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BASIC RESEARCH I N  TOPOLOGY 

The r e s e a r c h  accomplished w a s  w i t h  two purposes ,  One f a c e t  of t h e  

i n v e s t i g a t i o n  w a s  t h a t  of examining proximity spaces  and t o p o l o g i c a l  spaces 

(not  as g e n e r a l  as Hausdorff spaces)  w i t h  i n t e n t  of e s t a b l i s h i n g  a theory  

of i n t e g r a t i o n  which does n o t  r e q u i r e  l o c a l  compactness. 

I n  t h e  c a s e  of t o p o l o g i c a l  spaces ,  i t  w a s  e s t a b l i s h e d  t h a t ,  i n  a r e g u l a r ,  

deve lopable  t o p o l o g i c a l  space  i t  i s  p o s s i b l e  t o  e s t a b l i s h  the u s u a l  theory  

of i n t e g r a t i o n  provided t h e  space i s  a hedgehog i n  which c losed  sets are 

Th i s  i s  a h i g h l y  r e s t r i c t e d  space  i n  which each p o i n t  i s  e i t h e r  a n  i n t e r i o r  

p o i n t  of a n  arc o r  an  end p o i n t  common t o  uncountably many arcs, While t h e  

theory remains c o n s i s t e n t ,  t h e r e  i s  s e r i o u s  q u e s t i o n  t h a t  a p p l i c a t i o n  of v a l u e  

w i l l  be  forthcoming s i n c e  t h e  space  i t s e l f  must b e  so  h igh ly  r e s t r i c t e d .  

G6 

S imi l a r  r e s u l t s  were found concerning proximity spaces .  Each proximity 

space g i v e s  r i se  t o  a t o p o l o g i c a l  space  such t h a t  t h e  topology ag rees  wi th  

t h e  proximity space.  

of i n t e g r a t i o n ,  t h e  t o p o l o g i c a l  space  i d e n t i f i e d  w i t h  t h e  proximity space  

must b e  desc r ibed  as above. Thus, t h e  proximity space  i s  seen  t o  be  one which 

i s  s o  h i g h l y  r e s t r i c t e d  t h a t  a n t i c i p a t e d  v a l u e  of r e l a x a t i o n  of t h e  c o n d i t i o n  

of l o c a l  compactness d i d  n o t  f i n d  f r u i t i o n .  

For a proximity space  t o  g i v e  r ise t o  a reasonable  theo ry  

Another f a c e t  of the i n v e s t i g a t i o n  w a s  t h a t  of i n v e s t i g a t i n g  cover ing  

p r o p e r t i e s  w i t h  p a r t i c u l a r  a t t e n t i o n  g iven  t o  t h e  p rope r ty  of coun tab le  para- 

compactness. Earlier p r e p r i n t s  submit ted d e s c r i b e  i n  more d e t a i l  t h e  r e s u l t s  

ob ta ined .  

Cons iderable  a t t e n t i o n  w a s  g iven  t o  t h e  q u e s t i o n  as t o  whether each normal, 

r e g u l a r ,  deve lopable  t o p o l o g i c a l  space  i s  a subspace of a complete,  r e g u l a r ,  



developable  normal space,  

t h a t  each normal Moore space  is  a subspace of a normal Moore space which 

c o n t a i n s  a dense metric subspace,  This  would g i v e  a d d i t i o n a l  i n s i g h t  i n t o  

t h e  problem of de t e rmin ing  whether each normal Moore space is  m e t r i z a b l e ,  

Should t h i s  r e s u l t  be v a l i d ,  i t  would e s t a b l i s h  

However, i n  t h e  c o n s t r u c t i o n  of completeness used,  r e g u l a r i t y  w a s  

s a c r i f i c e d  t o  a c q u i r e  completeness. The primary r e s u l t  t hen ,  w a s  t h a t  each 

s e m i - m e t r i c  space i s  a dense subspace of a s t r o n g l y  complete s e m i - m e t r i c  space. 

Should t h e  completion space  have been r e g u l a r ,  t h e n  i t  would have been estab-  

l i s h e d  t h a t  each r e g u l a r  s e m i - m e t r i c  space i s  a dense subspace of a complete 

Moore space  and t h u s  would b e  a dense subspace of a r e g u l a r  developable  space 

which c o n t a i n s  a dense metric subspace. 

I n  a d d i t i o n ,  two NASA T r a i n e e s ,  working under t h e  d i r e c t i o n  of t h e  

p r i n c i p a l  i n v e s t i g a t o r  earned t h e i r  d o c t o r a t e ,  p a r t i a l l y  s a t i s f y i n g  t h e  re- 

quirements  f o r  t h a t  deg ree  by t a k i n g  as  d i s s e r t a t i o n  t o p i c s  theorems which 

d e a l  w i t h  t h e  problems d i s c u s s e d  h e r e i n ,  S ince  t h e  r e s e a r c h  e f f o r t  w a s  c l o s e  

between p r i n c i p a l  i n v e s t i g a t o r  and s t u d e n t ,  a t  least p a r t i a l  suppor t  must b e  

c r e d i t e d  t o  t h i s  g r a n t ,  A l i s t  of t h e  r e s u l t s  ob ta ined  fol lows:  

Suppose t h a t  X i s  a countably paracompact t o p o l o g i c a l  space  and f 

i s  a proper  mapping t a k i n g  t h e  t o p o l o g i c a l  space  Y on to  X, Then Y is  

countably paracompact. 

The t o p o l o g i c a l  product  of X x Y of a countably paracompact space  X 

and a bicompact space  Y is coun tab ly  paracompact, 

The t o p o l o g i c a l  product  X x Y  of a countably paracompact space  X 

and a l o c a l l y  bicompact Lindelof  space  Y i s  countably paracompact, 

The t o p o l o g i c a l  product  X x Y of a l o c a l l y  bicompact s e p a r a b l e  metric 

space  X and a paracompact normal t o p o l o g i c a l  space  Y is normal, 



i 
J 

Suppose t h a t  {Xi, IT . )  i s  a n  i n v e r s e  system such t h a t  

( a )  f o r  some i x i s  countably paracompact 
o 9  i 

0 

i 
1 J 

(b)  f o r  each i, i s  proper  and onto,  Then inv. l i m a  {Xi, IT.) 

is  countably paracompact, 

The t o p o l o g i c a l  s p a c e  X i s  normal i f  i t  i s  t r u e  t h a t  i f  H and K 

are mutual ly  e x c l u s i v e  c losed  sets i n  X,  t h e n  t h e r e  i s  a sequence of domains 

The t o p o l o g i c a l  space  X i s  p e r f e c t l y  normal i f  and only i f  i t  i s  t r u e  

t h a t  i f  H i s  a c losed  s u b s e t  of X, t hen  t h e r e  is  a sequence {D1. ...> 
such t h a t  n c i ( D . )  = n ( D . )  = H, i&J 1 i E J  1 

The fo l lowing  c o n d i t i o n s  are equ iva len t :  

( a )  I f  X is a countably paracompact T -space such t h a t  every c losed  2 

subse t  of X i s  a Gg set ,  then  X is  normal. 

i (b) I f  {Xi’ rj1 i s  a n  i n v e r s e  system w i t h  bonding maps onto and, 

i s  a countably paracompact T -space such t h a t  every c losed  2 f o r  each i, Xi 

i 
J 

s u b s e t  of Xi is  a Gg se t ,  then  inv .  l i m a  {Xi, IT . )  i s  h e r e d i t a r i l y  countably 

paracompact, 

(c) I f  X is a countably paracompact T space  such t h a t  every c losed  2- 

s u b s e t  of X i s  a G se t ,  t h e n  X is  h e r e d i t a r i l y  countably paracompact, 6 

Every h e r e d i t a r i l y  countably paracompact T 2-space S such t h a t  each 

c losed  s u b s e t  of S is a Gg set is  normal i f  and on ly  i f  i t  is  t r u e  t h a t  

i 
J 

i s  he r  ed i t a r  i l y  
xi if {Xi’ IT.) is a n  inverse system, such t h a t  f o r  each i, 

countably paracompact T2-space such t h a t  each c losed  s u b s e t  of Xi i s  a G6 

set w i t h  bonding maps on to ,  t h e n  inv.  l i m .  

paracompac t e 

i 
3 

{Xi’ n . 1  is  h e r e d i t a r i l y  countably 



, t hen  every sepa rab le  countably paracompact Moore space  

i s  normal i f  and only  i f  every s e p a r a b l e  h e r e d i t a r i l y  countably paracompact 

Moore space  is  normal. 

The fo l lowing  c o n d i t i o n s  are equ iva len t :  

(a )  I f  X i s  a cb-space such  t h a t  every c l o s e d  s u b s e t  of X i s  a 

G6 set ,  then  X i s  normal, 

(b) I f  X i s  a cb-space such t h a t  every c losed  subse t  of X is  a 

G6 set ,  then  X i s  h e r e d i t a r i l y  countably  paracompact, 

(c)  I f  X i s  a cb-space such t h a t  every c losed  s u b s e t  of X i s  a 

G6 set ,  then  every subspace of X i s  a cb-space, 

(d)  I f  {Xi' IT!) is  a n  i n v e r s e  system such  t h a t  each Xi is  a cb- 
J 

i 
i s  a G set, inv.  l i m .  {Xi9 n , }  

6 J 
space  such t h a t  each c losed  subse t  of Xi 

i s  h e r e d i t a r i l y  countably  paracompact 

i 
J i (e)  I f  {Xi, IT . )  i s  a n  i n v e r s e  system such t h a t  each X is  a cb- 

is a G6 se t ,  wi th  bonding maps xi space  such t h a t  each c losed  s u b s e t  of 

on to ,  t hen  every subspace of inv, l i m o  
i 
J 

{Xi, T T , )  i s  a cb-space. 

Every paracompact t o p o l o g i c a l  space  i s  s tong ly  paranormal,  

Every paranormal space  is  countably paracompact. 

3- space = 
Every paranormal T2-space is  a T 

Every compact paranormal space  is  bicompact, 

Every paranormal,  s e p a r a b l e  Moore space  is  me t r i zab le ,  

Suppose t h a t  S is  a l o c a l l y  sepa rab le ,  paranormal,  and developable  

T space  and suppose t h a t  f is a c losed  mapping t a k i n g  S on to  a metric 

space  X such t h a t  i f  P E X and i f  K 

K has  a l i m i t  p o i n t ,  Then S i s  screenable .  

2- 

f-l{P) such that  IKI > k*,, then 



Suppose t ha t  S is a l o c a l l y  sepa rab le ,  paranormal,  and developable  

T space  and suppose t h a t  G is  a b a s i s  f o r  t h e  topology on S. Then i f  

/ G I  2 k t ,  S i s  sc reenab le .  

2- 

Every l o c a l l y  s e p a r a b l e  pre-Lindelof Moore space  i s  me t r i zab le .  

Suppose t ha t  S i s  a connected, l o c a l l y  p e r i p h e r a l l y  connected 

( l o c a l l y  connected) ,  s t r o n g l y  paranormal,  and developable  T -space and t h a t  

{Gala E A) i s  a monotone c o l l e c t i o n  of domains cover ing  S such t h a t ,  f o r  

each a E A, B(Ga) is sepa rab le ,  Then some coun tab le  s u b c o l l e c t i o n  of 

{Gala E A) 

2 

covers  t h e  space,  

Suppose t h a t  S is a l o c a l l y  p e r i p h e r a l l y  s e p a r a b l e ,  l o c a l l y  

p e r i p h e r a l l y  connected ( l o c a l l y  connec ted) ,  connected,  s t r o n g l y  paranormal,  

and developable  TZ-space w i t h  a b a s i s  G such t h a t  IG] 2 Then S is  

a s e p a r a b l e  metric space ,  

Suppose that  X i s  a ( s t rong ly )  paranormal t o p o l o g i c a l  space  and f 

is  a proper  mapping t a k i n g  the t o p o l o g i c a l  space  Y on to  X. Then Y i s  

( s t rong ly )  paranormal. 

The t o p o l o g i c a l  product  X x Y of a ( s t r o n g l y )  paranormal space  X 

and a bi-compact space  Y i s  ( s t rong ly )  paranormal,  

The t o p o l o g i c a l  product  X x Y of a ( s t r o n g l y )  paranormal space X 

and a l o c a l l y  bi-compact and Lindelof  space  Y is  ( s t rong ly )  paranormal. 

The fo l lowing  c o n d i t i o n s  are equ iva len t :  

(a) If X i s  a paranormal T2-space such t h a t  every c losed  s u b s e t  of 

X is a G6 set ,  then X is  normal. 

(b) If {Xi’ 7~31 i s  an i n v e r s e  system such tha t  f o r  each j E J: 
J 

(i) X j  i s  a paranormal T2-space, 



( i i )  Every c losed  s u b s e t  of X is a G6 set 
j 

and ( i i i )  IT j+ l  i s  on to ,  
j 

i 
J 

t hen  inv.  l i m .  EXi, n . 1  is h e r e d i t a r i l y  countably paracompact. 

(c) I f  X i s  a paranormal T2-space such t h a t  every c losed  s u b s e t  of 

X i s  a G set ,  t h e n  X is  h e r e d i t a r i l y  countably paracompact. 6 

Suppose t h a t  H i s  a d i s c r e t e  c o l l e c t i o n  of compact sets i n  t h e  normal 

Moore space  S such  t h a t  S i s  n o t  c o l l e c t i o n w i s e  normal w i t h  r e s p e c t  t o  

H, Then t h e r e  is  a normal Moore space  S p  t h a t  i s  no t  c o l l e c t i o n w i s e  normal 

w i t h  r e s p e c t  t o  a d i s c r e t e  p o i n t  set. 

Suppose t h a t  H is  a d i s c r e t e  c o l l e c t i o n  of bicompact s u b s e t s  of t h e  

t o p o l o g i c a l  space  S. Then S i s  countably paracompact i f  and on ly  i f  S /H  

i s  countably paracompact, 

Suppose t h a t  H = ha la  E A )  i s  a d i s c r e t e  c o l l e c t i o n  of bicompact 

sets i n  t h e  T -space S and suppose t h a t  S/H i s  normal and c o l l e c t i o n w i s e  

normal w i t h  r e s p e c t  t o  d i s c r e t e  s u b s e t s  of S/H. Then S i s  normal. 

3 

Suppose t h a t  H i s  a d i s c r e t e  c o l l e c t i o n  of c losed  and compact sets 

i n  t h e  Moore space S, I f  S i s  n o t  normal bu t  S / H  is  normal, t h e n  S/H 

i s  a normal Moore s p a c e  which i s  n o t  c o l l e c t i o n w i s e  normal and S is  a 

countably paracompact space  which i s  no t  normal. 

I f  S i s  a t o p o l o g i c a l  space,  i f  G i s  a n  open cover of S, and H 

is a P rope r ty  Q ref inement  of 6 ,  t h e n  some s u b c o l l e c t i o n  of H i s  a point-  

f i n i t e  cover  of s. 

I f  a t o p o l o g i c a l  space  has  P rope r ty  Q g  i t  is  po in twi se  paracompact, b u t  

n o t  conve r se ly  e 

I f  S is f i r s t  coun tab le ,  i f  G is  a n  open cover  of S, and i f  H 

i s  a P rope r ty  Q r e f inemen t  of G,  t hen  some s u b c o l l e c t i o n  of H i s  a l o c a l l y  



f i n i t e  coyer  of S. 

A f i r s t  coun tab le  t o p o l o g i c a l  space  has P rope r ty  Q i f  and only  i f  i t  

i s  paracompact. 

L e t  S denote  a f i r s t  coun tab le  TI space  and l e t  G denote  a n  open 

cover of S. I f  H i s  a s t r o n g  cover  compact re f inement  of G ,  H i s  a 

weak cover  compact re f inement  of G. 

L e t  S denote  a f i r s t  countable ,  F - sc reenable  T space  and l e t  G 
0 1 

denote  an open cover of S ,  I f  H i s  a weak cover  compact ref inement  of 

G ,  t h e n  some s u b c o l l e c t i o n  of H i s  a 0-c losure  p re se rv ing  open cover of S e  

In  a s e m i - m e t r i c  T3 space S, t h e  fo l lowing  s t a t emen t s  are equ iva len t :  

(1) S i s  paracompact, 

(2 )  S i s  s t r o n g l y  sc reenab le ,  

(3)  S i s  f u l l y  normal,  

( 4 )  S is c o l l e c t i o n w i s e  normal, 

(5) S has  P rope r ty  Q. 

(6) S is  s t r o n g  cover  compact, 

(7) S i s  weak cover  compact, 

I n  a developable  T3 space ,  t h e  above p r o p e r t i e s  are equ iva len t  t o  

m e t r i z a b i l i t y  , 

There ex is t s  a c o l l e c t i o n w i s e  normal, f i r s t  coun tab le  T space which 3 

is  compact (hence weak and s t r o n g  cover  compact) b u t  does n o t  have Proper ty  Q. 

There ex is t s  a c o l l e c t i o n w i s e  normal, f i r s t  coun tab le  T space  which 3 

i s  neither weak nor  s t r o n g  cover  compact. 

I n  a first coun tab le  T3 space  S, t h e  fo l lowing  s t a t emen t s  are 

equ iva len t  : 

(1) S i s  paracompact, 



(2)  S is  s t r o n g l y  screenable .  

( 3 )  S is  f u l l y  normal. 

( 4 )  S has  P rope r ty  Q. 

(5) S is  c o l l e c t i o n w i s e  normal and poin twise  paracompact. 

(6) S is  s t r o n g  cover  compact and poin twise  paracompact, 

( 7 )  S i s  weak cover  compact and poin twise  paracompact. 

I f  a compact t o p o l o g i c a l  space  has  P rope r ty  Q, it  is bicompact, 

There exists a compact (hence weak and s t r o n g  cover  compact) T 3 space  

which is  n o t  normal, 

I f  a l o c a l l y  compact T3 space  i s  s t r o n g  cover  compact, it is weak 

cover compact. 

There e x i s t s  a l o c a l l y  compact T3 space  which is  weak cover compact 

bu t  n o t  s t r o n g  cover  compact. 

I n  a l o c a l l y  compact T3 space S ,  t h e  fo l lowing  s t a t emen t s  are 

equ iva len t  and each i m p l i e s  tha t  S has P rope r ty  Q: 

(1) S i s  paracompact, 

(2) S i s  s t r o n g l y  sc reenab le ,  

( 3 )  S is f u l l y  normal, 

( 4 )  S i s  c o l l e c t i o n w i s e  normal and poin twise  paracompact, 

(5) S is  s t r o n g  cover  compact and poin twise  paracompact, 

(6) S is  weak cover  compact and poin twise  paracompact. 

There ex is t s  a T3 space  which i s  po in twi se  paracompact, s t r o n g  cover  

compact, and has P rope r ty  Q ,  b u t  which i s  n e i t h e r  normal nor weak cover  

compact 



If a f i r s t  coun tab le  (o r  l o c a l l y  compact) T 4  space i s  weak cover 

compact, i t  is  c o l l e c t i o n w i s e  normal, 

I f  a f i r s t  countable  (o r  l o c a l l y  compact) T4 space  is s t rong  cover 

compact, i t  is  c o l l e c t i o n w i s e  normal, 

There e x i s t s  a T4 

compact, and has  P rope r ty  Q g  

space  which i s  weak cover compact, i s  s t r o n g  cover 

b u t  which i s  no t  c o l l e c t i o n w i s e  normal. 

There e x i s t s  a T 4  space which is c o l l e c t i o n w i s e  normal and s t r o n g  

cover compact, bu t  no t  weak cover compact. 



RESEARCH I N  ANALYSIS 

1. Suppose BV i s  t h e  l i n e a r  f ami ly  of l e f t - con t inuous  corrrplex f u n c t i o n s  which 

are  of bounded v a r i a t i o n  on t h e  real  l i n e  R and have l i m i t  0 a t  minus 

i n f i n i t y ,  I f  f i s  i n  BV t h e  norm of f i s  t h e  t o t a l  v a r i a t i o n  (assumed 

f i n i t e )  of f on R ,  I n v e s t i g a t i o n  w a s  begun t h i s  summer on t h e  fol lowing 

two q u e s t  i o n s  : 

a ,  I d e n t i f y  a class of bounded l i n e a r  t r ans fo rma t ions  T from BV 

i n t o  

K: For f i n  BV and s i n  R ,  

BV which have t h e  fol lowing i n t e g r a l  r e p r e s e n t a t i o n  f o r  some "kernel" 

T f ( s )  = I K(s,x) d f ( x )  

where t h e  i n t e g r a l  is  a Riemann-St ie l t jes  i n t e g r a l  over  R. 

b. I d e n t i f y  a s u b c l a s s  of such l i n e a r  t r ans fo rma t ions  T f o r  which 

i t  i s  t r u e  t h a t  i f  f and g are  cumulative p r o b a b i l i t y  d i s t r i b u t i o n  

f u n c t i o n s  t h e n  t h e  sequences (Tf,  TTf, TTTf, ...) and (Tg, TTg, TTTg, ... ) 
converge i n  BV t o  t h e  same cumulat ive d i s t r i b u t i o n  f u n c t i o n ,  

2, A paper ,  "On t h e  e x i s t e n c e  of S t i e l t j e s  i n t e g r a l s " ,  w a s  submit ted f o r  publ ica-  

t i o n  August 6, and i s  now being r e f e r e e d ,  W e  mention it  b.ere because f i n a l  

p r e p a r a t i o n  f o r  p u b l i c a t i o n  took p l a c e  t h i s  summer, and because i t  c o n t a i n s  

t h e  r e s u l t  of i n t e r e s t  f o r  problem (a) above: 

"Variants  of t h e  fo l lowing  theorem f o r  t h e  Riemann-St ie l t jes  i n t e g r a l  

are t r u e  f o r  t h e  i n t e r i o r ,  mean and Cauchy l e f t  S t i e l t j e s  i n t e g r a l s :  

I f  f i s  bounded on [a,b] and g is of bounded v a r i a t i o n  on f a , b J ,  t hen  
b 

t h e  Riemann-St ie l t jes  i n t e g r a l  f dg e x i s t s  i f  and on ly  i f  f o r  
a 



each w > 0 and CJ > 0 t h e r e  e x i s t s  a p a r t i t i o n  D = {IxiMl, xi]: 

i = 1, 2,  n) of Ia,b] such t h a t  i f  C C  D and each i n t e r v a l  

of C c o n t a i n s  numbers x and y w i t h  If (y) - f ( x ) l  > w t hen  

c c [ V ( q )  - V(p)J  < CJ, where V is t h e  t o t a l  v a r i a t i o n  f u n c t i o n  f o r  g 

on [a,b] and t h e  sum is  over  t h e  i n t e r v a l s  Iplq]  of C. 

- 

Theorems f o r  t h e  mean and 

by 'has  i n  i t s  i n t e r i o r ' .  A theorem f o r  t h e  Cauchy l e f t  i n t e g r a l  r e s u l t s  

on making t h e  same replacement and a l s o  r e p l a c i n g  'V(p) ' by 'V(p+) ' -'' 

i n t e r i o r  i n t e g r a l s  r e s u l t  on r e p l a c i n g  ' c o n t a i n s '  


