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ABSTRACT 

Two limb maneuvers, one producing pitch motion, the other yaw 

motion, are analysed. Numerical results are given for representative 

examples 
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INTRODUCTION 

This report  dea ls  with limb motions t h a t  can be used by a man t o  

a l t e r  the or ien ta t ion  of h i s  body i n  space when he i s  i n  a s t a t e  of f r e e  

f a l l  without i n i t i a l  ro ta t ion ,  

"weightless" when the only forces  ac t ing  on h i s  body a r e  grav i ta t iona l  

forces ) 

(A man i s  sa id  t o  be i n  f r e e  f a l l  o r  

It i s  helpful  t o  introduce a t  t he  outse t  th ree  in te rsec t ingg  ~ t u a l l y  

perpendicular l i n e s  and three  planes which a r e  f ixed r e l a t i v e  t o  the 

torso  of the  man. 

l i n e s  are ca l led  pitch,  r o l l ,  and yaw axes. The yaw ax i s  has the same 

general o r ien ta t ion  as the spine, and the p i tch  ax i s  i s  perpendicular t o  

the  plane of symmetry of the torso.  The loca t ion  of the point of i n t e r -  

sect ion of the  axes i s  selected by the  analyst  i n  any convenient manner, 

and may d i f f e r  from one ana lys i s  t o  the next, 

a pa i r  of axes i s  designated by the  name of the ax i s  normal t o  it; e.g., 

the  p i tch  plane i s  the plane n o m 1  t o  the p i tch  ax is .  

In  accordance w i t h  famil iar  aeronaut ical  usage, these 

The plane determined by 

Two maneuvers a r e  examined, The first, t rea ted  i n  Part  I, produces 

ro t a t ion  of the torso  about the p i t ch  axis;  the second, discussed i n  

Part 11, i s  a yaw maneuver. (A previous report  (see [l]) contains an 

analysis  intended primarily f o r  the  study of roll motions.) 

of each Part  contains a descr ipt ion of the  maneuver, Section 2 deals  

with the analysis,  and numerical r e s u l t s  a r e  presented i n  Section 3 .  

Section 1 
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I o  PITCH MOTION 

1. Description 

The maneuver t o  be studied i s  discussed i n  121 and i s  covered by 

The present formulation i s  more concise t h e  analyses i n  [l] and [3] a 

than those i n  t h e  aforementioned references, and t h e  discussion of 

r e su l t s  i s  more extensive. 

During the  maneuver, t he  a r m s  a r e  held s t r a igh t  a t  t h e  elbows and 

perform a ro ta ry  motion with respect t o  t h e  torso,  remaining symmetri- 

c a l l y  disposed with respect t o  t h e  p i t ch  plane a t  a l l  times. 

longitudinal a x i s  of each arm t r a v e l s  on the  surface of an imaginary 

torso-fixed cone whose vertex is  a t  the  shoulder. The arm motion can 

be described i n  terms of the  cone semi-vertex angle and the  or ien ta t ion  

of t h e  cone axis r e l a t i v e  t o  the  torso,  any physically a t t a inab le  

or ien ta t ion  being permissible, as i l l u s t r a t e d  by t h e  examples i n  Fig.  

1.1. 

be specif ied f o r  only one of t h e  arms.) 

r e l a t ive  t o  t h e  torso  and symmetrically located with respect t o  the  

p i tch  plane. 

The 

(Symmetry considerations show t h a t  these cone parameters need t o  

The legs  must be kept f ixed  

Consider t h e  motion of t h e  torso (and legs)  during one cycle of 

t he  maneuver- The sense of pitching of the  torso i s  opposite t o  t h a t  

i n  which the  arms t r a v e l  on the  surfaces of t he  conese A reversa l  i n  

the  sense of motion of t h e  arms produces a reversa l  i n  t h e  sense of 

pitching e 

Pr io r  t o  s t a r t i n g  t h e  maneuver, t h e  subject may have h i s  linibs 

disposed i n  any way sa t i s fy ing  t h e  requirements of symmetry with respect 

t o  the  p i tch  plane, and the  arms may then be brought to the  s t a r t i n g  
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Position i n  an3 mmer compatible with t h i s  requirement. 

i n t e g r a l  number of cycles of t h e  maneuver have been performed, t he  arms 

can be returned t o  t h e i r  i n i t i a l  posi t ions by re t rac ing  t h e  paths 

followed i n  bringing them t o  the  s t a r t i n g  posi t ions.  

After an 

Any pitching of 

the  torso  obtained while s t a r t i n g  w i l l  be n u l l i f i e d  during the  return.  

2. Analysis 

For purposes of analysis,  t he  human i s  modelled as  a system S of 

three  r i g i d  bodies. One of these,  designated A, represents t h e  torso,  

head, and legs .  The remaining two, B and B' , each represent an am. 

B and B' a r e  connected t o  A a t  points 0 and Os ( see  Fig.  2.1)> 

which represent shoulder j o i n t s .  

Body A ' i s  presumed t o  be symmetric with respect t o  the  p i tch  plane, 

so tha t  i t s  mass center  A* l i e s  i n  t h i s  plane. Points  0 and Os a r e  

symnetrically located a t  a dis tance t o  e i t h e r  s ide of t he  pi tch 

plane, and the  l i n e  P passing through them is designated the  p i t ch  

axis. The yaw axis Y l i e s  i n  the  p i t ch  plane and i s  f ixed  i n  body 

A, in te rsec t ing  P a t  point C .  A s  w i l l  be seen l a t e r ,  it i s  conven- 

i en t  t o  choose the  or ien ta t ion  of Y i n  t h e  p i tch  plane i n  such a way 

t h a t  Y 

to rso  and head, but not t h e  legs .  The posi t ion of A* r e l a t i v e  t o  C 

i s  specif ied by a distance 

measured from t h e  roll plane. The mass of A i s  m and the  moment 

of i n e r t i a  of A about a l i n e  through A* p a r a l l e l  t o  P i s  I 

Unit vectors s19 z2, -3 a a r e  f ixed  i n  A p a r a l l e l  t o  t h e  roll, pitch,  

and yaw axes, respect ively.  

a2 

passes through the  mass center  of a body comprised of only the  

measured along Y, and a distance al, a3' 

A' 
A 
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Body B posserssas an axis of symmetry, designated L. The mass center  

B* of B i s  located on L at a distance b from point 0. The mass 

of B i s  mg, t h e  moment of i n e r t i a  of B about L i s  IB and t h e  

moment of i n e r t i a  of B about any l i n e  passing through B* and normal 

2' 

B t o  L i s  I1. The geometry and i n e r t i a  propert ies  of B' are iden t i ca l  

t o  those of B. 

The kinematical analysis  i n  t h e  sequel involves two l ines ,  M 

and MI, which a re  f ixed with respect t o  A and are located symmetri- 

c a l l y  with respect t o  t h e  pi tch plane. Line M passes through 0 and 

i t s  or ien ta t ion  i s  determined by angles 8 and Cp as shown i n  Fig. 

2.1. (The l i n e s  forming 8 l i e  i n  the yaw plane, and those forming Cp 

l i e  i n  a plane normal t o  the  yaw plane.) Symmetry considerations permit 

one t o  locate  MI. Unit vectors m and m' are p a r a l l e l  t o  M and 

M' , respectively.  

- - 

The equation of motion f o r  t h i s  system w i l l  be obtained by employing 

a consequence o f  Lagrange's equations f o r  cases i n  which S i s  i n  f r e e  

f a l l  and possesses no i n i t i a l  angular momentum, namely 

- =  0 
ai 

where i i s  the  t i m e  der ivat ive of t h e  angle 5 between Y and a 

l i n e  t h a t  is f ixed  i n  an i n e r t i a l  reference frame F and i s  normal 

t o  P; and K, the  k ine t ic  energy associated with motions of S r e l a -  

t i v e  t o  t h e  system mass center, can be expressed as 

- 6  - 



The first three  terms on t h e  right-hand-side of t h i s  equation represent 

t he  ro t a t iona l  k ine t ic  energies of A, B and B’ For example, if e, 
12> I3 are pr inc ipa l  moments of i n e r t i a  of B for B*, and cui, cu 

u$ 
angular ve loc i ty  i s  re fer red  t o  pr inc ipa l  axes of B f o r  B*, then 

B B  B B  
2’ 

are components of t he  angular ve loc i ty  of B i n  F when t h i s  

The last three  terms i n  Eq. 2.2 r e f l e c t  t h e  motions of the mass centers  

of A, B, and B g  For instance, i f  v i s  t h e  veloci ty  of B* r e l a -  

t i v e  t o  the  system mass center  S*, then 

-B 

I n  the  following kinematical analysis,  only p i tch  motions of A 

a r e  considered. Consequently, the  angular veloci ty  of A i n  F can 

be expressed as 

Symmetry considerations demand tha t  a be p a r a l l e l  t o  a pr inc ipa l  axis -2 
f of A f o r  A*. Hence I! i s  a pr inc ipa l  moment of i n e r t i a  and 

1 A 02 
- - I  E - a 

Ku - 2  

’ Numbers beneath equal s igns a r e  intended t o  d i r e c t  a t t en t ion  t o  
corresponding equations 
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'.The motions of B and B' a re  described i n  terms of t h e  "coning" 

motion out l ined i n  See. 1, l i n e s  M and Ms being t h e  axes of t h e  

cones. Line L i n t e r sec t s  l i n e  M a t .  O1 thereby defining a plane 

N, and t h e  angle 8 between L and M remains constant throughout 

t he  maneuver. Mutually perpendicular un i t  vectors el, ;2, % a r e  

f ixed  i n  N, with - n2 p a r a l l e l  t o  L and p1 normal t o  N .  

If the  angle between N and a plane passing through M and normal 

t o  the  yaw plane i s  designated a,  then t h e  angular veloci ty  of N 

i n  A i s  given by 

When a increases from 0 t o  23c, L t r a v e l s  once around t h e  

surface of a cone of semi-vertex angle f3. During t h i s  motion, B 

must rotate i n  N i n  such a manner t h a t  no twist ing of t he  arm re l a t ive  

t o  t h e  torso  occurs a t  t h e  shoulder. This can be accomplished by 

specifying t h e  angular veloci ty  of B i n  N as follows: 

N B  "_ = - a n  -2 

The angular ve loc i ty  of B i n  F can be expressed a s  

In order t o  resolve 

we note that 

t h i s  vector i n to  components p a r a l l e l  t o  p2> p3, 

3 
(2.10) 

where t h e  c of i n t e r e s t  a r e  i j  

- 8 -  



c = - s i n  8 cos a - cos 8 s i n  cp s i n  a 

e = cos 9 s i n  f3 s i n  a + s i n Q c o s c p c o s B +  s i n e  s incps inf3cosa  

12 

21 

c = -  s i n  Qsinj3 s i n  a+ cos8 cos cp cos j3 + cos 8 sincp s i n  Bcos 6" 22 

'23 

c 
32 

= -  s i n  cp cos i3 + COST s i n  @cos a 

= -  s i n  9 cos j3 s i n a  - cos 8 coscp s i n  f3 + c o s 0  sincp cos f3 cos a 

(2.11) 

Furthermore, 

a r e  p a r a l l e l  t o  pr inc ipa l  axes of  B for B*, p3 and, since pl, 

(2.14) 

I n  a similar fashion, an iden t i ca l  expression i s  obtained for 

The ve loc i ty  v of A* r e l a t i v e  t o  S* i s  t h e  t i m e  der ivat ive 

, t he  posit ion vector of A* r e l a t i v e  t o  S*; i . e . ,  

-A 
A*/ S* i n  F of  r - 

- 9 -  



v = -  Fd  r A*/S* 
-A d t  - 

Symmetry requires t h a t  S* l i e  i n  the  p i tch  plane. This f a c t  makes 

it possible t o  express 2 A*/S* its 

(2.16) 

where - r B*/A* i s  t h e  posi t ion vector of B* r e l a t i v e  t o  A*, which, 

by reference t o  Fig.  2.1, i s  seen t o  be  given by 

Consequently, (see Eqs .  2.15, 2 ~ 6 ,  2.17, 2.10, 2.11, 2.5) 

(2.1%) 

and it folLows t h a t  

(2.4,2.18) 

)+2b( a3c23-alc21) + a1 2 + a2] 
3 

+ 2 E a b  ‘1 c 23 ac21 -‘21 “23) laC21 a 3 + 
ac23 

“1 )3 
D O  

B*/O O/A* 
+ v  - + XA v = v  -B - (2.20) 

- 10 - 



where 

(2.21) 

and 

+ a  a )  - v '/A* = - x (-al  a,l + a2 z2 3 -3 

Thus ( see  Eqs .  2.20, 2 ~ 8 ,  2.21, 2.13, 2.10, 2*22, 2.5) 

m '  
= { A [ i (bc  +a )+&ba;']} a 

-B mA+2% 23 3 -1 

(2.22) 

K? is, therefore,  given by v 

(2.24) 

a.nd the  expression f o r  8' i s  ident ica l .  

with motions of S r e l a t i v e  t o  S* can now be expressed a s  ( see  Eqs .  

2*2, 2.6, 2.14, 2 0 1 g j  2.24) 

Th.e k ine t ic  energy associated 
V 

- 11 - 



B B  2 2 + &? { 21:( 1-COS p)+( Il-12+%b ) s i n  B 

The equation of motion can thus be formulated as 

+ mA% [b 2 (e21+c2 2 ) + 2 b ( a  c -a c )+(aL+a3)]) 2 2  
m A + ? B  23 3 23 I 21 

+ & { 12c B (cos 6-1) - 11c32"i" B 6 22 

ac 
a3 -$ + a1 + mA% 

mA+2% 

= o  

( 2  1,2.25) 

and, eliminating time and making t h e  subs t i tu t ions  

mA% 

mA+2% 
M =  

( 2 . 2 6 )  

J = IB-$+Mb2 1 

- E -  



2 B  E~ = COS e COS c p [ ~  sin f3 - r2( COS f3-1)I 

E2 = s i n  @[s in  Q(J cos f3 + IB - Mba s i n  c p )  - cos cp Mb a,] 
2 3 

5 = cos 8 s i n  @[Mba - s i n  cp(J cos p+<)] 3 

2 2  B 2 2 2 2 2 + M ( a  +a ) + I2 + J (cos  f3(sin E)-cos cp COS 0 )  + cos sJ  I! F = -  
1 2  1 3  

- 2 M b  cos@ (sincp a3 +cos cpsine a ) 1 

2 2 2 2 F = J s i n  @ ( s i n  8 - s i n  cp cos E ) )  2 

2 
F = 2 5  s i n 0 c o s 8  sincp s i n  f3 3 

F4 = 2 sin @ cos 9 (J cos f3 s i n  8 c o s 9  - Mb al) 

2 
F = 2 s i n  f3 [Mb(a cos cp - alsinE) s i n  cp)J cos @ s i n  cpcoscp cos f31 5 3 

(2 027) 
one f inds  t h a t  

E l + E 2 s i n a + E  coscl 
da 2 3 (2.28) dS - =  - 

F1+F2Cos a + F  s i n a e o s a +  F 4 sins+ F 3 

Integrat ion of t h i s  equation for 0 < a  < 231 yie lds  AS, t h e  - -  
pi tch  reorlentat ion p e r  cycle of t he  maneuver. 

is not readi ly  available,  but a computer program for numerical i n t e -  

gration was wr i t ten  and is  described i n  See0 4. 

A n  ana ly t i ca l  solution 

Before turning t o  the  discussion of resu l t s ,  it i s  worth noting 

tha t  i n  one spec ia l  case, namely when t h e  cone axes coincide with t h e  

p i tch  axis an ana ly t ica l  solut ion can be obtained 

eas i ly .  Specif ical ly ,  a f t e r  making the  def in i t ions  

( 0  = cp = O), 

- 13 - 



a3 arc  s i n  - 6 = a rc  cos - = 
1 a 

a R 

q = a - 6  

2 B  2 F = f l / 2  + MR + r  + J s i n  p 2 

G = MbRsin f3 

one can i n  t h i s  case br ing Eq. 2.28 in to  the  form 

d5 E - G s i n  - =  - 
dq F -2G s i n q  

and integrat ion between t h e  l i m i t s  zero and 2rc now leads d i r ec t ly  t o  

Equation 2.28 (or 2.31) cannot be used u n t i l  su i tab le  values have 

3 been selected f o r  the  i n e r t i a  propert ies .  Moreover, l?, a y  and a 

depend on t h e  posi t ion i n  which the  legs  a re  held, as wel l  a s  on the  

i n e r t i a  propert ies  of t h e  l i m b s .  The computer program discussed i n  

Sec. 4 accomodates a wide c l a s s  of l eg  posit ions,  and the  following 

t a b l e  provides values su i tab le  for two leg  posi t ions.  These values 

a r e  based on t h e  Hanavan model for t h e  50 percent i le  USAF man (see  E41 ) 



Table 2.1 

Units I Value I Synibol 

0 002335 

Torso, Head, and Legs 

m A 

1 a 

a3 

IA 

Legs i n  Posi t ion 
of "Attention" 

4.458 

0 

1.481 

8 150 

slugs 

feet  

s lug- f t  0 

slug-f t  . 

2 

2 

Legs i n  Tucked 
Posi t ion ( see  Sec. 4 f o r  d e t a i l s )  

4.458 

0 0309 

1.027 

3 0895 

slugs 

f e e t  

f e e t  

2 slug-3% 0 

- 15 - 



3 .  Results 

It i s  of i n t e r e s t  t o  observe how the  p i t ch  obtained per cycle, A t ,  

var ies  as a function of t he  eone semi-vertex angle, B o  In  Fig.  3.1, 

AE i s  p lo t ted  as a function of f3 ' for  th ree  cases: 

(1) t h e  maneuver performed with t h e  legs s t r a igh t  as i n  the  

posi t ion of "at tent ion" , 
( 2 )  t h e  maneuver performed with t h e  legs  tucked close t o  t h e  

body , and t 
( 3 )  the  maneuver performed with t h e  legs tucked and a five-pound 

weight (0.1556 s lugs)  held in each hand. 

I n  a l l  th ree  cases, t he  cone axes a re  para , l le l  t o  the pi tch  axis,  Eq. 

2.31 i s  used, arid the  requis f tc  i n e r t i a  proper%ies a r e  ta,ken from 

Table 2.1. 

It can be seen t h a t  pi tch increases monotonically with f3 .  Sfnce 

the  construction of t h e  shoulder j o i n t s  places an upper l i m i t ,  on f3 

once a par t icu lar  cone a x i s  has bec.0 chosen, the  maxi.muan possible f3 

being about 45 deg. when the cone axes a re  p a r a l l e l  -to the  p i tch  axis,  

a man with h i s  legs  s t r a igh t  can expect only about 11 deg. of p i tch  

when performing a cyele of the maneuver i n  t h i s  fashion. 

legs i n  markedly improves t h e  effect ivenessofthe maneuver* For instance, 

with B equal t o  45 deg., t he  value of A5 i s  doubled t o  20 deg. by 

Tucking the  

tucking 

' A de ta i led  explanation of tb is  "tucked" posi t ion is  presented 
i n  the  t h i r d  paragraph of Scc. 4. 

- 16 - 
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The addi t ion of five-pound weights t o  the  hands more than doubles 

AE; e.g., i f  t he  weights are used while t h e  legs  are tucked and i3 

equals 45 deg., 52 degrees of p i tch  per cycle can be obtained. 

The locat ion of t he  cone axes r e l a t i v e  t o  the  torso  has a s i g n i f i -  

cant e f f ec t  on the  amount of p i t ch  obtained pe r  cycle.  In  Fig. 3 .2A,  

A5 i s  p lo t ted  a s  a function of 8, with cp = 0 ( see  Fig. 2 . 1  f o r  8 

and c p ) ,  f o r  two values of B, i . e . ,  20 and 45 deg., when the  legs 

a re  tucked. (The computer progra,m described i n  See. 4 was used t o  make 

t h e  ca lcu la t ions . )  A t  i s  seen t o  decrease with increasing 0 u n t i l ,  

when 8 becomes equal t o  90 deg. (Toe. ,  when the  cone axes are p a r a l l e l  

t o  t h e  ro l l  a x i s ) >  no pitch i s  obtained. 

advantageous t o  maintain the cone axes nearly p a r a l l e l  t o  the  roll plane. 

This suggests that, it i s  

When t h e  cone axes are "lowered" i n  the  roll plane, AE may increase 

or decrease. This can be seen i n  Fig. 3.2B,  which shows t h e  p i tch  p e r  

cycle as  a function of ( p 9  with 0 = Os the  legs  tucked, and @ again 

equal t o  20 deg. and 45 deg. Both curves possess a maximum when cp 

i s  about 15 deg. The r e l a t ive  f la tnesz  of the curves between 0 and 

30 deg. i s  important s ince physiological cons t ra in ts  a t  t h e  shoulder 

j o i n t  are such t h a t  t h e  semi-vertex angles f3 t h a t  can be used become 

l a rge r  as cp i s  increased. For instance, while t h e  upper bound on /3 

i s  about 45 deg. with Cp equal t o  zero9 it i s  c lose r  t o  60 deg. when 

Cp i s  30 deg. Consequently, t h e  grea tes t  a,mount of p i tch  per cycle 

obtained without weights i n  t h e  tucked posit ion i s  about 32 degrees, 

and t h i s  i s  achieved by taking B equal t o  60 deg., cp equal t o  30 

deg., and 8 nearly equal t o  zero. 
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The limb motions j u s t  described a re  reasonable ones f o r  an unen- 

cumbered man i n  a " s h i r t  sleeve" environment. For an astronaut i n  a 

pressure su i t ,  t he  range of mobility may he sharply reduced, and the  

added mass o f  t he  s u i t  may have a subs tan t ia l  e f f ec t  on performance. 

In  par t icu lar ,  Ak seems t o  be most sens i t ive  t o  changes i n  the  distance 

from the  shoulder t o  t h e  mass center  of t he  arm and t o  the distance 

from the  l i n e  joining t h e  shoulders t o  the mass center  of t h e  torsog  

head, and legs .  

4 .  Computer Program 

This sect ion contains documentation f o r  a FQECTRAN TV, l eve l  HS 

computer program which performs t h e  numerical integrat ion necessary t o  

obtain a solut ion t o  Eq. 2.28. 

IBM 360/67 a t  Stanford University. 

The program has been used on t h e  

The program a lso  serves a second function, namely computation o f  

the  quant i t ies  I!, al, a3, and m A 

properties and posit ions of t he  legs  aad torso.  Body A is assumed t o  

be composed of f i v e  bodies, B1, B2, B i J  B and B'  where B1 repre- 

sents  t h e  torso,  neck, and head, B2 and B; represent t h e  upper legs,  

and B and B' represent t h e  lower legs  and f e e t  (see Fig.  4.1) 

Two r e s t r i c t i o n s  a r e  placed on leg positions: 

which a r e  dependent on t h e  i n e r t i a  

3 ,  3 

3 3 

(1) t h e  longi tudinal  axes of a l l  l eg  segments must remain 

p a r a l l e l  t o  t he  pi tch plane, and 

( 2 )  t h e  legs  must remain symmetrically located with respect 

t o  t h e  p i tch  plane. 
I 

Consequently, a l l  permissible l eg  posi t ions can be  described by 
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specifying two angles, HIP and K&EEg where HIP i s  t h e  angle between 

t h e  roll plane and t h e  longi tudinal  a x i s  of an upper l eg  segment, 

and KNEE is  t h e  angle between t h e  longi tudinal  axes of the  upper and 

lower leg segments. HIP and KNEE are zero when t h e  legs  are s t r a i g h t .  

In  t h e  tucked posit ion,  HIP i s  90 deg. and KNEE i s  1.50 deg. 

Input data a r e  submitted t o  the  computer on cards i n  the  following 

manner. The f irst  data card contains i n e r t i a  propert ies  of an arm and 

of t he  torso,  neck, and head regarded as a single  r i g i d  body. The 

second data card contains i n e r t i a  propert ies  of t he  upper and lower 

l eg  segments and an integer,  NUMBER, which designates t h e  number of 

angle input data cards that, follow. Each of these angle input data 

cards contains f i v e  angles i n  degrees, i . e . ,  BETA, THETA, PHI, HIP, 

mEE; and they may be followed by a new p a i r  of cards l i s t i n g  i n e r t i a  

properties,  t he  second of thesa containing a new NUIVBER and being 

followed by angle input data cards.  The procedure can thus be repeated 

any number of t i m e s .  

data cards i n  d e t a i l .  The i r e r t i a  propert ies  my be introduced i n  any 

consistent system of mass and length un i t s .  Appropriate B r i t i s h  

Engineering System units a r e  indicated i n  Table 4.1e 

Table 4.1 l is ts  t h e  quant i t ies  appearing i n  the  
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TABLE P.4.1 

Data Card # 1 

Symbol i n  

i n  Fig.  4 . 1  
spbO1 In Analysis or Program 

B b 

=: IB 1 

I B 2  

1 M1 m 

L1 L1 

LL1 

I1P 

FORMAT ( 8~10.3 ) 

Units Defini t ion 

s lugs mass of e n t i r e  arm and hand 

f e e t  distance from shoulder t o  mass 
center  of arm 

moment of i n e r t i a  of B f o r  B* 
about any l i n e  normal t o  L 

moment of i n e r t i a  of B about L 

2 s lug - f t  0 

s lug - f t  0 

slugs mass of torso, neck, and head 

f e e t  dis tance from l i n e  connecting 
shoulders t o  mass center  of torso,  
head, and neck 

f e e t  dis tance from l i n e  connecting 
shoulders t o  l i n e  connecting 
h ips  

moment of i n e r t i a  of torso,  
head, and neck about a l i n e  
p a r a l l e l  t o  P and passing 
through t h e i r  combined a s s  
center  

2 
s lug - f t  D 
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TABLE P.4.1 cont 

Data Card # 2 F0FWA.T ( 7FL9 a 3 110 ) 

Symbol i n  
Program 

Symbol i n  
Analysis or Units 
i n  Fig.  4 .1  

s lugs "2 M2 

f ee t  L2 L2 

f e e t  LL2 LI2  

12P 

N3 

L3 

13 P 

NUMBER 

2 
IP 

2 slug-ft; 0 

slugs 

feet. 

2 s lug- f t  0 

Angle Input Data Cards 

BEX'A B degrees 

THEX'A 8 degrees 

( in t ege r )  

PHI cp degrees 

HIP HIP de gre e s 

KNEE KNEE degrees 

Defini t ion 

mass of upper l eg  segment 

a is tanee from hip  to mass 
center  of  upper l eg  

distance from hip  t o  knee 

moment of i n e r t i a  of upper 
Leg abouf; a l i n e  p a r a l l e l  t o  
P and passing through i t s  
mass center  

mass of lower leg and foot 

distance from knee t o  mass 
eeater of lower leg  

moment of iner t l .a  of  lower l eg  
about a l i n e  p a r a l l e l  to P and 
passi.ng through i ts  mass center  

t he  number of angle input data 
cards t h a t  follow 

FORMAT ( 5F10.2 ) 

cone semi-vertex angle 

angle between P and the  projec- 
t i o n  of t h e  cone axis on the  
yaw plane 

angle between cone axis and yaw 
plane 

angle of bending a t  hip 

annle o f  bending a t  knee 
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The program i s  composed of th ree  parts,  a main program and two 

REAL FUNCTION subprograms. The main program reads input data, computes 

the  requis i te  constants (suchas those i n  Eq. 2.27), and wr i tes  t h e  out- 

put The subprogram FUNCT provides t h e  single,  f i r s t - o r d e r  d i f f e r e x t i a l  

equation (Eq.  2.28) which is  integrated f o r  

QUADS3 QUADS3 i s  a Stanford Computation Center l i b ra ry  subprogram 

which numerically in tegra tes  a s ing le  integrand of one var iable  between 

upper and lower l i m i t s ,  with specif ied accuracy. A l i s t i n g  of t h e  e n t i r e  

program i s  contained i n  Appendix 1. A sample page of output i s  l i s t e d  

in Appendix 2.  This contains the  values of i n e r t i a  properties appropriate 

for the  Hanavan model of t h e  USA.F 50 percent i le  man (see  C41). 

0 <_ a <_ 231 by subprogram 

- 25 - 



E 

1. 

The l i m b  movements to be discussed were su 

of t h e  NASA Ames Research Center. The descr ipt ion and i l l u s t r a t i o n s  

t h a t  follow, deal with a manewer performed with t h e  legs .  However, 

t he  descr ipt ion appl ies  a l s o  to a maneuver performed with t h e  arms (but 

not wi*h t h e  arms and legs  together . )  

In  a11 cases, t h e  limbs remain s t r a igh t  a t  t h e  knees and elbows, 

and t h e  p a i r  of l i m b s  t h a t  i s  not used must remain Pixed r e l a t i v e  t o  

t h e  torso i n  such a way t h a t  t h e  yaw axis i s  a p r i m f p a l  ax i s  of i ne r t i a ;  

e .go9  i f  t he  legs  a r e  used, the arms may be kept a t  t he  sides,  a s  i n  a 

posit ion of "attention" e 

The maneuver i s  performed i n  two phases.. For definiteness,  suppose 

t h a t  a ro ta t ion  of t h e  torso  t o  t h e  l e f t  i s  desired.  Then phase 1. begins 

with the  r igh t  l eg  extended forward from t h e  torso,  and the  l e f t  l e g  

extended rearward, through equal angles Bo (see Fig.  l a l . A ) :  The r igh t  

leg i s  swep% t o  t h e  right, and then t o  t h e  r ea r  ( r e l a t i v e  t o  t h e  torso) 

while t h e  l e f t  l eg  i s  swept leftward and forward ( see  Figs. L I B  to 1.U); 

t h a t  is, t h e  longi tudinal  axis of each leg  moves on t h e  surface of an 

imaginary, torso-fixed cone whose vertex i s  a t  t h e  h ip  and whose axis 

i s  p a r a l l e l  t o  t h e  yaw axis. In  t h e  course of t h i s  "coning" motion, no 

twist ing of t h e  l eg  occurs. Thus, t h e  toes  always point near ly  forward. 

A t  t h e  conclusion of phase 1, t h e  r igh t  l eg  i s  extended rearward and the  

l e f t  l eg  forward r e l a t i v e  t o  the  torso (see Fig.  1.1E). 
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In  phase 2, t h e  legs  t r a v e l  simultaneously i n  planes p a r a l l e l  t o  

t he  pi tch plane u n t i l  each l eg  has returned t o  t h e  posit ion it occupied 

(with respect t o  the  to r so )  a t  the  beginning of phase 1 (see  Figs. 1.D 

through 1.1.T). The e n t i r e  cycle may then be repeated. 

Consider t h e  behavior of t h e  torso  during t h i s  maneuver. A s  phase 

1 pragresses, t h e  torso  ro ta tes  i n  an i n e r t i a l  reference frame t o  i t s  

l e f t  about t h e  yaw axis, as desired, while t h e  or ien ta t ion  of t h e  yaw 

ax i s  remains f ixed.  During phase 2, t h e  torso  turns  back t o  the  r igh t ,  

but  t h i s  regression i s  not su f f i c i en t  t o  n u l l i f y  the  ro ta t ion  obtained 

i n  phase 1. A net  ro ta t ion  t o  t h e  l e f t  i s  thus obtained from each 

complete cycle of t he  maneuver. The direct ion of ro ta t ion  can be reversed 

by s t a r t i n g  phase 1 with the  l e f t  l eg  forward, ra ther  than the  r igh t  one. 

An astronaut may be i n  a posit ion of ' 'at tention" p r io r  t o  s t a r t i n g  

the  maneuver. The s t a r t i n g  posit ion f o r  phase 1 may then be a t t a ined  

by moving the  legs  i n  planes p a r a l l e l  t o  t h e  p i tch  plane. This w i l l  

cause a regressive ro ta t ion  of t h e  torso  about t h e  yaw axis .  A f t e r  an 

in t eg ra l  number of cycles of t h e  maneuver have been completed ( a  cycle 

consis ts  of  one performance of phase 1 and phase 2), t he  legs  may be 

returned t o  a posi t ion of "at tent ion",  and t h e  resu l t ing  yaw motion 

then n u l l i f i e s  t h e  regressive ro ta t ion  obtained while s t a r t i n g .  

2 .  Analysis 

For purposes of analysis,  t h e  human i s  modelled a s  a system S of 

th ree  r i g i d  bodies. One of these,  designated A, represents t he  torso,  

head, and arms. The remaining two, B and B', each represent a leg.  

B and B' are connected t o  A a t  points 0 and O ' ,  which represent 

t he  hips ( see  Fig.  2.1). 
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The yaw axis Y is presumed t o  coincide with a pr inc ipa l  axis of 

A f o r  i t s  mass center  A*. The p i tch  axis i s  chosen so t h a t  points 0 

and 0' l i e  thereon, each a t  a distahce a from Y. The analysis  i n  

t h e  sequel -involves two addi t ional  l i n e s  f ixed  i n  A, namely M and M', 

which are p a r a l l e l  t o  Y and pass through 0 and 0 ' ,  respectively.  

Body A has a mass hA. and a moment of i n e r t i a  IA about Ye Mutually 

perpendicular un i t  vectors  g1, E+, 

roll, yaw, and p i t ch  axes respectively.  

are f ixed  i n  A paral le l  t o  t h e  23 

It i s  assumed t h a t  bodies B and B' each possess an ax i s  of 

symmetry. ' The axis of minimum moment of i n e r t i a  of B f o r  i t s  mass 

center  i s  designated 

has t h e  value < e  The moment of i n e r t i a  of B about any l i n e  perpen- 

d icu lar  t o  L and passing through B* i s  I:, 

L, and the  associated pr inc ipa l  moment of i n e r t i a  

and t h e  mass of B i s  

%a Line L passes through 0, and t h e  distance from B* t o  0 i s  

b o  The i n e r t i a  properties of leg  B' a r e  i den t i ca l  t o  those of 38. 

A s  d i f fe ren t  var iables  a re  used f o r  t he  mathematical description 

of t h e  two phases of t h e  maneuver, two analyses a r e  required. In  both 

cases, confining our a t t en t ion  so le ly  t o  yaw motions of AI w e  exploi t  

a consequence of Lagrange's equations of motion, namely t h e  f a c t  t h a t  

dK - = o  
a i  

? The maximum and intermediate pr inc ipa l  moments of i ne r t i a  of a l eg  
f o r  i t s  mass center  d i f f e r  from each other  by less than l$ i n  t he  
Hanavan model (see [ & I ) .  
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where i i s  t h e  time der ivat ive of t h e  angle e between t h e  r o l l  ax is  

and a l i n e  f ixed  i n  F normal t o  t h e  yaw axis ,  and K i s  t h e  k ine t ic  

energy associated with motion of S r e l a t ive  t o  the  system mass center,  

which can be expressed as 

The f i rs t  three  terms on the  right-hand-side of t h i s  equation represent 

t h e  ro t a t iona l  k ine t ic  energies of bodies A, B, and B' respectively,  

whereas the  las t  t h ree  r e f l e c t  t h e  motions of t he  mass centers  of A, 

B, and B 8  

i s  expressed as 

For example, i f  'aB - , t he  angular ve loc i ty  of B i n  F, 

where p,, p+> p5 a r e  un i t  vectors, each p a r a l l e l  t o  a pr inc ipa l  ax is  of 

B B  
B for B*, and 

ine r t i a ,  then 

11, 12, IB are t h e  corresponding pr inc ipa l  moments of 3 

and, i f  v denotes the  ve loc i ty  of B* r e l a t i v e  t o  the  mass center  

S* of S, then 

-B 

1 2 
= 2 

Turning t o  t h e  kinematical ana lys i s  for 

(2 .5 )  

phase 1, we hypothesize 

t h a t  A has a s i m p l e  angular ve loc i ty  i n  F, i . e . ,  

- = i a#* 



Since Y i s  a pr inc ipa l  a x i s  of A, and i s  p a r a l l e l  t o  Y, 

The motions 

motion out l ined 

of B and 

n Sec. 1. 

on whose surface L moves. 

cu (2 .7)  

B' 

Te regard l i n e  M as t h e  a x i s  of  a cone 

The angle B, between L and M remains 

a r e  described i n  terms of t h e  "coning" 

fixed, and i f  P i s  t h e  plane determined by L and M, and mutually 

perpendicular un i t  vectors  

paral le l  t o  L and p normal t o  P, then gl, 5, g3 a r e  r e l a t ed  

to 11, 22, 23 as indicated i n  Table 2*1, where a i s  the  angle 

between P and t h e  p i tch  plane. 

a r e  f ixed  i n  P, with p -2 pl, 3' g3 
-3 

Table 2 . 1  

I I 23 
a -2 a -1 

p 1 cos p0cosa I s i n  B, I cos p o s i n a  -1 

-s in  a 

The angular ve loc i ty  of P i n  A i s  given by 

Acup - = - (5 s* 
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taken t o  be 

(2.9) 

The angular veloci ty  of B i n  F i s  then given by 

P B  AP+F,A - F,B = , -I- , - - - 
0 

= a g2 - a  g2 + E  g2 

( 2 . 9 ,  2.8, 2.6) 

org i n  view of Table 2,1, by 

B B 

(2.10) 

where 

0 .  B "1 = (k-a)sin Bo 

and 

Consequently 

(2.10) 

(2.11) 

(2.12) 



( 2 E', 2 * 13 - 2 j ~ ~ q s i n  2  cos B 2  B~-I~COS B pol 

(2,14) 
+ &2[esin2po+<cos 2 ~,+1~(1-2cos B,) I 1 

In the same manner, an identical expression is obtained for 9'. LD 

Evaluation of 4, e, and 3' necessitates determination of v 
ZA, XB> and EBIj the velocities relative to S* of the mass centers 

of A, B, and B' .  In phase 1, the position of S* remains fixed in 

A:, so that v vanishes. v can be expressed as -A -B 

B*/O + vO/S* - v = v  -B - 
where 

- v B*'o = FgB x (-b g2) 

and, since S* is fixed in body A and lies on line Y, 

(2.315) 

(2~6) 

Referring to Table 2.1, one can thus obtain (see Eqs.  2.15, 2*16, 2.10, 

2.17, 2.6) 
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(2.18) 

and it follows t h a t  

1 e 2 2 2  2 
K? = 5 mg/s [ a  +b s i n  /3 +2ab s i n  B 0 sin a1 v 0 

(2.5,2.18) 

2 2  -2&X[b s i n  Bo+ab s i n  Basin a]  
2 2  2 + a [b s i n  Bo]) 

0 0  

(2.19) 

The expression f o r  K?! i s  identicaL t o  t h a t  f o r  K",. Hence 
V 

2 B B  2 2 A 
K = i2[ $- .f I:+%& +( 11-12+mgb ) s i n  Bo+2mgabsin Bo s i n  C X ]  

(2.20) 

and the dynamical equation of motion i s  

IA B 2 . B B  2 2 i [ ~  + 12+mga *(11-12*'$b ) s in  /3;2 "B absi$ 0 s i n  C X ]  

B - &[<(l-cos /3 0 ) + (I,-<%b2)sin2/3 0 +-%ab s i n  Pa s i n  CX] 

= o  

( 2 0 1,2.20) 
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Dependence on time can be eliminated and, making the  subs t i tu t ions  

(2.22) 
L ;?%ab s i n  Po 

one can r e l a t e  the  yaw angle 5 t o  the cone 97~weep's angle a by means 

of t he  d i f f e r e n t i a l  equation 

.:. 

(2,21 , 2 0 22) 

This equation can be integra,ted i n  closed form f o r  0 - -  < a < K t o  y ie ld  

the  change i n  yaw during phase 1, as a function ai 1 9  
an expression f o r  

of the  i n e r t i a  propert ies  and the  semi-angle of limb spread: 

(2.24) 

In  phase 2, the  l egs  move p a r a l l e l  t o  the  p i t ch  plane. A con- 

venient var iab le  i s  B (see Fig. 2.2), the  angle between L and M 

(or  L! and M')). B ranges from -Bo t o  Bo. 

In t he  kinematical ana lys i s  of phase 2, & is again furnished w 
by Eq. 2.7. The angular ve loc i ty  of B i n  F may be wr i t ten  as 
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where FuA 0 is given by Eqo 2,6 while 

(2,26) 

If un i t  vectors 23, k2, b- a r e  fixed i n  body B, with k2 p a r a l l e l  

t o  L and b p a r a l l e l  t o  the  p i t ch  axis ,  so t h a t  they a r e  re la ted  

t o  z19 z2, a3 as shorn i n  Table 2.2, then 

-3 

-3 . 

(2 ag 2 6,2 26 ) 

and, s ince L19 -2.9 b b -3 a r e  p a r a l l e l  t o  pr inc ipa l  axes of B f o r  B*, 

( 2 ,  4, 2 27 )  

A.n iden t i ca l  expression i s  obtained f o r  I?'., 
'u) 

( 2 2 8 )  
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In  t h i s  phase, K! does not vanish. It is, however, independent 
V 

of < and therefore  does not contribute t o  the  equation of motion. v i s  

again given by Eq. 2.15, and Y - B*/O by Eq. 2.16; but  Eq. 2.17 must 'be 

replaced with a re la t ionship  that r e f l e c t s  the  motion of S* i n  A. Thus 

-B 

m 
v = ([a+b@cos B) z-,. + A b s i n B b  %2 
-B mA+2% 

- 5  b s i n  B a -3 

Consequently, 

+ i2[b2c0s2p + [ m A )2b2sin2B]} 

mA+2% 

and the  expression for 8' i s  again ident ica l .  Hence 
V 

(2.2,2.7,2.28,2.30) 
+ 2i;[mgab cosB] 

(2.29) 

(2 030) 

The appropriate dynamical equation i s  again Eg. 2.1, and, when 

time i s  eliminated and two non-dimensional constants q1 and q2 

a r e  defined as 
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l ? B  2 - + I +  a 

11-12+%b2 B B  
2 2 %  

the  r e l a t ion  between yaw and limb posit ion i s  provided by the differen-  

t i a l  equation 

d5 cos P - -  
d@ - - ‘1 q2+sin 2 P 

(2.1,2 .31,2.32) 

The change i n  yaw during phase 2, Ag2, i s  obtained by integrat ing 

Eq. 2.33 for -Bo B 5 Po: 

s i n  $ -&I1 -1 e2 = -  G- 

The t o t a l  yaw ro ta t ion  per cycle of the maneuver, 4, i s  the 

sum of Ag, and LIE,. With p 1, p2, ql, q2 a s  defined i n  Eqs. 

2.22 and 2.32, the  yaw per cycle ( i n  radians) i s  thus given by 

(2 .35)  
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In Sec. 1, it was mentioned that the maneuver could be performed 

either with the arms o r  with the legs. 

properties must be used, depending upon which limbs are employed. 

2,3 shows representative values for the two cases. 

ba.sed on the Hanavan model for the U.S, Air Force 50 percentile man 

(see [4]>o 

Different values for the inertia 

Table 

These values are 

Table 2,3 

Leg Maneuver Arm Maneuver Units 
(Arms at sides) (Legs parallel to yaw axis) 

2 
I? 504 0 3895 slg 0 ft 0 

a 252 -665 ft. 

0 837 288 s l g  0 "B 

2 s lg ,  -ft 0 

slg. -ft 0 

2 

3 .  Results 

It is of interest to know how the yaw obtained per cycle, A t ,  

varies as a function of the semi-angle of leg spread, B In Fig, 3.1, 

& is plotted as a function of Bo for three cases: ' 

0 

(1) the maneuver performed with the legs while the arms are 

held at the sides, 
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( 2 )  t he  maneuver performed with the  arms while the  l egs  are 

p a r a l l e l  t o  t he  yaw axis, and 

( 3 )  t h e  maneuver performed with the arms when a five-pound 

weight (.,a556 s lg . )  i s  held i n  each hand. 

(The i n e r t i a  propert ies  a r e  those f o r  the Hanavan model of the 50 

percent i le  USAF man, as l i s t e d  a t  the  end of t he  l a s t  sect ion.)  

It can be seen t h a t  yaw increases monotonically with Bo. Of 

eourse, the  construction of t he  human h i p  and shoulder j o i n t s  places 

an upper bound on f3 For the  legs ,  a maximum of 30 deg. i s  reasonable, 

whereas f o r  the  arms 

r e a l i s t i c  values f o r  the maximum yaw obtainable per cycle a r e  72 deg. 

0 

may be a s  la rge  as 45 deg. Consequently, 
BO 

with the  legs  and 33 deg. w i t h  the  armso Holding a five-pound weight 

i n  each hand improves the performance, but  not apectacularly, a 

reasonable upper l i m i t  f o r  the  yaw per cycle obtainable with five-poind 

weights being 39 deg, 

Use of the legs  can be seen t o  be more e f fec t ive  than t h a t  of the  

arms. 

convenient l i m b s .  For example, constraints  imposed by an as t ronaut ' s  

pressure s u i t  might be such as t o  render the  arms more mobile than the 

legs  ., 

However, occasions may a r i s e  i n  which the arms a r e  the more 

In conclusion, it i s  worth noting that it i s  possible t o  perform a 

maneuver i n  which the  arms and the  legs  a r e  used simultaneously, 

t h i s  case i s  not covered by the  analysis  of Sec. 2, and the  reader should 

be aware t h a t  t he  r e s u l t s  p lo t ted  i n  Fig. 3.1 a r e  not addi t ive,  In  f ac t ,  

rough calculat ions indicate  t h a t  such a maneuver would be less ef fec t ive  

than t h e  one involving the  legs  alone. 

However, 
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Appendi,x 1 

C 
c 
C 
c 
c 
c, 
c 
c 

c 
C 

P I T C H  F O T I C F !  FROM S Y F W E T R I C  PCTARY M O T I G N  OF THE ARMS 

' P C T I O N  OF T k E  ARMS'/ * 3 ' /  
* C D E F  I N 1  7 IONS: '  / 

ME! - M4SS CF E h T i E E  ARM E PANO' 
* O I M E R T I A  P 3 O P F K T I E S :  * 

P - D I S T S h C E  FRCM ZHOLLGER T C  CMa C F  4 R Y '  
IB1. - TQdFJSVERSE VOMENT O F  I N E R T I A  OF 4 R N  FOR I T S  C M o '  
I E L  - L D N G I T U C I h A L  P C W E N T  f lF I ' l l E R T I b  O F  ARM FUR I T S  S M o '  
M l  - M A S S  CF TORSO, NECK E. HEAD'  
L1 - ClSTdNCE F2OY LIME J O I N I N G  SHOULDERS T U  TORSD CMo' 
L L I  - D I S T A N C F  FRCM L I h E  J O I N I N G  S H U J L D E R S  TO L I h i E  * 
I 1 P  - POMENT C F  I h E R T I . 4  CF TORSO ABOUT P I T C H  A X I S  THRU ' 
M 2  - MASS CF UPPER L E G '  
L2  - C f S T & h C E  FRCM H I P  TC t M a  O F  UPPER L E G '  

* J O I N I N G  H 1 O . S '  

* T 3 i i S O  C M e '  

l L 2  - D I S T A W E  F R C K  K I P  TC KhEE' 
I 2 F  - YC"IENT OF I N E R T 1 4  O F  UPPER L E G  ASCUT P I T C H  A X I S  ' 

' T Y R U  I T S  CMa' 
121: FORMAT ( 

I *  w3 - MRSS C F  Ln'nlw. L E G  ( E  F O O T ) '  
2 / #  1 3  - C I S T A h t E  F R C M  KNFF TO C P e  O F  LCWER LEG'  
3 1  * 13P  - YOYENT CF I K E K T I A  17F L O L l f R  LEG 4 B O l l T  P I T C H  4 x 1 s  * 

c /  'OAhlGLES ( I N  DEGREES): '  
6 / *  P I T C H  - AWUClNT OF PITCH PER CYCLE OF MANEUVER* 

4 9  'TI-RU I T S  CM,' 

P i t c h  Motion Program L i s t i n g  
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KCt.13 = 2.,O*(M2*R73 + M3*RS3)/Mk 
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P E A L  F L K T I C N  F b N C T (  6 L P H A )  

TtJI 5 S L B P R C G R S Y  OROVICES TI-E C I F F E R E N T I d L  EQUATION R E L % T I N G  P I T C H  
TO 'SWEEP' CF T Y f  4RYS CN I D E N T I C A L  S Y H P f T R I C  C C N E S  

RErS l  C 9 * r F 2 r E 3 ,  F % r F 2 , F 3 r F 4 r F 5 r  S A T C ~ ,  4 L P H n  
CCMErOY F l , , E 2 , E 3 r  FI,F2,F3rF4,F5 

c 
c 
r: 
c 

r 
w 

r 

t, 
c 

c 
t 

c 

c 
r, 
c 
C 
c 
r 
c 
c 
c 
c 
c 
c 
C 

r, 
c 
c 
r, 
c 
c 

I ,  

c 
1 

E N D  flF R E I L  F U N C T I Q h  f-lJhiCT 
i h E  

S I b i G L E  I h T E G R d T I U Y  ( 8 C b P T  I V E I  N O N R E C U R S I V E )  
R E A L  F U M T ,  LOWER, UPPER,  E P S L C Y  
INTEGEP V L V L  

b D P E O X I M ~ T E j  T H k  I A T E G P A L  OF T F E  FUNCT ICN F I J N C T t X )  EETWEEY 
Tt-E L I M I T S  I JF  L n k E R  AND L'FPER B Y  A P P L Y f h i G  S I M P S O N ' S  R U L f  b N D  
R C C E E R G  CORRECT I C N  TO V4R IDlJS L E N G T H  S V B I N T E R V A L T  i r S  D I C T A T E 0  
B Y  THE I N T E G R t N O  AND THE T C L E i i A N C E  EPSLCha N L V L  I S  S E T  NON- 
ZEEC I F  C E R T ? I N  CCINDITICNS A R E  NOT METe 

r A L L I  NG SEQUEYGEe e o  

PAR P M  E T  ER S e o e 

FUNCT R E B L  F L b C T I O N  T H E  hAME OF T H E  SUBPROGRBM THAT 
SU!3PROGRAW COYPLTE; T H f  V k L l J E S  OF THE 

INTEGRAND 

LOWER 9 R E 4 L  VAR I A B L E  THE LOkfR AND UPPER L I M I T S  OF 
UPFEP SHORT P R E C I S  I O N  THE I Y T E G R E T I O M  

EPS R E A L  V A R I A B L E  E R R C P  TPLCRANCE 
SHORT P R E C I S  I O N  

-48- 



r: 
c 
r: 
r 

h L V L  F U L L  WCRD INTEGER SET TO THE NIJMBER CF T I M E S  T H f  
Y A X I Z U M  S U B D I V I S I f l N  L E V E L  HAS 
R E 6 C t - E C  

c 
c L I B R A R Y  P R O G R A Y  NUMBER C514 
i: JOhh P a  CELSCH ( S L A C )  
c J A N L A R Y  2 5 9  I967 
C 

I ~ T E G E F  LEVEL,  IUIINLVL/~/. V ~ ~ X L V L / P + / ,  R E T R V ~ W J .  r 
R E E L  V B C I N T * 8 f 5 Q r Z I  9 P X ( 5 G I  RX(5C)r F P X ( ~ J , ) ) ,  F R X ( 5 0 )  9 

3. F M R X ( 5 0 J 9  E S T R X ( 5 0 J v  E F S X ( 5 0 )  
C *+* TC C H A h G E  P'dXilutJIU DESCEIvT L E V E L ?  S E T  ALL S 9 ' S  ABOVE T C  NEW L E V E L  

R E A L  L, R ,  F L t  FML,  FE?, F M R ,  FR, E S T ,  E S T L ?  ESTR, E S T I R T ,  
P b H E C t  A E E ; P E d * 8 ,  FFp COEF, RONfiRG*eSr EPS 

C *@* SET UP P f i R t M E T E R S  FCR I N I T I P L  C h L L  Q F  S U B I h T E G Q P C '  
L E V E L  = I; 
F L V L  = (I 
A B h R E b  = 
I, = LflWER 
R = U P F E R  
F L  = FUhCTtLJ 

FR = FIJhCT ( R J  

EFS = E P S L O U  

F!4 = FUK\ 'CT(On 5 * ( L + R )  1 

E S T  = C O G  

r *** P Y O C E D G R E  S V B I N T E G K k L ( L ,  R, FL, & M I  FR, E S T ?  EPS) 
r, *** CCMFAKE ESTIY.?rTE h I T H  SLlr C f  Thl! SUBESTIYATES ( E S T L  & ESTR)  

I'l" L E V F L  = L E V E L t l  
IY = a s S * ( L t F )  
f C 0 f F  = R-L 

G *** Cl-ECK FOR I N T F R V A L  C O L L A P S E  
I F ( C C E F e N E a T )  GC T C  15Q 

R t Y B R G  = E S T  
CtJ TO 3?# 

15C F?'L = F U N C T ( O o S * ( L + P  t 1 
FMR = FUNCT(CeS*(M+R)I 
ESTL = I F L + 4 a O * F Y L + F M ) * C O E F  
ESTR = ( F 1 + 4 e O * F P R + F R ) * C O E F  
€ S T I N T  = E S T L + E S T R  
P R E b  = ABS ( E S T L  ) + A E S (  ESTR 1 
4 B A R E Q  = ARER+k i3AREP- -ABS(ESTI  

C *** C P E C K  F O R  YAX1MUI.I LEVEL 
IF[ L E V E L a h E e M A X L V L t  GO TO 2Oc\ 

N L V L  = hLVL+1 

O C  T C  300 
R m e R G  = ESTIYT  

r *** C H f C K  TOLERANCE AND P I N I M L M  L E V E L  
200 IF( ( & B S ( E S T - E S T Z N T ) a G T a ( f F S * A B A R E A ~ ~  *OR. 

1 ( L E V E L e L T a P I h L V L I )  GO TO 400 
C *** ACCEPT RCPBERG C O R R E C T I O N  bS VALUE O F  SUEIkTEGRAL 

i *+* 4SCEhlU ONE L E V E L  
QOM ERG = ( I . 6 D l  *E ST I N T - E  S T 1 115e 0 

3oc L E V E L  = L E V F L - 1  
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I = R F T K N ( L E V E L 1  
V A L I h T ( L E V E L ,  I 1  = RIltvPKG 
GCI T O  ( 5 C Z ,  b*:C)r I 

L *e* C F S f E N E  C I N E  L f V C L  AND F V 4 L U b T E  L E F T  HALF SUBIYTFGPfiL 
f, *a* Sfi,Vi I T 5 %  NFEDEC T C  EVALUfrTE R IGHT b A L F  S!.!S I N T E G R A L  

4 2 b  R E T R N ( L E V F L 1  = f 
F X ( L E V E L 1  = i.1 
R X ( L E V E L 1  = R 
F ~ X f l f V E L I  = Fill 
F C g X ( C E V E L 1  = FYK 
F R X ( L E V E L 1  = F H  
F S T Q X ( L % V E L )  = F S T R  
E F S X ( L E V E L 1  = EPS 
E P S  = E P j / l , +  

C *** CALL SLBINTEGRAL 
R = C  
F R  = Flu' 
Fl4 = F * L  
EST = f S T L  
GG 70 I?) 

520 R E T R N ( L E V E L 1  = 2 
C *** CALL S L B I N T E G 2 4 L  T 3  E V 4 L L f T F  R!GHT HELF SbYIKTEGYAL 

1 = P X f L F V E L )  
4 = S M ( L E V F L 1  
F L  = F M X ( L E V E L 1  
Fi.1 = F M R X t L E V E L )  
FR = F H X ( L 5 V E L )  
E S T  = E S T R Y ( L E V E L 1  
EPS = E P S X ( L Z V E L )  
GO TO 10;: 

f. *** $no 8CTH PALF S U E I N T E G S I L S  *NL f iSTEN3 r lNE LEVFL 
GOMPRG 
I F ( t E V E L * G T . L )  G f l  TO 31?2 

= V 5 L I  NT ( L E V €  L ( 3  1 + bb: L I N T  f LEVCL 9 2  1 

*** F I h Q L L Y  AT L E V F L  ONE W I T b  T k E  ANSWER 
QUADS3 = RCWSRG / X z e ?  
R ETLRN 

END 
r *** LAST C F  S U E P O U T I N E  W A C S 3  
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u 2  
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lu 
u: 
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