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ABSTRACT 

This r e p o r t   p r e s e n t s  some o f   t h e   r e s u l t s   o f   t h e   e x p e r i m e n t a l  

and t h e o r e t i c a l   s t u d i e s  on t h e   f a t i g u e   c r a c k   p r o p a g a t i o n  i n  cy- 

l i n d r i c a l   s h e l l s   s u b j e c t e d   t o   f l u c t u a t i n g   i n t e r n a l   p r e s s u r e .  

M o s t   o f   t h e   f a t i g u e   t e s t s   a r e   p e r f o r m e d  on 6063-T6  aluminum 

a l l o y s .  Some 2024-T3  aluminum  and m i l d  s t e e l   s p e c i m e n s   a r e   a l s o  

t e s t e d .   P l e x i g l a s   s p e c i m e n s   a r e   u s e d   f o r   s t a t i c   e x p e r i m e n t s .  

I n  t h e   a n a l y s i s   o f   t h e   e x p e r i m e n t a l   r e s u l t s ,   t h e   s t r e s s  i n -  

t e n s i t y   f a c t o r   i s   u s e d   a s   t h e   c o r r e l a t i o n   p a r a m e t e r .  A modi f i ed  

c r a c k   p r o p a g a t i o n  model i s   d e v e l o p e d   t o   t a k e  i n t o  a c c o u n t   t h e  

e f f e c t   o f   b e n d i n g   s t r e s s e s ,   w h i c h   a r e   s u p e r i m p o s e d  o n  membrane 

l o a d s   a r o u n d   t h e   c r a c k  i n  s h e l l s .  T o  e v a l u a t e   t h e   s t r e s s   i n t e n -  

s i t y   f a c t o r ,   t h e   i n t e g r a l   e q u a t i o n s   o b t a i n e d  by F o l i a s   a r e   s o l v e d  

n u m e r i c a l l y   a f t e r   s e p a r a t i n g   t h e   s i n g u l a r i t i e s .   P a r t l y   t o   v e r -  

i f y   t h e   t h e o r e t i c a l   r e s u l t s ,   s t r a i n   m e a s u r e m e n t s   w e r e  made 

a r o u n d  t h e   c r a c k  t i p  on the   ou t s ide   o f   t he   a luminum  and   i n s ide  

a n d  o u t s i d e   o f   t h e   P l e x i g l a s   c y l i n d e r s .  The r e s u l t s   i n d i c a t e  

t h a t   o v e r   t h e   r a n g e   o f   c r a c k   p r o p a g a t i o n   d a t a   c o v e r i n g  t o  

l o m 3   i n / c y c l e ,   t h e  model adopted  i n  t h i s  s tudy   s eems   t o  be 

h i g h l y   s a t i s f a c t o r y .  
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INTRODUCTION 

The p r o b l e m   o f   f a t i g u e   c r a c k   p r o p a g a t i o n  i n  t h i n  p l a t e  and 

s h e l l   s t r u c t u r e s  i s  o f   c o n s i d e r a b l e   t e c h n o l o g i c a l   i m p o r t a n c e ,  

a s  i t  r e l a t e s   d i r e c t l y  t o  the  f a i l - s a f e   d e s i g n   o f   a e r o s p a c e   v e -  

h i c l e s  and  some s h i p   s t r u c t u r e s .   I n   s u c h   s t r u c t u r e s ,   b e c a u s e  

of t he  u n a v o i d a b l e   e x i s t e n c e   o f   s t r e s s   r a i s e r s , ( e . g . ,   h o l e s ,  

v a r i o u s   f o r m s   o f   j o i n i n g ,   m a t e r i a l   i m p e r f e c t i o n s ) ,   g e n e r a l l y   t h e  

f a t i g u e   c r a c k   n u c l e a t e s   a f t e r   r e l a t i v e l y  s m a l l  number  of  load 

cycles   compared t o  t h e   t o t a l   u s e f u l   l i f e   o f   t h e   s t r u c t u r e .  

H e n c e ,   f a t i g u e   c r a c k  p r o p a g a t i o n  s t u d i e s  become n e c e s s a r y  f o r  

r a t i o n a l   d e s i g n   a s   w e l l   a s   m a i n t e n a n c e   p r o c e d u r e s .  

The  main o b j e c t i v e   o f   t h e   p r e s e n t   s t u d y   i s   t o   i n v e s t i g a t e  

t h e   e f f e c t   o f   s h e l l   c u r v a t u r e ,   a n d   t o  a l e s s e r   e x t e n t ,  t h a t  

o f   b e n d i n g   s t r e s s e s   s u p e r i m p o s e d  o n  t h e  membrane l o a d s  on  t h e  

c r a c k   p r o p a g a t i o n   r a t e  i n  t h i n - w a l l e d   s t r u c t u r e s .   I n   p u b l i s h e d  

l i t e r a t u r e   t h e r e  i s  a g r e a t   w e a l t h   o f   d a t a   a s   w e l l   a s   t h e   r e s u l t s  

o f   s t u d i e s  on t h e   c r a c k   p r o p a g a t i o n   i n  a l a r g e   v a r i e t y   o f   s t r u c -  

t u r a l   m a t e r i a l s   s u b j e c t e d   t o   r e p e a t e d   u n i a x i a l   t e n s i o n .  T h u s ,  

i t  becomes d e s i r a b l e  t o  deve lop  a method by w h i c h   t h e   f a t i g u e  

c r a c k   g r o w t h   c h a r a c t e r i s t i c s   o f   t h i n - w a l l e d   s t r u c t u r e s  may be 

p r e d i c t e d   f r o m   t h e   f a t i g u e   i n f o r m a t i o n  on f l a t   p l a t e s   o f   t h e  

same m a t e r i a l   s u b j e c t e d   t o   u n i a x i a l   e x t e n s i o n .  



E x p e r i e n c e  w i t h  t h e  f a t i g u e   c r a c k   p r o p a g a t i o n  i n  f l a t  

p l a t e s   i n d i c a t e   t h a t   f r o m  an e n g i n e e r i n g  view p o i n t  t h e  s t r e s s  

i n t e n s i t y   f a c t o r   f o r  t h e  p r o p a g a t i n g  crack i s  a v e r y   s i m p l e  

and e f f e c t i v e  p a r a m e t e r  i n  a n a l y z i n g   a n d   c o r r e l a t i n g  the  

r e s u l t s   o f  t h e  f a t i g u e  t e s t s .  This w i l l  a l s o  be t h e  view 

p o i n t   w h i c h   w i l l   b e   a d o p t e d  i n  th i s  s t u d y ,   p a r t i c u l a r l y  i n  

t h e   m o d i f i c a t i o n  o f  t h e  c r a c k   p r o p a g a t i o n  model t o   t a k e   i n t o  

a c c o u n t  t h e  e f f e c t   o f  t h e  combined   loads .  I t   a p p e a r s   t h e n  

t h a t  t h e r e  a r e  two  main  problems  which  should be c o n s i d e r e d .  

One i s  t h e   e v a l u a t i o n  o f  t h e  s t r e s s  i n t e n s i t y  f a c t o r   t h r o u g h  

t h e   e l a s t o s t a t i c   a n a l y s i s  o f  an i n t e r n a l l y   p r e s s u r i z e d   c y l i n -  

d r i c a l   s h e l l   c o n t a i n i n g  a l o n g i t u d i n a l   c r a c k ,   a n d   t h e   o t h e r  

i s  t h e  e x p e r i m e n t a l   v e r i f i c a t i o n  o f  t h e  c r a c k  g r o w t h  model 

by u s i n g  t h e  r e s u l t s  o f  t h e  e l a s t i c   a n a l y s i s  a n d   t h e   f a t i g u e  

t e s t s .  

For t h e  s t r e s s   i n t e n s i t y   f a c t o r  a n   a s s y m p t o t i c  s o l u t i o n  

i s   g i v e n  by F o l i a s  [1 ,2 ,3] .  However t h i s  s o l u t i o n  i s  

r e l i a b l e   o n l y   f o r   v e r y   s m a l l   c r a c k   l e n g t h s   a n d  a more r e f i n e d  

s o l u t i o n  i s  needed for  t h e  c r a c k   d i m e n s i o n s   o r ,   m o r e   p r e c i s e l y  

f o r  t h e   s h e l l   p a r a m e t e r s   w h i c h  may be e n c o u n t e r e d  i n  p r a c t i c e .  

T o  o b t a i n   s u c h  a s o l u t i o n   t h e   i n t e g r a l   e q u a t i o n s   g o v e r n i n g  

the   p roblem i s  s o l v e d   n u m e r i c a l l y   a f t e r   s e p a r a t i n g   t h e  

s i n g u l a r i t i e s .  

Most o f  t h e  f a t i g u e   c r a c k   p r o p a g a t i o n   d a t a  i n  t h i s  s t u d y  
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a r e   o b t a i n e d  by u s i n g  6063-T6  aluminum tubes .  I n  t h e  

s u b s e q u e n t   s e r i e s  o f  t e s t s  6061-T3  tubes   and   p la tes  o f  t h e  

same t h i c k n e s s   a r e   b e i n g   u s e d .  

3 



FATIGUE C R A C K  PROPAGATION M O D E L  

A l m o s t   a l l   o f  t h e  e x i s t i n g  q u a n t i t a t i v e   f a t i g u e   c r a c k  

p r o p a g a t i o n   m o d e l s   d e a l  w i t h  t h e  t h i n  p l a t e s  w i t h  s t r a i g h t ,  

t h r o u g h   c r a c k s ,   w h i c h   a r e  s u b j e c t e d  t o   u n i a x i a l   r e p e a t e d  

e x t e n s i o n a l   l o a d s   [ 4 - 1 6 1 .  A summary o f   v a r i o u s   m o d e l s   a s  

wel l  a s   t h e   d e s c r i p t i o n   o f  a c r ack   p ropaga t ion   mode l   based  

o n  p l a s t i c   d e f o r m a t i o n s   a r o u n d  t h e  p r o p a g a t i n g   c r a c k   w e r e  

g i v e n  i n  an e a r l i e r   r e p o r t  [ 1 7 ] .  In t h i s  model t h e  c r a c k  

p r o p a g a t i o n   r a t e  i s  e x p r e s s e d   a s  

where a i s  t h e  h a l f   c r a c k   l e n g t h ,  n i s  t h e  number o f  c y c l e s  

A , a l .  a 2  a r e   p o s i t i v e   c o n s t a n t s ,  p m a x  and p r  a r e ,   r e s p e c t i v e l y ,  

t h e  maximum a n d   r a n g e   v a l u e s   o f  t h e  p l a s t i c   z o n e   s i z e   a r o u n d  

t h e   c r a c k  t i p .  

I n   f l a t   p l a t e s ,  a r e l i a b l e   e s t i m a t e   o f  t h e  p l a s t i c   z o n e  

s i z e  may b e   o b t a i n e d  by u s i n g  D u g d a l e ' s   t e c h n i q u e  [ 1 8 ] ,  

which g ives  

m 

p = a [ s e c ( r )  - 11 Tro 

YS 

where o m  i s  t h e  u n i a x i a l   s t r e s s   p e r p e n d i c u l a r   t o  t h e  p l a n e   o f  

and away from t h e  crack  and o i s  t h e  y i e l d  s t r e s s .  
Y S  
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For t h e  s o - c a l l e d   s m a l l   s c a l e   y i e l d i n g ,   t h a t  i s ,  f o r  

s m a l l   v a l u e s   o f   p / a ,  ( 2 )  may be approximated  by 

where K = oma1 /2  i s  t h e  s t r e s s  i n t e n s i t y   f a c t o r .  By s u b -  

s t i t u t i n g  from ( 3 )  i n t o  ( 1 )  and d e f i n i n g  

K r  = a 1/2 m 

(omax - urn min )/2 
( 4 )  

m m 
R = ( 0  

m 

max + umin)/( 'max - urn mi n ) 

we o b t a i n  

S i m i l a r l y ,  i n  t h e   c a s e  o f  c y l i n d r i c a l   b e n d i n g   t h e   f a t i g u e  

c r a c k   p r o p a g a t i o n   r a t e  may be   expressed   as   [15 ,16 ,17]  

where R and Krb a r e  g i v e n  by ( 4 )  w i t h  urn a s   t h e   b e n d i n g   s t r e s s  

on t h e  s u r f a c e  o f  t h e  p l a t e  and y has  a t h e o r e t i c a l   v a l u e   o f  

0 . 5 .  

Another   model ,   which   accounts  f o r  t h e   e f f e c t   o f  mean 

5 
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s t r e s s   a s   w e l l   a s   s t r e s s   r a n g e ,  i s  t h a t   g i v e n  by Forman  and 

o t h e r s   [ 1 9 ]  

W 

U 

da/dn = C ( K r ) m / [ ( l  - -)Kc max W - 2Kr] 
U mi n 

where C a n d  m a r e   m a t e r i a l   c o n s t a n t s  and K c  i s  t h e   c r i t i c a l  

s t r e s s   i n t e n s i t y   f a c t o r .  The c r a c k  g r o w t h  models  used i n  

t h i s  r e p o r t   t o   e x p r e s s   t h e   c r a c k   g r o w t h   r a t e  i n  c y l i n d r i c a l  

s h e l l s   w i l l   b e   o f   t h e  same  form a s  ( 5 )  and ( 6 ) ,  s u b j e c t  t o  

t h e   l i m i t a t i o n   t h a t   s m a l l   s c a l e   y i e l d i n g   e x i s t s   a t   t h e   c r a c k  

t i p .  

In   the   ne ighborhood o f  t h e   f a t i g u e   c r a c k  i f  t h e   p l a t e  i s  

s u b j e c t e d   t o  a combina t ion   ex tens ion  a n d  bend ing ,   because  o f  

l i n e a r i t y ,   t h e   r e s u l t i n g   s t r e s s   f i e l d  would  be t h e   d l r e c t  

a d d i t i o n   o f   t h e  t w o  s e p a r a t e   f i e l d s .   T h i s  means t h a t  t h 2  

r a n g e   c o m p o n e n t   o f   t h e   r e s u l t a n t   s t r e s s   i n t e n s i t y   f a c t o r  

would be K r  = K r e  + K r b .  I t  i s  obvious  t h a t  u s i n g  t h i s  v a l u e  

i n  t he   c r ack   p ropaga t ion   mode l s   exp res sed  i n  terms o f  K ,  

e . g . ,  ( 5 )  o r  ( 7 ) ,  w o u l d   g i v e   e r r o n e o u s   r e s u l t s ,   s i n c e  i t  

would n o t  r educe  t o  ( 6 )  as K r ,  t he   ex t ens iona l   componen t  o f  

t h e   s t r e s s   ' n t e n s i t y   f a c t o r   g o e s   t o   z e r o .  T h u s ,  one way of  

s u p e r i m p o s i n g   t h e   e f f e c t s  o f  e x t e n s i o n  a n d  bending i n  f a t i g u e  

c r a c k   p r o p a g a t i o n   i s   s u g g e s t e d  by ( 5 )  a n d  ( 6 ) ,  namely, 

r e p l a c i n g  K r  i n  crack  growth  models  by K r e  + y K r b ,  g i v i n g  
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In (8 )  i t  i s  a s s u m e d   t h a t   m e a n - t o - r a n g e   s t r e s s   r a t i o s ,  i . e . ,  

t h e  v a l u e s  o f  52 i n  b e n d i n g   a n d   e x t e n s i o n   a r e  t h e  same. T h i s  

i s  t h e  c a s e  i n  s h e l l s .  I f  52 v a l u e s  i n  bend ing   and   ex tens ion  

a r e   n o t   e q u a l ,  ( 8 )  would  have t o  be m o d i f i e d   a c c o r d i n g l y .  

N o t e   t h a t  ( 8 )  may be o b t a i n e d  by a s s u m i n g   t h a t  for  s m a l l  

s c a l e   y i e l d i n g ,  t h e  p l a s t i c   z o n e   s i z e  i n  t h e  ne ighborhood  of  

a c r a c k  i n  a p l a t e   s u b j e c t e d   t o   c o m b i n e d   p l a n e  e x t e n s i o n  and 

c y l i n d r i c a l  b e n d i n g  l o a d s  may b e   e s t i m a t e d   a s  

Due t o  t h e  n o n l i n e a r   n a t u r e   o f  t h e  phenomenon,  methods  of 

s u p e r p o s i t i o n  o f  t h e  e f f ec t s   o f   combined   l oads   based  o n  t h e  

a d d i t i o n   o f   p l a s t i c   z o n e   s i z e s  or c r a c k   g r o w t h   r a t e s   a r e   n o t  

j u s t i f i a b l e .  

ELASTIC  SOLUTION FOR C R A C K E D  

CYLINDRICAL SHELLS 

The d e t a i l s   o f  t h e  e l a s t i c   s o l u t i o n   f o r  a c y l i n d r i c a l  

s h e l l   c o n t a i n i n g  a l o n g i t u d i n a l   c r a c k   a r e  g i v e n  i n  A p p e n d i x  I .  

T h i s  i s  a n   e x t e n s i o n   o f  t h e  s o l u t i o n  g i v e n  by F o l i a s  [Z]. I t  

i s  r e s t r i c t e d   t o   s h a l l o w   s h e l l   t h e o r y   o f   i s o t r o p i c ,  homo- 

g e n e o u s ,   e l a s t i c   c i r c u l a r   c y l i n d e r s  o f  c o n s t a n t   t h i c k n e s s .  
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In t h i s  c a s e ,   t h e   s y s t e m   o f   d i f f e r e n t i a l   e q u a t i o n s   d e r i v e d  by 

Marguerre  [ 2 0 ]  t a k e s   t h e   f o r m  

where W i s   t h e   d i s p l a c e m e n t   a l o n g   t h e  Z a x i s ,  F i s   t h e   s t r e s s  

f u n c t i o n ,  X ,  Y ,  Z a r e   t h e   r e c t a n g u l a r   c o o r d i n a t e s  s h o w n  i n  

F i g u r e  1 ,  E i s   t h e  modulus  of e l a s t i c i t y ,  h i s   t h e   s h e l l   w a l l  

t h i c k n e s s ,  R i s   t h e   s h e l l   r a d i u s ,  q i s   t h e   i n t e r n a l   p r e s s u r e ,  

a n d  D i s   t h e   f l e x u r a l   r i g i d i t y   d e f i n e d  by 

D = E h 3 / [ 1 2 ( l - ~ 2 ) ]  

The  bending moment components M x ,  M , and M a r e   g i v e n  
Y X Y  

by 
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where v i s   P o i s s o n ' s   r a t i o .  The  membrane f o r c e s  N,, Ny, and N 

a r e   g i v e n   a s  
X Y  

a2F  
Ny = aXZ 

a n d  t h e   t r a n s v e r s e   s h e a r   f o r c e s  Q x  a n d  Q a r e   g i v e n   a s  
Y 

Q x  = - D - (v2W)  a 
a x  

Q, = - D g ( v ' W )  a 

In   v iew  of   equa t ions  ( l l ) ,  t h e   b e n d i n g   s t r e s s   c o m p o n e n t s  

become 
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a n d   f r o m   e q u a t i o n s   ( 1 2 )  the  e x t e n s i o n a l  s t r e s s  componen t s   a r e  

o b t a i n e d   a s  

1 a 2 F  
x e - i i a Y 2  u -  

1 a 2 F  
y e - T i % F  0 -  

I n t r o d u c i n g  t h e  d i m e n s i o n l e s s   c o o r d i n a t e s  

X Y x = -  a '  Y =;  

where a i s  t h e  h a l f   c r a c k   l e n g t h ,   t h e   h o m o g e n e o u s   p a r t s  o f  ( 1 0 )  

become 

Eha2 a2W 
R ax' + V 4 F  = 0 

a 2  a2F v4w - RD== 0 

The s o l u t i o n  f o r  t h e  i n t e r n a l l y   p r e s s u r i z e d   c r a c k e d   c y l i n d e r  

i s  o b t a i n e d  by f i r s t  e v a l u a t i n g   t h e   s t r e s s e s  i n  a c y l i n d e r  w i t h -  

o u t  a c r a c k ,   o b t a i n i n g  t h e  b e n d i n g  moments,  membrane f o r c e s   a n d  

t r a n s v e r s e   s h e a r   l o a d s a t  t h e  l o c a t i o n  o f  t h e   c r a c k ,   a n d  then  ap-  

p l y i n g   e q u a l   a n d   o p p o s i t e  o f  t hese  moments  and l o a d s  on t h e  sur- 
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f a c e   o f  t he  c r a c k  i n  a c y l i n d e r  w i t h  no o t h e r   e x t e r n a l   l o a d s .  

S u p e r p o s i t i o n   o f   t h e s e  two r e s u l t s   g i v e s   t h e   d e s i r e d   s o l u t i o n .  

S i n c e  t h e  f i r s t  problem  has no c o n t r i b u t i o n   t o  t h e  s i n g u l a r i t y  

a t   t h e   c r a c k  t i p ,  and s i n c e  we a r e   i n t e r e s t e d  i n  e v a l u a t i n g   t h e  

s t r e s s   i n t e n s i t y   f a c t o r   o n l y ,   t h e  main  problem i s  t h e   s o l u t i o n  

of  the  homogeneous  system  (17) w i t h  n o n v a n i s h i n g   l o a d s   a t   t h e  

c r a c k   s u r f a c e s .  

I n   s o l v i n g   ( 1 7 ) ,   a d d i t i o n a l   r e q u i r e m e n t s   t o  be  met a r e   t h a t  

t h e   d i s p l a c e m e n t   f u n c t i o n  W and s t r e s s   f u n c t i o n  F w i t h  t h e i r  

f i r s t   d e r i v a t i v e s  must  be f i n i t e   f a r  away f rom  the   c r ack  a n d  t h e  

s t r e s s e s  and   d i sp lacement  f o r  y = 0 a n d  I x l > l  must be con t inuous  

i . e . ,  F and W and a l l  t h e i r   p a r t i a l   d e r i v a t i v e s   m u s t  be c o n t i n -  

uous f o r  a l l  x and y e x c e p t  f o r  p o i n t s  on  t h e   c r a c k   s u r f a c e ,  

a n  + 

I Y I + O  a Y  a Y  
l i m  [ 7 ( F  ) - - ( F - ) ]  a n  = 0 

For   t he   symmet r i c   ca se ,  and t h e   e f f e c t i v e   t r a n s v e r s e  
X Y  

aM at y = o  
s h e a r   r e s u l t a n t ,  = Qy + x, a-x a r e   z e r o   a n d   t h e   f u n c t i o n s  W 

and F may be r e p r e s e n t e d  i n  t e r m s   o f   F o u r i e r   c o s i n e   i n t e g r a l s .  

Then t h e   b o u n d a r y   c o n d i t i o n s   a n d   t h e   c o n t i n u i t y   r e q u i r e m e n t s  

l e a d   t o  a s y s t e m   o f   d u a l   i n t e g r a l   e q u a t i o n s .   T h e s e   d u a l   i n t e -  

"Y A 
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g r a l   e q u a t i o n s   c a n   b e   r e d u c e d   t o   s i n g u l a r   i n t e g r a l   e q u a t i o n s  

w i t h   k e r n e l s   L 1 ,   L 2 ,  L 3  a n d   L 4 .   T h e s e   s i n g u l a r   i n t e g r a l   e q u a -  

t i o n s   h a v e   t h e   f o r m  

n D m O  
w h e r e  N = 3 and  M = 7 ( n o   a n d  m o  a r e   c h o s e n   a s   c o n s t a n t s ) .  

Y Y 
T h e   s o l u t i o n s   u , ( E )   a n d   u 2 ( 5 )  may t h e n   b e   e x p r e s s e d   a s  

~ ~ ( 5 )  = 41 - < 2  [ A o  + x 2 A l ( l  c2) + ...I; ) 5 1 < 1  

U2(S)  = 41 - S 2  [Bo + ~ ~ B l ( l - 5 ~ )  + ...I; 1 5 ) < 1  

w h e r e  A and  B a r e   c o m p l e x   c o n s t a n t s   a n d  P P 

X = [ 1 2 ( 1 - ~ ~ ) ] ’ / ~ a / ( R h )   1 / 2  
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A and B a r e   g e n e r a l l y   f u n c t i o n s   o f  x. S u b s t i t u t i n g  ( 2 0 )  i n t o  

( 1 9 )  a n d  w r i t i n g  t h e   k e r n e l s  i n  s e r i e s   f o r m ,  good f o r   t h e   r a n g e  

O < x < 2 ,  t h e   r e s u l t i n g   i n t e g r a l s   c a n  be s o l v e d  i n  c lo sed   fo rm.  

The r e s u l t i n g   v a l u e s   o f   t h e   i n t e g r a l s   a r e   p o l y n o m i a l s  i n  odd 

powers  of x o f  t h e   f o l l o w i n g   f o r m  

P P 

m 
- 2 ~ m  x = 1 D k x  2k+l 

0 
0 

where c k  a n d  Dk a r e   f u n c t i o n s  o f  x ,  A a n d  B . By comparing 

c o e f f i c i e n t s   o f  x n y  a sys tem o f  s imul t aneous   equa t ions   can  be 

o b t a i n e d  a n d  s o l v e d   f o r  A a n d  B . 

P P 

P P 

The s t r e n g t h   o f   t h e   s i n g u l a r i t i e s  a t  t h e   c r a c k   t i p s   d e p e n d  

on  t h e   c o n s t a n t s  A. and B o  o n l y ,   a n d   t h e   s t r e s s e s   i n  a smal l  

n e i g h b o r h o o d   o f   t h e   c r a c k   t i p  may be e x p r e s s e d   a s  

' P L  Ke  3-3u e 1 - u  50 
0 - 

x b  - J 1 / 3 ( 1 - u 2 )  
- (7 cos - - - cos 2 4 

' P b  
("7 cos  - + - 2 e 1-u 50 cos -) Ke  11+5u 

O y b  / 1 / 3 ( 1 - v z )  fi 2 2 
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'PL 
N Ke 7+v 8 1-v 58 

- (7 s i n  2 + - s i n  T )  
T x y b  4 1 / 3 ( 1 - v 2 )  fi 4 

0 - y 3  e 1  ( B  cos - + - cos -) 58 
xe - 

pe  4 5  2 4  2 

0 - y 5  e 1  
Ye - pe  fi 2 4  (q cos - - - cos F )  50 

where PI; and P e  a r e   f u n c t i o n s   o f  A. a n d  B o ,  K e  i s  t h e   s t r e s s  i n -  

t e n s i t y   f a c t o r   f o r  a p l a t e   u n d e r   e x t e n s i o n a l   l o a d s  ( K e  = am&),  

and r i s   t h e   d i s t a n c e  f rom  the   c rack  t i p .  The v a l u e s  + P L  a n d  

- P i  a r e   u s e d   f o r   s t r e s s e s  on t h e   i n n e r   a n d   o u t e r   s u r f a c e s   o f   t h e  

s h e l l ,   r e s p e c t i v e l y .  A s  x+O ( i . e . ,  R--) ,  P,!,+O and P e + l  a n d  t h e  

s t r e s s e s  o f  a f l a t   p l a t e  i n  e x t e n s i o n  a n d  b e n d i n g   a r e   r e c o v e r e d .  

T h u s   t h e   s t r e s s e s  i n  t h e   c r a c k  t i p  r e g i o n   o f   t h e   s h e l l   a r e   e x -  

p r e s s e d  i n  t e r m s   o f   s t r e s s e s   i n  a f l a t  s h e e t .  The s t r e s s   i n t e n -  

s i t y   f a c t o r s   f o r  a s h e l l  w i t h  a mer id iona l   c r ack   due   t o   bend ing  

and   ex tens ion   become ,   r e spec t ive ly  

K b s  = [ - P I ; / J ( 1 - v 2 ) / 3 J  Ke 

Kes  = 'eK, 

14 



Note t h a t   b e c a u s e   o f   t h e   K i r c h h o f f   b o u n d a r y   c o n d i t i o n s ,  

t he  b e n d i n g  s h e a r   s t r e s s   d o e s   n o t   v a n i s h   a t   t h e   f r e e   e d g e   o f  

t h e   c r a c k .  

S i n c e  K e  i s  t h e   s t r e s s   i n t e n s i t y   f a c t o r   o f  a p l a t e   u n d e r  

e x t e n s i o n a l   l o a d i n g ,   t h e   c o m b i n e d   s t r e s s   i n t e n s i t y   f a c t o r ,  K S ,  

f o r  a c y l i n d e r   c o n t a i n i n g  a mer id iona l   c r ack   can  be w r i t t e n   a s  

K S  = ( P e  + P b ) K e  f o r   t h e   o u t e r   s u r f a c e  (26) 

f o r   t h e   i n n e r   s u r f a c e  (27) 

where P b  = - P L / i ( 1 - v 2 ) / 3  

T h e r e f o r e ,   t h e   v a l u e s  P e  a n d  P b  c o m b i n e   t o   f o r m   t h e   s t r e s s  

i n t e n s i t y   r a t i o  o f  a s h e l l   u n d e r   i n t e r n a l   p r e s s u r e  t o  a p l a t e  

u n d e r   e x t e n s i o n ,  f o r  a p a r t i c u l a r   m a t e r i a l .  

Computed  values  of P b  a n d  P e  a r e   g i v e n  i n  Tab le  I f o r  

v a l u e s   o f  x from 0.2 t o  2.2 i n   i n c r e m e n t s  o f  0 . 2  and f o r  n u m -  

ber   o f   t e rms   of  A and B i n  t h e   s e r i e s   e x p a n s i o n  (20). As 

cou ld  be expec ted ,   the   convergence   becomes   s lower  as X i s  i n -  

c r e a s e d .   F o r  x>2, t he   conve rgence  i s  no t   expec ted   t o   be   good  

because   o f  the  l i m i t s  imposed on x i n  t h i s  p a r t i c u l a r   s e r i e s  

f o r m   o f   t h e   k e r n e l s .  A minimum a c c u r a c y   o f   t h r e e   d i g i t s  was 

a c h i e v e d   f o r   a l l  P e  f o r  .2<~<2.2. ” T h i s  was n o t   t h e   c a s e   f o r  

P P 
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PI;. B u t ,   s i n c e  P e > > I P I J I ,  t h e   a c c u r a c y   a c h i e v e d   f o r  Pt; was  con-  

s i d e r e d   s u f f i c i e n t .   F i g u r e s  3 a n d  4 a r e   p l o t s   o f  Pe  a n d  PI;; 

a n d  P b  f o r  v = 1 / 3  o b t a i n e d   f r o m   t h e   a s y m p t o t i c   s o l u t i o n  [ Z ] ,  

a t w o   t e r m   a n d   a n   e i g h t   t e r m   e x p a n s i o n  i n  ( 2 0 ) .  I n   t h e   a s y m p -  

t o t i c   s o l u t i o n ,   o r d e r s   o f  x 4  a n d   g r e a t e r   w e r e   n e g l e c t e d   i n   t h e  

k e r n e l s   a n d   t h e   s o l u t i o n   f o r  A. and B o .  F o u r   s i m u l t a n e o u s  

e q u a t i o n s   w e r e   u s e d   i n   s o l v i n g   f o r  A. a n d  B o .  F i g u r e s  3 a n d  

4 c o m p a r e   t h i s   r e s u l t   w i t h   t h e   t w o   a n d   e i g h t   t e r m   s o l u t i o n s ,  

w h i c h   c o n s i s t e d   o f   t h e   s o l u t i o n  o f  f o u r   a n d   s i x t e e n   s i m u l t a -  

n e o u s   e q u a t i o n s .   I n   t h e   l a t t e r ,   t h e   h i g h e s t   d e g r e e   t e r m   i n  x 
w h i c h   i s   n e g l e c t e d   i s  x28. T h e   e i g h t   t e r m   s o l u t i o n   s h o w s   t h a t  

t h e   s i g n   c h a n g e   i n   t h e   b e n d i n g   s t r e s s   i n t e n s i t y   r a t i o  Pt; ( F i g -  

u r e  4 )  d o e s   n o t   t a k e   p l a c e   i n   t h e   i n t e r v a l   u n d e r   c o n s i d e r a t i o n .  

T h i s  means t h a t   f o r   t h i s  x r a n g e ,   t h e   m a x i m u m   s t r e s s  i n  t h e  

c r a c k   r e g i o n   i s   o n   t h e   o u t s i d e   o f   t h e   s h e l l .  

A l e a s t   s q u a r e s   c u r v e   f i t t i n g   p r o g r a m  was u s e d   t o   e x p Y e s s  

PI; a n d  P e  a s   p o l y n o m i a l s   i n  x w h i c h   a r e   g i v e n   b e l o w .  

PI; = - 5 .6207  x lom5 + .0016268x  - . 1 4 6 1 1 x 2  

+ . 2 5 0 1 0 x 3  - . 2 1 7 2 1 x 4  + . 0 9 7 7 1 1 x 5  

- .O1763Zh6 
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'e = 1.0004 - . 0 6 2 4 3 2 ~  + .67419X2 - 1 . 0 3 6 7 ~ ~  

+ 1 . 0 1 8 4 ~ 4  - .49949X5 + .094455X6 

A comment i s   i n   o r d e r   c o n c e r n i n g   t h e   u s e   o f   t h e   K i r c h h o f f  

t h e o r y  i n  t h e   a b o v e   s o l u t i o n  , a c c o r d i n g  t o  wh ich   on ly   t he   e f -  

f e c t i v e   t r a n s v e r s e   s h e a r   r a t h e r   t h a n  Q a n d  M i s   r e q u i r e d  t o  

v a n i s h   a l o n g   t h e   c r a c k .   W h i l e   t h e   s t r e s s   d i s t r i b u t i o n   o u t s i d e  

t h e   l o c a l   r e g i o n   s h o u l d  be a c c u r a t e ,  i t  might   be  expected t h a t  

nea r   t he   c r ack   boundary   t he  same t y p e   o f   d i f f e r e n c e   e x i s t s   a s  

t h a t   f o u n d  by Fer idun  [ 2 1 ] ,  Knowles  and Wang [ 2 2 ]  a n d  H a r t r a n f t  

[23]  i n  c o m p a r i n g   t h e   s t r e s s   d i s t r i b u t i o n s   d u e  t o  bending   us ing  

K i r c h h o f f ' s  a n d  R e i s s n e r ' s   t h e o r i e s .   I n   t h i s   c a s e ,   t h e   o r d e r  

o f  t h e   s t r e s s   s i n g u l a r i t y  was t h e  same f o r  b o t h  t h e o r i e s  b u t  

t h e   s t r e s s   d i s t r i b u t i o n   i n   t h e   c r a c k   r e g i o n  was d i f f e r e n t ,  

R e i s s n e r ' s   t h e o r y ,   w h i c h   a c c o u n t s   f o r   a l l   t h e   p h y s i c a l   b o u n d a r y  

c o n d i t i o n s ,   g i v i n g   t h e  same angu la r   dependence  a s  t h e   p l a n e  

s t r e s s   s o l u t i o n .  

Y X Y  

The i m p o r t a n t   f a c t   i s   t h a t   t h e   r a t i o   o f   t h e   s t r e s s   i n t e n -  

s i t y   o f  a c y l i n d e r   t o  t h a t  of a p l a t e ,  P e  + P b ,  i s   t h e   d e s i r e d  

r e s u l t   f o r   u s e  i n  t h e   c r a c k  g r o w t h  model a n d  t h a t  t h e   r a t i o  

w i l l  be t h e  same n o  mat te r   which   one   o f   the  t w o  t h e o r i e s  i s  

used t o  e s t a b l i s h   t h e   r a t i o  i n  bending .  I n  a d d i t i o n ,   t h e   e f -  
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feet o f  b e n d i n g   i s  s m a l l   f o r  O<x<2.2 ” where Pb v a r i e s  f r o m  0 

t o  1 0 %   t h a t  o f  P e .  
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EXPERIMENTAL P R O C E D U R E  

The expe r imen t s   were   conduc ted   t o   de t e rmine   t he   c r ack  

p r o p a g a t i o n   r a t e s   a n d   t h e   s t r e s s e s   c a u s e d  by t h e   c r a c k  i n  

t h i n - w a l l e d ,   c y l i n d r i c a l   s h e l l s   u n d e r   d i f f e r e n t   l o a d i n g   c o n -  

d i t i o n s .  The loading  employed i n  a l l   t e s t s   p r o d u c e d   v a r i o u s  

a p p l i e d  mean a n d  r a n g e   s t r e s s e s   f r o m   o n e - e i g h t h   t o   o n e - q u a r t e r  

o f  t h e   y i e l d   s t r e s s .  

D e s c r i p t i o n   o f   T e s t   S p e c i m e n s .  - T h r e e   m a t e r i a l s   w e r e  

t e s t e d   w i t h   v a r y i n g   d e g r e e s   o f   s u c c e s s  - 2024-T3  aluminum, 

6063-T6  aluminum, a n d  m i l d   s t e e l .  The b e s t   r e s u l t s   w e r e   o b -  

ta ined   f rom  the   t es t s   o f   the   6063-T6  a luminum.   Thin-wal led  

2024-T3  bare  aluminum t u b i n g  cou ld   no t  be  purchased  commercial-  

l y .  S o ,  t h e s e   s p e c i m e n s   w e r e   r o l l e d  i n t o  a c y l i n d e r   f r o m  a 

f l a t   s h e e t .  The r o l l e d   c y l i n d e r  was 8 5 / 8  i n c h e s  i n  d i a m e t e r ,  

27 i n c h e s   i n   l e n g t h  a n d  0 . 0 5 0  of a n  i nch  i n  w a l l   t h i c k n e s s .  

The  mating  edges a s  we l l   a s   t he   ends   o f   t he   she l l   were   c l amped  

t o  a m o u n t  t o   fo rm  the   p re s su re   chamber .  The o n l y   t h i n - w a l l e d  

t u b i n g   t h a t  was c o m m e r i c a l l y   a v a i l a b l e  was 6063-T6  extruded 

a luminum  cy l inde r s .  E i g h t  t es t   spec imens   were   cu t   f rom  one  

20 f o o t   l o n g   t u b e .  The mechan ica l   p rope r t i e s   and   d imens ions  

o f  t h e  6063-T6  a luminum  specimens  are   given  in   Tables  I 1  and 

111. The s t e e l   s h e l l s   w e r e   r o l l e d   f r o m  a 0 . 0 5 0  i n c h   t h i c k   f l a t  

p l a t e   i n t o  an 8 i n c h   d i a m e t e r   c y l i n d e r   a n d   t h e n   s e a m   w e l d e d .  

Hence ,   on ly   t he   ends  o f  t h e  6063-T6  aluminum  and  the  steel  
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s h e l l s   n e e d e d   t o   b e   c l a m p e d   t o  a m o u n t   t o   f o r m   t h e   p r e s s u r e  

chamber .  

E x p e r i m e n t a l   e q u i p m e n t .  - T h e   e x p e r i m e n t a l   s e t - u p   a n d  a 

s c h e m a t i c   d i a g r a m   o f   t h e   h y d r a u l i c   s y s t e m   a r e   s h o w n   i n   F i g u r e s  

5 and  6 ,  r e s p e c t i v e l y .  

The p r e s s u r i z a t i o n   c o n t r o l   s y s t e m   b a s i c a l l y   c o n s i s t e d   o f  

t h e   c o n t r o l   p a n e l ,   c o n t r o l   m a n i f o l d ,   a n d   h y d r a u l i c   p o w e r   s u p -  

p l y .  It m a i n t a i n e d   a n y   d e s i r e d   p r e s s u r e   l o a d i n g   c h a r a c t e r i s t i c s  

i n  t h e   s p e c i m e n   b y   m e a n s  o f  a s i m p l e   p r o p o r t i o n a l   f e e d   b a c k   c o n -  

t r o l   s y s t e m .   T h e   f u n c t i o n   g e n e r a t o r ,   l o c a t e d   i n   t h e   c o n t r o l  

p a n e l ,   d e t e r m i n e d   t h e   s h a p e  o f  t h e   p r e s s u r e   v a r i a t i o n   c u r v e   a n d  

t h e   r a t e   a n d   c h a r a c t e r   o f   t h e   p r e s s u r e   l o a d i n g .   T h e  mean  and 

r a n g e   p r e s s u r e s   w e r e   e s t a b l i s h e d   b y   t h e   c o n t r o l   p a n e l ' s   s e t  

p o i n t   a n d   s p a n   c o n t r o l s .  

A 5 0   p o w e r   m i c r o s c o p e ,   m o u n t e d   o n  a 4 i n c h   m i c r o m e t e r   s t a g e ,  

was  used f o r   c r a c k   r e a d i n g s .  It h a d  a s m a l l e s t   d i v i s i o n   r e a d i n g  

o f  5 ~ 1 0 - ~  i n c h e s ,   w h i c h  was a c t u a l l y   m o r e   a c c u r a t e   t h a n   n e e d e d  

s i n c e   t h e   c r a c k   t i p  was n o t   d e f i n a b l e   t o   m o r e   t h a n   i n c h e s .  

T h e   s t r a i n   i n d i c a t o r ,   u s e d   f o r   s t a t i c   s t r a i n   m e a s u r e m e n t s ,  

was a c c u r a t e   t o   0 . 1 %   o f   t h e   r e a d i n g   o r  5 m i c r o i n c h e s / i n c h ,  

w h i c h e v e r  was g r e a t e r .   T h e   o s c i l l o s c o p e ,   u s e d   f o r   d y n a m i c  

s t r a i n   m e a s u r e m e n t s   h a d  a s m a l l e s t   d i v i s i o n   r e a d i n g  o f  4 m i c r o -  

i n c h e s / i n c h .  
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S p e c i m e n   p r e p a r a t i o n .  - A c r a c k  was i n i t i a t e d  i n  t h e   s h e l l  

b y   f i r s t   d r i l l i n g  a 0.020 i n c h   d i a m e t e r   h o l e   a t   t h e   p o i n t  

r e p r e , s e n t i n g   t h e   c e n t e r  o f  t h e   c r a c k ,   a n d   t h e n   m a k i n g  a c u t  

t h a t  w a s   s y m m e t r i c a l .   a b o u t   t h e   h o l e   w i t h  a 0 . 0 1 1   i n c h   w i d e  

j e w e l e r s .   s a w .  A n o t c h  was t h e n   f o r m e d   a t   e a c h   e n d   o f   t h e  saw 

c u t   b y   " s a w i n g "   w i t h  a r a z o r   b l a d e .   T h e   m i n i m , u m   t o t a l   l e n g t h  

o f   t h e   m a n u f a c t u r e d   c r a c k  was 0 .200 i n c h e s .   N e x t ,   t h e   s p e c i -  

men w a s   s a n d e d   a n d   p o l i s h e d  i n   t h e   c r a c k   r e g i o n   t o   r e m o v e   t h e  

s u r f a c e   f l a w s   a n d   m a k e   t h e   c r a c k   t i p   v i s i b l e .  

S i n c e   t h e   s h e l l s   w e r e   p r e s s u r i z e d   w i t h   o i l ,   t h e   c r a c k   h a d  

t o   b e   s e a l e d   w i t h  a s e a l   t h a t   h a d   l i t t l e   o r   n o   e f f e c t   o n   t h e  

s t r e s s   d i s t r i b u t i o n   o f   t h e   s h e l l   i n   t h e   c r a c k   r e g i o n .   T h i s  

was a c c o m p l i s h e d   w i t h  a s t e e l   s h i m   a n d   v i n y l   p a t c h .   T h e   s h i m  

was . 0 0 3  i n c h   t h i c k   a n d   a b o u t  2 i n c h e s   b y  3 i n c h e s   i n   s i z e ,  was 

p l a c e d   b e h i n d   t h e   c r a c k   o n   t h e   i n n e r   p o r t i o n   o f   t h e   s h e l l ,   a n d  

was c o a t e d   w i t h  a t h i n   l a y e r  o f  g r a p h i t e   t o   e l i m i n a t e   a n y   p o s -  

s i b l e   e f f e c t  o f  f r i c t i o n .   T h e   v i n y l   p a t c h  was . 0 0 8  i n c h   t h i c k  

a n d   a b o u t  6 i n c h e s   s q u a r e ,   a n d  was  cemented t o   t h e   s h e l l   a n d  

t o   t h e   c e n t e r   o f   t h e   s h i m .   T h u s   t h e   s h i m  was p r e v e n t e d   f r o m  

s h i f t i n g   f r o m   b e h i n d   t h e   c r a c k   w h i l e   s t i l l   f r e e   t o   s l i d e   o n  

t h e   s h e l l   a n d   t o   c o n f o r m   t o   t h e   s h e l l   c o n t o u r   i n   t h e   c r a c k  

r e g i   o n .  

S p e c i m e n   m o u n t i n g .  - T h e   s h e l l  was   mounted   on  a m a c h i n e d  

s t e e l   p i p e .   F i g u r e  7 i s  a c r o s s - s e c t i o n a l   d r a w i n g  o f  t h e  
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s h e l l   a n d   m o u n t   f o r   t h e   6 0 6 3 - T 6   a l u m i n u m   a n d   t h e   s t e e l   s h e l l s .  

T h e   m o u n t   f o r   t h e   2 0 2 4 - T 3   a l u m i n u m   w a s   b a s i c a l l y   t h e  same e x -  

c e p t   f o r   a d d i t i o n a l   h o l e s   f o r   c l a m p i n g   t h e   e d g e s   o f   t h e   s h e l l .  

A l a y e r  o f  c e m e n t   w a s   a p p l i e d   t o   t h e   o i l   p r e s s u r e   s i d e   o f   a l l  

c o n t a c t   s u r f a c e s   o f   t h e   s h e l l ,   m o u n t ,   a n d   s p a c e r   t o   k e e p   o i l  

l e a k a g e   t o  a w o r k a b l e   m i n i m u m .   T h e   r e s t   o f   t h e   c o n t a c t   s u r -  

f a c e s   w e r e   b a r e  s o  t h a t  w h e n   p r e s s u r e  was a p p l i e d ,   t h e   s u r f a c e s  

w o u l d   n o t   s l i p   a n d   t h e   s t r a i n   i n   t h e  x d i r e c t i o n   w o u l d   b e   z e r o .  

T h e   e n d   c l a m p s   w e r e   1 / 2   i n c h   w i d e r   t h a n   t h e   i n s i d e   c o n t a c t  

s u r f a c e .   T h i s   1 / 2   i n c h   o v e r h a n g   h a d  a t w o   d e g r e e   c h a m b e r  s o  

t h a t ,  when t h e   s h e l l   e x p a n d e d   u n d e r   p r e s s u r e ,   t h e r e   w o u l d   b e  

n o   h i g h   s t r e s s   c o n c e n t r a t i o n   i n   t h e   s h e l l   a t   i t s   e n d s .  A s o f t  

a l u m i n u m   ( 1 1 0 0 - 0 )   s p l i t   r i n g  was u s e d   b e t w e e n   t h e   o u t e r   s u r f a c e  

o f   t h e   s h e l l   a n d   e n d   c l a m p s   t o   u n i f o r m l y   d i s t r i b u t e   t h e   c l a m p i n g  

f o r c e .   A f t e r   t h e   s h e l l  w a s   c l a m p e d   t o   t h e   m o u n t ,   s t r a i n   g a g e s  

w e r e   c e m e n t e d   t o   t h e   s h e l l ' s   o u t e r   s u r f a c e .   T h e   g a g e s   w e r e  

B L H  t y p e   A - 5   w i t h   n o m i n a l   r e s i s t a n c e   o f   1 2 0  ohms a n d   g a g e   f a c -  

t o r   o f  2 .  

E x p e r i m e n t a l   p r o c e d u r e .  - The t e s t   r e s u l t s   o f   t h e   2 0 2 4 - T 3  

a l u m i n u m   d i d   n o t   g i v e   r e p r o d u c i b l e   c r a c k   g r o w t h   r e s u l t s  , e i t h e r  

due t o   t h e   n e c e s s i t y   o f   c l a m p i n g  down t h e   e d g e s   a s   w e l l   a s   t h e  

ends o f   t h e   c y l i n d e r ,   o r   d u e   t o  a l a r g e   g e o m e t r i c a l   d e v i a t i o n  

f r o m  a t r u e   c y l i n d e r .   H o w e v e r ,   r e p r o d u c t i b l e   c r a c k   g r o w t h   r e -  

s u l t s   w e r e   o b t a i n e d   f o r   t h e   6 0 6 3 - T 6   a l u m i n u m .  No c o n c l u s i o n s  

c o u l d   b e   r e a c h e d   o n   t h e   s t e e l   b e c a u s e   o f   t h e   s m a l l   a m o u n t   o f  
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d a t a   c o l l e c t e d .   T h e r e f o r e ,   t h i s   r e p o r t  w i l l  u s e   o n l y   t h e   r e -  

s u l t s   f r o m  the  6063-T6  a luminum  unless   s ta ted   o therwise .  

The p r e s s u r e  was c a l i b r a t e d  w i t h  a dead w e i g h t  t e s t e r   t o  

i n s u r e   t h e   p r o p e r   p r e d i c t i o n   o f   t h e   i n t e r n a l   p r e s s u r e   o f   t h e  

s h e l l   f r o m   t h e   c o n t r o l   s e t t i n g s .  The o u t p u t  was f o u n d   t o  b e  

l i n e a r  w i t h  t h e   c o n t r o l   s e t t i n g s .  Maximum v a r i a t i o n   f r o m   l i n -  

e a r i t y  was f o u n d   t o  be 10  m i c r o i n c h e s / i n c h .   S i n c e   t h e   r e a d i n g s  

w e r e   g r e a t e r   o r   l e s s  t h a n  a l i n e a r   r e l a t i o n s h i p ,   i t  was f e l t  

t h a t  m o s t   o f   t h i s  was caused  by s m a l l   d e v i a t i o n s   i n   m a n u a l l y  

s e t t i n g   t h e   c o n t r o l s  a n d  t h a t  t h i s   e r r o r  would be se l f -compen-  

s a t i n g .  

The p r e s s u r i z a t i o n   u n i t  was found t o  g i v e  a n u l l  o r  z e r o  

s h i f t   i n   t h e   p r e s s u r e   c u r v e .   T h e r e f o r e ,   c o n s t a n t   m o n i t o r i n g  

o f   t h e  u n i t  t o   m a i n t a i n   t h e   z e r o   p o s i t i o n  was r e q u i r e d  d u r i n g  

t h e   c r a c k  g r o w t h  t e s t s .  

The mean s t r e s s  and s t r e s s   r a n g e   v a r i e d   f r o m   s h e l l  t o  

s h e l l  b u t  w e r e   h e l d   c o n s t a n t   f o r  a g i v e n   s h e l l .  The s t r e s s  

v a r i e d   s i n u s o i d a l l y  w i t h  a c y c l i c   s p e e d   o f  8 / 9  cps a n d  a v a r -  

i a t i o n   i n   p e a k  t o  peak s t r e s s  o f  l e s s  t h a n  1 % .  No t e s t s   w e r e  

conducted   wi th  a maximum hoop s t r e s s ,  0 ( a p p l i e d   s t r e s s ) ,  

g r e a t e r   t h a n   o n e - h a l f   t h e   y i e l d   s t r e s s .  The  hoop s t r e s s   i s  

f o u n d   f r o m   t h e   r e l a t i o n  

m 

Y 

"-gR 
'y - h (30 
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where q i s  p r e s s u r e ,  R i s   i n t e r n a l   r a d i u s ,  and h i s  w a l l   t h i c k -  

n e s s .  

F o r  a c y l i n d e r  w i t h  f i x e d   e n d s ,   i . e .  , E = 0 ,  we h a v e   t h e  
m 

X 

f o l l o w i n g   a d d i t i o n a l   r e l a t i o n s  

0 m = v q R  X h 

E =  
m ( 1 - V 2 )  @ 
Y E h 

where v i s  P o i s s o n ' s   r a t i o .  

S t r a in   gages   were   added  t o  t h e  o u t e r   s u r f a c e   o f   t h e   s h e l l  

t o   m e a s u r e  t he  hoop s t r a i n s .  The gages   were   p laced   a long  the  

p ro longa t ion   o f   t he   c r ack   where   t hey   wou ld  be u n a f f e c t e d  by 

t h e   p e r t u r b e d   s t r a i n s   d u e  t o  t he   end   c l amps   o r   t he   c r ack .  

S t r a i n   m e a s u r e m e n t s   w e r e   t h e n   c a l i b r a t e d   w i t h   t h e   i n t e r n a l  

p r e s s u r e  t h r o u g h  e q u a t i o n  ( 3 2 )  a n d  t h e   c a l i b r a t i o n   c u r v e   i s  

shown i n  F i g u r e  8. The m a x i m u m  s t a t i c   p r e s s u r e   u s e d   i n   c a l i -  

b r a t i o n  was n o t   g r e a t e r  t h a n  t h e  maximum t e s t   p r e s s u r e   f o r  

t h a t  s h e l l .   T h i s   p r e v e n t e d  a n y   u n w a r r a n t e d   s t r a i n   h a r d e n i n g  

i n   t h e   c r a c k   t i p   a r e a .  

The m e a s u r e d   s t r a i n   g a g e   r e a d i n g s   g a v e   d i f f e r e n c e s   f r o m  

t h e   t h e o r e t i c a l   o f   a s  much a s  1 1 %  f o r   t h e  6063-T6  aluminum, 

and 2 5 %  f o r   t h e  2024-T3  aluminum. To f i n d  a n  e x p l a n a t i o n   f o r  

t h i s ,  an i n v e s t i g a t i o n   o f   t h e   c h a n g e   i n   g e o m e t r y   o f   t h e   o u t e r  
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s u r f a c e  o f  t h e   s h e l l   d u e   t o  a change i n  i n t e r n a l   p r e s s u r e  was 

conducted .  

The o u t e r   s u r f a c e   d i s p l a c e m e n t ,  A R ,  f o r  a p e r f e c t   c y l i n d e r  

w i t h  u n i f o r m   w a l l   t h i c k n e s s   s h o u l d  be 

A R  = ern R 
Y 

S u b s t i t u t i n g   f r o m  ( 3 2 )  i n t o  ( 3 3 ) ,  we f i n d  

( 3 3 )  

The o u t e r   s u r f a c e   d i s p l a c e m e n t   o f   t h e   t e s t   c y l i n d e r s ,  

t aken  w i t h  a d i a l   i n d i c a t o r ,  d i d  n o t   a g r e e   w i t h   t h e   r e s u l t s  

p r e d i c t e d  by ( 3 4 ) .  The  readir lgs   were  taken a t  a p o s i t i o n  away 

f r o m   t h e   i n f l u e n c e  o f  t h e   c r a c k  a n d  end  clamps. The r e a d i n g s  

w e r e   v e r y   e r r a t i c   a s   t h e   p r e s s u r e  was i n c r e a s e d .  I n  some 

p l a c e s   t h e   d i s p l a c e m e n t   w o u l d   d e c r e a s e   w h i l e   a t   o t h e r   p l a c e s  

i t  w o u l d   i n c r e a s e  more t h a n   p r e d i c t e d  by ( 3 4 ) .  This  was due 

t o   t h e   f a c t   t h a t   i n i t i a l l y   t h e   c y l i n d e r  was n o t   p e r f e c t l y   r o u n d  

and s t r a i g h t .  

Even t h o u g h   t h e   s t r a i n   g a g e   r e a d i n g s   w e r e   d i f f e r e n t   f r o m  

t h e   t h e o r e t i c a l ,   t h e y   w e r e   u s e f u l  i n  i n s u r i n g   c o n s t a n t   r a n g e  

and mean s t r e s s .  A m i n i m u m  of  t w o  g a g e s   a t   d i f f e r e n t   l o c a t i o n s  

o n  t h e   s h e l l   s u r f a c e   w e r e   u s e d   t o   m e a s u r e   t h e   h o o p   s t r a i n s  

25 



t h r o u g h o u t   t h e   t e s t s   i n   c a s e   o n e   g a g e   f a i l e d .   N o n e   o f   t h e  

g a g e s   f a i l e d   d u r i n g   t h e   t e s t s   a n d   t h e   r e a d i n g s   w e r e .   f o u n d   t o  

b e   v e r y   r e p r o d u c i b l e .  

F o i l   s t r a i n   g a g e s   w i t h   1 / 1 6   i n c h   s q u a r e   g r i d s   w e r e   u s e d  

t o   d e t e r m i n e   t h e   s t r a i n s   a h e a d   o f   t h e   c r a c k   t i p   i n   P l e x i g l a s  

G a n d  i n  s h e l l s   # 1 2 ,   # 1 4   a n d   # 1 8   o f   6 0 6 3 - T 6   a l u m i n u m .   E a c h  

g a g e   g a v e   t h e   a v e r a g e   s t r a i n   o f   t h e   s u r f a c e   c o v e r e d   b y   t h e  

g r i d .   T h i s   a v e r a g e   s t r a i n  was  assumed t o   b e   t h e   s t r a i n   a t  

t h e   m i d p o i n t   o f   t h e   g r i d .   T h e   d i s t a n c e   o f   t h e   m i d p o i n t   f r o m  

t h e   c r a c k   t i p   v a r i e d   f r o m   0 . 0 4 1   t o   0 . 2 9 4   i n c h e s   a t   h a l f   c r a c k  

l e n g t h s   r a n g i n g   f r o m   0 . 1 5 1   t o   0 . 7 9 5   i n c h e s   f o r   t h e   a l u m i n u m  

a n d   f r o m   0 . 1 9 5   a n d   1 . 0 0   i n c h e s   f o r   t h e   P l e x i g l a s .  
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EXPERIMENTAL RESULTS 

. P h y s i c a l  " o b s e r v a t i o n s   o f  t h e  c r a c k .  - There was an  ob- 

j e c t i o n a b l e   a m o u n t   o f   s u r f a c e  r o u g h e n i n g  ahead   of  t h e  c r a c k  

t i p  f o r  t h e  l o n g e r   c r a c k  l eng ths  i n  t h e  6063-T6  aluminum 

s h e l l s .   T h i s   r o u g h e n i n g  made i t  d i f f i c u l t   t o   f i n d  t h e  e x a c t  

l o c a t i o n   o f  t h e  c r a c k  t i p .  The s u r f a c e   r o u g h e n i n g  was worse  

i n  t h e  6063-T6  aluminum  than i n  the   2024-T3  a luminum.  There 

was a n e g l i g i b l e   a m o u n t  o f  b r a n c h i n g   o f  t h e  c r a c k   t h a t   t o o k  

p l a c e   d u r i n g  i t s  growth .  What b r a n c h i n g   d i d   o c c u r   q u i c k l y  

d i s a p p e a r e d .  

Bu lg ing .  - B u l g i n g   h e r e   i s   d e f i n e d   a s   l a r g e   o u t w a r d   n o r m a l  

d i s p l a c e m e n t s   o f   t h e   s h e l l  i n  t h e  c r a c k   r e g i o n .   S i n c e   t h e  

e l a s t i c  s t r e s s  a n a l y s i s  used t o  c o r r e l a t e  t h e  c r a c k   p r o p a g a t i o n  

r e s u l t s   i s   b a s e d  on t h e  s m a l l   d e f l e c t i o n   t h e o r y ,   e x c e s s i v e  

b u l g i n g  may r e d u c e   t h e   r e l i a b i l i t y   o f  t h e  f i n a l   r e s u l t s .   H e n c e ,  

m e a s u r e m e n t s   o f   t h e   s h e l l   s u r f a c e   a h e a d   o f  t h e  c r a c k  i n  s h e l l s  

#9,  #10  and  #11  were  taken w i t h  a d i a l   i n d i c a t o r  t o  s e e  how 

much , i f   a n y ,   b u l g i n g  was p r e s e n t .   F i g u r e s  9 a n d   1 0   a r e   p l o t s  

o f  t h e  r a d i a l   d i s p l a c e m e n t  o f  t h e   s u r f a c e   o f   t h e   s h e l l   d u e   t o  

t h e  p r e s e n c e   o f  t he  c r a c k   o n l y .  T h e  d i s p l a c e m e n t s   a h e a d   o f  t h e  

c r a c k ,   c a u s e d  by a n   i n c r e a s e  i n  a p p l i e d   s t r e s s   o f   6 , 9 0 0  p s i ,  

a r e   g i v e n  i n  F i g u r e  9 f o r   f o u r   d i f f e r e n t   c r a c k   l e n g t h s .  The 

c u r v e s   o f  t h e  p o i n t s   c a n  be t h o u g h t   o f   a s   p r o f i l e s  o f  t h e  s h e l l  

s u r f a c e   a h e a d   o f  t h e  c r a c k s ,   F i g u r e   1 0   c o m p a r e s   t h e   r a d i a l  d i s -  

p l a c e m e n t   a t   t h e   c r a c k  t i p  o f   s h e l l s   # 9   a n d   # 1 0  w i t h  t h a t   o f  
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s h e l l  #11  due t o   p r e s s u r e   c h a n g e s   o f   1 3 , 5 0 0  psi  and 6 , 9 0 0  p s i ,  

r e s p e c t i v e l y .   S i n c e   t h e  maximum o p e r a t i n g   s t r e s s e s   i n v o l v e d  

i n   t h e   f a t i g u e   t e s t s   w e r e  i n  t h e   r a n g e   o f  7 , 0 0 0  t o  1 4 , 0 0 0  p s i ,  

t h e s e   c u r v e s   w e r e   c o n s i d e r e d   a s  t h e  e x t r e m e s   o f   t h e   r a d i a l  

d i s p l a c e m e n t s  f o r  a l l   s p e c i m e n s .   F o r  x < 2 . 2 ,  t h e   r a d i a l  d i s -  

p l a c e m e n t s   o f   t h e   s h e l l   s u r f a c e   c a n  be seen  t o  b e   l e s s   t h a n  

0 .005   inches .   For   an  8 i n c h   d i a m e t e r   s h e l l ,   t h i s  may be  con- 

s i d e r e d   a s   " s m a l l   d e f l e c t i o n "  a n d  h e n c e   f o r   t h e   s t r e s s   r a n g e  

u n d e r   c o n s i d e r a t i o n ,  b u l g i n g  d o e s   n o t   a p p e a r   t o  be a problem. 

A n a l y s i s  o f   c r ack  g r o w t h  d a t a .  - The  proposed  crack g r o w t h  

model f o r  combined   l oad ing   i s  

S u b s t i t u t i n g  f r o m  ( 2 4 )  a n d  ( 2 5 )  i n t o   ( 3 5 ) ,  we o b t a i n  

I n   t h e   e x p e r i m e n t a l   d a t a   g i v e n  i n  Appendix 1 1 ,  CI , 2 a  a n d  
m 

An a r e  k n o w n .  d a / d n   i s   o b t a i n e d  by d i f f e r e n t i a t i n g   t h e   d a t a  

by means of a t h r e e   p o i n t   c e n t r a l   d i f f e r e n c e   t e c h n i q u e   ( e x c e p t  

a t   t h e   e n d s ,   w h e r e  a forward  or backward   d i f f e rence   s cheme   i s  

used) .   Us ing  ( 2 4 ) ,  ( 2 5 ) ,  ( 3 0 )  a n d  (31 ) ,  t h e   s t r e s s   i n t e n s i t y  

f a c t o r s  may be e v a l u a t e d .   I n   t h e   c o m p u t e r  p r o g r a m ,  l e a s t  

s q u a r e s  f i t  o f   log   da /dn   vs .   log  K r e  was used t o  e s t a b l i s h   t h e  
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v a l u e s   o f  B y  2al  a n d  2 ( a l + a 2 )  f o r  y = 1 and y = 0 . 5 .  The re -  

s u l  t s  a r e   t a b u l a t e d  i n  T a b l e  V f o r  . K r e  + 0 . 5  K r b  and K r e  + K r b  

f o r  t h e  r ange   o f   conve rgence   o f  t h e  t h e o r e t i c a l   s o l u t i o n  

( ~ ~ 2 . 2 ) .  The r ange   o f  X f o r  t h e  expe r imen ta l   work   exceeded  

t h e   r a n g e   f o r  t h e  t h e o r e t i c a l   s o l u t i o n .   H o w e v e r ,  t h i s  was  no 

g r e a t   h a n d i c a p   s i n c e  t h e  g r o w t h  r a t e   f o r  x>2.2 was v e r y   r a p i d  

and   on ly  a s m a l l   p e r c e n t a g e   o f  t h e  t o t a l   l i f e   o f  t h e  s h e l l  was 

l e f t .  The term r l  i n  T a b l e  V i s  t h e  c o e f f i c i e n t   o f   c o r r e l a t i o n  

and i s  e s s e n t i a l l y   e q u a l   f o r  K e  + 0 . 5  Kb and K e  + Kb f o r   e a c h  

s h e l l .  When r l  i s   c l o s e   t o   1 . 0 ,   a s   i t   i s  f o r  t h e  s h e l l s   t e s t e d ,  

t h e   a s s u m p t i o n   o f  a l i n e a r   r e l a t i o n s h i p   f o r  t h e  d a t a   i s   v a l i d .  

The  term S i s  t h e  s t a n d a r d   e s t i m a t e   o f   e r r o r   a n d   e s t a b l i s h e s  

t h e  s c a t t e r  band t h a t   c o v e r   9 5 %   o f  t h e  p o p u l a t i o n .  
Y X  

A s  can be seen i n   t h e   t a b l e ,   t h e   d i f f e r e n c e s  i n  A ' ,  B ,  2 a l  

and Z ( ~ r ~ + a ~ ) ,  f o r   t w i c e   t h e   e f f e c t   o f   b e n d i n g ,   a r e  t o o  sma l l  

t o  b e   s i g n i f i c a n t ,   m e a n i n g   t h a t   t h e   e f f e c t   o f   b e n d i n g   h a s   v e r y  

l i t t l e   i n f l u e n c e  on t h e   c r a c k   g r o w t h   f o r   t h e   g e o m e t r y   a n d   l o a d -  

i n g   c o n d i t i o n s   c o n s i d e r e d .  F o r  t h e  r e m a i n d e r   o f   t h e   a n a l y s i s  

o f   e x p e r i m e n t a l   r e s u l t s ,  y = 0 . 5  i s  used .  

O n  t h e  b a s i s   o f   c o m b i n e d   e x p e r i m e n t a l   d a t a ,   w h i c h  i s  g i v e n  

i n  F i g u r e  1 9 ,  t h e  c r a c k   p r o p a g a t i o n   r a t e   f o r   6 0 6 3 - T 6   a l u m i n u m  

may be e x p r e s s e d  a s  

da/dn = 1 . 0 6 8  x 1 0 - 1 9 ( l + n )   0 . 7 5 3 K 3 . 8 5  r (3 1 
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F i g u r e s  11 t h r o u g h   1 8   s h o w   d a / d n   v s .  K, - - Kre  + 0 .5  Krb  

f o r   i n d i v i d u a l   s h e l l s   w i t h   t h e i r   r e s p e c t i v e   s c a t t e r   b a n d s .  

I n  F i g u r e  ( 1 9 ) ,  s h o w i n g   t h e   c o m b i n e d   d a t a ,   t h e   t h r e e   b a - s i c  

l e v e l s   o f  n a r e   d e s i g n a t e d   s e p a r a t e l y .   F o r   i n c r e a s i n g  n, t h e  

s h i f t   o f   t h e   d a t a   t o   t h e   l e f t   i s   c h a r a c t e r i s t i c   o f   f l a t   p l a t e  

f a t i g u e   e x p e r i m e n t s .  

F i g u r e  20 s h o w s   t h e   c o m p a r i s o n   o f   t h e   c r a c k   g r o w t h   r a t e s  

f o r  R = 1 . 0 7  i n  6 0 6 3 - T 6 ,   2 0 2 4 - T 3   a n d   7 0 7 5 - T 6   a l u m i n u m s .   T h e  

c r a c k   g r o w t h   r a t e s   f o r   2 0 2 4 - T 3   a n d   7 0 7 5 - T 6   a l u m i n u m s   u s e d   f o r  

t h e   f i g u r e   w e r e   t a k e n   f r o m   [ 1 6 ] :  

d a / d n  = 6 . 2 2  x 1 0 - 2 0 ( l + a ) 2 ' 2 2 ( K r ) 3 9 0   f o r   7 0 7 5 - T 6  

T h e   l i n e   f o r   6 0 6 3 - T 6   a l u m i n u m   f a l l s   b e t w e e n   t h o s e   o f   2 0 2 4 - T 3  

a n d   7 0 7 5 - T 6   a l u m i n u m s   f o r   g r o w t h   r a t e s   g r e a t e r   t h a n  

i n c h e s / c y c l e .   T h e   s l o p e   o f   t h e   l i n e   i s   a l m o s t   t h e  same f o r  

6063-T6  and  7075-T6  a1   umi   nums.  

T r a n s i t i o n   z o n e .  - T h e   t r a n s i t i o n   z o n e   o f   f l a t   t o   s h e a r  

f r a c t u r e   g i v e s   a n o t h e r  means o f   c o m p a r i n g   t h e   v a r i o u s   t y p e s  

o f   a l u m i n u m s .   A c c o r d i n g   t o   W i l h e m   [ 2 4 ] ,   t h e   z o n e   o f   t r a n s i -  

t i o n   f r o m   f l a t   t o   s h e a r   f r a c t u r e   i s   d e p e n d e n t   o n   t h e   s t r e s s  

i n t e n s i t y   f a c t o r .  It i s   s t a t e d  i n  [ 2 4 ]   t h a t   f o r   2 0 2 4 - T 3   a n d  
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7075-T6 c l ad   a luminums ,  t h e  t r a n s i t i o n   t a k e s   p l a c e  w i t h i n  t h e  

r ange   o f  K r  of   3540 f 1770 # / i n ~ h ~ ' ~ .  T o  see  i f  t h i s  r ange  

a l s o   a p p l i e s   t o  6063-T6  aluminum, t h e  r a n g e  s t r e s s  i n t e n s i t y  

f a c t o r s   a t  t h e  beg inn ing   and  e n d  o f   t r a n s i t i o n  o f  t h e  f a t i g u e  

c r a c k s   o f  f i v e  spec imens  were de te rmined  from t h e  c r a c k  l e n g t h s  

a t   t h e s e  extremes. For  t h e  p u r p o s e   o f   c a l c u l a t i n g  t h e  r a n g e  

s t r e s s  i n t e n s i t y   f a c t o r ,  i t  was  assumed t h a t  t h e  s h e a r   f r a c -  

t u r e  was a f u n c t i o n   o f  t h e  o u t e r   s u r f a c e   s t r e s s ,   h e n c e  

K r  = ( P b + P e ) K r e .  The t r a n s i t i o n   i n i t i a t i o n  a n d   t e r m i n a t i o n  

a r e   g i v e n  i n  T a b l e  IV. T h e  r e s u l t s   f o r   t h e   6 0 6 3 - T 6   a l u m i n u m  

f a l l   w i t h i n  a r ange   o f  K r  of  3440 * 1220  #/inch3'*  which i s  

w i t h i n  t h e  acceptable   range  of   2024-T3  and  7075-T6  a luminums.  

S t r a i n   m e a s u r e m e n t s   a h e a d   o f   t h e   c r a c k .  - For a p a r t i a l  

v e r i f i c a t i o n   o f   t h e o r e t i c a l   r e s u l t s ,   s t a t i c   s t r a i n   m e a s u r e -  

ments  were made ahead o f  t h e   f a t i g u e   c r a c k   f o r   v a r i o u s   c r a c k  

l e n g t h s   a n d   l o a d   l e v e l s .  T h e   m e a s u r e d   s t r a i n s   a r e   t h e   c i r -  

c u m f e r e n t i a l   s t r a i n s  i n  an i n t e r n a l l y   p r e s s u r i z e d   c y l i n d e r  

w i t h   f i x e d   e n d s ,   w h i c h   c o n t a i n s  a l o n g i t u d i n a l   c r a c k   f r e e   o f  

edge l o a d i n g s .  T h u s  away f r o m   t h e   c r a c k ,  t h e  p r i n c i p a l   s t r a i n s  

a r e  

m 
E = O y E  - X Y E '  

m 1 - v 2  m 
" 

I n  t h e  s h e l l   l o a d e d   a t  t h e  c r a c k   s u r f a c e   o n l y ,   a t  y = 0 and 
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II I 

and f o r   s m a l l   v a l u e s  o f  r = x - a ,  we have 
* 

a “ a  E E -  
l - v  m a  

X Y ’  Y E Pa J 5 ( 3 9 )  

where P = P b  + P e .  A d d i n g  c i r c u m f e r e n t i a l   s t r a i n s  E g iven  

by (38 )  and ( 3 9 ) ,  we o b t a i n  a n   a p p r o x i m a t e   e x p r e s s i o n   f o r  

t h e   s t r a i n   a h e a d   o f   t h e   c r a c k   i n   t e r m s   o f   s t r e s s   i n t e n s i t y  

r a t i o  P a s   f o l l o w s :  

Y 

m P 
- 

E 
YS 

= E  ( l + -  
Y l + v  % (40 

The m e a s u r e d   s t r a i n s   f o r   t h r e e   c y l i n d e r s  ( # 1 2 ,  #14 ,  and 

#18)  as   we l l  a s  t h a t  o b t a i n e d  f r o m  e q u a t i o n  ( 4 0 )  fo r  = 1 / 3  

a r e  shown i n   F i g u r e s  21 , 2 2 ,  and 2 3 .  Even though   t he   approx i -  

m a t e   s t r a i n s   g i v e n  by ( 4 0 )  have   t he  same t r e n d  as the   measured  

s t r a i n s ,   t h e   a g r e e m e n t  i s  o b v i o u s l y   u n s a t i s f a c t o r y .  The d i f -  

f e r e n c e  i s  due t o   f i n i t e   g a g e   l e n g t h  , p a r t i a l   p l a s t i c   d e f o r -  
** 

m a t i o n s ,   a n d ,   p e r h a p s   m o s t   i m p o r t a n t l y ,   t h e   f a c t  t h a t  t h e   s t r e s s  

i n t e n s i t y   f a c t o r   ( i . e . ,   t h e   s i n g u l a r   t e r m   a l o n e )   d o e s   n o t   c o r -  

r e c t l y   p r e d i c t   t h e   p e r t u r b e d   s t r a i n s   c a u s e d  by t h e   c r a c k  i n  a 

* 
H e r e ,   f o r  a t h e   r e s u l t s   o f  a h i g h e r   o r d e r   b e n d i n g   t h e o r y  
( e . g . ,  [ 2 2 ] )  r a t h e r  t h a n  e q u a t i o n  ( 2 2 )  a r e   u s e d .  I n  t h e  
h i g h e r   o r d e r   t h e o r y ,   w h i c h   s a t i s f i e s   a l l   t h e   p h y s i c a l   b o u n d a r y  
c o n d i t i o n s ,   a h e a d   o f   t h e   c r a c k  a = o x b  a n d  t h e   a n g u l a r  d i s -  
t r i b u t i o n   o f   s t r e s s e s   i s   t h e  same a s   t h a t  i n  p l a n e   e x t e n s i o n .  

In   t hese   measu remen t s ,  1 / 1 6  i n c h   s q u a r e   f o i l   g a g e s   w e r e   u s e d .  

Yb 

Yb  

** 
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homogeneous s t r a i n   f i e l d .   I n   t h e   s h e l l ,  t he  d e t a i l s   o f  t he  

e v a l u a t i o n   o f   s t r e s s e s  away f rom  the   c r ack   a r e   ve ry   cumbersome  

and d i f f i c u l t .  However, a r e a s o n a b l e   e s t i m a t e   o f  t h i s  f a r  

f i e l d   e f f e c t  may be  given by u s i n g  an ana logy  w i t h  t h e   f l a t  

p l a t e   s o l u t i o n .  

I n   t h e   c a s e  o f  f l a t   p l a t e   c o n t a i n i n g  a c r a c k   o f   l e n g t h  

2a  and s u b j e c t e d   t o   u n i f o r m   c o m p r e s s i v e   t r a c t i o n s  om on t h e  

c r a c k   s u r f a c e s ,   t h e   s t r a i n   a t  y = 0 and a d i s t a n c e  r f rom  the  

c r a c k  t i p  may be   expressed  a s ,  

1 - v  a 
E 

- omT J - " 

Y P  E 2r 

F o r  s m a l l   v a l u e s   o f  r ,  T = 1 a n d  ( 4 1 )  g i v e s   t h e   p l a t e   e q u i v a -  

l e n t   o f  ( 3 9 ) .  T h u s ,   i f  we assume t h a t  t h e   p e r t u r b e d   s t r e s s  

f i e l d s  i n  p l a t e  a n d  s h e l l   a r e   s i m i l a r  u p  t o   d i s t a n c e s  r under  

c o n s i d e r a t i o n ,  a n  approx ima te   va lue   o f  E f o r   t h e   s h e l l  may 

be o b t a i n e d  by m u l t i p l y i n g  ( 3 9 )  by f a c t o r  T which i s  g i v e n   i n  

( 4 1 ) .  W i t h  t h i s ,  ( 4 0 )  may be mod i f i ed   a s  

Y 

- 
m P ' T  

E 
Y S  

" E  ( l + -  
Y l + v  k) 
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A g a i n ,   f o r  v = 1 /3 ,   t he   compar i son   o f   measu red  s t r a i n s  w i t h  

t h o s e   o b t a i n e d   f r o m   ( 4 2 )  i s  seen  i n  F i g u r e s   2 4 ,  25 and  26. 

S i n c e  T i s   a l w a y s   l e s s   t h a n   u n i t y ,  (40  ) g i v e s  a h i g h e r   ( t h e o -  

r e t i c a l )   e s t i m a t e   f o r   t h e   s t r a i n s  - p a r t l y   e x p l a i n i n g   t h e  d i s -  

c repancy  i n  F i g u r e s  21 t o   2 3 .   H o w e v e r ,   d i f f e r e n c e s   a l s o   e x i s t  

i n  F igu res  2 4  t o  2 6 .  T h i s ,   o f   c o u r s e ,   i s   d u e   p a r t l y   t o   t h e  

a s s u m p t i o n   c o n c e r n i n g   t h e   s i m i l a r i t y   o f   s t r e s s   f i e l d s  i n  f l a t  

p l a t e  a n d  s h e l l   w h i c h   l e a d s   t o  ( 4 2 ) ,  and p a r t l y  t o  i n e l a s t i c  

de fo rma t ions   a round   t he   c r ack  t i p .  The f a c t   t h a t   t h e   d i f f e r -  

e n c e s   a r e  more n o t i c e a b l e  a t  h i g h e r   l o a d   l e v e l s   ( i . e . ,  .;) 

a n d  l a r g e r   a / r   r a t i o s   s u b s t a n t i a t e s   t h e   v a l i d i t y  o f  t h e   l a t t e r  

c o n t e n t i o n .  

The e f f e c t s   o f  a f i n i t e   g a g e  w i d t h  can b e  e s t i m a t e d  by ex-  

a m i n i n g  t h e   e r r o r   i n v o l v e d  i n  assuming  the  mean s t r a i n   t o  be 

a t   t h e   c e n t e r   o f   t h e   g a g e .  A s  seen   f rom  F igure  2 7 ,  t h e   a c t u a l  

mean s t r a i n  i s   c l o s e r   t o   t h e   c r a c k  t i p  t h a n  t h e   c e n t e r  o f  t h e  

gage .  The mean s t r a i n  p o i n t  i s   e s t a b l i s h e d  when the   shaded  

a r e a s   a r e   e q u a l .  This means t h a t  t h e  d a t a  w i l l  be p l o t t e d  

c l o s e r   t o   t h e   o r d i n a t e  t h a n  i t  shou ld   be .   Th i s  p u t s  t h e  d a t a  

a b o v e   t h e   p r e d i c t i o n   c u r v e   f o r   t h e   h i g h e r   a p p l i e d  s t r a i n  o r  

s m a l l e r   d i s t a n c e s  r .  F o r  s m a l l   a p p l i e d   s t r a i n s   o r   l a r g e  d i s -  

t a n c e s  r w h e r e   t h e   e l a s t i c   s t r a i n   c u r v e   i s   r e l a t i v e l y  f l a t ,  

t h e   m e a s u r e d   s t r a i n   a n d   t h e  mean s t r a i n   a r e   e s s e n t i a l l y   e q u a l  , 
a n d  t h e   e f f e c t  o f  t h e   f i n i t e   g a g e   l e n g t h   i s   n e g l i g i b l e   ( s e e  

F i g u r e   2 4 ) .  
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To o b t a i n   f u r t h e r   k n o w l e d g e   o f   t h e   s t r e s s e s  i n  t h e   c r a c k  

t i p  a r e a ,   s t a t i c   t e s t s   w e r e   c o n d u c t e d  on P l e x i g l a s  G o f  a p l a t e  

unde r   t ens ion   and  a c y l i n d e r   u n d e r   p r e s s u r e .  S t r a i n s  were 

measured   ahead   of   the   c rack  a t  room t e m p e r a t u r e .   P l e x i g l a s  was 

chosen s o  t h a t   t h e   d i s t a n c e   o f  a s t r a i n   g a g e   a h e a d   o f   t h e   c r a c k  

t i p  cou ld  be measured when the   gage  was mounted on t h e   i n n e r  

s u r f a c e   o f   t h e   c y l i n d e r .  The  nominal  dimensions  were 1 2 "  x 

2 4 "  x 1 /8"  f o r   t h e   p l a t e  and 9 1 / 2 "  d i a m e t e r ,   2 0 "   l e n g t h  a n d  

1/8"  t h i c k n e s s   f o r   t h e   c y l i n d e r .  

The p r e s s u r e   i n   t h e   c y l i n d e r  was measured w i t h  a dead 

w e i g h t   t e s t e r   s i n c e   t h e   t e s t   p r e s s u r e s   w e r e   t o o  low t o  be ac -  

c u r a t e l y   c o n t r o l l e d   w i t h   t h e   t e s t   s e t  u p  d e s c r i b e d   i n   t h i s   r e -  

p o r t .  H i g h e r   t e s t   p r e s s u r e s   w e r e  n o t  p o s s i b l e   w i t h o u t   r i s k i n g  

c a t a s t r o p h i c   f a i l u r e .  

The s t r e s s   i n t e n s i t i e s  on t h e   i n n e r  a n d  o u t e r   s u r f a c e s   o f  

t h e   s h e l l   w e r e   c o m p u t e d   f r o m   t h e   s t r a i n   r e a d i n g s   a h e a d   o f   t h e  

c r a c k .  They  were  then  compared w i t h  t h e   s t r e s s   i n t e n s i t y  com- 

puted   f rom  the  s t r a i n  readi t lg   ahead  of  a n  e q u a l   l e n g t h   c r a c k  

a n d   a p p l i e d   s t r e s s  i n  a p l a t e .  The comparison was  made f o r  

t h r e e   d i f f e r e n t   c r a c k   l e n g t h s .  The r a t i o   o f   t h e   s t r e s s   i n t e n -  

s i t i e s  i n  t h e   c y l i n d e r   t o   t h a t   o f   t h e   p l a t e   s h o u l d   e q u a l  P e  + 

P,, and P e  - P b  on t h e   o u t e r   a n d   i n n e r   s u r f a c e   o f   t h e   c y l i n d e r ,  

r e s p e c t i v e l y .  

3 5  



F i g u r e  2 8  i s  a p l o t   o f   t h e   r a t i o   o f   t h e   s t r e s s   i n t e n s i t y  

f a c t o r s  vs. c r a c k   l e n g t h   f o r   t h e   t e s t  on t h e   P l e x i g l a s   a n d   f o r  

t h e   e i g h t   t e r m s   a n d   F o l i a s '  [ Z ]  s o l u t i o n s .   T h e s e   e x p e r i m e n t a l  

r e s u l t s   a r e   l a r g e l y   q u a l i t a t i v e .  They w e r e   n o t   p u r s u e d   f u r t h e r  

b e c a u s e   o f   t h e   s t e a d y  d r i f t  i n  t he   gage   r ead ings   caused  by 

c r e e p  a n d  t h e   f a c t  t h a t  t h e   c r e e p   c o m p l i a n c e   f o r   t h e  two mate- 

r i a l s  w e r e   n o t   q u i t e   t h e   s a m e .  

" 
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CONCLUSIONS 

The r e s u l t s  o b t a i n e d  i n  t h i s   s t u d y   i n d i c a t e   t h a t  w i t h i n  

t h e   p r a c t i c a l   r a n g e   o f   f a t i g u e   c r a c k   p r o p a g a t i o n   r a t e s ,   i . e . ,  

l o m 7   t o   i n / i n / c y c l e ,   t h e   s t r e s s   i n t e n s i t y   f a c t o r  i s  an 

e f f e c t i v e   c o r r e l a t i o n   p a r a m e t e r  i n  a n a l y z i n g   t h e   f a t i g u e   d a t a ,  

and   provides  a power fu l   means   o f   p red ic t ing   f a t igue   c r ack  

g r o w t h   c h a r a c t e r i s t i c s   o f   s h e l l s   f r o m   t h a t   o f   f l a t   p l a t e s .  

With t h e   e x c e p t i o n  o f  prob lems   i nvo lv ing  " l o w  c y c l e   f a t i g u e " ,  

f r o m   t h e   d e s i g n   e n g i n e e r ' s   v i e w   p o i n t ,   e s s e n t i a l l y   t h e   p r o b l e m  

may b e   r e d u c e d   t o   o n e   o f   e v a l u a t i n g   t h e   s t r e s s   i n t e n s i t y   f a c -  

t o r .   A f t e r   t h i s ,   o n e  may u s e   t h e   f l a t   p l a t e   r e s u l t s   c o r r e l a t e d  

a g a i n s t   t h e   s t r e s s   i n t e n s i t y   f a c t o r   t o   p r e d i c t   t h e   p r o p e r  

g r o w t h  r a t e s .  

F o r  t h e   " l o w   c y c l e   f a t i g u e " ,  i t  i s  s u g g e s t e d  t h a t  a c r a c k  

p r o p a g a t i o n  model based on t h e   p l a s t i c   d e f o r m a t i o n s   a r o u n d   t h e  

c r a c k  t i p  ment ioned i n  t h i s  r e p o r t  may p r o v e   t o  be  more e f f e c -  

t i v e .  
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A P P E N D I X  I 

D e t a i l s  O f  E l a s t i c   S o l u t i o n  

T h e   c o u p l e d   d i f f e r e n t i a l   e q u a t i o n s   t o  be s o l v e d   a r e  

Eha2 a2W R + v 4 F  = 0 (1 .1)  

v 4 w  - - a 2  a 2 F  = 
R D  ( 1 . 2 )  

s u b j e c t   t o   t h e   f o l l o w i n g   b o u n d a r y   c o n d i t i o n s  on t h e   c r a c k  sur-  

f ace  

a n d   t h e   c o n t i n u i t y   r e q u i r e m e n t s  



a l o n g   t h e   p r o l o n g a t i o n   o f   t h e   c r a c k .  A l s o  W a n d  F a n d   t h e i r  

f i r s t   d e r i v a t i v e s   m u s t   b e   f i n i t e   f a r  a w a y   f r o m   t h e   c r a c k .  

F o r   t h e   s y m m e t r i c   c a s e ,   i . e . ,   v o  = 0 a n d  to = 0, W a n d  F 

c a n   b e   r e p r e s e n t e d   a s  

m 

W(x,y)  = w ( s , y )  cos  xs ds 
0 

m 

F ( x , y )  = f ( s , y )  C O S  Xs ds 
0 

If u n i f o r m   c o n v e r g e n c e   i s   a s s u m e d ,   t h e n   t h e   o r d e r   o f   i n t e g r a t i o n  

a n d   d i f f e r e n t i a t i o n   c a n   b e   i n t e r c h a n g e d .   T h e r e f o r e  

m 

V 4 F  = [ S 4 f  - 2S2 dy2 d 2 f  + d 4 f ]  cos  xs  ds 
0 v 
m 

0 4 w  = j [ s 4 w  - 2 s 2  d2W + dy4 d4W]  cos  xs  ds 
0 

a 2 F  
m 

= j - s 2 f  C O S  x s  ds 
0 

m 

3-7- a 2 W  - - s 2 w  cos  xs ds 
0 

E q u a t i o n s   ( 1 . 1 )   a n d   ( 1 . 2 )   c a n  now b e   w r i t t e n   a s  

( 1 . 1 2 )  

4 1  



F o r  t h e   i n t e g r a l s  t o  be zero,   the  integrandsmust  vanish.   There- 

f o r e ,  we have 

E h a 2 s 2  w + s4f  - 2 s 2  dy2 d 2 f  + d 4 f  = 
- R  dy't ( 1 . 1 3 )  

6- d4W - 2s2 dyz d2w + s4w + - a 2 s 2  f = 0 
R D  ( 1 . 1 4 )  

the   so lu t ion  o f  w h i c h  may be wr i t ten   as  

( 1 . 1 5 )  

8 rj Y 
f = 1 Rje 

1 

where Q a n d  R '  a r e   a rb i t r a ry   cons t an t s  a n d  r a r e  
j j j 

= + J s ( s  - ax) 

r 2 - - J  - s ( s  - ax) 

r 3  = + J s . ( s -  + a x )  

r 4  - - - J s ( s  + axr 
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r 5  = + J S ( S  - B X )  

( 1 . 1 6 )  

For  Iyl+m, w and f must v a n i s h ;   t h e r e f o r e ,  Q j  = R !  = 0 f o r  odd 

j. T h e   r e m a i n i n g   c o n s t a n t s   a r e   n o t   l i n e a r l y   i n d e p e n d e n t .  T h u s ,  

s u b s t i t u t i n g  e q u a t i o n s   ( 1 . 1 5 )   i n t o ,   s a y  ( 1 . 1 3 ) ,  we o b t a i n  

J 

Eha2s2  1 
R; = R [VI ( s  - r ? )  Q j  

J 

( 1 . 1 7 )  

Now s u b s t i t u t i n g  t h e  v a l u e s   f o r  r f r o m   e q u a t i o n s   ( 1 . 1 6 )   i n t o  

( 1 . 1 7 ) ,  we f i n d  
j 

R; , 4  = - i Q,,, 

( 1 . 1 8 )  



(1 .15)  a n d  ( I . 1 8 ) ,  we o b t a i n  

+ P4e + 'x) I y I )  c o s  xs  ds ( 1 . 1 9 )  

a n d  

+ a h )  I Y '  - P 3 e  
- J s ( s  - ' A )  I Y I  + P2e 

w h e r e  f s i g n   r e f e r s   t o  y>O a n d  y<O, r e s p e c t i v e l y .   E q u a t i o n s  

( 1 . 1 9 )   a n d   ( 1 . 2 0 )   a r e   t h e   s a m e   a s   t h o s e   o b t a i n e d   b y   F o l i a s  [2]. 

T h e   p r o c e d u r e   t o   b e   f o l l o w e d   t o   a r r i v e   a t   t h e   c o r r e s p o n d i n g  

s i n g u l a r   i n t e g r a l   e q u a t i o n s   i s   t h e n   g i v e n  i n  [ Z ] .  T h u s   d e f i n i n g  

44 



t - ax ( J s ( s  - ah) P 1  - J S ( S  + ax) P2)] COS x s  ds 
S 

( 1 . 2 1 )  

03 

U,(X) = 1 [ J s ( s  - ax) P 1  + J s ( s  + ax) P 2  
0 

- -  ax 
S ( J S ( S  - ax) P 1  - J s (  s + ax) P 2 ) ]  C O S  xs  ds 

(1.22) 

we o b t a i n  

(1.24) 

where   t he   ke rne l s  L 1 ,  L2, L 3 ,  a n d  L4 a r e  ( 5  = x - E )  

(1.25) 



( 1 . 2 6 )  
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( 1 . 2 8 )  

I n  t h e   f o r e g o i n g   e q u a t i o n s ,  v 0  = 1 - v and K n  i s  a Bessel  

f u n c t i o n   o f   t h e  t h i r d  k i n d   o f   o r d e r  n .  

The s o l u t i o n s  u , ( x )  and u , ( x )  must   be   Holder   cont inuous 

f o r  some p o s i t i v e   H o l d e r   i n d i c e s  p l ,  and p 2  f o r   a l l  x i n   t h e  

c l o s e d   i n t e r v a l   ( - l , l ) ,  and u , ( x )  and u , ( x )  a re   bounded  near  

; t h e   e n d s   o f   t h e   c r a c k .   T h e s e   d e t a i l s   a r e   d i s c u s s e d   i n   [ l ] .  
i 

The ke rne l s   can  n o w  be w r i t t e n   i n   s e r i e s   f o r m .   F o l i a s  

e l i m i n a t e s   a l l   t e r m s   o f   o r d e r  x 4  a n d  g r e a t e r  i n  h i s   s e r i e s   e x -  

pansions  which p u t s  a s e v e r e   l i m i t a t i o n  on t h e   u s e f u l   r a n g e  o f  

X .  I n  t h i s   r e p o r t ,   p o l y n o m i a l   a p p r o x i m a t i o n s   o f   t h e   B e s s e l  

func t ions   a r e   u sed   wh ich   con ta in   t e rms  u p  t o  and a r e  good 

f o r  x<2. The s i n e  a n d  c o s i n e   s e r i e s   a r e   e x p a n d e d  u p  t o   t e r m s  

of w i t h  c o r r e s p o n d i n g   e r r o r s   o f  2 . 5  x l o m 8  and 3 . 2  x lo- '  

r e s p e c t i v e l y ,   f o r  x<2. This i s   i n   t h e   r a n g e   o f   e r r o r   f o r   t h e  

B e s s e l   f u n c t i o n s .  The B e s s e l   f u n c t i o n s   a r e   r e g u l a r   t h r o u g h o u t  

t h e  ( x - < )  p l a n e ,   c u t   a l o n g   t h e   n e g a t i v e   r e a l   a x i s .   M u l t i p l y i n g  
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a l l  s e r i e s   t o g e t h e r  t h a t  a r e  now p re sen t  i n  the  kernel a n d  

co l l ec t ing   t e rms ,   t he   i n t eg ra l   equa t ions  can now be w r i t t e n  i n  

the  form 

6 

0 
+ H b x 4 b + 3 ( x - c ) 4 b + 3  l o g  A lx-s  I ]  



a n d  

+ " i Y b l  x 4 b + 3 ( X 4 4 b + 3  log x l x - t I 1  
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( 1 . 3 0 )  

w h e r e   t h e   c o n s t a n t s  Dm, l i b ,  e t c . ,   a r e   l i s t e d  i n  A p p e n d i x  111. 

T h e s e   c o n s t a n t s   a r e   i n d e p e n d e n t   o f   t h e   s h e l l   p a r a m e t e r s   a n d  

m a t e r i a l s   c o n s t a n t s .  

T h e   u n i q u e   s o l u t i o n   o f   ( 1 . 2 9 )   a n d   ( 1 . 3 0 )   a r e  o f  t h e   f o r m  

W 

u , ( g )  = 41 - 5’ 1 A p ? , 2 p ( 1 - ~ 2 ) P ;  1 5 1 < 1  
p=o  

( 1 . 3 1 )  

( 1 . 3 2 )  

w h e r e  A a n d  B a r e ,   g e n e r a l l y ,   c o m p l e x   f u n c t i o n s   o f  x. 
P P 

S u b s t i t u t i o n   o f   ( 1 . 3 1 )   a n d   ( 1 . 3 2 )   i n t o   ( 1 . 2 9 )   a n d   ( 1 . 3 0 )  

l e a d s   t o   t h e   f o l l o w i n g   i n t e g r a l s   w h i c h   h a v e   t o   b e   e v a l u a t e d :  

1 
J ( X )  = ( l - ~ ~ ) ~  + 1 / 2 ( x - c ) n   l o g   I x - 5 1   d g  

Pn - 1  

( 1 . 3 3 )  

w h e r e  n i s  a n   o d d   i n t e g e r .  
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I. 

T h r o u g h   c o n t o u r   i n t e g r a t i o n   a n d  u s i n g  a t a b l e   o f   i n t e g r a l s ,  

we o b t a i n  

n !  r ( 2 b - 1 )  n - 2 r  
+ ' -)- b = l  ' ( 2 p + 2 + 2 b s x  1 r= 1 

( 1 . 3 4 )  

( 1 . 3 5 )  

where q = ( n - 1 ) / 2  f o r  odd n and q = n / 2  f o r   e v e n  n .  J p n W  

can be d e t e r m i n e d  by f i r s t   c o n s i d e r i n g ,   f o r  n = 0 .  

D i f f e r e n t i a t i n g   w i t h   r e s p e c t   t o  x ,  we have 

where I ( x )  i s  known. I n t e g r a t i n g  I ( x )  i n  x g i v e s  J ( x )  p l u s  P P P O  

a c o n s t a n t   o f   i n t e g r a t i o n ,   o r  
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(1.36) 

2 r+n k 

k = l  
( - 1 )  ] + l o g  2 + 1 k f o r  n e v e n  ( 1 . 3 7 )  

J P n  
( 0 )  = 0 ,  f o r  n o d d .  

L e t t i n g  now n = 1 i n  J ( x )   a n d   d i f f e r e n t i a t i n g  w i t h  r e -  
P n  

s p e c t  t o  x ,  we f i n d  

1 1 

P l  - 1   - 1  
J ' ( x )  = ( 1 - g 2 ) p + 1 / 2 d g  + j ( 1 - g  ) '+'I2 l o g  I x - c l  d g  

B u t  f rom ( 1 . 3 5 )  

1 
J ( 1 - ~ 2 ) p + 1 / 2 d g  = I ( x )  = 1~ n -*y ( 2  + 1 - 2 s )  

- 1  P O  s = o  

Hence , 

J '  ( X )  = I ( x )  + J ( x )  
P I  P O  P O  
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Jp1(X)  = I p o  ( x ) d x  + I J p o ( x ) d x  + J ( 0 )  P l  

Or, i n  g e n e r a l ,  we o b t a i n  

' T h e r e f o r e ,  J ( x )  can be r e d u c e d   t o  a combina t ion   of  I ( x ) ,  
P n  P 

I ( x )  and J ( 0 ) .  
P n  P n  

W i t h  the  i n t e g r a l s  g i v e n  by (1.33) known, ( 1 . 2 9 )  and ( 1 . 3 0 )  

can  be w r i t t e n  i n  s e r i e s   f o r m  i n  o d d  powers o f  x .  The c o n t r i -  

b u t i o n s   o f  I ( x ) ,  I ( x )  and J ( x )  t o   e a c h   c o e f f i c i e n t   o f  
P P n  P n  

X 2m+1 , where m = O , l , . .  . , 1 3 ,   a r e  g i v e n  below. 

For  I ( x )  
P 

x + l T  ( - l ) p   ( 2 p + 3 - 2 s )  
p ! 2 P  s = o  2p+3 

x 3  -f lT ( - l ) p - l  ',' (2p+3-2s)- 
( p - l ) ! Z p - '  s=o  2 p + r  

X 2m+ 1 ( - I ) p - r n  ( 2 p + 3 - 2 ~ )  
-b " 

( p - r n )  ! zP"'" s = o  2p+3 
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F o r  I ( x )  
Pn 

X 

x 3  + Tr 

x5  -+ 1T 

; ( 2  + 1 - 2 s )  1 3  
CCo + 1 C n ( 2 n + 1 )  ' ( 2 p + 2 + 2 b )  

( Z n + l - Z b )  
+Tr 

s = o  n = l   b = l  

; ( 2  + 1 - 2 s )  l"l CC1 s = o  n = 2   b = 2  ( 

1 3  
+ C Cn 3! 2 p + 2 b )  

( z n + l ) ( Z n ) ( Z n - l )   ( Z n + l - Z b )  

( 2   + 1 - 2 s )  
+ Cn s = o  n = 3   b = 3  ( 

1 3  ( 2 n + 1 ) " ' ( 2 n - 3 )  r[ ( Z n + l - Z b )  
5 !  2 p - 2 + 2 b )  

2m+l  ; ( 2  + 1 - 2 s )  
X +Tr [Crn s = o  

2m+l 
1 3  r[ (Zn+r-Zrn)  

+ C C n  
r= 1 ( Z n + l - Z b )  

( 2 m + l )  ! n=m= 1 b=m+l ' ( 2 p + 2 + 2 b - Z m )  

where C n  a r e  a p p r o p r i a t e   c o n s t a n t s  Dm, E,,,, e t c .  
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For J ( x )  
Pn 

2s+2n (-l)k 
+ log 2 + 2p+l-2s 

k + IT 2p+2-2s LC,  k=l s = o  

13 n 

n=l b=l n=o 
2n+l-2b  13 

+ 1 ’ ‘n [2p+2+2b I]= 1 CnAnp 

13 

n=l 1P 
letting 1 ‘nA(n-l > p  = B  

13 

n=2  b=2 
+ 1 Cn(2n+l) n -- (Zn-l)(Zn+l-Zb) 2p+2b 1 

13 - 
- 1 ‘nDnp + C E  

n=l 0 nP 
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13 

n=2  2P 
letting  ‘nD(n-l)p = B  

x 5  -f B 
2P  p!2P s = o  

Tr p ( 2  +1-2s) + -  4.5 [ ~ C Z  s = o  

13 

n=3 
+ Cn(2n+l) (2n-1)(2n-2)(2n-3) 1.2.3 
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1 3  
l e t t i n g  1 

n=3  ' n F ( n - l ) p  = B  3P 

+ 7 + 1 C n  
( 2 n ) " " ( 2 n - 5 )  II n (Zn+ l -Zb)  

6 !  2 p - 4 + 2 b )  s = o  n = 4  b = 4  ( 

T r  ; ( 2  + 1 - 2 s )  1 3  

e t c . ,   w h e r e  C n  a r e   a p p r o p r i a t e   c o n s t a n t s  H b ,  L b ,  e t c .  

By c o m p a r i n g   c o e f f i c i e n t s   o f  x i n   t h e   r e s u l t a n t   s e r i e s   f o r m  

of ( 1 . 2 9 )  a n d  ( 1 . 3 0 ) ,  a system  of  2 p  + 2 s i m u l t a n e o u s   e q u a t i o n s  

can  be  formed t o  s o l v e   f o r  A and B . As t h e  number  of  simul- 

t a n e o u s   e q u a t i o n s   i n c r e a s e s  , t h e   v a l u e   f o r  a p a r t i c u l a r  A o r  

B c o n v e r g e s   t o  i t s  e x a c t   v a l u e .   S i n c e   t h e   s t r e s s e s  a t  t h e   c r a c k  

t i p  a r e   d e s i r e d ,  i t  i s  n e c e s s a r y   o n l y   t o   c o m p u t e   t h e   c o e f f i c i e n t s  

A, and B o .  

P P 

P 

P 

The   compute r   p rog rams   fo r   compar ing   coe f f i c i en t s   a r e   g iven  

i n  Appendix IV. F o r   t h e   f i r s t   p r o g r a m   ( c o e f f i c i e n t s   o f  xn) t h e  
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r a n g e   a n d   i n c r e m e n t   o f  x must be e s t a b l i s h e d   a l o n g  w i t h  t h e  

maximum number o f   s i m u l t a n e o u s   e q u a t i o n s  d e s i r e d .  The c a r d   o u t -  

p u t   o f  t h e  f i r s t  p r o g , r a m   b e c o m e s  t h e  i n p u t   o f  t h e  s e c o n d   p r o g r a m .  

F o r  t h e  s e c o n d   p r o g r a m   ( s o l u t i o n   f o r  P e  a n d  P i )  t h e  v a l u e s   o f  

v a n d  m o  must f i r s t  be e s t a b l i s h e d .  This  w a y ,  t h e  o u t p u t   o f  t h e  

f i r s t  p r o g r a m   c a n  be used f o r   v a r i o u s   v a l u e s   o f  U .  The o u t p u t  

o f  t h e  s e c o n d   p r o g r a m  g ives  t h e  v a l u e s   o f  A o ,  B o ,  Pt;  a n d  P e .  

P L  a n d  P e  a r e   d e s i g n a t e d   a s  P l O A  a n d  R P Z O A ,  r e s p e c t i v e l y ,  i n  

t h e  p r o g r a m .  

From ( 2 1 - 2 4 )  a n d  

m 

s-’J ( g s ) c o s   x s  ds = 
0 ’ 

we o b t a i n  

J 1  (SI 
4 P + )  = [ s  Ao+Bo - Ao-Bo, + 

4- 
... ax 

( 1 . 3 9 )  

( 1 . 4 0 )  
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( 1 . 4 1 )  

( 1 . 4 2 )  

The s t r e s s e s  may t h e n  be o b t a i n e d  by a )   s u b s t i t u t i n g   e q u a t i o n s  

t 3 9 )   t h r o u g h  (I42) i n t o   e q u a t i o n s   ( 1 9 )   a n d  ( 2 0 ) ;  b )  s u b s t i t u t i n g  

t h e  r e s u l t  i n t o  t h e  b o u n d a r y   c o n d i t i o n s ,   e q u a t i o n s  ( 3 )  t h r o u g h  

( 6 )  ; a n d  C )  c h a n g i n g  t h e  o r d e r  o f  i n t e g r a t i o n   a n d   d i f f e r e n t i   a -  

t i o n .  
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APPENDIX I1 

Crack Growth Data 

shell #9 - 6063-T6 shell #10 - 6063-~6 
Mean stress = 6850 psi Mean stress = 7220 psi 
Stress range = 6300 psi Stress range = 6770 psi 

2a 

0.30610 
0.32310 
0.33470 
0.35820 
0.38300 
0.40640 
0.42420 
0.43060 
0.44905 
0.46365 
0.47835 
0.49540 
0.51085 
0.53320 
0.55655 
0.58300 
0.62025 
0.64550 
0.67170 
0.69660 
0.74250 
0.76110 
0.79300 
0.83430 
0.87125 
0.91830 
0.96850 
1.00325 
1.05730 
1.08470 
1.12240 
1.15820 
1.20280 
1.26430 
1.32980 
1.38800 
1.42360 
1.46950 
1.49250 
1.56720 
1.64260 

0.28620 
A n  

0 , 000 
3 , 000 
2,000 
2 , 000 
2 , 000 
2,000 
1,500 
1 , 000 
1,000 
1 , 000 
1,000 
1 , 000 
1,000 
1 , 000 
1 , 000 
1,000 
1,000 
1,000 
600 
600 
600 
600 
300 
300 
300 
300 
300 
300 
200 
200 
100 
100 
100 
100 
100 
75 
45 
30 
30 
30 
30 
30 

2a 
0.31280 
0.34320 
0.36270 
0.38400 
0.41310 
0.44970 
0.49010 
0.52250 
0.55050 
0.60010 
0.63720 
0.69000 
0.75670 
0.82720 
0.89240 
0.94890 
1.03220 
1.11260 
1.17960 
1.21130 

A n  
0 , 000 
3,000 
2,000 
2,000 
2 , 000 
2,000 
1 , 000 
1 , 000 
1 , 000 
1,000 
600 
600 
600 
600 
300 
200 
200 
100 
100 
100 
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shell #11 - 6 0 6 3 - ~ 6  

Mean stress = 3590 psi 
Stress range = 3370 psi 

2a 
0.28900 
0.29320 
0.29850 
0.29960 
0.30280 
0.30560 
0.30800 
0.31280 
0.31620 
0.32330 
0.32530 
0.32610 
0.33040 
0.33700 
0.34010 
0.34440 
0.34630 
0.34310 
0.35320 
0.35370 
0.36630 
0.36980 
0.37010 
0 . 37450 
0,37600 
0.38270 
0.38400 
0.38810 
0.39470 
0.40090 
0.40440 
0.40860 
0.41380 
0.42080 
0.42720 
0.43770 
0.45300 
0.46310 
0.47300 
0.47910 
0.48430 
0.49510 
0.50460 

A n  
0,000 
6 , 000 
6,000 
6,000 
6 , 000 
6 , 000 
6,000 
6,000 
6 , 000 
6,000 
6,000 
6 , 000 
6 , 000 
6 , 000 
6 I 000 
6 , 000 

12  / 000 
6 , 000 
6 , 000 

12 , 000 
6 I 000 
6 , 000 
6,000 
6,000 
6 , 000 
6 , 000 
6 , 000 
6 , 000 
6,000 
6,000 
6,000 
6 , 000 
6 , 000 
6,000 
6,000 
6,000 

12 , 000 
6 , 000 
6 , 000 
6,000 
6 , 000 
6 , 000 
6,000 

shell #11 cont. 

2 a  
0.51730 
0.52220 
0.54410 
0.55770 
0.56610 
0.57430 
0.58610 
0.59560 
0.60380 
0.62840 
0.64720 
0.66160 
0.68450 
0.70430 
0.72880 
0.75840 
0,83490 
0.37040 
0.92110 
0.94750 
0.97910 
1.02800 
1.05350 
1.10690 
1.15780 
1.22710 
1.25570 
1.28530 
1.32240 
1.35580 
1.39430 
1.44950 
1.53580 
1.55210 
1.65430 
1,75300 
1.88270 
2 . 00240 

A n  
6 , 000 
6,000 
6 , 000 
6 , 000 
6,000 
6,000 
6,000 
6 , 000 
6 , 000 
6 , 000 
6 , 000 
6 , 000 
6 , 000 
6,000 
6,000 
6,000 
6 , 000 
6,000 
6 , 000 
3,000 
3 , 000 
3 , 000 
3 , 000 
3,000 
3 , 000 
3 , 000 
1 , 000 
1,000 
1,000 
1 , 000 
1 , 000 
1,000 
1 / 000 

GOO 
600 
600 
600 
312 
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shell #12 - 6063-T6 
M e a n  stress = 5370 psi 
stress range = 5040 p s i  

2a 
0.33450 
0.34220 
0.34420 
0.35240 
0.35480 
0.36340 
0.37090 
0.37800 
0.38740 
0.39510 
0.40070 
0.41290 
0.41620 
0.41750 
0.42060 
0.42300 
0.42520 
0.42560 
0.42850 
0.42930 
0.42980 
0.43320 
0.43690 
0.44070 
0.44270 
0.44640 
0.44710 
0.44860 
0.45370 
0.45730 
0.45940 
0.46560 
0.46940 
0.47580 
0.47880 
0.48920 
0.49790 
0.50750 
0.51480 
0.52130 
0.53130 
0.53970 
0.55170 

nn 
0 , 000 
1,500 
1,500 
1,500 
1,500 
1,500 
1,JOO 
1,500 
1 , 500 
1,500 
1,500 
3 , 000 
1,500 
1 , 500 
1,500 
1,500 
1,500 
1,300 
1 , 500 
1,500 
1 , 500 
3 , 000 
1,500 
1 , 500 
1 , 500 
1 , 500 
1,500 
1,500 
1,500 
1,500 
1,500 
1,500 
1,500 
1,500 
1 , 500 
1,500 
1,500 
1,500 
1,500 
1,500 
1,500 
1,500 
1,500 

shell #12 cont. 

2a 
0.56040 
0.56770 
0.57930 
0.59360 
0.60710 
0.62290 
0.65300 
0.65980 
0.66890 
0.68900 
0.69620 
0.70560 
0.72300 
0.78370 
0.79750 
0.31930 
0.85630 
0.85090 
0.91360 
0.94950 
1.00120 
1.09660 
1.18510 
1.21030 
1.24630 
1.30530 
1.38350 
1.44970 
1.48700 
1.55740 
1.67910 

An 
1 , 500 
1,500 
1,500 
1,500 
1 , 500 
1,500 
1,500 
1 , 000 
1 , 000 
1 , 000 
1 , 000 
1 , 000 
1,000 
1 , 000 
1 , 000 
1 , 000 
1,000 
1,000 
1,000 
1 , 000 
1 , 000 
1,000 
600 
150 
150 
150 
150 
100 
100 
100 
100 
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Shell  #13 - 6063-~6 
Mean stress = 11080 psi 
Stress  range = 3400 psi 

2a 
0.51790 
0.52680 
0.53760 
0.54700 
0.55740 
0.58920 
0.59870 
0.60770 
0.61640 
0.62810 
0.64240 
0.65850 
0.67170 
0.68520 
0.70370 
0.72050 
0.73160 
0.74890 
0.76630 
0.78440 
0.81170 
0.33320 
0.85840 
0.88040 
0.90100 
0.92500 
0.95730 
0.98810 
1.02400 
1.05530 
1.08860 
1.13280 
1.17450 
1.24830 
1.30170 
1.40930 
1,44390 
1.48710 
1.53030 
1.56740 
1.60530 
1.62170 
1 . 64340 
1.. 67250 
1.69460 

An 
0,000 
2 , 000 
2 , 000 
2 , 000 
2 , 000 
2 , 000 
2 , 000 
2 , 000 
2 , 000 
2 , 000 
2,000 
2 , 000 
2 , 000 
2 , 000 
2 , 000 
2 , 000 
2,000 
2,000 
2,000 
2,000 
2 , 000 
2,000 
2,000 
1,500 
1,500 
1 , 500 
1,500 
1,500 
1,500 
1,000 
1 , 000 
1,000 
1 , 000 
1 , 000 
600 
300 
300 
300 
300 
200 
200 
100 
100 
100 
100 

shell s14 - 6063-~6 
Mean stress = 5460 psi 
stress  range = 5070 psi 

2a 
0.28800 
0.30380 
0.31530 
0.32990 
0.34250 
0.35640 
0.37490 
0.39010 
0.43630 
0.46130 
0.48830 
0.51920 
0.55030 
0.59870 
0.66260 
0.74190 
0.80430 
0.84530 
0.89250 
0.95310 
1.02590 
1.11490 
1.21150 
1.39390 
1.43850 
1.51110 
1.61260 

An 
0 , 0 0 0  
3 , 000 
3,000 
3 , 000 
3,000 
3,000 
3 , 000 
3 , 000 
3 , 000 
3 , 000 
3 I 000 
3,000 
3 I 000 
3 , 000 
3 ,000 
1 , 500 
1,500 
1 , 000 
1 , 000 
1 , 000 
900 
600 
600 
600 
100 
100 

60 

Shel l  #15 - 6063-T6 
Mean  stress "8420 psi 
stress range = 5120 psi 

2a 

0.29500 
0.30880 
0.32070 
0.33390 
0.35100 
0.36650 
0.39070 
0.41720 

0.28130 
A n  
0 , 000 
3 , 000 
3 , 000 
3 , 000 
3 , 000 
3 , 000 
3,000 
3,000 
3 , 000 
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s h e l l  #15 cont .  

2a 
0.44460 
0.47620 
0.51440 
0.55910 
0.61560 
0.64430 
0.68910 
0.72360 
0.79160 
0.85290 
0.91370 
0.97620 
1.08060 
1.15850 
1.24910 
1.33480 
1.42010 
1.45870 
1.48930 
1.50910 

a n  
3 , 000 
3 ,000 
3 ,000  
3 ,000  
3 , 000 
1,500 
1 ,500 
1 ,500  
1 ,500 
1 , 5 0 0  
1,000 
1,000 
1,000 

600 
600 
300 
200 
100 

60 
60 

s h e l l  318 - 6 0 6 3 - ~ 6  

Mean stress = 5350 p s i  
stress range = 5070 p s i  

2a n n  
0.28320 0,000 
0.30200 3 I 000 
0.30970 3 , 000 
0.32320 3 ,000  
0.33930 3 ,000 
0.35550 3 , 000 
0.37220 3 , 000 
0.38340 3 , 000 
0.39370 3 , 000 
0.40900 3 ,000 
0.42080 3 ,000  
0.43850 3 , 000 
0.45520 3 ,000 
0.47400 3 , 000 
0.49440 3 ,000  
0.51450 3 I 000 
0.53510 3 ,000  

Shel l  #18 cont .  

2a An 
0.56170 3 , 000 
0.58920 3,000 
0.62890 3 , 000 
0.67040 3 , 000 
0.72020 3 , 000 
0.75680 1,500 
0.80430 1 , 500 
0. S5100 1 , 500 
0.93120 1 ,500  
1.02170 1 , 000 
1.17970 1,000 
1.37290 GOO 
1.59050 150 

shell #19 - s m  1018 s t e e  

Kean stress - 7 0 0 0  p s i  
stress r a n g e =  7000 p s i  

2 a  
0.32575 
0.32635 
0.32645 
0.32720 
0.32755 
0.32800 
0.32830 
0.33080 
0.33455 
0.33655 
0.33925 

An 
0 , 0 0 0  
6 , 000 
6 , 000 
6,000 

12 ,000 
6 , 000 
6,000 
6,000 

12 p 000 
6 ,000  
4,000 

Mean stress= 7500 p s i  
Stress range= 7500 psi 

2a A n  
0.33925 00,000 
0.34070 12 ,000 
0.34395 12 ,000 
0.34425 12,000 
0.34660 12,000 
0.34915 6,000 
0.35880 G I  000 
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Dm N m + h - R m  
H .t Vn+W,-Yn n 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 

. ._  - ." . - "" ~~~ "" . . 

N, 
~~~ 

m 
~ Gm . ~ ~~ ~ 

-5.5791176~10-~ -5.1318632~10'~ -3.9269908~10'~ 
7,1585753~10'~ 7.1585759~10'~ 1.1866800~10'~ 

-1.5027655~10'~ -1.4570399~10'~ 1.6106839~10'~ 
-6.1278490~10'~ -3.4002697~10'~ -2.9019260~10'~ 
8.8787107~10-~ 4.4362985~10'~ -4.0143251~10'~ 
6.3429595~10-~ 2.4395960~10'~~ -1.8654274~10'~~ 

-6.0045804~10'~~ -2.1138323~10'~~ 1.9537601~10"~~ 
-1.6814260~10'~~ -4.9414796~10'~~ -1.5540472~10'~~ 
1.1431171~10-~~ 2.8896248~10'~~ -3.0005865~10"~~ 
1.5924912~10-~~ 3.6827901~10'~~ 1.8927971~10'~~ 

-7.4005562~10-~~ -1.0961288~10-~~ 1.6359083~10'~~ 
-5.2590588~iO-~~ -9.0371123~10-~~ -7.4051638~10"~~ 
1.2557491~10'~~ 0.0 -2.2267587~10 -27 
2.8131237~10-~~ 0.0 0.0 

m 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 

- .  
Qm Rm 
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n Ln Mn Vn 

0 -7. 5000000x10'1 -1,2500000~10'~ -5.2083315~10'~ 
1 3.7597711~10'~ 2.6855499~10'~ 4.1561584~10'~ 
2 -9,7111261~10'~ -4.4141460~10'~ -4.2136356~10'~ 
3 4.7984694~10'~~ 1.5995248~10'~~ 1.1054316~10'~~ 
4  -7.4311015~10'~~ -1.9408545~10'~~ -1.0269010~10'~~ 
5 4.2725291~10'~~ 8.6315720~10'~~ 3.0250342~10'~~ 
6  -7.3171341~10'~~ -1.0028985~10'~~ 0.0 

n wn yn 

0 -3. 9062497~10'~ -9.1145820~10'~ 
1 -3.8625199~10'~ 4.3293579~10'~ 
2 -3.8571553~10'~ -3.1061901~10'~~ 
3 1.0354265~10'~~ 6.2916872~10'~~ 
4 -1.0007218~10'~~ -4.6890740~10'~~ 
5 3.6710074~10'~~ 1.1506409~10'~~ 
6  -3.5817803~10'~~ 0.0 
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FIGURE 1 

SHELL  COORDINATES 
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FIGURE 2 

Superposition principle 
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FIGURE .3 

stress Intensity Ratio in Tension v s . h  

P, = 1.0004 - ,062432 h + -67419 h2 
- 1.0367 A3 + 1.0184 h4 - .49949h5 
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FIGURE 4 

Stress Intensity Ratio in  Bending vs, h 

- 2  

- 1  

pb 

0 

"1 

- - 2  

P1; = -5.6207~10'~ t -0016268h 

-.14611 h2 + .25010 h3 - .21721 h4 
+ .097711 h5 - -017632 h6 

8 Terms 7 



FIGURE 5 

Experimental  Test  set up 
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FIGURE 6 

schematic Diagram of Pressurization System 
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FIGURE 7 

Cross Section of Mounted 
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FIGURE 8 
Measured HOOP strain vs. Pressure 
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FIGURE 9 

surface Displacements Ahead of crack 
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FIGURE 10 

Radial Displacements at crack Tip 
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FIGURE 11 

da/dn vs. K, 

shell #9 
". . . 

I I 
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FIGURE 12 

da/dn vs. K, 

shell #10 

da/dn 
(in./cyc.) 

10'6 
1 

I 

M e a n  stress = 7220 psi 

Stress  Range = 6770 psi 

da/dn = 6.99~10 Kr -20 3-99 

M e a n  stress = 7220 psi 

Stress  Range = 6770 psi 

da/dn = 6.99~10 Kr -20 3-99 
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da/dn 
(in./cyc.) 

FIGURE 13 

da/dn vs. K, 

shell #11 

I 

Mean stress = 3590 p s i  

stress range = 3370 psi 

da/dn = 2.82~10 K, -18 3 .4  
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da/dn vs. K, 

She11 #12 

da/dn 
(in./cyc.) 
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da/dn 
( in . / cyc . )  

l o +  

FIGURE 15 

da/dn vs. Kr 

shell #13 

I 

Mean stress = 11"' 

stress range = 3400 p s i  

da/dn = 2.54~10 K, 
-17 3.2 

"80 psi 
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da/dn 
(in./cyc.) 

1 

FIGURE 16 

da/dn vs. K, 

shell #14 

Mean stress = 5460 p s i  - 

Stress range = 5070 p s i  

da/dn = 1.16~10-~’K, 3 . 3 ’  
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FIGURE 17 

da/dn vs. K, 

shell #15 

da/dn 
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da/dn 
(in./cyc.) 

FIGURE 18 

da/dn vs. K, 

s h e l l  #18 

-~ 
I 

Mean stress = 5350 psi 

stress range = 5070 psi 

da/dn = 4.21~10 K, 
-18 3 - 4 6  

lo3  
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FIGURE 19 

da/dn vs.  K, 

combined  Data 
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FIGURE 21 

Measured  and  Theoretical  Strain  Ahead of crack 

Approximate Elastic  Stress  Distribution 
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FIGURE 23 

Measured and Theoretical  strain Ahead of crack 

Approximate  Elastic  Stress  Distribution 
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FIGURE 24 

Measured  and  Theoretical  Strain  Ahead of crack 

Exact  Elastic  Stress  Distribution 
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FIGURE 25 

Measured and Theoretical Strain Ahead of Crack 

Exact Elastic Stress Distribution 
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FIGUR3 26 

Measured  and  Theoretical  Strain  Ahead of crack 

Exact  Elastic  Stress  Distribution 
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F I G U R I i  27 

Comparison of Exact  and ApI:rcximate E l a s t i c  S t r e s s  

D i s t r i b u t i o n  Ahead of  Crack  T i p  of a Plate  
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FIGURE 28 

Strain  Gage  Measurement of Elastic 

Strain  Distribution Ahead of crack  Tip 
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r (assumed) 
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FIGURE 29 
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Ratio of Stress Intensity  Factors 

vs. crack Length 
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TABLE I 

Ratio of Bending  and Extension Stress Intensity Factors 

Lambda 

0.2 

0.4 

0.6 

0.8 

1.0 

1.2 

1.4 

mmber 
of Terms 

1 
2 
3 
4 
5 

1 
2 
3 
4 
5 

1 
2 
3 
4 
5 

1 
2 
3 
4 
5 

1 
2 
3 
4 
5 

1 
2 
3 
4 
5 

1 
2 
3 
4 
5 

p1; - 
-.0051019192 -. 0041031887 
-.0041033655 
-.0041033621 
-.0041033620 

-. 015236659 -. 011216673 
-.011225325 
-.011225110 
-.011225111 

-. 028057980 -. 018787392 
"018868454 
-.018866012 
-.018866060 

-. 042834541 
-.025568961 
-.025954295 
-.025940092 -. 025940806 
-. 059402877 
-.030603158 
"031862534 
-.031803183 
-.031808820 

-. 077912602 -. 033109799 
"036358222 -. 036151880 -. 036181704 
-. 098740334 
-.032583775 -. 039741104 
-.039103933 
-.039224727 
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Pe 
- 

1.0098910 
1.0096026 
1.0096165 
1.0096165 
1.0096165 

1.0400153 
1.0365794 
1.0368121 
1.0368120 
1.0368120 

1.0914843 
1.0770401 
1.0783070 
1.0783040 
1.0783044 

1.1662898 
1.1262195 
1.1305623 
1.1305323 
1.1305365 

1.2676320 
1.1788943 
1.1903994 
1.1902133 
1.1902435 

1.4002 587 
1.2299395 
1.2557787 
1.2549311 
1.2550822 

1.5709013 
1.2749862 
1.3269937 
1.3238708 
1.3244645 



Lambda Number 
of Terms 

1.6 1 
2 
3 
4 
5 
6 
7 
8 

1.8 

2.0 

2.2 

'e 

-. 12246910 
-.028898230 - . 043  134074 
-.041332584 -. 041742601 
-.041794437 
-.041820487 
"041824244 

-. 14989761 
-.022320944 
-.049097614 
-.044323031 
"045575215 
-.045875596 
-.046006773 -. 046040097 
-.18205641 
-.013448964 -. 063462692 -. 051162538 
-.054819958 
-.056320724 
-.056919967 
-.057171478 

-.22020109 -. 003138382 -. 10295845 
-.069631625 
-.080504750 -. 087935212 
-.090599756 
-.092476415 

1.7888593 
1.3108542 
1.4087889 
1.3988892 
1 . 4008612 
1.4009645 
1.4010472 
1.4010507 

2.0667491 
1.3355743 
1.5152988 
1.4869035 
1.4927968 
1.4936068 
1.4940039 
1.4940656 

2.4213584 
1.3482143 
1.684802 1 
1.6069464 
1.6237831 
1.6288229 
1.6305416 
1.6312284 

2.8743619 
1.3491155 
2.0391259 
1.8161060 
1.8654519 
1.8963699 
1.903  5743 
1.9106433 
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TABLE I1 

MECHANICAL  PROPERTIES OF 6063-T6 ALUMINUM 

Property  Typical  Average  value for Shell #10 
value 

Meridional  Circumferential 

strength (psi) 
Tensile 35,000 29,260 31,450 
Yield 31,000 27 , 790 27,850 

Elongation 
in 2" (%) 12 - 18 5.5 6.5 

TABLE I11 

Nominal Average values 
size (in. 1 
(in. 1 shell shell  Shell  Shell  Shell 

9 10 12 13 15 
Diameter 

outside 8.00 

Inside 3 , 7880 - 3,7881  3.7881  3.7879 

variation -to 0008 +.0003 t.0005  +.0006 -. 0006 -.0005 -.0008 -.0011 
- 

Wall  Thickness . 072 - -0745 - - - 
variation - - +.0006 - - - 

- 0  0010 
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TABLE IV 

Shell 

Flat to Shear Fracture 

Transition Zone 

Initiation Termination 

a Kr da/dn a Kr da/dn 
9 ” ” ”- .293  4140 
11 .360 2610 1.8~ .550 3910 1.75~1012 
12 .285 3240 4.2~10’~ .449  4760 

8.00~10-~ 
1.75~10 

.465  3300 9.70~10’~ 13 
18 .149  2100 1.6~10-~ .422  4520 1 . 4x ” ” ”- 



TABLE V 

Crack Growth Constants of 

6 0 6 3 4 6  Aluminum 

shell P A '  2 ("(1+9 L-1 log syx 

9  1.087 2 . 69xlO-l' 3.82 0.994 0.153 
10 1.066 6 .99~10 '~ '  3.99 0.980 0.284 
11 1.065 2 . 8 2 ~ 1 0 ' ~ ~  3.46 0.970 0.303 
1 2  1.065 1 , 9 7 ~ 1 0 ' ~ ~  3.54 0.965 0.339 
13  3,259 2 . 5 4 ~ 1 0 " ~  3.29 0.979 0.171 
14  1.077 1 . 1 6 ~ 1 0 ' ~ ~  3.37 0.994 0.127 
15  1.644 5 . 0 5 ~ 1 0 ' ~ ~  3.19 0.998 0.069 
18 1.055 4.2 lx 3.46 0.965 0,276 

da/dn = 1 . 0 6 8 ~ 1 0 ' ~ ~ ( 1 +  n )  
. 753 

-753  3.85 
Kr 

A' = B ( 1 +  S2) 

9  1.087 4. O ~ X ~ O - ~ ~  
10 1.066 1.00~10-19 
11 1.065 4 . 0 7 ~ 1 0 ' ~ ~  
1 2  1.065 2 . 8 7 ~ 1 0 ' ~ ~  
13  3.259 3 . 2 0 ~ 1 0 ' ~ ~  
14 1.077 1 . 6 1 ~ 1 0 " ~  
15  1.644 6.8 6x 
18 1.055 6 . 0 9 ~ 1 0 ' ~ ~  

3-76 0.994 0.156 
3.93 0.979 0.284 
3.40 0.970 0.304 
3.48 0.964 0.341 
3.25 0,978 0.171 
3.32 0.994 0.130 
3.15 0.998 0.069 
3.41 0.965 0.280 

da/dn - 1 . 3 9 ~ 1 0 - ~ ~  (l+ n ) -729  3-80 
Kr 


