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ABSTRACT

Equations for a foil over a lubricating film in which the effects
of fluid inertia are taken into account are derived, Approximate solutions
showing the effect of inertia and fluid compressibility are obtained, The

effect of inertia is to increase the fluid film thickness,
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NOMENCILATURE

T p.r

C Compresibility Parameter ao
T
C* Normalized Compressibility Parameter (1 + C)H*
f Shape Factor for Velocity Profile
h Radial Clearanc
© ~2/3
H Dimensionless Clearance = -r°£
o

H Normalized Clearance = H/H*
I Inertia Parameter 1/ ZfaUz/ (T/’UO)
I* Normalized Inertia Parameter TH*
k, m,n Exponential Measures
L Distance of Guide from Point of Tangency
p Pressure under the Foil
pa Atmospheric Pressure
r Polar Angle
r, Spindle Radius
R Local Radius of Curvature
t Temperature
ta Ambient Temperature
T Tension per Unit Width of Foil
Vo Velocity Component in the Angular Direction
v, Velocity Component in the Radial Direction
v Dimensionless Radial Component of Velocity

RR 68-15 vii



AMPEX

NOMENCLATURE (Cont)

4 Dimensionless Angular Component of Velocity
U Speed of Foil or Shaft
U
€ Dimensionless Parameter QTE——
© Small Perturbation of Clearance
v Air Viscosity
5 Air Density at (p, ta)
£a Air Density at Ambient Conditions (pa, ta)
T Dimensionless Pressure = (p - pa)/(T/rO)
8 Polar Angle
o Wrap Angle
£ Dimensionless Polar Angle
E Normalized Polar Angle
n Dimensionless Radial Distance from Spindle
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ON FLUID INERTIA EFFECTS IN
INFINITELY WIDE FOIL BEARINGS

1.0 INTRODUGCTION

Recent applications of foil bearings (Fig. 1) in high speed tape trans-
ports and in high speed rotor supports necessitate the study of fluid inertia
effects, This report is devoted to an approxXimate treatment of these effects

2.0 ANALYSIS

We start with the steady, two-dimensional, compressible Navier-
Stokes equations in polar coordinates:

W, Vgov, Uy 2p Jo, 1(9 L DrU 1 D0
— 8 YYv_ -0 = - <, =4 = (1 < 7 —
F[U—Var"L o8 Vv ] o T E e 2wl a,ﬂr* Vgg)}r
L D1 9 ’a\re s 1 EX R\ AR S » (1)
- FV—"SG{ \fag + } ”sr—.a g ~ _é-—ee—— .-4’")
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Fig. 1 Schematic View of Problem under Consideration
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The continuity equation is

(8%r) | 2(ew)
S + =3 =0 (3)

The perfectly flexible foil equation is

Al

Pt -

(4)

The isothermal equation of state is

- 5
ﬁ 3 ()

The curvature in polar coordinates is

1(%5>L’ r%&‘l@t”b (6)

®TO([gyeeTR

and the clearance

/K = - (7)

RR 68-15 3
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In previous analyses of foil bearings [ 1] , @ small parameter
expansion was used to formally discard terms of higher order, In the fol-
lowing, the same expansion is used for the Navier-Stokes equations, This
will yield a consistent set of equations, including the effect of inertia,
This reduction may not be correct in the large gap inlet and exit regions
of the flow since the expansion is incomplete in terms of boundary con-
ditions, It is expected, however, that for small inertia parameters, the
effect of the boundary conditions will not penetrate into the small gap
regions, Due to this rather heuristic character of the derivation, the

results must be viewed as estimates only.

We introduce the dimensionless parameters

€ = é’b‘:{? foil bearing number (8)

c-

compressibility parameter (9)
T/,

A
1= inertia parameter (10)
T/ro

and the dimensionless variables

G’:— — & (11)

RR 68-15 4
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AN ()
- —9°
W = (12)

v = il (13)

T/r,
— W
§ = e (14)
’Yl = ’\’é: ejw (15)
-
H = 2—}; & (16)

where k, m, n are constants to be determined.

In accordance with conventional foil -bearing theory, the following
requirements are imposed on the equations for the purpose of the determination
of k, m, n: (a) The expansion of equation (6) has to retain the capability
of satisfying the condition that the tape becomes flat at infinity. (b) The.
purpose of this work is to study cases in which inertia effects are signi-
ficant, It will be required, therefore, that at least some inertia term will
be of the order of some viscous term, (c) Finally, it is required that the
lateral and longitudiﬁal terms in the continuity equations will be of the same

order, These three requirements result in the conditions

,;4:2/3 ;w=73' 5 k=Ya (17)

RR 68-15 S
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With these results, the equations can be shown to degenerate, to the zeroth

approximation, into Prandtl's boundary layer equations,

9“ “ 72U /ﬂ/P / LO(A 18)
(1+ ’")[“ v 7] 52 7" (

%{(CH/“)J'} + 5:9; ([c+ﬁ‘)ﬁ} =0 (19)

a> =1 —H" (20)

We assume that the velocity profile is parabolic, The profile

which satisfies the boundary conditions

=/ ’7=D (21)
) 7: H

’
w
&_ - (22)

is

i = {3 )

RR 68-15 6
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where f is to be determined,

The three unknown functions m, H, f will be determined from
the momentum and continuity integrals between 1 = 0 and = H and

from the elastic equation,

The momentum integral becomes

(24)

A Al f-e)] |, of
f{(fﬂ 'f)]f (T o T}’”Kd} e

The continuity integral is
A
;é [(’IT»LC) # (5 f’é)/ =0 (25)

Equations (20), (24), and (25) constitute the approximate formulation of the

problem, The first integral of Eq, (25) is

(//7“+C) H (/—f f) = (4 H* (26)

where (1 + C) H* denotes the integration constant. The physical interpre-
tation of H* is the value of H in the central or uniformity region of the

bearing, It is also a measure of the flow rate through the bearing.

RR 68-15 7
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From previous analyses [ 1] , the boundary conditions representing

the straight asymptotic behavior of the foil far from the spindle are:

/,/N_{L/z_ 4+ ...
/ (27)
H ~g + - (28)

as 3——»:1:0“

The formulation is, thus, a function of three parameters: 1, C, H*,
It is convenient to eliminate H* from Eq. (26) For this purpose, the

transformation

is used. The equations become

Jc _ 3¢C 3
- 1—7") (30)

RR 68-15 8
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) A
5f # ]f—l'éf*j’ il
— ’ﬁ‘z. "'.Z- ;7‘ H
H =
Z_x (£ +éfﬁ§)[£’f3) (31)

A -
3c*

.y *
H ~ H &
H (32)

as

Following the procedure of| 1], the solution is started from the central
This is

region towards the exit with a matched H* at the cenitral region,

done by a linearized approach

=y
:}p,, (33)

=7

SR
!

\‘\\1 Xy

where 70 Py

RR 68-15
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The linearized continuity and momentum equations become

f=13 “CZ:"?)' (34)
(79/”/”' 3c"’) ﬂcg—x f‘?f* ¢ =0 (35)

The roots of the characteristic equation are graphically shown in Fig, 2,

3. ASYMPTOTIC BEHAVIOR
It can be observed that as

/7( _4 ,L/ __4 A n 147) (36)
3 7 /5" ﬂ/f

—
Thus, the boundary conditions cannot be satisfied since H does not

approach a constant as required by Eq, (32), It must be observed, however,
that in the region of interest ﬁ///is fairly small, H is, therefore, nearly
parabolic, until finally the logrithmic contribution becomes overwhelming,
Thus, one may consider that the boundary condition of asymptotically straight

tape is approximately satisfied, *

*This interpretation of the results is due to Prof, H. G, Elrod Jr,

RR 68-15 10
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Due to the imperfect satisfaction of the boundary conditions, a
degree of uncertainty is involved which increases with the inertia parameter
I and vanishes for I**0, In the actual computation work the point at which
the logrithmic behavior takes over was assumed to lie between H = 20 and
H= 1000, The value of H* taken as "correct" was chosen as that corres-

ponding to I_~I_ = 100,

Figure 3 shows the corresponding range of uncertainty in H¥*,
The main result of this work is given in Fig, 4., Here, the values of H*
as a function of the compressibility and inertia parameters is given. A
similar chart, where H* is expressed in terms of C and I* which naturally

appear in the equations, is given in Fig, 5,

For the purpose of practical calculations, an analytical formula

was fitted to the results of Fig, 4:

W= 0645+ 02861 + (051 ZLF

The formula approximates the results well in the region
= L -
o< Lt <

O« J <05

RR 68-15 13
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4.0

3.0

2.0
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Fig. 3.

Bounds of Uncertainty in the Evaluation of H*
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VALUES TAKEN AT H=100

1.6

Fig. 4 Nominal Clearance H* as a Function
of Compressibility (C) and Inertia (I)
Parameters

RR 68-15 15
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Fig, 5 Nominal Clearance H* as a Function of Gom-
pressibility (C) and the Normalized Inertia (I*)
Parameters '
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