0 Stavbobx
250 CALL RECSY (IXelYelduT) SEGQUECHY
IXslY SEQUEVS.
IF (IX=12ERR) 260026C927C a--uiﬁﬁa
260 JPAR(N) =] ) JUECHZ
GO T¢ 22° » SE;S (-
270 JPAR(NI=T ' SEGUECSA
220 CONTINVE SEQDECES
C SEGIN FALD ALGQRATITHY SEQDECSE
< ADVASNCE ADCE = CALTULATE BARITY SELOEY5T




3

[

(&)

190

610

620

305

31C
32¢C

33¢C

[
wn

w W
»
Q

360
38C

379
4Ce

410
“29

430
440

45C

460
120
118
50C

510

KTESTeKPC] o)
INDEXICKTEST )0}
JXIKTESTI®IAFI(LTES
KCKm(TtSTe]3 ]
CALL “BAND (JX(4CC) 0 JPARC)
JTESTO IJPARIKTLES )= J2ARC
IF (JTEST) 610062546170
LYADIKTESTel)s ]2
LVRD(KTESTeg)m]2
GO TO 308
LMAC(CKTESTol el
LMBD(KTESTe2)m] 3

ENTENR FORUVIARD SEARCH
IKe INDEX(KTEST)
VETSROVE TS LMADIKTES T 1K)
ANCOVERNCOVRe]
IF (NCOMPaMAX) 31205000830
IF (“ETSB=]RTHR) &{Ce32049232C
KPOI“sKPOINe]
IF (KTHET) 3300333493640
VET=“ETSR

TIGHTEYN RUNALG THRLCSHOLD
INCEIRTHR+ISPAL
IF (#ET«INC) 12093539355
R kT B AN
GO 70 3%8¢
INC= [ 4T [ 8CAC
IF (vETeINC) 37003620382
{F (VETSB«INC) 370934003802
YETeVETSH
6C 1C izZS
K THET=C
G TC 232

ENTER BACC SEARO»
CTHETs])
IF (<POIN=3]) 4glou&lpn2d
KTESTeKFQ | =]
IKs T DEX(KPII N
METSReVETe VAT (KPP Lo iK)
NCOrpPal,COMpPel
IF (' COVPay v AX) 4359520052
IF (VETSB=][RTHR) 4b6Jrbalobb?
KPOINsKPOlne]l
NETBAMETSE
KTESTaPOIN+1 '

IF (INDEX(KTESTI=2) 4509410906.0

INDEXIKTE LTI WDEX(KTEST 1wl
JITEJRIKTEST ) =]
JXIKTEST)=JAQS(JJT!
GO TC 305
[ATHR2 RTHA= I SPAC
IF (KPOIN=LTOTP) 12091100132
CONTINGE

TABULATE [APJT A0 QUTRUT
BC 260 J3324L5oKR
IF (JX{Jd)) SZ2oeHecesll
NEIYXB A ERV+]

ERRC<S

£ ORIGINAL PAGE

St vaezt
;&‘«LJE%
wlwobvtiv
SELVEUS!
StuwJklEd
SEJCECED
SULCELCS~-
SEGUESSHS
SELOLLE6
SEWLETST?
SELIETES
SEGCECEY
HELDED TV
SEQCECT.
sLqu;i
Juwdﬁv?.’
SELLESTe
s.\'-;r-v":
5LLDEL
SLICE 7
Jf;::,"-
Checte™y
Jn-.udt-wv-
CE R0 JVETIN
Ji-:Eu..
woelozsd

Y awiel=

&Luai.u pav}
LRSS 34 -7
SELCETES

s5E. Jt39l
S NVELT ]
SELoeney
SELCEL T

SEuvbkoys

SELLLIYE
StLokle?
S CECTE
SLu.a..C/S'

~Lt A A
J--‘-t aww

JuuaEl l
SEuCEive
SELeELCH
SEacill
SELCELvy
SEWCELCE
SELCELCT
SEWeElSs
SEJCELITT
SELOELLG
-E.a;l.l
.J...-utl
b;‘u_¢AJ

Dhwwlaie-

IS POOR.;



820
930
549
5%90
560

31
10

[y

16
15

WA O DL N

IF CINFO(J)) 9530454095230

IF (NNN=15) 10410431
NANNeQ

{ls]lle]}

CONT INVE
CSAVGeCSUNM/BSUM
WRITE (3e16) CSAVE
XNBLKeNBLOC
XBLOKsLBLOC
ABLOK®XBLOK#XNBLK
XNERSNERRTY
PUNDE@XNER/XBLOK
WRITE (3e¢12) PUNCS
FORMAT (F10e0el%!
FORMAT (3211)
FORMAT (1515)
FORMAT (315)
FORMAT (519%)

FORMAT (3XKolB9BXo125910Xel501l5Xe10912XKsFEa2)
FORMAT (1HO9ISHPRUBABILITY OF UNDETECTED ERVKR =
FORMAT (1HO»76HBLOCK NUWBER
IMPUTATIONS AVG NOs COMPI
FORMAT (1HCs24HAVERAGE NUYBER OF CCYPUTATICHNS =
FORMAT (1H102X042HPENMR

16 FORMAT (Fleb00!T)

CAiLL EAIT
END

NINONINe])

IF (JPAR(J)) 595C 45600552
NINsNINe)

CONT INVE

XNCOvenCOVP

XBLOCsLTOT
NERRTONERRTeNERR

CAVGe XNCOV/XBLOC
CWRITE (3909) ANe NINe NERR9 ACCVPY
CSUMBCSUVeXNCOY

BSUMS BSUMeXBLOC
NNNSNNNe ]

IiPUT ERRORS

ISPAC

CAVG

SUTPUT ERASRS

SEWCELLY
SEQDELLG
SECCEILT
SEUCELLE
SESCELLY
SECOEL2C
SELOELZ]
SEULEL2¢
SeLvtled
SEGDELZY
SELDENZS
SEQVEL26
SELOELZT
SELoELEE
SEuwt 129
SEQLEL3C
SEIDEL3]
SEUDEL22
SESCEL3S
SEQDEL12%
SECTELS
SEWvEldé
SESDEL2T
SEGCEL3E
SECTEL3S
SEQDEL&LO
SECCELS]
SEGDELIAZ
SELCELla2
SEQDELlGs
SEQPDEL4S
SEGDEL4S

“Ce CUSEQOELST

SEQDEl4e
SEQCEL4Y
SECDELSC
SECCELS]
SEWDEL S
GEUDELS3
SEGDELS4



V.3 PARITY CHECK SUBROUTINES (MSAND, MSKPK)

Two separate subroutines were written in assembly language as a one double entry
module for the IBM 1130, The purpose of the subroutines was to implement more rapid

parity check calculations than would be available with FORTRAN. Each of these is considered
below,

MSKPK This subroutine packs 32 16-bit words, each being 2 binary '"0' or "1'" into a

single 32-bit word. MSKPK is used fto represent the tap connection set as a single 32-bit
word.

MSAND This subroutine performs three functions, First, it uses the bit packing
routine of MSKPK to pack the 32 words representing the hypothesized contents of the convolu-
tional encoder into a single 32-bhit word. Secondly, this double word is logically ANDed with

the double word and stored in MSKPK (top configuration), Thirdly, the resultant word is ex-
amined for even or odd parity.

A listing is shown below:
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‘REPR@D UCTBIATY OF
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L
MSAND

DevY2

DUY3

2 OF R Y

54 D¢

ENT
ENT

ple
STC
ST

S§TOQ
Lo
Lo
§70
Lo
Lo

h ket
.~

bl
Lo

ST

5TC

2sC

LSy
-

X
$T2
Y]

oo
AND
XC+
AND
XC+
SLT

ac

=R
&5
2]

r

~—

-

THE O

VSAND MSK32=001
MSKPK MSK 32=001
vi«32=001
MSK32=001
W§K32=C01
0 INDIRECT ADDR OF MATRIXe MSK32«001
#SAND LOAD IND ADDR INTO ACCe v6K32-001
LOAD1l«1 STURE IND ADDR IN LOADl+1le MSK32-001
ONE LOCATE ADDR 7O STORE PARITY \§K32=001
HERE+] STORE PuRITY ADDR IN HERE+1IMSK32~Cll
CNE LOCATE MAINLINE RFTURIN ADDRe v§K32=0C1
X1T2+1 STORE 1T AT X172+l #5K322=C01
25T SETUD FUR RYPASSING VSKPK RETURNWSK3IZ=CT

DUMY 2+ 1

XITle+l OF 227

In XiTlelos

TS CAINLINE BY PLACING ADDRMSK32-CCl

MEK32=00i

TEVD SETUZ STORAGE FOR WwQRD TO BE Y5K32=001
Uy 3e] ANDED wiTH “WSK EY PLACIANG  48K32=Cld
BTORE+L ADDRR CF TEYP IN STORE+lo M5K32=CC1
LOAS] GC TS PACK RCUTINE. WEK32=0C1
MEK32=001

“MSK32=C3

' MEK22=C01

2 INDIRECT ADCR OF WSK ARRAY. 5%32=021
V8P K LCAD IND ADDR IHTO ACC MoK IZd=Luld
LiAZL+] STORD 1.0 ADDR [y LOALI+1le '5432=001
CNE  LWCATE MAINLINE RETUR Y ADDRe EK32=C01
XITl+l STOKY 1T AT XIiTl+loe MEK32=C3
“9< SETUD STURAGE FOR PACKES MASK PRYW$SK32=0Ul
SHYled ETI2x]C ADDR OF 8¢ 1Y M5K32=C01
STIRI+L STORE+Le ¥5X32=C01
wett L JAD ALDR OF HIeCCRE AORD OF 32 vEK32-001
T=2T1 Wo20 MATRIXe LOCATE ADDR UFIMEK32=001
LoCPwl LC=CLRE #0RDe STORE AT LCUPMSEK32~001
ZERQ +1 AND ZERU ACC AGD G REGSMSK32=0C1
O3CNT 2ERC LARITY=COUNT STURACES 1M5K22=0CL
res  OR VYATRIX wORD A1TH ACCe VSK32=C01l
i RCTATE ACC A0 3 1 BIT vE32=Lsl
TEVE STIRE ACC AND 1 I TEYPe 28¢32=G04
LooPelyl  ADD 1 =7 YATRIX LU3D A23R. VOK32=CC
A1l LCAT ADDR WF =l=ClE wURDe YSK322=0C1
LIoP+l SUTT? ADDR CF CQJRRENT wIRDevwEK32=001
EORTNeZ+ 20 TC L£0RTH IF 32 w05 ARENSK32=uil
TEn S PACKEC e LSE REZSTIRE ACC VSK32=(0i
Loen ANS & W iTH TENPY LOCP AGALNMSK32=0 1
TEYE LOAZ 32 PACKEIL «#CROSe EXCHANGE 5€32=C0%
ACC AND G AND STUME AT EITHER  SK32=001

wett  SZ¢ USRS TC/Te IF USATL OU Tu 2UT¥5K32-001
¥ [ F VEKPA9 RETURN TO MAINLINZ MOK32=0010
vow  LRAC S5 1NTL 4CC ANE cae MEK32=204

TEWE AlD TLVYP wiT. ACC PART OF vASY<.

MSK32=0C1

SETUP FCR ALD wiTH & PART. vSK32=0301
TEVDo+l AN TER+1 WITH CLD Qo MSK32=C01

PLT TmEY BACK I BROPIP SEGUECEWSK32=C01
1 START COUNTING 1=81TS 14 ANDED M&K32=0C1
COUNT wOCSoe ¥8K32~u01
TLSTe+= IF ACC=0y SC TO Q=C TESTe vSK32=301
LSHFT ELSE GC oN CGUNTING, V5K32=0C1

L
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ESRUD

O
«Q
W

2ERD
TEVP
K
CNE
THRTL
PRCNT

DEC
PEC
PEC
vl
bC
0¢
END

SETVP G FUR .80 TLSTe IF AQC ANDrSK3IZ=CUL
EGRDIDav= CJmly GO IC EJATDe ELSE PE= Vv5K32=0Ul

STONE ACC ALD Qo “9K32=3v
LSHFT GO O QOUNTING, ¥5K32=CO.
PRCNTy1 A 1=31T ADDS 1 TC RARITY M§K32=501
LSHFT CCUNTe GO SACK FOR “CRE. Y8K32=C34
PRCNT LOAC 1=UIT CCUNTe IF CLUNT V5K32=001
Q00 E 1S CDD GC TC OQDeELSE LCAD vS<3g=-3ll
ZERD 2ERQO IN ACC AND 3TCRE IT AT A22795¢22=UT0
#en | YAINLIE (SEE Y5AND+4) BELEFL IOV
X172 BRANCH TO MAINLINE RETUZNe 75K32=C01
ONE  PARITY JAS CDDe LVAD 1IN ACQC ¥S5K32=C30
HERE AND BRANCY TU HERE. S 32=034
s=e RETURN TC VAINLINES 45K32=001
0 ' STORAGE FCR 2=94CRD CONSTANTsC »§€32=CC1
0 TEVP STCRAGE FOR “18C WORK MSK32=001
0 STORAGE FOR 2=wDRD MASK MSK32=001
/0001 STORAGE FOR HEX CONSTANTs] MSKJ2=001
"/COLF STCRAGE FOR HEX CONSTANT®31MSK32=001

0 STORAGE FOR PARITY=COUNT(1=BITS)IMSK32=001
MEK32-001

V-8



V..l RANDOM NUMBER GENERATOR (RECSM)

Two important modifications were made to the IBM supplied random number generator,
The first was to remove the floating point divide and use uniformly distributed integers in
lieu of uniform valucs on the (0,1) mtervwl This provides a significant spced increase, The
second, and more important change is to extend the period of the sequence gener ated by the
IBM routine which is 213 or 8192. This is achieved by varying the multiplier in the power
residue method, For a theoretical explanition see "Random Number Generation and Testing, "
IBM Manual C20-8011,

A listing of RECSM is shown below:

SURRDUTINE RECE [ IXy!VyelwylT)
TY=IxX#IVULT
IF (1Y) 596y~
5 1Y=1Y+32767+)
£ RETURN
END

V-5 IBM 1800 COMPATIBILITY

It is our understanding that the main line program (SEQDE) as well as the subroutines
may be used directly on the IBM 1800, with the possible requirement that they be re-
compiled., Card decks will be furnished to GSFC under separate enclosure.
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