@ https://ntrs.nasa.gov/search.jsp?R=19690003819 2020-03-12T08:08:30+00:00Z

General Disclaimer

One or more of the Following Statements may affect this Document

e This document has been reproduced from the best copy furnished by the
organizational source. It is being released in the interest of making available as
much information as possible.

e This document may contain data, which exceeds the sheet parameters. It was
furnished in this condition by the organizational source and is the best copy
available.

e This document may contain tone-on-tone or color graphs, charts and/or pictures,
which have been reproduced in black and white.

e This document is paginated as submitted by the original source.

e Portions of this document are not fully legible due to the historical nature of some
of the material. However, it is the best reproduction available from the original
submission.

Produced by the NASA Center for Aerospace Information (CASI)



International Atomic Energy Arency

SYMPOSIUM ON THE PRODUCTION OF ELECTRICAL ENERGY BY MEANS OF MHD-GENERATORS
Warsaw, 24-30 July 1968

* N éé_ 13 1 50 sm-107/137

END EFFECT IN MHD DUCTS WITH NON-CONDUCTING PARTITIONS -
by

I. V. Lavrentyev
D.V. Efremov Research Institute for Electrophysical Equipment,
Leningrad, USSR

As has been shown previously [ref. #1, 2, 3], the introduction into the
end zones of an MHD duct of non-conducting partitions whose plane is
parallel to the induction vectors of the magnetic field and the velocity
of the fluid improves its electrical characteristics (increasing the
efficiency and the output voltage and raising the power to be extracted).

For the purpose of qualitative evaluation of the effect of introducing
the partition on the integral characteristics of a duct, two problems
were solved whose results are also presented in the report.

1. Let us examine a flat duct of constant cross section with insulating
walls and two electrodes MN and KL (figure 1l.a).

A (n-1) and a (m - 1) partition is introduced respectively into the
duct on the left and on the right of the electrodes. It is assumed

that the partitions are non-conducting, infinitely thin, and one end
approaches infinity (points Ax and C; in figure l.a). We shall assume
that the electrical conductivity of the medium § is constant. The
distribution of velocity is given in the form V = (V, 0, 0) (V = const),

and the magnetic field is expressed by the relationship
->

B= (0, 0, =B(x)) (1.1)

B(x) =BoB(x), B(x) - 0 when z +

Then at small magnetic Reynolds numbers for determining the electrical
characteristics of the duct in question, it is necessary to solve the
following system of equations and boundary conditions [ref. #4]:

ig = -032, §, = -o%ﬁ + VB(z), Vig =0 (1.2)
? = 91 at electrode MN
P = Q2 at electrode XL

%3 = VB(x) at the insulating walls and partitions.

Here 3 is the density of the current, ¢ is the electrical potential,
91 and ¢z are potential values at the electrodes, We shall introduce,
into the band with slots along the partition corresponding to the exterior
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of the duct, an analytic function of complex variable 3 = x + %y

F =9 + 2y (1.3)
where y is a function of the current that satisfies the ratios:
oy 99 oY —_ LX) (1.4)

T "% %y 9

Let us further represent the indicated band of plane z as the upper half-
plane of plane t = T + iv with. the aid of the conform conversion [ref.#5]:

n m
z=f(t)—kz B n(t —ap) - ] &

1=1

In (£t —e;) + C (1.5)

where the designations hx and &; are clear from figure l.a, and ax and
e; are point coordinates on the T axis, corresponding to points Ax and C;
of plane z. The points on the T axis with the coordinates b; and dg
which are found from equation

] gk -] b0

k=1 t-ag 21 t-cg
correspond to the ends of the partitions (points B; and Dg of plane z).
The parameters ag, , ¢4, dg, and C are defined from the values of
Re f(dJ) and Re f(dsg known from the assignment of the duct geometry
and its position relative to the selectced system of coordinates. Three
parameters (ayg, bj, eiy dg) are arbitrarily selected. If one of the
parameters ak or ¢; is equal to «», the formulas remain in force if the
corresponding components are selected If one of the parameters b
ds is equal to =, then the formulas d. not change. Without dlsrupil
the generalities, it is possible to consider that the points (-1,
k, 1) (figure 1l.b) (k < 1) will correspond to the points of the electrodes
on the T axis.

Problem (l1l.2) can be solved by various methods. The first method in-
cludes the fact that we initially represent the upper half-plane by

a rectangle, and then we solve the Laplace equation for the potential
under the condition that the value of the potential is given on two
sides of the rectangle, and the value of its normal derivative is on
the order of two. The solution of the problem is obtained then in the
form of a trigonometric series. Thus, in the paper [ref. #6], the
problem was solved for a duct without partitions. It should be noted
that this method of solution is suitable only in the case when there
is a total of 2 electrodes. The second method is included in the use
of the Keldysh-Sedov formula for this problem. Actually, problem (1l.2)
is reduced to finding the following analytic function in the upper half-
plane

Fi(t) = Fla(t)] = 91 + iU ‘ (1.7)

whose real part is assigned in the sectors |t|e(k,1) and whose imaginary
part in the remaining section of the T axis. Since F;(t) is limited on
the T axis and it is always possible to define it so that it disappears
?t infinity (¢t = =), then the solution is written in the following manner
ref. #7]:




-k 1
R(t)J dt
Fi(t)= “” fﬂ(ﬂ(r 2y o2 fﬂ(r)(r-ﬂ *
e . (1.8)
f -1 w
R(e)| fpemyde [ wlude fy(r)dr
m R(t) (T-¢t) R(T) (t-¢) R(1) (1-¢)
-k -0 1 J
In fulfilling the conditions of solubality: (
1.9)
-krj'zdr lrj'ldt ; k(r)rj'ldr “t (T)Tj-ldT T (T)Tj-ldT
¢1f G ¢zf Rl T ° f R0y T f R (1) * J R(T) e
-1 k -k - 1
where § = 1, 2; R(t) = V(t~+1) (t+k) (t-k) (t-1), and the values of the roots

are considered positive when Tt > 1. Condition (1.9), when j = 2, defines
91 and ¢, at a given difference of potentials at the electrodes g¢;=¢2=U
and when j = 1 yields the expression for the total current at the elec-
trodes. The last condition (j = 1) makes it possible to easily find

one of the basic values that determines the electrical characteristics_
of the duct, i.e., the dimensionless integral resistance of the duct ¢ L
Actually, assuming ¥ = 0 in the sectors |t|e(l, =) and y = const in

the sector te(-k, k) from (1.9) when j = 1, we find

¢ = K(k')/2K(k) (1.10)

where K(k) is the total elliptic integral of the first kind, k' = /T-kZ.
The parameter k (see figure 1l.b) is defined by the formula of the con-
form conversion of the internal duct to the upper half-plane v > 0 and
is only a function of the duct geometry. Let us note that formula
(1.10) is justified for a duct of arbitrary form having 2 electrodes,

it is necessary only that its exterior be represented as an upper half-
plane v > 0; then the points corresponding to the ends of the electrodes
will go over to points Ti, T2, T3, and T4 of the T axis, and then by
means of an additional linear conversion of them, it is always possible
to transfer them to points (-1, -k, k, 1).

2. Let us now examine the case of the distribution of partitions of
practical interest. The geometry of the duct in question is clear in
figure 2.a. 1In order to simplify the solution, we shall consider that
the electrodes are semi-infinite, i.e., we shall examine the left half
of the rezl duct as having sufficiently long symmetrically distributed
electrodes. 1In practice, the formulas obtained below can be used when
e > 1, where ¢ = 2)A\/H, 2) is the length of the electrodes, H is the
width of the duct. Actually, as was shown [ref. #6] for a duct without
partitions, formulas that take into consideration the influence of the
end effects on the electrical characteristics of the duct when e > 1
in practice do not differ from the correisponding formulas obtained in
the assumption that the electrodes are infinitely long. In our case
here, the introduction of partitions irtco the duct can only reduce the




scale of the zone of inhomogeneity of the electrical field at the
input or output of the duct, therefore, we shall consider that all
formulas that will be obtained below are of course justified when

e > 1. Thus, the problem is reduced to the solution of the system of
equations of (1.2) with the following boundary conditions:

22 = 0 when |z| +» =

ox
%‘Owhenx-—'“, 9 =U/2 when y=H, 4y <& <=
30 ’ (2.1)
W < F when £ = », ¢ = =U//2 when y =0, y < x <
] H
%3 = VB(x) on the insulating walls and partitions.

B(x)>0when & + —

An example of this problem can be conveniently demonstrated by yet another
method of solution.

Let us introduce the analytic function
- 35 4 20 (2.2)

Then problem (2.1) is reduced to finding this function that satisfies
the boundary conditions: ¢ = 0 on the electrodes and p = VB(x) on the
insulating walls and partitions. In order to solve the formulated
problem, we shall represent conformally the band || <, 0 <y <&
with slots along the partitions as the upper half-plane cf plane

t = 1+ iv (figure 2.b) by means of the following formula [ref. #5]:

z = FHF In Tn (%) (2.3)

where
o (t)= $0(¢ + VBTN + (¢ — /ETD)™
is Chebyshev's polynomial.

Here points (t%, 0) and (ré, 0) of plane t will correspond t» points
Dy and B, of plane z, where

Tk = cos 6k, O = 7%?+ %1; Tm(tg) =0, k=1, ..., n
’ (2.4)
Tp ™ COS 6, 04 = ﬂ%; iZﬁé%ml -0, m=1, ..., n=1

The correspondence of the remaining points is clear from figure 2.a,b,
and the value a is found from the equation:

T™n(a) = exp(H%E] (2.5)

The analytic function f(z) from (2.2) in the region of the complex
variable ¢t will change into function




filt) = p1 + 12q (2.6)
satisfying the boundary conditions:
p = VB(t) at A_4A, te(-a, a)
q =0 at CA_ and 44C , a < |1]| < = (2.7)
filtg) = 0 and f,(») = U/H

Thus, we have come to a mixed boundary value problem for the harmonic
function f,, while f; has the properties of a polar type at points
corresponding to the ends of the partitions. We shall first plot the
function f,, corresponding to theuniform problem (p = 0 at 4_4,). It
is easy to see that

v 1 Rt oy
fio0 = Hg (t) A m(t) [}° +m£1t-1"] L

gle)= //%i%, N(t)=/(t-a) (t+a)

In order to obtain a solution of the initial problem, it is sufficient
to add some special solution of the non-uniform problem (2.7) to fio.
As this special solution one can take the function [ref. #7]:

where

a

_ VB g(t)B(t)dt
fi 1ﬂg%t5 f T -t (2:%)
-a

then, finally, we shall obtain the following expression for f; solving
the initial problem:

a
_ VB f ()B(t)dt , _U
N =meer | Sr=1 -t mm + ey [Yo * Z ,,J et
-Q

The constants Yo and Yn are found from the condition fi(tkx) = 0, i.e.,
they satisfy the system of equations:

Yo + Zl;;:;; = (v -k (a+ 1) + Fy (2:41)
m=

where Yo = Yo/BoV, Ym = Ym/BoV k = U/HBOV is the coefficient of load
4 m
B(e)ds, Fy = 2—992-3k I B(9) ctg (8-9;)de

°"-=|

(2.12)

cos & = 1/a, cos 9, = T)x/a, B(9) = Blxz(9)]

From (2.10) with the use of (2.11) and (2.12) we obtain the following
expression for the current extracted from the electrodes:




I =g&(ecG, — k¢ + B1) (2.13)
where & = BoVH is the Faraday e.m.f.,

Aty
Gy = \~! J B(x)dx (2.14)
U
¢ ™ a* Z_l%_l * %% = % In a
a
By = ;%7 f arc sin (g)E(T)d InTy (1) (2.15)

0
Then the electric power taken from the electrodes will be equal to:

P, = k&I (2.16)

The electromagnetic power developed in the duct is defined in the fol-
lowing manner:

u+A  H ) % (2.17)
P, = 2 f dx f dy (3 x E)V = 2;8 f B(xz)dz — o&%ckG, + fsVB(x)¢(x)dx,
-0 0 - 00

where /[, designates the integration along the insulating walls and both
sides of the partitions. Omitting the intermediate calculations, we
shall present the final expression for the power developed

P, = 08%[e(G, — kG;) — kB, + B2l, (2.18)

where A

G, = A~1 f B? (x)dx

u
.19)

U T T (
b2 -3 [ 5w - e [ o] [ 5 (3 ernna 3] () crstiptasem 3
-0 0 9 0

Note that the special integral with Hilbert's nucleus enters into the
expression for B,. _It is:possible to calculate this integral for the
arbitrary function B(x) by expanding the function

F(8) = 3(%)d1nfzge£2)

into the Fourier series

f(8) =} b, sin me \ (2.20)
m=1 o

where




m

by = % f B(8/2} sin md dlnTn(9/2) (2.21)
0

Substituting (2.20) into (2.19) and integrating, having used the
relationship [ref. #5]:

am
{ sin m®, ctg ﬁiéﬁ d®: = 27 cos md,
we shall obtain

H : -~ &

-2 p ah_

Bz T f B (w)dx —.;??? z m " (2.22)

-4 m=1

m/2

where _
Ay = [ B(8) sin 2m9 d1lnTn (%)

0

When n = 1 (duct without partitions) expressions (2.15) and (2.22) for
B1 and B, coincide with the corresponding expressions obtained in a
previous paper [ref. #6], and when n = 2, those obtained in [ref. #8]

If the partitions approach right up to the electrode zone (u = 0), then

Bi = Bi1o/n and B = B2o/n (2,23}

where B, and B,, are the corresponding [appropriate] coefficients for
the subduct (width H/n).

Let us examine the practically important case fo the distribution of the
magnetic field

_ 1 when 0 <x<y
Blz) = (2.24)
0 when x <0

then (2.15) and (2.19) will assume the form:

By = 2L+ L f In Tn(8)de, (2.157)
arc cos
1/a
0
' In ™m(8)ds
B = %E . % arc sin % . (1 = %arc sin%)ax - H%FT vaz-l f a2cos28-1
arccoes
1

” 5 P /a '
~ wzgy |1n T"(a)kzla(cos §-COS ) ds (2.197)

arc cos N '

1/a

Figures 3 and 4 show the dependence of B; and B, on u/H at various value:s
of n calculated according to formulas (2.15') and (2.19’). From formulas




(2.15') and (2.19'), it is possible to obtain an expression for the
Joulean losses @ in the case where all walls of the duct are insulating,
by going over to the limit when u/H + « (¢ + =), here

Q = 0823 (2.25)
where A / n-1 } 2 /
- _ - _4 In“Tn(1/2)dx, 4 In‘Tn(1/z)d«
B u};ﬂwcez Bl) nYﬂg ! T = n& +;TETMZIYMI % (I_fThx)z
n-1 ' (2.26)
! Ym/tx — 1) = — sin 1% arccth|tg|™!
m=1

As can be easily confirmed, when n = 1 and n = 2 (2.26) coincides with
the corresponding expressions obtained in the papers [ref. 9, 10],
the only difference being that the value B from (2.26) is twice as
large as in [ref. #9, 10], because we take into account the total
losses at the input and output of the magnetic field. Figure 5 shows
the dependence of B on the number of partitions n calculated according
to formula (2.26).

3. All the above examined problems pertain to the case whern the parti-
tions have infinite length. 1In actual corstructions the partitions can
not be infinitely long, moreover, in order to reduce the hydraulic
resistance in the duct they arc rationally made as short as possible.

If several partitions of finite length are introduced into a duct,

then it is not possible to obtain an analytic solution of the correspond-
ing problems by virtue of the greater mathematical difficulties connected
with the fact that the region corresponding to the interior of the duct
becomes multiply connected. If then one pair of partitions of finite
length is dintroduced into the duct symmetrically with respect.to the
electrodes, then using the conditions of symmetry, it is possible to
soive the problem for a single connected region. We shall present some
results cf the solution of such a problem. The geometry of the duct is
clear from figure 6.a, the electrodes are considered semi-infinite, the
assumed tolerances are the same as at point 1.

Thus, it is necessary to solve system (1.2) with the following boundary
conditions (figure 6.a):

39 . 0, de 0 when g = — @

oz P
99 o 0 . U when | _
ox 0, Y T =
%5 - VB(z) when— @ < & < 0, y =0
— U2 < 2 < Uy y=- ) (3.1)

9 =0 wheny = 6§, —® < g < =jy, =) < x < ®
¢ = -U/2wheny = 0, 0 < z < o,

Introducing the analytical function f(z)-%§-+ i%% = p + 1q and represent-




the band |z| < », 0 < y < § of plane z by means of formula t = ex>(nz/$)
on the upper half-plane of plane t = T + Zv(figure 6.b) we come to the
following problem: to find the function fi(t) = fla(t)] = p: + iq that
satisfies the boundary conditions

p1 = VB(1) at B;A, and 0:D,
q1 = 0 at (1B, 4:0:, and D,(C;.

Having applied the Keldysh-Sedov formula [ref. #7], we shall obtain the
following expression for the function f;:

-m 1

- U VB B(t)g (1) B(t)g(T)
Fa(¢) W + h(t) + -Fm:—y J_T—-E:Tdr +[ —-T—_g_——t—d‘l' (3.2)
= 0

where

/E+m) (£- Yo + Yt
v L tit+2; V(t+m) (t+2) t (t=1)

m = exp (-mu2/8), & = exp (-mu1/8), Vv = Uz —m

The roots are considered positive when t > l. From the boundary con-
ditions of (3.1) it follows that y = 0. The constant y; is defined

form the condition that the increase of the potential along the partition
is equal to 0.

Formulas for B, B2, and ¢ obtained from (3.2) at an arbitrary position
of the partition are very cumbersome, therefore, they are not presented
in the report. The basic conclusion which can be drawn from the analysis
of the obtained solution includes the fact that the values of the
coefficients Bi1, B2, and ¢ quite slowly (~8/v) approach their correspond-
ing values for the semi-infinite partition. For example, when u; = 0
and v/6§ > 2,

g~ - (3.3)
where ¢, is the integral conductivity of the duct with a semi-infinite
partition. :

A similar solution of the problem when u; = 0 where the magnetic field
is absent beyond the electrodes is presented in the paper [ref. #11].

12 1n 2 , 4v)7?
T K3
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Figures

End Effects in a MHD Duct with Nonconducting Partitions.

Schematic of a duct and conforming reflection.

Schematic of a duct and conforming reflection.

Dependence of the coefficient of B, on w/H.

Dependence of the coefficient of B, on w/K.

Dependence of the coefficient of B on the number of partitionms.
Schematic of a duct with conforming reflection.
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